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1 Introduction
Hutchinson [1] introduced the term iterated function system (IFS) and was extensively ex-
plored by Barnsley [2]. The IFS is an effective tool for generating fractals. The IFS is used
to construct various fractal interpolation functions. Hutchinson’s IFS theory has been ex-
tended in numerous aspects, for instance, to more general space, infinite IFS, and gener-
alized contractions. IFS based on condition φ-function was constructed by Hata [3], and
Fernau [4] introduced the concept of infinite IFS.

In various forms of IFS, the existence of the attractor is fundamentally assured by the
fixed point theory. In wide areas of mathematics, for the existence of a solution, we gen-
erally look for a fixed point for an appropriate map. It is found that the fixed points are
indispensable in wide branches of mathematics. One of the most significant, useful, and
well-celebrated findings in the fixed point theory is the Banach fixed point theorem [5].
Extensive research has been done to extend the Banach fixed point theorem in various
aspects. One of the techniques used to extend the Banach fixed point theorem is gener-
alizing the underlying space. Chistyakov [6] defined and studied the concept of modular
metric space. Many researchers proved fixed point results by generalizing the modular
metric spaces. Some of the recent works can be found in [7–9].

In this paper, we define a generalization of modular metric space by relaxing the triangle
inequality, namely ϕ-metric modular space. We also assume that ϕ-metric modular takes
on real values, unlike metric modular. In the defined space, we study the ϕ-α-Meir-Keeler
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contraction by invoking the concepts of Meir-Keeler [10] and explore its fixed point. Fur-
ther, we define the Hausdorff distance on the compact subsets of the ϕ-metric modu-
lar space. Moreover, we consider the IFS consisting of ϕ-α-Meir-Keeler contractions and
prove that the attractor exists uniquely.

1.1 Delineation
We note all the necessary preludes required throughout the study in Sect. 2. We define
the ϕ-metric modular space and provide examples. We also show that a large class of ϕ-
metric modular space can be generated from the given metric modular space. In Sect. 3,
we study the ϕ-α-Meir Keeler contraction and prove our main result regarding fixed point.
To validate our result, we provide an example. In Sect. 4, we observe that, in general, ϕ-
metric modular v need not be continuous on R+ ×X ×X and give an example to support
this. We define the Hausdorff distance between two non-empty compact subsets of X and
show that the defined Hausdorff distance is also a ϕ-metric modular. Moreover, we explore
some topological properties of ϕ-metric modular space. In Sect. 5, we define an iterated
function system on a ϕ-metric modular space and prove that the attractor exists uniquely.
Finally, Sect. 6 is dedicated to the conclusions of our findings and possible future works.

2 Preliminaries
The following notations are used in this paper:

• X := non-empty set,
• R+ := (0,∞),
• R

0
+ := [0,∞),

• R+ := [0,∞],
• NN := set of first N natural numbers,
• N

∗ := N∪ {0},
• Fix(g) := collection of all fixed points of g .

Here, v will denote a function from R+ × X × X to R+. With the abuse of notation, we
will denote each function v : R+ ×X ×X → R+ as vλ(x, y), ∀λ ∈ R+ and x, y ∈ X . We will
abbreviate the value of a function g at x as gx rather than g(x) for the purpose of our own
convenience.

The notion of metric modular on a non-empty set X can be found in [6]. Consider the
following simple example:

Define v : R+ ×R×R →R+ by

vλ(x, y) =
|x – y|2

λ
, for x, y ∈R and λ ∈ R+.

Then, it is easy to verify that v is not a metric modular space. To be precise, ∀x, y, z ∈ R

and λ,μ ∈R+

vλ+μ(x, y) ≤ 2
{

vλ(x, z) + vμ(z, y)
}

.

Motivated by this example, we define ϕ-metric modular on X , which is a generalization
of metric modular, by relaxing the triangle inequality as follows:

Definition 2.1 The function v is called a ϕ-metric modular on a non-empty set X if
∀a, b, c ∈X and λ,μ > 0 we have:
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1. a = b ⇐⇒ vλ(a, b) = 0;
2. vλ(a, b) = vλ(b, a);
3. vλ+μ(a, b) ≤ ϕ(λ + μ)[vλ(a, c) + vμ(c, b)],

where ϕ : R+ → [1,∞).
(X , v) is then called a ϕ-metric modular space.

Remark 2.2 For our own convenience, we abbreviate ϕ-metric modular as ϕ-MM.

Next, we define a regular ϕ-MM by having a weaker assumption on the first condition
of Definition 2.1 as follows:

Definition 2.3 The function v is called a regular ϕ-MM if ∀a, b, c ∈X we have:
1. a = b ⇐⇒ vλ(a, b) = 0 for some λ > 0;
2. ∀λ > 0, vλ(a, b) = vλ(b, a);
3. ∀λ,μ > 0, vλ+μ(a, b) ≤ ϕ(λ + μ)[vλ(a, c) + vμ(c, b)],

where ϕ : R+ → [1,∞).
(X , v) is then called a regular ϕ-MM space.

Example Consider v : R+ ×R×R →R+ defined by

vλ(a, b) =

⎧
⎨

⎩
∞ if λ < 1;

(1 + | cosλ|)|a – b| if λ ≥ 1.

