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In real Hilbert space H, from an arbitrary initial point xy € H, an explicit iteration scheme
is defined as follows: X,:1 = apxy + (1 — ay) T ix,,n > 0, where Thwix, = Tx, —
Ani1F(Txy,), T : H — H is a nonexpansive mapping such that F(T) = {x € K: Tx = x}
is nonempty, F : H — H is a 5-strongly monotone and k-Lipschitzian mapping, {e,} C
(0,1), and {A,} C [0,1). Under some suitable conditions, the sequence {x,} is shown to
converge strongly to a fixed point of T and the necessary and sufficient conditions that
{x,} converges strongly to a fixed point of T are obtained.
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1. Introduction

Let H be a Hilbert space with inner product (-, -) andnorm || - ||. Amapping T: H — H is
said to be nonexpansive if | Tx — Ty|l < ||x — y|| foranyx, y € H. Amapping F: H — H is
said to be #-strongly monotone if there exists constant # > 0 such that (Fx — Fy,x — y) >
nllx — yll> for any x,y € H. F : H — H is said to be k-Lipschitzian if there exists constant
k >0 such that ||[Fx — Fy| < kl|lx — y|| for any x,y € H.

The interest and importance of construction of fixed points of nonexpansive map-
pings stem mainly from the fact that it may be applied in many areas, such as imagine
recovery and signal processing (see, e.g., [1-3]). Iterative techniques for approximat-
ing fixed points of nonexpansive mappings have been studied by various authors (see,
e.g., [1, 4-10], etc.), using famous Mann iteration method, Ishikawa iteration method,
and many other iteration methods such as, viscosity approximation method [6] and CQ
method [7].

Let F: H — H be a nonlinear mapping and K nonempty closed convex subset of
H. The variational inequality problem is formulated as finding a point u* € K such
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that
(VI(F,K))(F(u*),v—u*) =0, VveKk. (1.1)

The variational inequalities were initially studied by Kinderlehrer and Stampacchia [11],
and ever since have been widely studied. It is well known that the VI(F,K) is equivalent
to the fixed point equation

u* = Px(u™ —uF(u*)), (1.2)

where Px is the projection from H onto K and y is an arbitrarily fixed constant. In
fact, when F is an 5-strongly monotone and Lipschitzian mapping on K and g > 0 small
enough, then the mapping defined by the right-hand side of (1.2) is a contraction.

For reducing the complexity of computation caused by the projection Pk, Yamada [12]
proposed an iteration method to solve the variational inequalities VI(F, K). For arbitrary
uy € H,

tpr1 = Ty — Ay pF (T (u,)), n>0, (1.3)

where T is a nonexpansive mapping from H into itself, K is the fixed point set of T, F
is an 7-strongly monotone and k-Lipschitzian mapping on K, {A,} is a real sequence in
[0,1), and 0 < p < 257/k*. Then Yamada [12] proved that {u,} converges strongly to the
unique solution of the VI(F,K) as {A,} satisfies the following conditions:

(1) lim, A, =0,

(2) Z;O:OAn = 0,

(3) limnﬁw(/ln - AH‘FI)/Agﬁ’l =0.

Motivated by the above work, we propose a new explicit iteration scheme with map-
ping F to approximate the fixed point of nonexpansive mapping T in Hilbert space. The
strong and weak convergence theorems to a fixed point of T are obtained. The necessary
and sufficient conditions for strong convergence of this iteration scheme are obtained,
too.

2. Preliminaries

Let T be a nonexpansive mapping from H into itself, F: H — H an #-strongly mono-
tone and k-Lipschitzian mapping, {A,} € (0,1), {A,} € [0,1), and g a fixed constant in
(0,21/k?). Starting with an initial point xo € H, the explicit iteration scheme with map-
ping F is defined as follows:

Xni1 = AnXn + (1= an) (Txy — Ay ptF (Txy)), n>0. (2.1)
For simplicity, we define a mapping T*: H — H by
Tx=Tx— MF(Tx), VxeH. (2.2)
Then (2.1) may be written as follows:

Xps1 = ApXn + (1 — ) T x,, 1= 0. (2.3)
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In fact, as A, = 0, n > 1, then the iteration scheme (2.3) reduces to the famous Mann
iteration scheme.

