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1. Introduction
In 1940, Miranda published the following theorem ([1]).

TueoreM 1.1. Let Q = {x € R": |x;| <L, i=1,...,n} and let f : Q—R" be continuous
satisfying

ﬁ(xl)x2)~--)xifla_L)xi+1)--~)xn) ZO) X
Vi{l,...,n}. (1.1)
fi(XIJXZ)-Hin—l)+L:xi+1>~-- )xn) < 0:

Then, f (x) = 0 has a solution in Q.

For n = 1, Theorem 1.1 reduces to the well-known intermediate-value theorem. Mi-
randa proved his theorem using the Brouwer fixed point theorem. Using the Brouwer
degree of a mapping, Vrahatis gave another short proof of Theorem 1.1 (see [2]). Follow-
ing this proof it is easy to see that Theorem 1.1 is also true, if L is dependent of i; that is,
Q can also be a rectangle and need not to be a cube. Even some L; can be zero. Very often,
the theorem of Miranda is stated as in the following corollary (see also [3, 4]), which is
not the theorem of Miranda in its original form, but a consequence of it.

CorOLLARY 1.2. Letx € R", L= (l;) € R", [; = 0, for i = 1,...,n, let Q be the rectangle
Q:={xeR":|x;— x| <l,i=1,...,n} and let f : Q—R" be a continuous function on Q.
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Also let
Fri={xeQ:x;=x+1}, F:={xeQ:xi=x-1L}, i=1,...,n, (1.2)
be the pairs of parallel opposite faces of the rectangle Q. If for all i = 1,...,n
filx)- fily) <0, VxeF',VyeF, (1.3)

then there exists some x* € Q satisfying f(x*) = 0.

In principle, Corollary 1.2 says that Theorem 1.1 is also true if the < -sign and the > -
sign are exchanged with each other in (1.1). Corollary 1.2 also says that Theorem 1.1 is
not restricted to a rectangle with 0 as its center.

Many generalizations have been given (see, e.g., [2, 4-6] for the finite-dimensional
case and see [7, 8] for the infinite-dimensional case). In the presented paper we give a
generalization of Corollary 1.2 in the infinite-dimensional Hilbert space 2. Finally, we
prove a fixed point version of Theorem 1.1 in I°.

2. The infinite-dimensional case

Let I? be the infinite-dimensional Hilbert space of all square summable sequences of real
numbers equipped with the natural order

xsy:=xi<y, V,eN, (2.1)
2

and equipped with the norm |[|x := /> | x7.

TueEOREM 2.1. Let X = {X;};, € P, L={l}2, €2, 1,20, forallie N, Q:={x € I>:
lxi —xi| <1;, foralli € N} and let f : Q—1? be a continuous function on Q. Also let

Fri={xeQ:xi=xi+L}, F :={xeQ:xi=x;—-1}, VieN. (2.2)
If for all i € N it holds that
filx)-fily) <0, VxeF ,VyeF, (2.3)
then there exists some x™* € Q satisfying f(x*) = 0.
Proof. For fixed n € N, we consider the function h™ : Q—P? defined by
Si(X15%250 05 X015 X X415 -+ )

%(n)(x) = fn(xth:---’xn—l’xm-xnﬂ)--~) . (2.4)
0

Since Q) is compact and since f is continuous, the set f(Q) is compact. Therefore, for
given ¢ > 0 there is a finite set of elements v(",...,v(?) € f(Q) such that if f(x) € f(Q),



then thereisa v € {v(V),...,v(?} such that

If(x)—vl<e

and there exists n; = n1(e) € N such that for all n > n; it holds that

Z;o:nﬂ(vj)z <e Vve{v, v}
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(2.5)

(2.6)

So, if n > n is valid, then for all f(x) € () we have some v € (v vP)} such that

0

0
fn+1(x)
fn+2(x)

|| (x) = B (x)]| = < |[If(x) = vl +

for all x € Q. Now, for fixed n € N we define

[9?1 —11,9?1+11]
O, =

[Qn - lmjc\n + ln]

and k™ : Q,—R" by

0

Vn+l
V2

_fl (xl)xZ)- .. )xnfl)xnr;c\n+1)3c\n+2)- . )

h (x) =

’ ~ ~
frl (xl)-x2>- e Xn—1Xn Xn+1>Xn+25- -« )

Due to (2.3) and Corollary 1.2 there exists x) € Q,, with

K (x7) =0,

Setting
x(m)
k\nﬂ
n) . | A
X X |0
it holds that

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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Now, let n > n;. Then,
1 F)[] = || f (Z™) =A™ (3] < 2. (2.13)
Hence, lim .« f (™) = 0. Since Q is compact, the sequence X has an accumulation
point in O, say x*. Without loss of generality, we assume that lim ,—.., X" = x* holds. On
the one hand, it follows that lim ., f(X™) = f(x*), since f is continuous. On the other
hand, it follows that f(x*) = 0, since the limit is unique. O
Next, we prove the fixed point version of Theorem 1.1 in [2.

Tueorem 2.2. Let L={L}2, €2, ;> 0, forallie N. Let Q = {x € I> : |x;| <, Vi e N}
and suppose that the mapping g : Q—I? is continuous satisfying

gi(xl)xZ)- e Xi-1 _li)xi+1)-- ) = 0)

VieN. (2.14)
gilx1,x0,. ., xim1, i Xig,...) <0,
Then, g(x) = x has a solution in Q.
Proof. We consider the continuous function
f(x):i=g(x)—x, x€Q. (2.15)

Since foralli e N

fi(xla--->xi—1)_li>xi+1>---) :gi(xly---;xi—la_liale,---) +1; =0, (2.16)
ﬁ(-xlw--)xi—lr+li’xi+lr-u) :gi(xlr--'r-xi—la+li)xi+lan-) - li =< 0) -

due to Theorem 2.1 there exists x € Q) satisfying f(x) = 0; that is, g(x) = x. O

Example 2.3. Letb € I> and A = (ay) satisfying >’ 7%_;|aix|* < 0. Then, the mapping

g(x):= (b1 - kaxk,hz - Zazkxk,...> (2.17)
k=1 k=1

is (even) a compact mapping from I to I2. Now, if A is some kind of diagonally dominant
in the sense that there exists some L = {/;};2, € ’such that for all i € N

a,-,--l,- > |b,| + z |a,~k| 'lk, (2.18)
k=1,k#i

then by Theorem 2.1 there exists some & € Q = {x € I : |x;| <[;,Vi € N} with A = b.
By Theorem 2.2 it follows that there exists # € Q satistying 7 = b — A#.

Remark 2.4. Note that in Theorem 2.2 it is not necessary that g is a self-mapping as it is
assumed in many other fixed point theorems.

Remark 2.5. Theorem 2.2 is also valid in R” of course. Note, however, that the conditions
(2.14) cannot be changed analogously as the conditions (1.1) have been changed to (1.3).
We demonstrate this in Figure 2.1 for n = 1.
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(a) (b)

FIGURE 2.1. In both pictures the thick line is the graph of a function y = g(x), x € Q. In the left pic-
ture, O = [-L,L] and g(—L) <0, g(L) > 0. According to Corollary 1.2 g(x) has a zero in Q2. However,
g(x) has no fixed point in Q, which is no contradiction to Theorem (2.2), since g(—L) = 0, g(L) <0
is not valid, here. In the right picture, Q = [x — L,x+ L] and g(x — L) >0, g(X + L) < 0. According to
Corollary 1.2, g(x) has a zero in Q. However, g(x) has no fixed point in Q.
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