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We show that the convergence of Picard iteration is equivalent to the convergence of
Mann iteration schemes for various Zamfirescu operators. Our result extends of Soltuz
(2005).
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1. Introduction

Let E be a real normed space, D a nonempty convex subset of E, and T a self-map of D,
let po,ug,x0 € D. The Picard iteration is defined by

pn1=Tpn, n=0. (1.1)
The Mann iteration is defined by
U1 = (1 —ap)uy+a,Tu,, n=0. (1.2)
The Ishikawa iteration is defined by

Yn=(1-by)xn+b,Txy, n=0
(1.3)
Xni1 = (1 —an)xy+ayTy,, n=0,

where {a,},{b,} are sequences of positive numbers in [0,1]. Obviously, for a, = 1, the
Mann iteration (1.2) reduces to the Picard iteration, and for b,, = 0, the Ishikawa iteration
(1.3) reduces to the Mann iteration (1.2).

Definition 1.1 [1, Definition 1]. Let T : D — D be a map for which there exist real numbers
a,b,c satistying0 <a < 1,0< b < 1/2,0 < c < 1/2. Then T is called a Zamfirescu operator
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if, for each pair x,y in D, T satisfies at least one of the following conditions given in
(1)—(3):

(D) ITx =Tyl <allx—yll;

(2) ITx =Tyl <b(llx—Txll +lly — Tyll);

B) ITx =Tyl <c(llx—Tyll +ly — TxIl).
It is easy to show that every Zamfirescu operator T satisfies the inequality

ITx—Tyll < dllx— yll +28]x — Tx|| (1.4)

for all x,y € D, where § = max{a,b/(1 —b),c/(1 —¢)} with 0 < <1 (See Soltuz [1]).
Recently, Soltuz [1] had studied that the equivalence of convergence for Picard, Mann,
and Ishikawa iterations, and proved the following results.

THeOREM 1.2 [1, Theorem 1]. Let X be a normed space, D a nonempty, convex, closed
subset of X, and T : D — D an operator satisfying condition Z (Zamfirescu operator). If
ug = xo € D, let {uy,};_o be defined by (1.2) for uy € D, and let {x,};—, be defined by (1.3)
for xo € D with {a,} in [0,1] satisfying >.° a, = . Then the following are equivalent:

(i) the Mann iteration (1.2) converges to the fixed point of T;

(ii) the Ishikawa iteration (1.3) converges to the fixed point of T.

THEOREM 1.3 [1, Theorem 2]. Let X be a normed space, D a nonempty, convex, closed
subset of X, and T : D — D an operator satisfying condition Z (Zamfirescu operator). If
up = po € D, let {pn}; be defined by (1.1) for po € D, and let {u,},_, be defined by (1.2)
for ug € D with {a,} in [0,1] satisfying >.,,_oan = o and a, — 0 as n — c. Then
(1) if the Mann iteration (1.2) converges to x* and lim,_.c (|| ttps1 — Unll/a,) = 0, then
the Picard iteration (1.1) converges to x*,
(ii) if the Picard iteration (1.1) converges to x* and lim, .o (|| pu+1 — pull/an) = 0, then
the Mann iteration (1.2) converges to x*.

However, in the above-mentioned theorem, it is unnecessary that, for two conditions,
limy,—. oo (ltty1 — Unll/a,) = 0 and limy,— o (| pps1 — pull/a,) = 0. The aim of this paper is to
show that the convergence of Picard iteration schemes is equivalent to the convergence of
the Mann iteration for Zamfirescu operators in normed spaces. The result improves ones
announced by Soltuz [1, Theorem 2]. We will use a special case of the following lemma.

LemMA 1.4 [2]. Let {a,} and {0,} be nonnegative real sequences satisfying the following
inequality:

Ant1 = (lfln)an"'am (1-5)

where A, € (0,1), foralln > ng, >, Ay = 00, and 6,/A, — 0 as n — oo. Then lim,— a, =
0.

This lemma is apparently due to Vasilen, it is given as [2, Lemma 2.3.6, page 96]. It was
rediscovered with a different proof by Weng [3].
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2. Main results

TueoreM 2.1. Let E be a normed space, D a nonempty closed convex subset of E, and T :
D — D a Zamfirescu operator. Suppose that T has a fixed point q € D. Let { p, } ;¢ be defined
by (1.1) for po € D, and let {u,},_, be defined by (1.2) for uy € D with {a,} in [0,1] and
satisfying > a, = . Then the following are equivalent:

(i) the Picard iteration (1.1) converges to the fixed point of T}

(ii) the Mann iteration (1.2) converges to the fixed point of T.

