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The purpose of this paper is to prove a strong convergence theorem for a finite family of
uniformly L-Lipschitzian mappings in Banach spaces. The results presented in the paper
not only correct some mistakes appeared in the paper by Ofoedu (2006) but also improve
and extend some recent results by Chang (2001), Cho et al. (2005), Ofoedu (2006), Schu
(1991), and Zeng (2003, 2005).
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1. Introduction and preliminaries

Throughout this paper, we assume that E is a real Banach space, E* is the dual space of
E, K is a nonempty closed convex subset of E, and ] : E — 2F" is the normalized duality
mapping defined by

Jx)={f €E*: (x, f) = IxlI> = IfI% 1 f 1l = lxll}, x€E, (1.1)

where (-,-) denotes the duality pairing between E and E*. The single-valued normalized
duality mapping is denoted by j.

Definition 1.1. Let T : K — K be a mapping.
(1) T is said to be uniformly L-Lipschitzian if there exists L >0 (without loss of
generality, assume that L > 1) such that for any x, y € K,

[[T"x—T"y|| < Llx—yll Vn=1; (1.2)
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(2) T is said to be asymptotically nonexpansive if there exists a sequence {k,} C
[1,00) with k, — 1 such that for any given x, y € K,

|| T"x — T"y|| < kollx—yll Vn=>1; (1.3)

(3) T is said to be asymptotically pseudocontractive if there exists a sequence {k,} C
[1,00) with k, — 1 such that, for any x, y € K, there exists j(x — y) € J(x — y):

(T'x—T"y,j(x—y)) <knllx—ylI*> Vnx>1 (1.4)

Remark 1.2. (1) Itis easy to see that if T is an asymptotically nonexpansive mapping, then
T is a uniformly L-Lipschitzian mapping, where L = sup,,., k,, and every asymptotically
nonexpansive mapping is asymptotically pseudocontractive, but the inverse is not true,
in general.

(2) The concept of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [1], while the concept of asymptotically pseudocontractive mappings was intro-
duced by Schu [2] who proved the following theorem.

TaeoreM 1.3 (Schu [2]). Let H be a Hilbert space, let K be a nonempty bounded closed
convex subset of H, and let T : K — K be a completely continuous, uniformly L-Lipschitzian,
and asymptotically pseudocontractive mapping with a sequence {k,} C [1,00) satisfying the
following conditions:

(i) k, — 1asn — oo;

(i) X1 g2 — 1 < oo, where g, = 2k, — 1.
Suppose further that {a,} and {f,} are two sequences in [0,1] such that € < a, < b, for
all n > 1, where e >0 and b € (0,L~2[(1 + L?)V2 — 1]) are some positive numbers. For any
x1 € K, let {x,} be the iterative sequence defined by

Xns1 = (1= @)X+, T"x,  Vn=1. (1.5)

Then, {x,} converges strongly to a fixed point of T in K.

In [3], the first author extended Theorem 1.3 to a real uniformly smooth Banach space
and proved the following theorem.

TueoreM 1.4 (Chang [3]). Let E be a uniformly smooth Banach space, let K be a nonempty
bounded closed convex subset of E, and let T : K — K be an asymptotically pseudocontractive
mapping with a sequence {k,} C [1,0), k, — 1, and F(T) + &, where F(T) is the set of
fixed points of T in K. Let {a, } be a sequence in [0,1] satisfying the following conditions:

(1) oy — 05

(ii) z::o Qp = 00,
For any xo € K, let {x,} be the iterative sequence defined by

X1 = (1 —ay)xn+ 0, T"x, Vn=0. (1.6)
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If there exists a strict increasing function ¢ : [0,00) — [0, 00) with ¢(0) = O such that
(T"xp — x*, j (x4 —x*)) < kn|xn —x*||2 —¢(||xn —x*[]) Vn=0, (1.7)

where x* € F(T) is some fixed point of T in K, then x,, — x* asn — .
Very recently, in [4] Ofoedu proved the following theorem.

THEOREM 1.5 (Ofoedu [4]). Let E be a real Banach space, let K be a nonempty closed convex
subset of E, and let T : K — K be a uniformly L-Lipschitzian asymptotically pseudocontrac-
tive mapping with a sequence {k,} C [1,00), k, — 1, such that x* € F(T), where F(T) is
the set of fixed points of T in K. Let {a,} be a sequence in [0,1] satisfying the following
conditions:
(i) ZZO:O oy = 005

(i) s ap < oo

(iil) Do gk, — 1) < o0,
For any xo € K, let {x,} be the iterative sequence defined by

Xop1 = (1 —ay)xp+ o, T"x, Vn=0. (1.8)
If there exists a strict increasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that
(T”x—x*,j(x—x*))skn||x—x*||2—¢(||x—x*||) Vx €K, (1.9)

then {x,} converges strongly to x*.