The function v is a regular ϕ-MM but not a ϕ-MM.

Remark 2.4 It is worth noting that compared to the class of metric modular spaces, the
class of ϕ-MM spaces is significantly larger. Clearly, every metric modular is a ϕ-MM on
X for ϕ(λ) = 1, ∀λ ∈R+.

A large class of ϕ-MM spaces can be generated from a metric modular space, as evident
from the following proposition:

Proposition 2.5 Let (X , v∗) be a metric modular and define v : R+ ×X ×X →R+ by

vλ(a, b) = ϕ(λ)v∗
λ(a, b),

where ϕ : R+ → [1,∞) is an arbitrary function. Then, (X , v) is a ϕ-MM space.

Proof Since v∗ is a metric modular, so ∀a, b ∈ X and λ ∈ R+, vλ(a, b) ≥ 0 and vλ(a, b) =
0 ⇐⇒ a = b. Also, vλ(a, b) = vλ(b, a). For a, b, c ∈X and λ,μ ∈R+, we have

vλ+μ(a, b) = ϕ(λ + μ)v∗
λ+μ(a, b)

≤ ϕ(λ + μ)
{(

ϕ(λ)
)
v∗
λ(a, c) +

(
ϕ(μ)

)
v∗
λ(c, b)

}

= ϕ(λ + μ)
(
vλ(a, c) + vλ(c, b)

)

= ϕ(λ + μ)
(
vλ(a, c) + vλ(c, b)

)
.

Thus, v is a ϕ-MM, and hence (X , v) is a ϕ-MM space. �
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Example Consider v : R+ ×R×R →R+, where

vλ(a, b) =
(
1 + | cosλ|)|a – b| ∀a, b ∈R and λ ∈R+.

Then, v is a ϕ-MM with ϕ(λ) = 1 + | cosλ|.

At this stage, it would be worth introducing an example that is a ϕ-Metric Modular
Space but fails to be a Metric Modular Space.

Example Consider v : R+ ×R×R →R+, where

vλ(a, b) = exp(λ)|a – b| ∀a, b ∈R and λ ∈R+.

Then, v is a ϕ-MM with ϕ(λ) = exp(λ). However, it fails to be a Metric Modular. To
be precise, triangular inequality fails here. For instance, v1+1(0, 2) = 2 exp(2) but v1(0, 1) +
v1(1, 2) = 2 exp(1).

Definition 2.6 A sequence {an} in a ϕ-MM space (X , v) is called
1. v-Cauchy, or simply Cauchy, if for a given ε > 0, ∃N ∈N such that ∀n, m > N and

λ ∈R+ we have vλ(an, am) < ε.
2. v-convergent, or simply convergent to a ∈X , if vλ(an, a) → 0 as n → ∞ ∀λ ∈R+.

Definition 2.7 Let (X , v) be a ϕ-MM space. Then,
1. X is v-complete, or simply complete, if every Cauchy sequence converges in X .
2. U ⊆X is compact if every sequence in U has a convergent subsequence.

Definition 2.8 A self map f on a ϕ-MM space (X , v) is called v-continuous, or simply
continuous, if for every sequence {an} in X converging to a, we get {f (an)} is convergent
to f (a).

Definition 2.9 [11] Let α : X × X → [0,∞) be a function. We say that a self-mapping
T : X →X is triangular α-admissible if

1. x, y ∈ X , α(x, y) ≥ 1 implies α(Tx, Ty) ≥ 1.
2. x, y, z ∈ X , α(x, z) ≥ 1 and α(z, y) ≥ 1 implies α(x, y) ≥ 1.

Lemma 2.10 [11] Let f be a triangular α-admissible mapping. Assume that there exists
x0 ∈X such that α(x0, fx0) ≥ 1. Define the sequence {xn} by xn = f nx0. Then,

α(xm, xn) ≥ 1 for all m, n ∈N with m < n.

3 Main result
We define the ϕ-α-Meir-Keeler contraction on the ϕ-MM space as follows:

Definition 3.1 Let α : X × X → R
0
+ and g : X → X be a self map on a ϕ-MM space

(X , v). Then, g is called a ϕ-α-Meir-Keeler contraction if for a given ε > 0, ∃δ > 0 such that
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∀a, b ∈X and λ ∈R+,

ε ≤ vλ(a, b) < ϕ(λ)(ε + δ) �⇒ α(a, b)vλ(ga, gb) < ε. (3.1)

If α(a, b) = 1 ∀a, b ∈X , then g is called a ϕ-Meir-Keeler contraction.

Remark 3.2 For our own sake of convenience, we shall use ϕ-α-MK contraction for ϕ-α-
Meir Keeler contraction and ϕ-MK contraction for ϕ-Meir-Keeler contraction.

Proposition 3.3 Let g : X →X be a ϕ-α-MK contraction on a regular ϕ-MM space (X , v)
with vλ(x, y) < ∞, ∀x, y ∈X and λ ∈R+. Then, for every a �= b ∈X , λ ∈R+ and α(a, b) ≥ 1,

vλ(ga, gb) < vλ(a, b).

Proof By regularity of v, ∀λ ∈R+ we have vλ(a, b) > 0, since a �= b. For a given ε > 0, ∃δ > 0
such that (3.1) holds. Choose ε = vλ(a, b). Then, ε ≤ vλ(a, b) < ϕ(λ)(ε + δ), and hence by
(3.1) we get

vλ(ga, gb) ≤ α(a, b)vλ(ga, gb) < ε = vλ(a, b).

