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1. Introduction

Let X be a normed space and T a selfmap of X. Let x be a point of X, and assume that
Xps1 = f(T,x,) is an iteration procedure, involving T, which yields a sequence {x,} of
points from X. Suppose {x,} converges to a fixed point x* of T. Let {&,} be an arbitrary
sequence in X, and set €, = [1§,11 — f(T,&,) || forall n € N.

Definition 1.1 [1]. If (limy—e €, = 0) = (limy— &, = p), then the iteration procedure
Xps1 = f(T,x,) is said to be T-stable with respect to T'.

Remark 1.2 [1]. In practice, such a sequence {&,} could arise in the following way. Let xo
be a point in X. Set x,4+1 = f(T,x,). Let & = xo. Now x; = f(T,x,). Because of rounding
or discretization in the function T, a new value & approximately equal to x; might be
obtained instead of the true value of f(T,x(). Then to approximate x;, the value f(T,¢&;)
is computed to yield &, an approximation of f(T,&;). This computation is continued to
obtain {&,} an approximate sequence of {x;}.

Let X be a normed space, D a nonempty, convex subset of X, and T a selfmap of D, let
po = ep € D. The Mann iteration (see [2]) is defined by

€nt+1 = (1_“n)eﬂ+‘anem (L.1)
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where {a,} C (0,1). The Ishikawa iteration is defined (see [3]) by

Xn+1 = (1 - “n)xn +‘anyn:

Yn = (1= Bu)xn + BnTxn, (1.2)

where {a,} C (0,1), {B,} C [0,1). The Krasnoselskij iteration (see [4]) is defined by
Pnt1 = (I_A)Pn +/1Tpn> (1-3)

where A € (0,1). Recently, the equivalence between the T-stabilities of Mann and Ishikawa
iterations, respectively, for modified Mann-Ishikawa iterations was shown in [5]. In the
present paper, we shall prove the equivalence between the T-stabilities of the Krasnosel-
skij and the Mann iterations. Next, {u,},{v,} C X are arbitrary.

Definition 1.3.
(i) The Mann iteration (1.1) is said to be T-stable if and only if for all {a,} C (0,1)
and for every sequence {u,} C X,

lime, =0 = limu, = x™, (1.4)
n— 0o n— oo
where ¢, 1= ||t — (1 — o)ty — @, Tyl

(ii) The Krasnoselskij iteration (1.3) is said to be T-stable if and only if for all A €
(0,1), and for every sequence {v,} C X,

limd, = 0= limv, = x*, (1.5)
n— oo

n— oo

where 8, := [[Vuy1 — (1 =) v, —ATv,|l.

2. Main results

THEOREM 2.1. Let X be a normed space and T : X — X a map with bounded range and
{an} € (0,1) satisfy lim, .. ay = A, A € (0,1). Then the following are equivalent:

(1) the Mann iteration is T-stable,

(ii) the Krasnoselskij iteration is T-stable.

Proof. We prove that (i)=(ii). If lim,_« §, = 0, then {v,} is bounded. Set

M, = max{sup{nm)n},||vO||,||uo||}. 2.1)

xeX

Observe that [[vi]] < 8o + (1 — V)llvoll + A Twvoll < 8o + My. Set M := M, + 1/A. Suppose
that [|v, || < M to prove that ||v,4+1 ]| < M. Remark that

||Vn+1|| §6n+(1—)t)8n_1+- . '+(1—/1)n60+M1
<1+(1-A)+---+(1-)"+M,;
1

Sm'FM] =M.

(2.2)
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Suppose that lim,, . 6, = 0 to note that

en = ||[Var1 — (1 — &) vy — a, Ty ||
=[|Vis1 = Vi AV, — A+ @y vy — ATV, + ATV, — a, Tv||
< |[Var1 = (L= A)vu = ATV || + [ A = an |||V — Tvi] (2.3)
< ||Vus1 = (A =)y = ATV, ||+ 2M | A — & |

=8, +2M|A—a,| — 0 asn— oo,

Condition (i) assures that if lim,_« &, = 0, then lim,_ v, = x*. Thus, for a {v,} satisfy-
ing

llljl}o Op = %151;10 ||Vn+1 —(1=M)v, _ATVHH =0, (2.4)

we have shown that lim,,_.. v,, = x*.