A Banach space E is said to satisfy Opial’s condition if for any sequence {x,} in E,
Xn — x implies that limsup,,_ , llx, — x|l <limsup,,_, llx, — y|l for all y € E with y # x,
where x,, — x denotes that {x,} converges weakly to x. It is well known that every Hilbert
space satisfies Opial’s condition.

A mapping T': K — E is said to be semicompact if, for any sequence {x,} in K such that
llxn — Txull — 0 (n — o0), there exists subsequence {x,, } of {x,} such that {x,, } converges
strongly to x* € K.

A mapping T with domain D(T) and range R(T) in E is said to be demiclosed at p; if
whenever {x,} is a sequence in D(T') such that {x,} converges weakly to x* € D(T) and
{Tx,} converges strongly to p, then Tx* = p.

Lemma 2.1 [13]. Let {a,} and {t,} be two nonnegative sequences satisfying
ani1 < (1+ay)a,+b,, Vnx1. (2.4)

If> o an<ooand > | b, < oo, then lim, .. ay exists.

Lemma 2.2 [12]. Let T*x = Tx — AuF(Tx), where T : H — H is a nonexpansive mapping
from H into itself and F is an n-strongly monotone and k-Lipschitzian mapping from H into
itself. If0 < A < 1 and 0 < p < 25/k?, then T is a contraction and satisfies

|IT*x - T'y|| < (1 =A7)llx—yll, Vx,y€H, (2.5)

where T =1 — /1 —u(2n — uk?).

LEmMa 2.3 [14]. Let K be a nonempty closed convex subset of a real Hilbert space H and T
a nonexpansive mapping from K into itself. If T has a fixed point, then I — T is demiclosed
at zero, where I is the identity mapping of H, that is, whenever {x,} is a sequence in K
weakly converging to some x € K and the sequence {(I — T)x,} strongly converges to some
y, it follows that (I — T')x = y.

3. Main results

LemMA 3.1. Let H be a Hilbert space, T : H — H a nonexpansive mapping with F(T) # ¢,

and F : H — H an n-strongly monotone and k-Lipschitzian mapping. For any given xo € H,
{x4} is defined by

Xpp1 = ApXn + (1 — ) T, 1> 0, (3.1)

where {a,} and {A,} C [0,1) satisfy the following conditions:
(1) a < ay < fB for some o, € (0,1);
(2) 5 Ay < oo;
(3) 0 < p<2n/k.
Then,
(1) limy—o 1%, — gl exists for each g € F(T);
(2) limnaoo ”xn - Txn” = 0.
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Proof. (1) For any q € F(T), we have

[ener = qll” = lfeta (s = @) + (1= ) (TH = @) |

= 0t | _Q||2+ (1-a) ||Tln+lxn — gl = o (1 — o) ot — Tlmanz)
(3.2)

where (by Lemma 2.2)

T3, =gl = [T, = T g+ T g =g
<[, = T gl |7 g = gl 63)
< (1= A s = all +Aratl Q)|

Furthermore,
[T, = gl < (1= A7) || — w+"”Ww ). (3.4)
Thus,
et = all” < al b = qll” + (1 = @) (1= A7)0 — gl
(1) M Q)P - 0 (1 )~ T
< atuln = gl + (1= 0) (1= Ay 7) [l = g (3.5)

2
+ (1) 2 F@) - beves — il

IF@II = s = xall”

2
o A

Since >, 1 Ay < 00, it follows from Lemma 2.1 that lim,— |lx, — ql| exists for each g €
F(T). It also implies that {x,} is bounded.
(2) From (3.5), we have

ol [xnin = xall” = allxasr =2l < [l = gqll” = [wrs = gl + =2 ”“” IF@IF. (3:6)