Thus, vλ(ga, gb) < vλ(a, b). �

Theorem 3.4 Let g : X →X be a self map on a complete regular ϕ-MM space (X , v). Let
α : X ×X →R

0
+ be such that g is a:

1. ϕ-α-MK contraction;
2. triangular α-admissible mapping.

Also, let vλ(x, y) < ∞, ∀x, y ∈ X and λ ∈ R+. If α(a0, ga0) ≥ 1 for some a0 ∈ X , then g has a
fixed point.

Proof Let a0 ∈ X with α(a0, ga0) ≥ 1. Consider the sequence {an} in X defined by an =
gna0. Using Lemma 2.10, we get

α(am, an) ≥ 1 ∀m, n ∈N, m < n.

Clearly a fixed point exists if for some k ∈ N
∗, ak = ak+1.

Now let an �= an+1 ∀n ∈N
∗. By regularity of (X , v), we have

vλ(an, an+1) > 0 ∀n ∈ N
∗.

By Proposition 3.3,

vλ(an, an+1) < vλ(an–1, an) < · · · < vλ(a0, a1).

Define σn = vλ(an, an+1) ∀n ∈ N
∗. Then, {σn} is a strictly decreasing sequence with σn > 0.

Clearly σn → σ ≥ 0 for some σ ∈R. Let, if possible, σ > 0, then 0 < σ < σn ∀n ∈ N
∗.

For ε = σ > 0, ∃δ > 0 such that (3.1) holds. Also, ∃n0 ∈N such that

ε = σ < σn0 = vλ(an0 , an0+1) < ϕ(λ)(ε + δ).
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Using (3.1), we have

σn0+1 = vλ(an0+1, an0+2)

≤ α(an0 , an0+1)vλ(an0+1, an0+2)

= α(an0 , an0+1)vλ(gan0 , gan0+1)

< ε

= σ

which is a contradiction. Therefore, σ = 0 and hence limn→∞ vλ(an, an+1) = 0, ∀λ > 0. Let
ε > 0 be given and δ < ε be such that (3.1) holds. Since σ = 0, ∃N ∈N such that

σn = vλ(an, an+1) < δ, ∀n ≥ N and λ ∈R+. (3.2)

Claim: For arbitrary fixed m ≥ N + 1

vλ(am, am+l) ≤ ε ∀l ∈N. (3.3)

For l = 1, (3.3) holds by using (3.2).
Let (3.3) hold for l = p. Then, vλ(am, am+p) ≤ ε.
Now for l = p + 1, we have

vλ(am–1, am+p) ≤ ϕ(λ)
(
v λ

2
(am–1, am) + v λ

2
(am, am+p)

)

≤ ϕ(λ)(δ + ε).

If vλ(am–1, am+p) ≥ ε, then by (3.1), we have

vλ(am, am+p+1) ≤ α(am–1, am+p)vλ(am, am+p+1)

= α(am–1, am+p)vλ(gam–1, gam+p)

< ε.

If vλ(am–1, am+p) < ε, then

vλ(am, am+p+1) = vλ(gam–1, gam+p) ≤ vλ(am–1, am+p) < ε.

Thus, in any case, (3.3) holds. Hence {an} is a v-cauchy sequence. By completeness of X ,
∃a∗ ∈X such that v1(an, a∗) → 0 as n → ∞.

v1
(
an+1, ga∗) = v1

(
gan, ga∗) ≤ v1

(
an+1, a∗) → 0 as n → ∞.

Now,

v2
(
a∗, ga∗) ≤ ϕ(2)

(
v1

(
a∗, an+1

)
+ v1

(
an+1, ga∗)) → 0 as n → ∞.

Therefore, v2(a∗, ga∗) = 0. By regularity of X , we have a∗ = ga∗. �
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Remark 3.5 The above theorem ensures that the fixed point of the function exists. The
following result ensures the uniqueness.

Proposition 3.6 Let g : X → X be a self map on a complete regular ϕ-MM space (X , v).
Let α : X ×X → R

0
+ be such that g is a:

1. ϕ-α-MK contraction;
2. triangular α-admissible mapping.

Also, let vλ(x, y) < ∞, ∀x, y ∈ X and λ ∈ R+. If α(x, y) ≥ 1, ∀x, y ∈ X , then g has a unique
fixed point.

Proof By Theorem 3.4, g has a fixed point. Let x1 and x2 be two fixed points of g . If x1 �= x2,
using Proposition 3.3, we get,

vλ(x1, x2) = vλ(gx1, gx2) < vλ(x1, x2)

which is a contradiction. Thus, the fixed point of g is unique. �

Corollary 3.7 Let g : X → X be a ϕ-MK contraction map on a complete regular ϕ-MM
space (X , v) with vλ(x, y) < ∞, ∀x, y ∈X and λ ∈ R+. Then, the fixed point of g is unique.

Remark 3.8 It is a special case of Theorem 3.4, where α(x1, x2) = 1, ∀x1, x2 ∈X .

Example Endow R with the ϕ-MM defined by

vλ(x1, x2) =
(
1 + | cosλ|)|x1 – x2|, ∀x1, x2 ∈R and λ ∈R+.

