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We prove a convergence result and a data dependence for Ishikawa iteration when applied to
contraction-like operators. An example is given, in which instead of computing the fixed point of
an operator, we approximate the operator with a contractive-like one. For which it is possible to
compute the fixed point, and therefore to approximate the fixed point of the initial operator.
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1. Introduction

Let X be a real Banach space; let B ¢ X be a nonempty convex closed and bounded set. Let
T,S : B — B be two maps. For a given xo, 1y € B, we consider the Ishikawa iteration (see [1])
forT and S:

X1 = (L= an)xn + 0 TYn, Yu= (1= Pn)xn+ BpTxn, (1.1)

Ups1 = (1= ap)uy + 2,Svn, vy = (1= P)un + PnStin, (1.2)
where {a,} C (0,1), {.} €0,1), and

lima, = limf, =0, > a, = co. (1.3)
n—oo n—oo n=1

Set p, =0, Vn € N, to obtain the Mann iteration, see [2].
The map T is called Kannan mappings, see [3], if there exists b € (0,1/2) such that for
allx,y € B,

ITx = Tyl < b (llx = Tx|| + ly - Tyll). (1.4)
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Similar mappings are Chatterjea mappings, see [4], for which there exists ¢ € (0,1/2)
such that for all x, y € B,

ITx = Tyll < c (lx = Tyl + lly - Tx]). (1.5)

Zamtfirescu collected these classes. He introduced the following definition, see [5].

Definition 1.1 (see [5, 6]). The operator T : X—X satisfies condition Z (Zamfirescu condition)
if and only if there exist the real numbers a, b, ¢ satistying 0 <a <1, 0 < b, ¢ <1/2 such that
for each pair x, y in X, at least one condition is true:

(@) (z1) ITx-Tyl < allx-yl,
(ii) (z2) ITx =Tyl <b(llx - Tx| + [y - Tyl),
(iii) (z3) [[Tx =Tyl < c(llx = Tyl + ly — Tx|}).
It is known, see Rhoades [7], that (z1), (z2), and (z3) are independent conditions.

Consider x,y € B. Since T satisfies condition Z, at least one of the conditions from (z1), (z2),
and (z3) is satisfied. If (z;) holds, then

ITx = Tyl < b (llx = Tx|l + lly = Tyll) <b(llx = Tx|l + (ly — xll + llx = Tx|| + [Tx - Tyl})).

(1.6)
Thus
(1-b)[[Tx - Tyl < bllx —y|| + 2b[|x - Tx]|. (1.7)
From 0 < b < 1 one obtains,
b 2b
ITx = Tyll < = llx = yll + T llx = Tl (18)

If (z3) holds, then one gets

ITx =Tyl <c (e ~Tyll+ ly - Txll) < e(llx=Txll + [ Tx =Tyl + llx — yll + lx = Tx|}) (1.9)

Hence,
(1= O)lITx = Ty|l < cllx -yl + 2c]lx - T, (1.10)
that is,
ITx = Tyll < ——Jlx =yl + |l = T (1.11)
1-¢ 1-c
Denote

6:=max{a, b ¢ }, (1.12)
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to obtain
0<6<1. (1.13)
Finally, we get
|ITx - Ty| < 6|lx - y|| +26||x - Tx||, Vx,y€B. (1.14)

Formula (1.14) was obtained as in [8].
Osilike and Udomene introduced in [9] a more general definition of a quasicontractive
operator; they considered the operator for which there exists L > 0 and g € (0,1) such that

ITx ~Tyll < qllx —yll + Lllx - Tx|, Vx,y€B. (1.15)

Imoru and Olatinwo considered in [10], the following general definition. Because they
failed to name them, we will call them here contractive-like operators.

Definition 1.2. One calls contractive-like the operator T if there exist a constant g € 0,1) and a
strictly increasing and continuous function ¢ : [0, 00)—[0, o0) with ¢(0) = 0 such that for each
x,y€X,

ITx = Tyl < gllx = yll + (llx = Tx]l). (1.16)

In both papers [9, 10], the T-stability of Picard and Mann iterations was studied.

