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1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let
h: Cx C—R be an equilibrium bifunction, that is, h(u,u) = 0 for every u € C. Then one
can define the equilibrium problem that is to find an element u € C such that

EP(h):h(u,v) =0 VveC. (1.1)

Denote the set of solutions of EP(h) by SEP(h). This problem contains fixed point
problems, optimization problems, variational inequality problems, and Nash equilibrium
problems as special cases, see [1]. Some methods have been proposed to solve the equi-
librium problem, please consult [2—4].

Recently, Combettes and Hirstoaga [2] introduced an iterative scheme of finding the
best approximation to the initial data when SEP(h)# @ and proved a strong convergence
theorem. Motivated by the idea of Combettes and Hirstoaga, very recently, Takahashi and
Takahashi [4] introduced a new iterative scheme by the viscosity approximation method
for finding a common element of the set of solutions of an equilibrium problem and the
set of fixed points of a nonexpansive mapping in a Hilbert space. Their results extend and
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improve the corresponding results announced by Combettes and Hirstoaga [2], Moudafi
[5], Wittmann [6], and Tada and Takahashi [7].

In this paper, motivated and inspired by Combettes and Hirstoaga [2] and Takahashi
and Takahashi [4], we introduce an iterative scheme for finding a common element of the
set of solutions of EP(h) and the set of fixed points of infinite nonexpansive mappings in
a Hilbert space. We obtain a strong convergence theorem which improves and extends
the corresponding results of [2, 4].

2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - [|. Let C be a nonempty
closed convex subset of H. Then for any x € H, there exists a unique nearest point in C,
denoted by Pc(x), such that [[x — Pc(x)|| < |[x — y|| for all y € C. Such a P is called the
metric projection of H onto C. We know that P¢ is nonexpansive. Further, for x € H and
x* e C,

x*=Pc(x) = (x—x*x*-y)>0 VyeC (2.1)

Recall that a mapping T : C—H is called nonexpansive if ||Tx — Tyl < [[x — y|| for
all x,y € C. Denote the set of fixed points of T by F(T). It is well known that if C is a
bounded closed convex and T : C—C is nonexpansive, then F(T)#J; see, for instance,
[8]. We call a mapping f : H—H contractive if there exists a constant « € (0,1) such that
Il f(x) = f(y)Il < allx— yll forallx,y € H.

For an equilibrium bifunction & : C x C — R, we call h satisfying condition (A) if h
satisfies the following three conditions:

(i) h is monotone, that is, h(x, y) + h(y,x) <0 forallx,y € C;
(ii) for each x, y, z € C, limyoh(tz + (1 — t)x, ¥) < h(x, y);
(iii) for each x € C, y — h(x, y) is convex and lower semicontinuous.
If an equilibrium bifunction 4 : C X C—R satisfies condition (A), then we have the fol-
lowing two important results. You can find the first lemma in [1] and the second one in
[2].

LemMa 2.1. Let C be a nonempty closed convex subset of H and let h be an equilibrium
bifunction of C x C into R, satisfying condition (A). Let r >0 and x € H. Then there exists
y € C such that

h(y,z)+%(z—y,y—x)20 VzeC (2.2)

LEMMA 2.2. Assume that h satisfies the same assumptions as Lemma 2.1. For r >0 and
x € H, define a mapping S, : H—C as follows:

Sr(x):{yeC:h(y,z)+%(z—y,y—x)20, Vzec} (2.3)

for all y € H. Then the following holds:
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(1) S, is single-valued and S, is firmly nonexpansive, that is, for any x,y € H,
||er—Sry||2 <(S;x=S,y,x—y); (2.4)

(2) F(S,) = SEP(h) and SEP(h) is closed and convex.
We also need the following lemmas for proving our main results.

LemMA 2.3 (see [9]). Let {x,} and {y,} be bounded sequences in a Banach space X and
let {B.} be a sequence in [0,1] with 0 < liminf,_ B, < limsup,_ B, < 1. Suppose x,41 =
(1 = Bu)yn + Puxn for all integers n > 0 and limsup,,_ ., (|| yns1 — yaull = llxas1 — x4ll) < 0.
Then limy, .o || Y5 — X, |l = 0.

LEMMA 2.4 (see [10]). Assume {a,} is a sequence of nonnegative real numbers such that
Ans1 < (1 = pu)a, + 8, where {y,} is a sequence in (0,1) and {8,} is a sequence such that
Si1Yn = o and limsup,, ., 6,/yn < 0. Then lim,_.wa, = 0.