Conversely, we prove (ii)= (i). First, we prove that {u,} is bounded. Since lim,,—« a; =
A, for B € (0,1) given, there exists ny € N, such that 1 — a,, <, for all n = n,. Set M, :=
max{sup,.y | Tx|l,lluoll} and M := no+ 1+ /(1 — ) + M, to obtain

[unsi]| < [en+ (1 =) en1+ (1 —ar) (1 - a2) en2
et (T—an)(T—ag) -« (1= g ) enn, ]
+ (=) (T =) -+« (1= etn) (1= etugs1) €n—ny-1
+ot(1—a) (1 —a) -+ (1 —ay)eo + M (2.5)
< (no+1) + (1= atyg1) + (1= 1) (1 = i) - - -
+ (1= aper1) - - (1 —an)eo + M,

<ng+1+B+p*+---+p ™M+ M <M.
Suppose lim,,_.« &, = 0. Observe that

8n = |[tnr1 = (1 = Vuy = ATu||
= ||thps1 — thy + Aty — ATy + 0ttty — pthy — & Ttay + 0, Ty |
< uns1 = (1 = @) thy — T || + | A — o | ||ttn — Tua| (2.6)
<[t = (1= @)t — Tt +2M | A — @, |

=g +2M|A—a,| — 0 asn— oo,
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Condition (ii) assures that if lim,, . 8, = 0, then lim,, . v, = x*. Thus, for a {u,} satis-

fying
lijnsn:%ijn||un+1—(l—ocn)u,,—(anunH:0, (2.7)

we have shown that lim,,_. ., u,, = x*. O

Remark 2.2. Let X be a normed space and T': X — X a map with bounded range and
{an} € (0,1) satisfy lim,,—.co oty = A, A € (0, 1). If the Mann iteration is not T-stable, then
the Krasnoselskij iteration is not T-stable, and conversely.

Example 2.3. Let T : [0,1) — [0, 1) be given by Tx = x?, and A = 1/2. Then the Krasnosel-
skij iteration converges to the unique fixed point x* = 0, and it is not T-stable.

The Krasnoselskij iteration converges because, supposing F := sup,, p, <1, the sequence
pn — 0, as we can see from

1 1 1 1
Pni1 = (1 - §>Pn+ 2bn= 5Pt 5pn

; (2.8)
L gy = F _(1+F> o
- 2Pn Pn = 2 Pn = 2 PO 5
set v, = n/(n+ 1) and note that v,, does not converge to zero, while §, does:
- ntl 1 . n 1 n _ n?+4n+2 o (29)
n+2 2n+1 2(n+1)?2 2(n+1)2(n+2)
The Mann iteration also converges because (supposing E := sup, e, < 1) one has
eni1 = (1—ay)en+anes = (1—(1-E)ay)e,
n " 2.10
s1_[(1—(1—E)ock)eosexp(—(l—E)Zock>eo—»0; (2.10)
k=1 k=1
the last inequality is true because 1 —x < exp(—x), Vx = 0, and > a, = +00.
Take u, = n/(n+1) — 1, and note that ¢, — 0 because
n+1 n n? apnn?+ o, +1)n+1
_ (1- _a, - 2.11
= - e g~ oy (n+1)2(n+2) @11

So the Mann iteration is not T-stable. Actually, by use of Theorem 2.1, one can easily
obtain the non-T-stability of the other iteration, provided that the previous one is not
stable.

The following result takes in consideration the case in which no condition on {«,} are
imposed.

THEOREM 2.4. Let X be a normed space and T : X — X a map, and {«,} C (0,1). If

%ip}oan—TvnH:O, %ijlgo||un—Tun||=0, (2.12)
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then the following are equivalent:
(i) the Mann iteration is T-stable,
(ii) the Krasnoselskij iteration is T-stable.