Define g : R→ R and α : R×R →R
0
+ by

g(a) =

⎧
⎪⎪⎨

⎪⎪⎩

0 if a ∈ (–∞, 0);
a
4 if a ∈ [0, 1];
1
4 if a ∈ (1,∞)

and

α(a, b) =

⎧
⎨

⎩
1 if a, b ∈ [0, 1];

0 otherwise.

Clearly g is a triangular α-admissible mapping. Also, R is v-complete. Further, there
exists z0 ∈R such that α(z0, gz0) ≥ 1. Next we shall show that g is ϕ-α-MK contraction.

Let ε > 0 be given. Choose any δ > 0 with δ < ε.
Let also ε ≤ vλ(a, b) < ϕ(λ)(ε + δ).
If a or b /∈ [0, 1], then obviously α(a, b)vλ(ga, gb) < ε.
Let 0 ≤ a, b ≤ 1. Then by definition α(a, b) = 1 and

vλ(ga, gb) =
(
1 + | cosλ|)

∣∣∣∣
a
4

–
b
4

∣
∣∣∣

=
1
4
((

1 + | cosλ|))|a – b|
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<
1
4
(
1 + | cosλ|)(ε + δ)

< ε.

Hence for any given ε > 0, ∃δ > 0 such that whenever ε ≤ vλ(a, b) < ϕ(λ)(ε + δ), then
α(a, b)vλ(ga, gb) < ε. Therefore, g is a ϕ-α-MK contraction. By Theorem 3.4, g has a fixed
point. In fact, 0 is the fixed point of g .

4 Hausdorff distance on K(X )
In general, the ϕ-MM v need not be continuous on R+ ×X ×X . For instance,

Example Let X = N∪ {∞} and define v : R+ ×X ×X →R
0
+ by

vλ(x, y) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 if x = y;

| 1
x – 1

y | if one of x �= y is odd, and the other is odd or ∞;

5 if one of x �= y is even, and the other is even or ∞;

2 otherwise.

Then, vλ is a ϕ-MM with ϕ(λ) = 3.
Let xn = 2n+1. Then, vλ(xn,∞) = vλ(2n+1,∞) = | 1

2n+1 – 1
∞| → 0 as n → ∞. So, xn → ∞.

Now, vλ(xn, 2) = vλ(2n + 1, 2) = 2 and vλ(∞, 2) = 5.
Thus, vλ(xn, 2) �→ vλ(∞, 2) as n → ∞, and hence vλ is not continuous on R+ ×X ×X .

For the rest of the sections, we will assume that v is a continuous mapping. From here
on, (X , v) will denote ϕ-MM space, where v is a continuous mapping and vλ(x, y) < ∞,
∀x, y ∈X and λ ∈R+.

Some more notations:
• K(X ) := {U ⊆X : U is non-empty and compact}.
• vλ(x, U) := inf{vλ(x, u) : u ∈ U} for x ∈X and U ⊆X .
• vλ(U , W ) := inf{vλ(u, w) : u ∈ U , w ∈ W } for U , W ∈ K(X ).
• Bλ(x, ε) := {y ∈X : vλ(x, y) < ε}.

Definition 4.1 Let (X , v) be a ϕ-MM space. A set U ⊆ X is said to be totally bounded if
for any given ε > 0, ∃ finite collection {ui; 1 ≤ i ≤ k} ⊆ U for some k ∈ N such that U ⊆
⋃n

i=1 Bλ(ui, ε), ∀λ ∈R+.

Proposition 4.2 Let (X , v) be a (regular) ϕ-MM space. Then, for each x ∈ X , U ∈ K(X )
and λ ∈R+,

vλ(x, U) = vλ(x, u0) for some u0 ∈ U .

Proof Since u �→ vλ(x, u) is a continuous function, so by compactness of U , ∃u0 ∈ U such
that inf{vλ(x, u) : u ∈ T} = vλ(x, u0). Thus, vλ(x, U) = vλ(x, u0). �

Proposition 4.3 Let (X , v) be a (regular) ϕ-MM space. Then, for every U , W ∈ K(X ) and
λ ∈R+, ∃u0 ∈ U such that supu∈U{vλ(u, W )} = vλ(u0, W ).
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Proof Let ε = supu∈U vλ(u, W ). Then, ∃un ∈ U such that ε – 1
n < vλ(un, W ). Since U ∈ K(X ),

∃ subsequence {unk } of {un} and u0 ∈ U such that unk → u0. Let w ∈ W be such that
vλ(u0, w) = vλ(u0, W ). Then, limk→∞ vλ(unk , w) = vλ(u0, w).

Since for each k ∈N, ε – 1
nk

< vλ(unk , W ).
We have, ε ≤ vλ(u0, w) = vλ(u0, W ) and obviously ε ≥ vλ(u0, W ).
Therefore, supu∈U{vλ(U , W )} = vλ(u0, W ). �

Consider a (regular) ϕ-MM space (X , v). We define a function Hv : R+ ×K(X )×K(X ) →
R

0
+ by

Hv(λ, U , W ) = max
{

sup
u∈U

vλ(u, W ), sup
w∈W

vλ(U , w)
}

or, equivalently,

Hv(λ, U , W ) = inf{ε ≥ 0 : U ⊆ W + ε, W ⊆ U + ε},

where U + ε = {x ∈X : vλ(x, u) < ε for some u ∈ U}.