3. Iterative scheme and strong convergence theorems

In this section, we first introduce our iterative scheme. Consequently, we will establish
strong convergence theorems for this iteration scheme. To be more specific, let T}, T5,...
be infinite mappings of C into C and let A1, 1,,... be real numbers such that 0 < A; < 1 for
every i € N. For any n € N, define a mapping W,, of C into C as follows:

Un,n+1 = I)
Un,n = /lnTnUn,nJrl + (1 _/ln)I:
Un,n—l = /\n—lTn—lUn,n + (1 _/‘n—l)I:

(3.1)
Unk = M Tk Upjesr + (1 = A1,

Unr =1 ToU,s+ (1- 1)1,

W, = Un,l = AlTlUn,z-i‘ (1 —AI)I.

Such a mapping W, is called the W-mapping generated by T,,T,_1,...,T1 and A,,
Aucts...,A1; see [11].

Now we introduce the following iteration scheme: Let f be a contraction of H into it-
self with coefficient o € (0,1) and given x, € H arbitrarily. Suppose the sequences {x,}, ;
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and {y,},_, are generated iteratively by

1
h(ypx)+ —{(x =y, ¥n—xn) =0, VxeC,
(ynx) rn< VY ) (32)

Xn+1 = ‘xnf(xn) +,ann + )/an)/n,

where {a,}, {,}, and {y,} are three sequences in (0,1) such that o, + f, +y, = 1, {1}
is a real sequence in (0,0), h is an equilibrium bifunction, and W, is the W-mapping
defined by (3.1).

We have the following crucial conclusions concerning W,,. You can find them in [12,
13]. Now we only need the following similar version in Hilbert spaces.

Lemma 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let Ty,
Ts,... be nonexpansive mappings of C into C such that (\;-,F(T;) is nonempty, and let
AMsAa,... be real numbers such that 0 < A; < b < 1 for any i € N. Then for every x € C and
k € N, the limit lim, _ . U, xx exists.

Remark 3.2. From Lemma 3.1, we have that if C is bounded, then for all ¢ > 0, there
exists a common positive integer number Ny such that for n > Ny, [|Uprx — Ur(x)|l < €
for all x € C. Indeed, by the similar argument to Lemma 3.2 in [13], let w € (,,_,F(T}).
Since C is bounded, there exists a constant M > 0 such that |[[x — w| < M for all x € C.
Fix k € N. Then for all x € C and any n € N with n = k, we have [|Uys1xx — Uppx|l <
2(TTH ) x = wll < 2M(TTHA).

j=

Let ¢ > 0. Then there exists ny € N with ny > k such that for all x € C, k2 <
&(1 —b)/2M. So for all x € C and every m, n with m > n > ny, we have

||Um,kx - Un,kx”
m—1 m—1 j+1
< z ||U]'+1)kx— Uj,ka < Z {2(11/1,) [|x — W|}
j=n j=n i=k (3.3)
m—1
. 2Mbn—k+2
<2M jok2 o 2T e
< Jgn b < b <e

Remark 3.3. Using Lemma 3.1, one can define a mapping W of C into C as Wx =
lim, . Wyx = lim,,—.« Uy, 1 x for every x € C. Such a W is called the W-mapping gen-
erated by T1,T5,... and A1,A,,.... We observe that if {x,} is a bounded sequence in C,
then we have

lim [[Wax, = W] = 0. (3.4)

Indeed, from Remark 3.1, we have: for any ¢ > 0, there is ny such that || Wx — W,x|| <
¢ for all x € {x,} and for all n > ny. In particular, ||Wx, — W,x,|| < ¢ for all n > n.
Consequently, lim,—.« | Wx, — W,x, || = 0, as claimed.

Throughout this paper, we will assume that 0 < A; < b < 1 for every i € N.
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LEmMa 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T},
Ts,... be nonexpansive mappings of C into C such that (\;-,F(T;) is nonempty, and let
A15A2,... be real numbers such that 0 < A; < b< 1 foranyi € N. Then F(W) = (2, F(T;).

Now we state and prove our main results.

THEOREM 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
h: C x C—R be an equilibrium bifunction satisfying condition (A) and let {T;};2, be an
infinite family of nonexpansive mappings of C into C such that (-, F(T;)NSEP(h)# Q.
Suppose {a,}, 1B}, and {y,} are three sequences in (0,1) such that o, + B, +y, = 1 and
{rn} C (0,00). Suppose the following conditions are satisfied:
(i) lim,— ey, =0 and >, _yan = 05

(i) 0 < liminf,_f, <limsup,_  B. < L;

(i) liminf, o, >0 and lim, . (11 — 1) = 0.
Let f be a contraction of H into itself and given xy € H arbitrarily. Then the sequences {x,}
and {y,} generated iteratively by (3.2) converge strongly to x* € (\;_1F(T;) N SEP(h), where
x* = Pnz rerynsepn) f (7).