2. Preliminaries

The data dependence abounds in literature of fixed point theory when dealing with Picard-
Banach iteration, but is quasi-inexistent when dealing with Mann-Ishikawa iteration. As far
as we know, the only data-dependence result concerning Mann-Ishikawa iteration is in [11].
There, the data dependence of Ishikawa iteration was proven when applied to contractions.
In this note, we will prove data-dependence results for Ishikawa iteration when applied
to the above contractive-like operators. Usually, Ishikawa iteration is more complicated but
nevertheless more stable as Mann iteration. There is a classic example, see [12], in which
Mann iteration does not converge while Ishikawa iteration does. This is the main reason for
considering Ishikawa iteration in Theorem 3.2.
The following remark is obvious by using the inequality (1 - x) < exp(x), Vx > 0.

Remark 2.1. Let {6, } be a nonnegative sequence such that 6, € (0,1], Vn € N. If >>°,60,, = oo, then
I1,,(1-6,) =0.

The following is similar to lemma from [13]. (Note that another proof for this lemma
[13] can be found in [11].)

Lemma 2.2. Let {a,} be a nonnegative sequence for which one supposes there exists ny € N, such that
forall n > ng one has satisfied the following inequality:

an1 < (1 - )Ln)an + -)Lno-n/ (21)
where A, € (0,1), VneN, X2 A, = oo, and 0, > 0 Yn € N. Then,

0 < lim sup a, < lim sup oy,. (2.2)

n—oo
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Proof. There exists n; € N such that o, < limsupo,, Vn > ny. Set n, = max{ng, n;} such that
the following inequality holds, for all n > ny:

ani1 < (1= 4y) (1= Aymq) -+ (1 = Ay, ) @, + lim sup o, (2.3)

Using the above Remark 2.1 with 6, = 1,, we get the conclusion. In order to prove (2.3),
consider (2.1) and the induction step:

An+2 < (1 - /\n+1>an+1 + Ana10na1 < (1 - /\7“'1) (1 - /\n) (1 - ')Ln_1) o (1 - Anl)anl
+ (1 - )Ln+1)%ijl;10 sup oy + Xs10n41 (2.4)

=(1-A) (A= An) (1= Ap1) - (1= Ay ) A, + %g]g\o sup oy. =

3. Main results

Theorem 3.1. Let X be a real Banach space, B C X a nonempty convex and closed set, and T : B—B a
contractive-like map with x* being the fixed point. Then for all xy € B, the iteration (1.1) converges to
the unique fixed point of T.

Proof. The uniqueness comes from (1.16); supposing we have two fixed points x* and y*, we
get

lx* =yl = ITx" = Ty*| < qllx” = y”[| + (llx" = Tx"[|) = qllx* - y°I, 3.1)
thatis, (1 - ¢q)||x* — y*|| = 0. From (1.1) and (1.16) we obtain

i1 =3 < (1 @) [0 - [ + @ Ty - T
< (1) x| + apan - ']

< (U= @) |0 = [+ 1aq (1= B2) |50 = x°[| + G| T, = T’

(3.2)
<(1-an(1-9))(1- 1 =q)pn))||xa — 7|
< (1-a (=)o -2 << (TTA - ) ) o =L
k=1
Use Remark 2.1 with 6y = aiq to obtain the conclusion. 0

This result allows us to formulate the following data dependence theorem.