Proposition 4.4 Let (X , v) be a (regular) ϕ-MM space. Let U , W ∈ K(X ) and λ,μ ∈
(0,∞). Then

vλ+μ(s, U) ≤ ϕ(λ + μ)
{

vλ(s, W ) + vμ(ws, U)
}

,

where ws ∈ W such that vλ(s, ws) = vλ(s, W ) and s ∈X .

Proof By Proposition 4.2, ∃ws ∈ W such that vλ(s, W ) = vλ(s, ws).
For each u ∈ U , we have

vλ+μ(s, U) ≤ vλ+μ(s, u) ≤ ϕ(λ + μ)
{

vλ(s, ws) + vμ(ws, u)
}

.

Hence,

vλ+μ(s, U) ≤ ϕ(λ + μ)
{

vλ(s, W ) + vμ(ws, U)
}

,

which completes the proof. �

Theorem 4.5 Consider the (regular) ϕ-MM space (X , v). Then, (K(X ), Hv) is also a (reg-
ular) ϕ-MM space with the same ϕ.

Proof Let S, U , W ∈ K(X ) and λ,μ ∈R+.
Then, Hv(λ, S, U) ≥ 0 and S = U if and only if Hv(λ, S, U) = 0.
Now, we shall show the triangle inequality. By Proposition 4.4, for s ∈ S, we have

vλ+μ(s, U) ≤ ϕ(λ + μ)
{

vλ(s, W ) + vλ(ws, U)
}

,
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where ws ∈ W such that vλ(s, ws) = vλ(s, W ).

sup
s∈S

vλ+μ(s, U) ≤ ϕ(λ + μ)
{

sup
s∈S

vλ(s, W ) + sup
s∈S

vμ(ws, U)
}

≤ ϕ(λ + μ)
{

sup
s∈S

vλ(s, W ) + sup
w∈W

vμ(w, U)
}

.

Similarly,

sup
u∈U

vλ+μ(S, u) ≤ ϕ(λ + μ)
{

sup
w∈W

vλ(S, w) + sup
u∈U

vμ(W , u)
}

.

Now,

Hv(λ + μ, S, U) = max
{

sup
s∈S

vλ+μ(s, U), sup
u∈U

vλ+μ(S, u)
}

≤ ϕ(λ + μ) max
{

sup
s∈S

vλ(s, W ) + sup
w∈W

vμ(w, U),

sup
w∈W

vλ(S, w) + sup
u∈U

vμ(W , u)
}

≤ ϕ(λ + μ)
{

max
{

sup
s∈S

vλ(s, W ), sup
w∈W

vλ(S, w)
}

+ max
{

sup
w∈W

vμ(w, U), sup
u∈U

vμ(W , u)
}}

≤ ϕ(λ + μ)
{

Hv(λ, S, W ) + Hv(μ, W , U)
}

.

Hence (K(X ), Hv) is a ϕ-MM space with the same ϕ. �

Proposition 4.6 Let U , W ∈ K(X ). For each u ∈ U , ∃w ∈ W such that vλ(u, w) ≤
Hv(λ, U , W ).

Proof Let u ∈ U . Then, by Proposition 4.2, ∃w ∈ W such that vλ(u, w) = vλ(u, W ) ≤
supu∈U vλ(u, W ) ≤ Hv(λ, U , W ). �

Proposition 4.7 Consider a complete (regular) ϕ-MM space (X , v). Every closed subset W
of X is complete.

Proof It is straightforward. �

Proposition 4.8 A (regular) ϕ-MM space (X , v), with ϕ(λ) ≤ 	 for some 	 ≥ 1, is compact
iff it is totally bounded and complete.

Proof We omit the proof as it is analogous to the case where (X , d) is a metric space. �

Proposition 4.9 Consider a (regular) ϕ-MM space (X , v) such that ϕ(λ) ≤ 	 for some
	 ≥ 1. If {an} is a sequence in X such that

vλ(an, an+1) <
1

(	 + 1)n , ∀λ ∈R+ and n ∈N,

then {an} is a Cauchy sequence.
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Proof Let ε > 0 be given. Choose N ∈N such that { 	
	+1 }N–1 < ε

2 .
For n > m ≥ N , we have

vλ(am, an) ≤
n–m–1∑

k=1

v λ

2k
(am+k–1, am+k)

k–1∏

j=0

ϕ

(
λ

2j

)

+
n–m–2∏

j=0

ϕ

(
λ

2j

)
v λ

2n–m–1
(an–1, an)

≤ 	

(	 + 1)m–1 +
{

	

	 + 1

}n–1 1
	m

≤
{

	

	 + 1

}m–1

+
{

	

	 + 1

}n–1

<
ε

2
+

ε

2

= ε.

Hence, {an} is a Cauchy sequence. �

Proposition 4.10 Let (X , v) be a (regular) ϕ-MM space. For each U ∈ K(X ), the set U + ε

is a closed set.

Proof Let U ∈ K(X ) and u be any limit point of U + ε. Then, ∃{un} such that un → u as
n → ∞, where un ∈ U + ε, ∀n ∈ N.