Proof. Let g be a fixed point of T. We will prove (ii)=(i). Suppose that |[u, — gll — 0 as
n — oo, Applying (1.1) and (1.2), we have

tn1 = punill = (1= an)||un = Tpul| + au| | Tu, — Tpy|

(2.1)
< (1= an)||un — Tuu||+ || Tun — Tpal|.
Using (1.4) with x = u,,, y = p,, we have
|| Tu, — Tpal| < 6||tn — pal| + 26| |tn — Tun|. (2.2)

Therefore, from (2.1), we get

H”nﬂ _Pn+1|| < 6lluy _Pn” + (1 _an+26)||”n - Tun”
< O8|un = pall+ (1 = an +28) (|[un — ql| + || T, — Tql|) (2.3)
< 8|ty — pul| + (1 —an +28) (14 8)||un —ql|,

denoted by A, = |lu, — pull, § =1 - A, and B, = (1 —a, +28)(1 +8)llu, — qll. By Lemma
1.4, we obtain A, = [|u,, — pull — 0 as n — co. Hence by |l p» — qll < lluy, — pull + lun — qll,
we get [|py, —qll = 0as n — .

Next, we will prove (i)=(ii), that is, if the Picard iteration converges, then the Mann
iteration does too. Now by using Picard iteration (1.1) and Mann iteration (1.2), we have

||”n+l _Pn+l|| <(1 _an)””n - Tpn” +an||T”n - Tpn”
<1 *an)”“n *Pn”"' (1 *an)”Pn - TPﬂ”"'an”T”n - Tpn”

< (1= an)|lun = pall + (1 = an) (|| pn = ql| + || Tpn—Tqll) + an|| Tt — T py||.
(2.4)

A

On using (1.4) with x = p,, y = u,, we get

| Ttn — Tpul| < an8l|tn — pull +2a48||pn — Tpull

(2.5)
< a,0||u, _PnH +29n8(||Pn - QH + ||Tpn - TQH)-
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Again, using (1.4) with x = q, y = p,,, we get

T pn — Tqll < 8l[pn — 4l (2.6)
Hence by (2.4)—(2.6), we obtain

ltns1 = prsall < (1= (1 = 8)an)||un = pul[ + (1 = an +2a,8) (1 + )| pn — gl
< (1=(1=8an)||un—ql|+ (1 — an+2a,6)(2+8)||ps —ql|
< (1=2ay) (1 = Aay_1)||un-1— ql| + (1 — an +2a,8) 2+ 8)|| pn — 4|
< (1=2ay) (1= Aay-1) - - - (1 = Aao)||uo — q|
+(1—a,+2a,8)(2+8)||pn—qll

ﬁexp(—/\Zai>||uo—q||+(l —ay+2a,8)(2+8)||pn—qll,
i=0
(2.7)

where 1 — & = A. Since ;> ya, = o and ||p, — gll — 0 as n — oo, hence |lu, — pull — 0
as n — co. And thus, [|u, — qll < lluy — pall + 11pn — qll = 0 as n — co. This completes the
proof. O

Remark 2.2. Theorem 2.1 improves [1, Theorem 2] in the following sense.
(1) Both hypotheses lim, .« (ltty1 — tll/a,) = 0 and lim,,—.« (|| pps1 — pull/a,) = 0
have been removed, and the conclusion remains valid.
(2) The assumption that 1y = po in [1] is superfluous.

THEOREM 2.3. Let E be a normed space, D a nonempty closed convex subset of E, and T :
D — D a Zamfirescu operator. Suppose that T has a fixed point q € D. Let { p, } -, be defined
by (1.1) for py € D, and let {x,},_, be defined by (1.3) for xo € D with {a,} and {b,} in
[0,1] and satisfying > a, = . Then the following are equivalent:

(i) the Picard iteration (1.1) converges to the fixed point of T;

(ii) the Ishikawa iteration (1.3) converges to the fixed point of T.

Remark 2.4. As previously suggested, Theorem 2.3 reproduces exactly [1, Theorem 1].
Therefore we have the following conclusion: Picard iteration converges to the fixed point
of T & Mann iteration converges to the fixed point of T ¢ Ishikawa iteration converges
to the fixed point of T.
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