Therefore, lim,,— o ||X,+1 — x, 1| = 0. In addition,

(1= B)on = T x,|| < (1= ) |Joen = T 1 50,] = || 041 — x| (3.7)
Hence, lim,,—. ||x, — T*1]| = 0. Thus,
|0 = T = ||n — Tr* 15, + THx, — Ty
(3.8)

= ||xn - TA"“an +An+1#||F(Txn)||-

Since {x,} is bounded, then {Tx,} and {F(Tx,)} are bounded, as well. Therefore,
lim,,— e 1x, — Tx,|| = 0. The proof is completed. O
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TueoreMm 3.2. Let H be a Hilbert space, T : H — H a nonexpansive mapping with F(T) +
¢, and F : H — H an n-strongly monotone and k-Lipschitzian mapping. For any given x €
H, {x,} is defined by

Xpp1 = ApXn + (1 — a) T x,, 1= 0, (3.9)

where {a,} and {A,} C [0, 1) satisfy the following conditions:
(1) a < ay < fB for some o, 5 € (0,1);
(2) Z:lozlAn < 005
(3) 0 < u<2n/k
Then,
(1) {x4} converges weakly to a fixed point of T;
(2) {x4} converges strongly to a fixed point of T if and only ifliminf, .. d(x,, F(T)) = 0.

Proof. (1) It follows from Lemma 3.1 that {x,} is bounded. Thus, let g, and ¢, be weak
limits of subsequences {x,,} and {x,;} of {x,}, respectively. It follows from Lemmas 2.3
and 3.1 that q;,q» € F(T). Assume q; # ¢z, then by Opial’s condition, we obtain

lim [, = 1| = Jim b, = 1| < Jim [, — g2

. . . (3.10)
= lim L, — gall < Jim [, — qul = lim [ — g

which is a contradiction; hence, q; = ¢q». Then, {x,} converges weakly to a common fixed
point of T.

(2) Suppose that {x,} converges strongly to a fixed point g of T, then lim,_« [lx, —
qll = 0. Since 0 < d(x,,, F(T)) < llx, — qll, we have liminf,, .. d(x,, F(T)) =

Conversely, suppose that liminf, .« d(x,,F(T)) = 0. For any p € F(T), |[F(p)ll <
IF(p) — F(xu) Il + IF(x) |l < kllxn — pll + I1F(x4) I Since {x,} and {F(x,)} are bounded,
IF(p)Il is bounded for any p € F(T), that is, there exists constant M > 0
such that [[F(p)|l <= M for all p € F(T). In addition, it follows from (3.5) that

s = plI* < [Jon = pl >+ =21 ”“” IEPI. (3.11)
So,
[ = pII* < [l — I+ 222 "“” (283w = pI* +21[F () )
, (3.12)
= (1202 Y, plf 22 ()
T
Thus,

[d (01, F(T))]* < (1+2k2)‘”+—;“2)[d(xn,F<T>)]2+2AL;“2||F(xn)H2. (3.13)

In addition, we obtain that >, ; 2k?(A,1p2/7) < 00 and >, 2(As1 /) | F(x0) 1% <
oo since > A, < o and {F(x,)} is bounded. It follows from Lemma 2.1 that
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lim, .. d(x,, F(T)) exists. Furthermore, since liminf,_..d(x,,F(T)) = 0, we have
limy— o d(x,, F(T)) = 0. We now prove that {x,} is a Cauchy sequence.