Proof. Let Q = Pn= p(r)nsep(n- Note that f is a contraction mapping with coefficient « €
(0,1). Then [|Qf(x) = Qf Wl = I f(x) = f(W)Il < allx — yl| for all x,y € H. Therefore,
Qf is a contraction of H into itself, which implies that there exists a unique element
x* € H such that x* = Qf (x*). At the same time, we note that x* € C.

Let p € ;21 F(T;)NSEP(h). From the definition of S,, we note that y, = S,, x,. It fol-
lows that ||y, — pll = IS, xx — Sr, pll < llx, — pll. Next, we prove that {x,} and {y,} are
bounded. From (3.1) and (3.2), we obtain

%01 = pl| < aall f () = plI + Bulln = pll + yul [ Wayn — pl|
< an([[f (xa) = FDI £ (p) = pI) + Bullxn = pll + yullyn — pl|
< a (a2 = pl[+ 1 (p) = pl) + (1 — ) ||xn — pl|

Sl -l

|

(3.5)

< max {lxo - pl,

Therefore, {x,} is bounded. We also obtain that {y,}, {W,x,}, and { f(x,)} are all
bounded. We shall use M to denote the possible different constants appearing in the fol-
lowing reasoning.

Setting xXy+1 = Bnxn + (1 — Bn)z, for all n > 0, we have that

Xn+2 — ﬂn+1xn+l Xn+1 — ﬂnxn

TR T B 1B,
Gt _ Ontl Qg
= T () — )+ (2R ) ) (3.6)
Yn+1 ( Yn+1 Yn )
+ Wn n+l — Wn n) T - Wn n-
1 _ﬂn+1 ( H)net 4 ) 1 _/))n-%—l 1 _ﬂn %
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So we have

Alp+1

||Zn+1 _Zn” = m”xnﬂ _xn”

Xnt1

e 1o g | G+ Wandh (3.7)

+ Vil ||Wn+1)’n+1 - Wn}’n”-
1 _ﬁnJrl

Since T; and U,; are nonexpansive from (3.1), we have

||Wn+1)’n - Wn)/n” = |M1T1 Un+1,2)n -MTh U”’Zy"H
< M| Unt129n = Unzyl|

< A1A2||Un+1,3)’n - Un,3)’n||
o (38)

<MAry---A, ||Un+l nt1Yn — nn+1y1’l||

< Ml_[/\i,

i=1
and hence

||Wn+1yn+1 - Wn}’n” < ||Wn+1yn+l - Wn+1}/n|| + ||Wn+1yn - Wn)’n”

n (3.9)
<y = yull+ M] [
i=1
Substituting (3.9) into (3.7), we have
Ap+1 An+1 An
Zpel — 2Za|| < Xp Xu|| + + | Wayn
s =2l = 25 s =+ | 255 = 2 )+ Wl
(3.10)
+ - thLl ||yn+1 yn” + Yngl HA
ntl -y
On the other hand, from y, = S, x, and y,41 = S;,,, Xu+1, we have
h(yn,x)+%(x—yn,yn—xn) >0 VxeC, (3.11)
h(yni1,x) + (X = Vs> Yne1 —Xnp1) =20 VxeC. (3.12)

Tn+l
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Putting x = y,4; in (3.11) and x = y, in (3.12), we have
h(yn,ym)+%(yn+1—yn,yn—xn) =0, (3.13)
h(yn+1,yn)+%(yn—yn+1,yn+1 —Xni1) = 0. (3.14)

From the monotonicity of h, we have

h(yn)yn+1) +h(yn+1)yn) <0. (315)

So from (3.13), we can conclude that

<yn+l_yn,yn_xn_yn+l_Xn+l> ZO, (316)
'n Tn+l
and hence
T,
<yn+1 - ymyn - yn+1 +}’n+l —Xn — rinl(yrwl - xn+1)> = 0 (317)
n+

Since liminf,_ .7, >0, without loss of generality, we may assume that there exists a real
number 7 such that r,, > 7 >0 for all n € N. Then we have

||yn+l —)’n||2 = <yn+l — Yn>Xn+l — Xn + <1 - I >(yn+1 _xn+1)>

Tl . (3.18)
<y = ll oves = 5all+ 1= 2l et = a1,
Th+1
and hence
M
||yn+l_)’n||5||xn+1_xn||+7|rn+l_rn|- (3.19)
Substituting (3.19) into (3.10), we have
A1 ‘ Kyt Oy
Zn+l — Znl| = Xn+l — Xn|| + - Xn + Wn n
et =51 = 252 s =l + | 7225 = 2 | )+ Wl
Yn+1 Yn+1 M M}’ﬂ+1 Z
+ Xpal = Xp||+ 5 — X — |Typ1 — 1 | + Ai
1_/5n+1|| e n|| 1_ﬁn+1 T | i n| 1_ﬁn+1 E
Ont1 Qg