Clearly, vλ(un, U) ≤ ε, ∀n ∈ N. By Proposition 4.2, ∃xn ∈ U such that vλ(un, U) =
vλ(un, xn) and hence vλ(un, xn) ≤ ε, ∀n ∈ N. U being a compact subset, ∃ a subse-
quence {xnk } of {xn} converging to some point of U , say, x. By continuity of v, we have
vλ(unk , xnk ) → vλ(u, x) as k → ∞. So, vλ(u, x) ≤ ε. Therefore, u ∈ U + ε and hence U + ε is
a closed set. �

Proposition 4.11 Consider a (regular) ϕ-MM space (X , v) such that ϕ(λ) ≤ 	 for some
	 ≥ 1. For a Cauchy sequence {Un} in K(X ), let {unk } be a Cauchy sequence in X such that
unk ∈ Unk , ∀k ∈ N, for some increasing sequence of natural numbers. Then, ∃ a Cauchy
sequence {xn} such that xn ∈ Un and xnk = unk , ∀k ∈N.

Proof Let {unk } be a Cauchy sequence in X such that unk ∈ Unk , ∀k ∈N. For nk–1 < n ≤ nk ,
where n0 = 0, using Proposition 4.2, choose xn ∈ Un such that vλ(unk , Un) = vλ(unk , xn).
Then,

vλ(unk , xn) = vλ(unk , Un) ≤ sup
x∈Unk

{
vλ(x, Un)

} ≤ Hv(λ, Unk , Un).

Clearly, unk = xnk , ∀k ∈ N. Let ε > 0 be given. Since {Un} is a Cauchy sequence in K(X ),
∃N1 ∈ N such that Hv(λ, Un, Um) < ε

	+2	2 , ∀n, m ≥ N1 and λ ∈ R+. Also, since {unk } is a
Cauchy sequence in X , ∃N2 ∈ N such that vλ(unk , unj ) < ε

	+2	2 , ∀nk , nj ≥ N2 and λ ∈ R+.
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Now for n, m ≥ N = max{N1, N2},

vλ(xn, xm) ≤ ϕ(λ)
{

v λ
2

(xn, unk ) + v λ
2

(unk , xm)
}

≤ ϕ(λ)v λ
2

(xn, unk ) + ϕ(λ)ϕ
(

λ

2

)
v λ

4
(unk , unj )

+ ϕ(λ)ϕ
(

λ

2

)
v λ

4
(unj , xm)

= ϕ(λ)v λ
2

(unk , Un) + ϕ(λ)ϕ
(

λ

2

)
v λ

4
(unk , unj )

+ ϕ(λ)ϕ
(

λ

2

)
v λ

4
(unj , Um)

≤ ϕ(λ)Hv

(
λ

2
, Unk , Un

)
+ ϕ(λ)ϕ

(
λ

2

)
v λ

4
(unk , unj )

+ ϕ(λ)ϕ
(

λ

2

)
Hv

(
λ

4
, Unj , Um

)

≤ 	
ε

	 + 2	2 + 	2 ε

	 + 2	2 + 	2 ε

	 + 2	2

= ε.

Hence, {xn} is a Cauchy sequence such that xn ∈ Un and xnk = unk , ∀k ∈N. �

Proposition 4.12 Consider a complete (regular) ϕ-MM space (X , v) such that ϕ(λ) ≤ 	

for some 	 ≥ 1, and let {Un} ∈ K(X ) be a Cauchy sequence. Define U = {u ∈ X : un →
u, where un ∈ Un}. Then, the set U is non-empty and closed.

Proof Given that {Un} is a Cauchy sequence in K(X ), choose n1 ∈ N such that Hv(λ,
Um, Un) < 1

	+1 , ∀n, m ≥ n1 and λ ∈ R+. Again choose n2 > n1 such that Hv(λ, Um, Un) <
1

(	+1)2 , ∀n, m ≥ n2 and λ ∈R+. Continuing the process, we get an increasing sequence {nk}
such that Hv(λ, Um, Un) < 1

(	+1)k , ∀n, m ≥ nk and λ ∈ R+. Let us fix an element un1 ∈ Un1 .
Using Proposition 4.2, ∃un2 ∈ Un2 such that vλ(un1 , un2 ) = vλ(un1 , Un2 ). Now,

vλ(un1 , un2 ) = vλ(un1 , Un2 ) ≤ supu∈Un1
{vλ(u, Un2 )} ≤ Hv(λ, Un1 , Un2 ) < 1

(	+1) . Similarly, we
choose un3 ∈ Un3 such that vλ(un2 , un3 ) = vλ(un2 , Un3 ) ≤ Hv(λ, Un2 , Un3 ) < 1

(	+1)2 . Continu-
ing the process, we get a sequence {unk }, where unk ∈ Unk , ∀k ∈N such that

vλ(unk , unk+1 ) ≤ Hv(λ, Unk , Unk+1 ) <
1

(	 + 1)k , ∀λ ∈R+.

Using Proposition 4.9, we get {unk } is a Cauchy sequence. Again, by Proposition 4.11, ∃ a
Cauchy sequence {xn} in X such that xn ∈ Un and xnk = unk , ∀k ∈ N. X being complete,
{xn} converges to x (say) ∈X . Thus, U is a non-empty set.