Taking M; = max{2e@'K/DZEN 4(y2 M2/7)eK/DEE A for any € > 0, there exists
positive integer N such that d(x,, F(T)) < /€/4M; and >.° ,A; < €/4M; as n > N. Taking
q € F(T), for any n,m = N, it follows from (3.12) that

||xn_xm||2

L <l = gl + llxn - gl

Ani? Ani?
< (142025 )y — gl + 22 | )

Amph? At
# (1420585 ) [y — gl + 275 ()|

2 2
< (14202 1, = gl 2 0
T n—1 6] T

2 2
w1 +zk2MT”) [T +2MT”M2

n

12
<[] <1+2k2/\f

i=N+1

-1
n A,l‘ 2 n A 2
>||xN—q||2+ S 2T”M2 I (1+2k2%>

i=N+1 j=itl

2 m g2
#2202 T (142605 )y - gl

i=N+1
m—1 m
Ai 2 Aiu? A 2
Y 252 T (1 +zk2i) 12 g2
i=N+1 j=itl T T
202 o0
< 2e(zﬂzk2/r)2['iN+l)Li||xN _ q||2 +4H M e(ZkaZ/T)ZfiNn/\f z /113
T i=N+1
(3.14)
Thus,
[ = x> < 2M ||y — g]* +2M; > A (3.15)
i=N+1
Taking the infimum for all g € F(T), we have
[ = x| * < 2M1 [d (oo, F(T)) P +2M; > di<e. (3.16)
i=N+1

This implies that {x,} is a Cauchy sequence. Therefore, there exists p € H such that {x,}
converges strongly to p. It follows from Lemma 3.1 that

lp—Tpll <||p—xull + % — Txu|]| — 0, asn— oo. (3.17)

Hence, p € F(T). The proof is completed. O
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CoROLLARY 3.3. Under the conditions of Lemma 3.1, if T is completely continuous, then
{x,} converges strongly to a fixed point of T.

Proof. By Lemma 3.1, {x,} is bounded and lim,_« |Ix, — Tx,|| = 0, then {Tx,} is also
bounded. Since T is completely continuous, there exists subsequence {Txy,} of {Tx,}
such that Tx,, — pasj— oco. It follows from Lemma 3.1 that lim; .« [lx,, — Txy, Il = 0.
So by the continuity of T and Lemma 2.3, we have lim;_ [[x,, — pll =0 and p € F(T).
Furthermore, by Lemma 3.1, we get that lim,, .« [|x, — p|| exists. Thus, lim, .. [|x, — pll =
0. The proof is completed. O

COROLLARY 3.4. Under the conditions of Lemma 3.1, if T is demicompact, then {x,} con-
verges strongly to a fixed point of T.

Proof. Since T is demicompact, {x,} is bounded and lim,,— |lx, — Tx,|l = 0, then there
exists subsequence {x, N of {x,} such that {x, ;} converges strongly to g € H. It follows
from Lemma 2.3 that g € F(T). Thus, lim,_. |x, — gl exists by Lemma 3.1. Since the
subsequence {x,} of {x,} such that {x, } converges strongly to g, then {x,} converges
strongly to the common fixed point g € F(T). The proof is completed. O

For studying the strong convergence of fixed points of a nonexpansive mapping, Sen-
ter and Dotson [9] introduced Condition (A). Later on, Maiti and Ghosh [5] well as Tan
and Xu [10] studied Condition (A) and pointed out that Condition (A) is weaker than
the requirement of demicompactness for nonexpansive mappings. A mapping T : K — K
with F(T) = {x € K: Tx = x} # ¢ is said to satisfy condition (A) if there exists a non-
decreasing function f : [0,c0) — [0,c0) with f(0) = 0 and f(t) >0 for all t € (0,0) such
that ||x — Tx|| = f(d(x,F(T))) for all x € K, where d(x,F(T)) = inf{|lx —qll : g € F(T)}.

THEOREM 3.5. Under the conditions of Lemma 3.1, if T satisfies condition (A), then {x,}
converges strongly to a fixed point of T.

Proof. Since T satisfies condition (A), then f(d(x,,F(T))) < |lx, — Tx,|l. It follows from
Lemma 3.1 that liminf, . d(x,,F(T)) = 0. Thus, it follows from Theorem 3.2 that {x,}
converges strongly to a fixed point of T. The proof is completed. O
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