(I1f Gen) + [[Waynll)

< b |+ |

l_ﬁnﬂ l_ﬁn

Yn+l M MYVH] .
X — |y — T | + Ai.
1 _/J)n-%—l T | e n| 1 _ﬁn+l 111 '

(3.20)

This together with a,—0 and 7,41 — r,—0 imply that limsup,_ . (I1zn+1 — 2all = %01 —
x,11) < 0. Hence by Lemma 2.3, we obtain ||z, — x,[|—0 as n— oo. Consequently,

%£%||xn+1—xn||=%i_{rc>10(l—[)’n)||zn—xn||=0. (3.21)
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From (319) and limn—voo(rwrl - rn) =0, we have limn_ooHynH — ynH = 0. Since Xpr1l =
o f (Xu) + BuXn + yn Wi yn, we have

%2 = Woyall < |0 = X || + |01 = Wayal|

(3.22)
< {20 = et ||+ @l | f () = Wyl + Bullos = Wiayall,
that is,
1 n
b= Wl = 7=l = vt 1+ T2l ) = Wl 3:23)

Hence we have lim,_|lx, — W, yall = 0. For p € ;2,F(T;)nSEP(h), note that S, is
firmly nonexpansive. Then we have

[lyn _P||2 =[Sy, %0 = S, p |2
< (81,%n = Sr,, PsXn = P)
= (Yu— Poxa—p) (3.24)
1
= 5(||yn — pl* 1l = plI* =[x = yall*),
and hence
lyn = pII* < llotn = pII* = lltw = yul [ (3.25)

Therefore, we have

[nr = pII* = anll £ (xa) = pIP +Ballxa = P+l Waryn = plI”
< al|f (ea) = pII* + Ballea = oI + yal [y = pI”
< aul|f (xa) = pII* + Bl lxa = I (3.26)
([0 = pII* = xn = yull’)
< al|f Gen) = pII* + [l = 11 =yl =yl
Then we have
Yl =yl < ol £ (k) = I+ (00 = pII+ [l = )
X (ln = pll = llensr = pl1) (3.27)
< || () = pII* 1 = net || ([l = pl| + 121 — pII).
It is easily seen that liminf,_ Y, > 0. So we have

lim ||, = yull = 0. (3.28)

From |[W,yu — yull < IWyyu — xull + X, — yull, we also have [|W,y, — y,|l—0. At that
same time, we note that

Wy = yall < [IWyn = Woyul| +[[Wayn = yal|. (3.29)
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It follows from (3.29) and Remark 3.2 that lim,,—. || Wy, — y,|l = 0. Next, we show that

limsup (f (x*) —x*,x, —x*) <0, (3.30)

n—oo

where x* = Pr(w)nsep(n) f (x*). First, we can choose a subsequence {y,} of {y,} such
that

lim (f (x*) = x*, yn, —x*) = limsup (f (x*) —x*, y, —x*). (3.31)

J=® n— oo

Since {y, ; } is bounded, there exists a subsequence { y, ji} of {yn ; }, which converges weakly
to w. Without loss of generality, we can assume that y, oW weakly. From [| Wy, — y,1—0,
we obtain Wy, —w weakly. Now we show w € SEP(h).

By yn = S, %0, we have h(y,,x) + (1/1,){x — yu, ¥n — %) = 0 for all x € C. From the
monotonicity of /i, we have (1/7,,){x = yu, ¥n — Xu) = —h(yn,x) = h(x, y,), and hence

n _xnj
<x—yﬂ1,y X > > h(x - (3.32)

nj

Since (yn; — Xu,;)/7s,—0 and y,, —w weakly, from the lower semicontinuity of h(x, y) on
the second variable y, we have h(x,w) <0 for all x € C. For t with0< ¢ <1 and x € C,
let x; = tx+ (1 — t)w. Since x € C and w € C, we have x; € C, and hence h(x;,w) < 0. So
from the convexity of equilibrium bifunction k(x, y) on the second variable y, we have

0=nh(xp,x:) < th(x,x) + (1= t)h(x,w) < th(x,x). (3.33)