Proof. We prove that (i)=(ii). Suppose lim, .., §, = 0, to note that,
&n = ||Vn+1 - (1 - ‘Xn)Vn - ‘XnTVn”
=Vt = Va+ AV = AV + a vy — ATV + ATV, — o, T
(2.13)
<|Wur1 = (L= vy = AT, || + [ A = an |||V — Tva|

<8 +2||vu —Tvy|]| — 0 asn— oo,

Condition (i) assures that if lim,_« &, = 0, then lim,_ v, = x*. Thus, for a {v,} satisfy-
ing

%ipgaﬂ =£ij£1°||vn+1 —(1=A)vy, —ATv,|| =0, (2.14)

we have shown that lim,,_.. v, = x*.

Conversely, we prove (ii)=(i). Suppose lim,_« &, = 0. Observe that
On = ||ttns1 — (1 = ANty — ATuy||
= ||tns1 — tn + Aty — ATy + @ttty — iy — 0, Tthy + 0y Tt
(2.15)
< |uns1 — (1= ap)ty — oy Ty || + | A — o | ||ttn — Tua|

<& +2||uy— Tuy|| — 0 asn— oo,

Condition (ii) assures that if lim,,_. 0, = 0, then lim,,_. v, = x*. Thus, for a {u,} satis-

fying

Y]

%i_{nsn=£i_{£10||un+1—(l—ocn)un—ochu,,H=0, (2.16)

we have shown that lim,,_., u,, = x*. O

Remark 2.5. Let X be anormed spaceand T': X — X amap, {a,,} C(0,1) and lim,— [|v,, —
Tv,|l = 0, limy,— |t4, — Tu,|| = 0. If the Mann iteration is not T-stable, then the Kras-
noselskij iteration is not T'-stable, and conversely.

Note that one can consider the usual conditions A = 1/2, lima, = 0, and >  «,, = o in
Theorem 2.4 and Remark 2.5.

Example 2.6. Again, let T : [0,1) — [0,1) be given by Tx = x?,and A = 1/2, a,, = 1/n. Set
v, = u, = n/(n+1), to note that lim,_.. u, = 1, and

lim ||v, — Tv,|| = lim (2.17)

n
—C =0
~ (n+1)2

Hence, neither the Mann nor the Krasnoselskij iteration is T-stable, as we can see from
Example 2.3.
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3. Further results
Let g9 € X be fixed, and let g+ = Tq, be the Picard-Banach iteration.
Definition 3.1. The Picard iteration is said to be T-stable if and only if for every sequence

{gqn} C X given,

lim A, =0 = lim g, = x¥, (3.1)
n— o0

n— oo

where Ay, := Ign+1 — Tqnll.

In [6], the equivalence between the T-stabilities of Picard-Banach iteration and Mann
iteration is given, that is, the following holds.

TaeoREM 3.2 [6]. Let X be a normed space and T : X — X a map. If
%ifl(}o||qn_an||:0a li}}o””n_T”n”:O’ (3.2)

then the following are equivalent:
(1) for all {an} C (0,1), the Mann iteration is T- stable,
(i1) the Picard iteration is T-stable.

Theorems 2.4 and 3.2 lead to the following conclusion.

CoROLLARY 3.3. Let X be a normed space and T : X — X a map. If
%ij]olo||qn_an||:O) %ifglo||vn_TVn||:0’ %{rg’|”n_Tun||:0a (3.3)

then the following are equivalent:
(1) for all {an} C (0,1), the Mann iteration is T-stable,
(i1) the Picard-Banach iteration is T-stable,
(iii) the Krasnoselskij iteration is T-stable.

Remark 3.4. Let X be a normed space and T:X — X a map, {a,} C (0,1) and
lim, .o 1gn — Tqull = 0, limy,—.c |V, = TVl = 0, limy,— o |4, — T1sy |l = 0. If the Mann or
Krasnoselskij iteration is not T-stable, then the Picard-Banach iteration is not T-stable,
and conversely.

Example 3.5. To see that the Picard-Banach iteration is also not T-stable, consider T :
[0,1) — [0,1), by Tx = x.

Indeed, setting g, = n/(n+ 1), we have

. . n
i b
) (3.4)
oy U PR
n—o | n+1 n+1 (n+1)2
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