Let z be any limit point of U . Then, ∃ a sequence {zk} ∈ U \ {z} such that zk → z
as k → ∞. Since each zk ∈ U , ∃ a sequence {ak

n} such that ak
n → zk as n → ∞ and

ak
n ∈ Un for each n ∈ N. It follows that ∃n1 such that a1

n1 ∈ Un1 and vλ(a1
n1 , z1) < 1. Sim-

ilarly, ∃n2 > n1 such that a2
n2 ∈ Un2 and vλ(a2

n2 , z2) < 1
2 . Continuing the process, we get an

increasing sequence {nk} such that vλ(ak
nk

, zk) < 1
k , ∀k ∈ N and λ ∈ R+. Now, vλ(ak

nk
, z) ≤

ϕ(λ){v λ
2

(ak
nk

, zk) + v λ
2

(zk , z)}. So, ak
nk

→ z as k → ∞. Thus, {ank } is a Cauchy sequence such
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that ak
nk

∈ Unk , ∀k ∈ N. Using Proposition 4.11, ∃ a Cauchy sequence {yn} in X such that
yn ∈ Un and ynk = ak

nk
. Thus, z ∈ U , and, hence, U is a closed set. �

Proposition 4.13 Consider a complete (regular) ϕ-MM space (X , v) such that ϕ(λ) ≤ 	

for some 	 ≥ 1, and let {Un} be a sequence of totally bounded subsets of X . Also, let U ⊆X
be such that for each ε > 0, U ⊆ UN + ε for some N ∈ N. Then, U is also a totally bounded
set.

Proof Let ε > 0 be given. Choose N ∈ N such that U ⊆ UN + ε

4	2 . Since UN is a totally
bounded set, there exists a finite set {ui ∈ UN ; 1 ≤ i ≤ k} such that UN ⊆ ⋃k

i=1 Bλ(ui, ε

4	2 ),
∀λ ∈ R+. For each u ∈ U , ∃x ∈ UN such that vλ(x, u) ≤ ε

4	2 , ∀λ ∈ R+. Moreover, ∃ui ∈ UN

such that vλ(x, ui) ≤ ε

4	2 , ∀λ ∈ R+. Now,

vλ(u, ui) ≤ ϕ(λ)
{

v λ
2

(u, x) + v λ
2

(x, ui)
}

≤ 	

{
ε

4	2 +
ε

4	2

}

=
ε

2	
.

Therefore, for some 1 ≤ i ≤ k, Bλ(ui, ε
2	

) ∩ U �= ∅, ∀λ ∈ R+. By reordering ui’s, if required,
we may assume that

Bλ(ui, ε
2	

) ∩ U �= ∅ for 1 ≤ i ≤ p and Bλ(ui, ε
2	

) ∩ U = ∅ for p < i ≤ k.
Now, for each 1 ≤ i ≤ p, let yi ∈ Bλ(ui, ε

2	
) ∩ U . Let u ∈ U . Then,

vλ(u, yi) ≤ ϕ(λ)
{

v λ
2

(u, ui) + v λ
2

(ui, yi)
}

≤ 	

{
ε

2	
+

ε

2	

}

= ε.

Thus, for each u ∈ U , ∃yi, 1 ≤ i ≤ p such that u ∈ Bλ(yi, ε), ∀λ ∈ R+. Hence, U is totally
bounded. �

Proposition 4.14 Consider a complete (regular) ϕ-MM space (X , v) such that ϕ(λ) ≤ 	

for some 	 ≥ 1. Then, (K(X ), Hv) is also a complete (regular) ϕ-MM space.

Proof Since (X , v) is a ϕ-MM space, by Theorem 4.5, (K(X ), Hv) is also a ϕ-MM space.
Let {Un} be a Cauchy sequence in K(X ). Then, each Un is totally bounded and complete.
Define U = {x ∈ X : xn → x, where xn ∈ Un}. We shall show that U ∈ K(X ) and {Un} con-
verges to U . By Proposition 4.12, U is non-empty and closed. Let ε > 0 be given. Since
{Un} is a Cauchy sequence ∃N ∈ N such that Hv(λ, Um, Un) < ε, ∀m, n ≥ N and λ ∈ R+.
Then, Um ⊆ Un + ε, ∀m, n ≥ N . Let u ∈ U and fix n ≥ N . Then, ∃ a sequence {ui} such that
{ui} converges to u and ui ∈ Ui, ∀i ∈ N. By Proposition 4.10, Un + ε is closed, and since
ui ∈ Un + ε, ∀i ≥ N , we get that u ∈ Un + ε. Hence U ⊆ Un + ε. By Proposition 4.13, U is
totally bounded. Also, the set U is complete. Since U is totally bounded and complete, U
is compact. Thus, U ∈ K(X ).