Hence h(x;,x) = 0. Therefore, we have h(w,x) > 0 for all x € C, and hence w € SEP(h).
We will show w € F(W). Assume w ¢ F(W). Since y,, —w weakly and w#Ww, from
Opial’s condition, we have

liminf||y,, —w|| <liminf||y, — Wwl|
j—oo j—oo
<liminf (||ys, = Wy ||+ [[Wyn, - Wwl) (3.34)
< liminf||y,, —wl|.
j—oo

This is a contradiction. So we get w € F(W) = (2, F(T;). Therefore, w € ;1 F(T;)N
SEP(h). Since x* = Pn= (1))~ sep(n) f (X*), we have

limsup (f (x*) —x*,x, —x*) = lim (f (x*) —x*,x,, —x*)

n—oo ]

= lim (f (x*) —x*, yu, —x*) (3.35)

j—oo

= (f(x*) —x*w—x*) <0.



10  Fixed Point Theory and Applications

First, we prove that {x,} converges strongly to x* € (\;2,F(T;)n SEP(h). From (3.2),
we have

[tnet = 2 = (1B Gn = x) + yn (W = x)|[* + 2000 £ (30) = 2,201 = x*)
< {Balls — 2|+ pul Wauym = )1} 200 () = %0001 = x*)
20 (f () = F ()21 = x*)
< {Balln = x* 1|+ yullym = x* |1} + 20t = 2% [[| 2011 = 5%
20 ( f (6) = X%, 211 — x*)
< (1= an)en = x| ([ sr = x|+ [l — %)

+ 20, (f (™) = x*, 2041 — %),

(3.36)
which implies that
2
1—a,) taa 20
||x,,+1—x*||2_(l_n—)‘x%”||xn—x*||2+l_70;cn(f(x*)—x*,xn+1—x*>
— 20, +
—M{|xn—x*||2+i||xn—x*||2
1 - aa, 1—oaay,
2a
lin(f(x*)—x*,xm—x*)
— an (3.37)
Sil_M}H%_X*qu
1— oo, I —oaay
May, 1 “« « N }
+ —x*, -
{2(1—00 oo () =2 =)

= (1 _¢n)||xﬂ_x*||2+¢n¢n’

where ¢, = 2(1 — ®)a,/(1 — an,) and ¢, = Ma,/2(1 — ) + 1/(1 = o) f(x*) — x™*, %41 —
x*). It is easily seen that >, (¢, = o and limsup,_ ¢, < 0. Now applying Lemma 2.4
and (3.35) to (3.37), we conclude that x,—x* (n—oc0). Consequently, from (3.28), we
have y,—x™* (n—co). This completes the proof. O

CoROLLARY 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
h: Cx C—R be an equilibrium bifunction satisfying condition (A) such that SEP(h)#J.
Let {an}, {B,}, and {y,} be three sequences in (0,1) such that a, +f3, +y, = 1 and {r,} C
(0,0) is a real sequence. Suppose the following conditions are satisfied:
(i) im o, =0and 3., got, = 0;
(ii) 0 <liminf, .., <limsup,_ B, < L;
(i) liminf .ty >0 and lim .o (11 — 1) = 0.
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Let f be a contraction of H into itself and given xo € H arbitrarily. Let {x,} and {y,} be
sequences generated iteratively by

]
B(ymx) + —(x =y yn—x,) 20, VxeC,
(o) 2=y = ) = e (3.38)

Xp+1 = “nf(xn) +/3nxn + Y, Vn

Then the sequences {x,} and {y,} generated by (3.38) converge strongly to x* € SEP(h),
where x* = Psgp() f (x™).

Proof. Take Tix = x for all i = 1,2,... and for all x € C in (3.1). Then W,x = x for all
x € C. The conclusion follows from Theorem 3.1. This completes the proof. O

CoRroLLARY 3.7. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{T;}72 | be an infinite family of nonexpansive mappings of C into C such that ()2, F(T;)#Q.
Let {an}, {B,}, and {y,} be three sequences in (0,1) such that «, + 5, +y, = 1. Suppose the
following conditions are satisfied:

(i) im0, =0 and > gty = 005

(ii) 0 <liminf, .., < limsup,,_ B, <.
Let f be a contraction of H into itself and given x, € H arbitrarily. Let {x,} be a sequence
generated iteratively by

Xni1 = A f (Xn) + B, X0+ 7, WaPcxy. (3.39)

Then the sequence {x,} converges strongly to x* = Pn~ gt f(x*).

Proof. Set h(x,y) =0 forall x,y € C and r, = 1 for all n € N. Then we have y, = Pcx,,.
From (3.2), we have

Xns1 = O f (Xn) + B, X0+ 7, WaPcxy. (3.40)

Then the conclusion follows from Theorem 3.5. This completes the proof. O
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