Theorem 3.2. Let X be a real Banach space, let B C X be a nonempty convex and closed set, and let
€ > 0 be a fixed number. If T : B—B is a contractive-like operator with the fixed point x* and S : B—B
is an operator with a fixed point u*, (supposed nearest to x*) , and if the following relation is satisfied:

ITz-Sz|<e, VzeB, (3.3)
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then
€
* _ * < . .
|| x u||_1_q (3.4)
Proof. From (1.1) and (1.2), we have
X1 — U1 = (1= an) (0 = ) + o, (Tyy — Svy). (3.5)

Thus

201 = st || = ([ (1 = @) (30 = ) + 0 (Sn = Ty) |

<(1—an)||2xn — un|| + an||Svn — Ty + To, — Tya||
<(1-an)||xn = un|| + an||Ton = Sva|| + an[|Ton - Tya||
< (1= atn) [|20n = un| + ane + qetu||yn = vn | + A ([l = Tynl|)
< (-ap) || =1 || +ane+qan (1 = ) || xn—tin || + qatnfu | Txu=Stin ||+ np (|| T ya][)
< (L= an) [|20n = un| + ane + gt (1 = Bu) || 20 = ua
+ @nPnq (|| Toxn = Ttan || + || Trn = Sun]) + and([[yn = Tyal|)
< (L= an)||xn = un|| + ane + qan (1 = pu) [|xn — un|
+ @ aupullxn = unll + qotnPu (|| 20 = Txul|) + qauPue + aud (|| yn = Tya|)
=(1=an(1=q(1=Pn) = Pug)) [|%n = tn]| + ctue + qatuPue
+ P (|| 2w = Txn|) + and({|yn = Tynl|)
= (1-au(1=q) (1+aPu)) |0 —1tnl| + 2 (aBud (| X0 =T2nl|) + @ ([[yn=Tynl|) +qBne +e)

4P (|0 =Txal]) + @ ([l yn=Tyl|) +Pne+e

< (1-an(1-9)) || Xn—tta ]| + (@ (1 - 9)) 1-¢q

(3.6)

Note that lim,, ... (||x,, = Txy||) = lim,—ep(||yn — Tyx|]) = 0 because ¢ is a continuous map and
both {x,}, {y.} converge to the fixed point of T. Set

)‘n = an(]- - Q)/

_ 4P (l|xn = Txul]) + §(llyn — Tynll) + qPne + £ (3.7)
n - 1_q ,
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and use Lemma 2.2 to obtain the conclusion

* _ * L
|| = || < e (3.8)
]

Remark 3.3. (i) Set p, =0, Vn € N, to obtain the data dependence for Mann iteration.

(ii) The Zamfirescu operators and implicitly (Chatterjea and Kannan) are contractive-like
operators, therefore our Theorem 3.2 remains true for these classes.

4. Numerical example
The following example follows the example from [8].
Example 4.1. Let T : R—R be given by
Tx=0, ifxé€ (-o0,2]
=-05, if x€ (2,+0o0).

(4.1)

Then T is contractive-like operator with g = 0.2 and ¢ = identity.

Note the unique fixed point is 0. Consider now the map S : R—=R,
Sx=1, ifxe(-oo,2]
(4.2)
=-1.5, if x € (2,+00)
with the unique fixed point 1. Take ¢ to be the distance between the two maps as follows:
|Sx-Tx||<1, VxeR. (4.3)

Setuyg = x9 =0, a, = By = 1/(n +1). Independently of above theory, the Ishikawa iteration
applied to S, leads to

Iteration step Ishikawa iteration
1 0.5

10 0.9 (44)
100 0.99
Note that forn =1,
1 1 1
0.5—n+10+n+15<§>, (4.5)

since y; = (1/(n+1))0+ (1/n+1)1 = 1/2. (The above computations can be obtained also
by using a Matlab program.) This leads us to “conclude” that Ishikawa iteration applied to S
converges to fixed point, (x* = 1). Eventually, one can see that the distance between the two
fixed points is one. Actually, without knowing the fixed point of S (and without computing it),
via Theorem 3.2, we can do the following estimate for it:

1 110

I ~wll < 7= = 7253 12. (4.6)

1-02 8

As a conclusion, instead of computing fixed points of S, choose T more closely to S and the
distance between the fixed points will shrink too.
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