Remark 1.6. It should be pointed out that although Theorem 1.5 extends Theorem 1.4
from a real uniformly smooth Banach space to an arbitrary real Banach space and re-
moves the boundedness condition imposed on K, but the proof of [4, Theorem 3.1] has
some problems.

The purpose of this paper is, by using a simple and quite different method, to prove
some strong convergence theorems for a finite family of L-Lipschitzian mappings in stead
of the assumption that T is a uniformly L-Lipschitzian and asymptotically pseudocon-
tractive mapping in a Banach space. Our results not only correct some mistakes appeared
in [4] but also extend and improve some recent results in [2-7].

For this purpose, we first give the following lemmas.

LemwMA 1.7 (Change [8]). Let E be a real Banach space and let ] : E — 2F" be the normalized
duality mapping. Then, for any x,y € E,

lx+ ylI2 < lIxI*+2(y, j(x+y)) Vjlx+y)€J(x+y). (1.10)

Lemma 1.8 (Moore and Nnoli [9]). Let {8,} be a sequence of nonnegative real numbers
and let {A,} be a real sequence satisfying the following conditions:

0<Ay<1, DA =o0. (1.11)
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If there exists a strictly increasing function ¢ : [0,00) — [0, 00) such that

63&1 <6ﬁ_)tn¢(6n+l)+0'n Vn = no, (1.12)

where ng is some nonnegative integer and {0} is a sequence of nonnegative number such
that 0, = o(A,), then 0, — 0 as n — .

2. Main results

Definition 2.1. Let E be real Banach space, let K be a nonempty closed convex subset, and
let T;: K — K, i=1,2,...,N be a finite family of mappings. {T;, i = 1,2,...,N} is called
a finite family of uniformly L-Lipschitzian mappings if there exists a positive constant L
(without loss of generality, assume that L > 1) such that for all x, y € K,

[|T!'x—T!'y|| < Lllx—yll Vn>1,i=1,2,..,N. (2.1)

The following theorem is the main result in this paper.

THEOREM 2.2. Let E be a real Banach space, let K be a nonempty closed convex subset of
E,andletT;: K — K, i = 1,2,...,N be a finite family of uniformly L-Lipschitzian mappings
with (X, F(T;) + @, where L = 1 is a constant and F(T;) is the set of fixed points of T in
K. Let x* be a given point in ﬂfil F(T;) and let {k,} C [1,c0) be a sequence with k, — 1.
Let {a,} and {B,} be two sequences in [0, 1] satisfying the following conditions:

(i) an = 0, By — 0 (as n — 0);

(i) Do gan = oo.
For any x; € K, let {x,} be the iterative sequence defined by

Xpr1 = (1 —an)xn+anThy, VYn=1,

2.2
yﬂ:(l_ﬁn)xn+ﬁnT,r:xn Vl/lZI, ( )

where T} = T)oan)- If there exists a strict increasing function ¢ : [0,00) — [0,00) with
¢(0) = 0 such that for any x € K,

(Thx—x*, j(x—x*)) < kallx—x*|* = p(|lx = x*|]) Vn=1, (2.3)

then {x,} converges strongly to x* € ﬂfil F(T;), if and only if {y,} is bounded.
Proof

Necessity. If the sequence {x,} defined by (2.2) converges strongly to x* € N, F(T)),
from (2.2) we have

[lyn =[] = 111 = Bu) (xw = x™) + Bu (T — x|
(1= B lloew = x*[[ + Bul [Ty xn — x|

(1= B lloew = x| + BuLl [ — x|
L

l|xy —x*|| — 0 (asn — o0).

IA

(2.4)

IA

IA

This implies that y, — x*, as n — o0, and so {y,} is bounded.
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Sufficiency. Let {y,} be a bounded sequence. Denote M = sup,,., [y, — x*||. It follows
from (2.2) that

1 =[] = [1(1 = atn) (30 = ™) + ot (T3l yn — x|
< (1 —an)|xn = x*|| + auL| |y, — x*
I |+ anLf[yn —x*]] 25)
< (1= ap)||xn — x*|| + €nML
< max {||x, — x*||,ML}.
By induction, we can prove that
[xns1 — x*|| < max {||x; —x*||,ML} Vn=>1. (2.6)

This implies that {x,} is bounded, and so {||T"x,|l} and {|[T?y,ll} both are bounded.
Denote

My = sup {|[xn = x* ||+ || T30 = | + | T3y = 5[} < o0. (2.7)

n=1

Again from (2.2) and Lemma 1.7, we have

||xn+1_x*||2:||(xn_x*)+“n(T:yn_xn)||2 (2.8)
5||(xn_X*)||2+2“n<Tr7)’n_xn7j(xn+1—x*)>~ .

Now we consider the second term on the right side of (2.8) It follows from (2.2) and (2.3)
that

(T yn = Xn, j (Xnr1 = x%)) = (Tpixprr — %%, j (Xpr1 — x¥))
+ (T yn = Tnxns1s j (xnr1 — %))
+ (X" = x5 j (X1 —x*))
< kel 1 — || = ([ ener = x*))
+ L[ yn = Xne || - [[20e1 — ¥
+ (X1 — Xy (K1 — x7))
= (xne1 — X", j (X1 —x))
< kel [sr = || = (| ener = x*[))
+ Ll yn = Xne || - [[ne1 — ¥
(T2 Y = %y (ene = %)) = ||t — |1
< (k= 1)l [wer = x* | = ¢ ([lxnsr = x*[])
Ll yn = Xpet|| - [xner = x* ||+ 6l [Ty = 20l - |01 = x|

< (kn = )M} = ¢ (llxnsr = x*[[) + LM [y = X1 || + 0n M.
(2.9)
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Now we consider the third term on the right side of (2.9). From (2.2) we have

%1 = pall = [1(1 = @) (xn = yn) + @ (T yn = y) ||

IA

I —ay ||xn )’n” +(xn||T::y,, —x" +x* _)’nH

IA

1= an)|[xn = yull +on (1 + L[y — x|

IA

1- “n)”xn_)’n||+“n(1+L){||}’n_xn||+||xn—x*||} (2.10)

=<

(

(

= (1+Lay)||xn = yll + @n(1+ L) |2, — x|

= (14 Law) {Bullxn — T2x|[} + otn(1 4+ L) — x* ||
<(

1+ Lay) Bu(1+ L)||x, — x*|| + ou (1 + L)| |2, — x*|| < M,
where
dy=(1+L){(1+Lay)By+an} — 0, asn— oo. (2.11)

Substituting (2.10) into (2.9) and then substituting the results into (2.8) and simplifying
it, we have

et = 1P = b= 21 = 200 (e — 7]
(2.12)
+20,{(ky — 1) + Ld, + a, } M3

Taking 0, = llx, — x*|l, Ay = 2, and 0, = 20, {(k, — 1) + Ld,, + «,} M?, then (2.12) can
be written as

02, <02 —L1,0(0441) +0, Vn=n. (2.13)

By the conditions (i)-(ii), we know that all the conditions in Lemma 1.8 are satisfied.
Therefore, it follows that

|lxn = x*[| — 0, (2.14)

that is, x,, — x™ as n — oo. This completes the proof. O

Remark 2.3. (1) Theorem 2.2 extends and improves the corresponding results in Chang
[3], Cho et al. [5], Ofoedu [4], Schu [2], and Zeng [6, 7].

(2) The method given in the proof of Theorem 2.2 is quite different from the method
given in Ofoedu [4].

(3) Theorem 2.2 also corrects some mistakes appeared in the proof of [4, Theorem
3.1].



Shih-Sen Changetal. 7

(4) Under suitable conditions, the sequence {x,} defined by (2.2) in Theorem 2.2 also
can be generalized to the iterative sequences with errors. Because the proof is straightfor-
ward, we omit it here.

The following theorem can be obtained from Theorem 2.2 immediately.

THEOREM 2.4. Let E be a real Banach space, let K be a nonempty closed convex subset of
E,andlet T;: K — K, i =1,2,...,N be a finite family of uniformly L-Lipschitzian mappings
with ﬂf\il F(T;) + &, where L > 1 is a constant and F(T;) is the set of fixed points of T; in
K. Let x* be a given point in ﬂﬁlF(Ti) and let {k,} C [1,c0) be a sequence with k, — 1.
Let {an} be a sequence in [0,1] satisfying the following conditions:

(i) ap — 0 (as n — o0);

(ii) Zf:o Qp = 00,
For any x, € K, let {x,} be the iterative sequence defined by

Xor1 = (1 —ap)xn+ @y Tlx, Vnx>1, (2.15)

where Tj} = Ty 0an)- If there exists a strict increasing function ¢ : [0,00) — [0,00) with
¢(0) = 0 such that for any x € K

(Tix—x*,j(x—x*)) <kllx—x*|" = ¢(|x—x*[)) Vn=1,  (2.16)

then {x,} converges strongly to x* € ﬂfil F(T;) if and only if {x,} is bounded.

Proof. Taking f3, = 0 in Theorem 2.2, we know that y, = x,, for all n = 1. Hence the con-
clusion of Theorem 2.4 can be obtained from Theorem 2.2 immediately. O

Remark 2.5. Theorem 2.4 is also a generalization and improvement of Ofoedu [4, Theo-
rem 3.2].
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