Let ε > 0 be given. We shall prove that ∃N1 ∈ N such that Hv(λ, Un, U) < ε, ∀n ≥ N1

and λ ∈ R+. It is sufficient to show that U ⊆ Un + ε and Un ⊆ U + ε. From the first
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part of the proof, it is already known that ∃N1 such that U ⊆ Un + ε ∀n ≥ N1. Now, we
shall show that Un ⊆ U + ε. Let y ∈ Un. Since {Un} is a Cauchy sequence, ∃N2 ∈ N such
that Hv(λ, Un, Um) < ε

2(	+1) = ε1, ∀n ≥ N2. Moreover, ∃ a strictly increasing sequence of
natural numbers {nk} such that Hv(λ, Um, Un) < ε1

(1+	)k+1 , ∀m, n ≥ nk and n1 > N2. Since
Un ⊆ Un1 + ε1

(1+	) , ∃xn1 ∈ Un1 such that vλ(y, xn1 ) < ε1
(1+	) . Again, since Un1 ⊆ Un2 + ε1

(1+	)2 ,
∃xn2 ∈ Un2 such that vλ(xn1 , xn2 ) < ε1

(1+	)2 . Continuing the process, we get a sequence {xni}
such that vλ(xni , xni+1 ) < ε1

(1+	)i+1 for i ∈N
∗, where y = xn0 . Since {xni} is a Cauchy sequence,

by Proposition 4.11, ∃ a Cauchy sequence {an} such that an ∈ Un, ∀n ∈ N and ani = xni ,
∀i ∈N. Let {an} converges to a. Then,

vλ(y, xni ) ≤
{ i–1∑

k=1

v λ

2k
(xnk–1 , xnk )

k–1∏

j=0

ϕ

(
λ

2j

)}

+ v λ

2i–1
(xni–1 , xni )

i–2∏

j=0

ϕ

(
λ

2j

)

≤
{ i–1∑

k=1

{
	

1 + 	

}k

ε1

}

+
	i–1

(1 + 	)i ε1

< ε1(1 + 	)

=
ε

2
.

Since v is a continuous function, we have vλ(y, a) < ε and hence Un ⊆ U + ε. Thus, ∃N1 ∈N

such that Un ⊆ U +ε, ∀n ≥ N1. Therefore, Hv(λ, Un, U) < ε ∀n ≥ N1 and λ ∈R+. Thus, {Un}
converges to U ∈ K(X ). This completes the proof. �

5 Iterated function system
Definition 5.1 A mapping g : Y → Y on a complete metric space (Y , d) is called a con-
traction mapping if

d
(
g(a), g(b)

) ≤ rd(a, b), ∀a, b ∈ Y and for some constant r ∈ [0, 1).

The constant r is said to be the contractivity factor for g .

Definition 5.2 A complete metric space (Y , d) together with a finite collection of con-
traction mappings gn : Y → Y ; n ∈ Nm is called an iterated function system (IFS).

Define F : K(Y ) → K(Y ), known as the Hutchinson operator, by F(A) =
⋃m

n=1 gn(A) for
each A ∈ K(Y ), where gn(A) = {gn(x) : x ∈ A}. Any set G ∈ K(Y ) such that F(G) = G is called
an attractor of the IFS.

Similarly, we define the iterated function system (IFS) on the ϕ-MM space consisting of
ϕ-α-MK contractions as follows:

Definition 5.3 A complete (regular) ϕ-MM space, (X , v), together with a finite collec-
tion gn : X → X ; n ∈ NN of ϕ-α-MK contractions is called ϕ-α-MK contractive iterated
function system in (X , v) and will be denoted as {X ; gn, n ∈NN }.

Define F : K(X ) → K(X ) by F(A) =
⋃N

n=1 gn(A) for each A ∈ K(X ), where gn(A) =
{gn(x) : x ∈ A}. Any set G ∈ K(X ) such that F(G) = G is called an attractor for the IFS.
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Remark 5.4 We call the set valued map F on K(X ) as the Hutchinson operator.

Let {X ; gk , k ∈ NN } be a ϕ-α-MK contractive IFS on a (regular) ϕ-MM space (X , v). We
associate a multivalued function on K(X ) using gk ; k ∈NN as follows:

ψ : X → K(X ) defined by ψ(x) =
{

gk(x) : k = 1, 2, . . . , N
}

.

Then, the operator F : K(X ) → K(X ) can also be written as

F(B) =
⋃

b∈B

ψ(b) =
N⋃

n=1

gk(B).

Proposition 5.5 Let ψ be defined as above. Then, ψ is a continuous map.

Proof Let ε > 0 be given. Also, let xn → x in X . Define,

Bn = ψ(xn) =
{

g1(xn), g2(xn), . . . , gN (xn)
}

,

B = ψ(x) =
{

g1(x), g2(x), . . . , gN (x)
}

.

As each gk ; k ∈NN is a continuous map, so gk(xn) → gk(x) for each k ∈NN .
So, for ε

2 > 0, ∃m ∈ N such that for all λ ∈R+,

vλ

(
gk(xn), gk(x)

)
<

ε

2
for all n ≥ m and for all k ∈NN .

Then, Bn ⊆ B + ε
2 and B ⊆ Bn + ε

2 for all n ≥ m.
So, Hv(λ, Bn, B) = inf{δ ≥ 0; Bn ⊆ B + δ, B ⊆ Bn + δ} < ε.
Therefore, ψ(xn) → ψ(x), and hence ψ is a continuous map. �

Proposition 5.6 The Hutchinson operator for {X ; gn, n ∈ NN } is a continuous map on
K(X ).

Proof Let Sn, S ∈ K(X ) such that Sn → S with respect to Hv.
Setting S∗ =

⋃∞
n=1{Sn} ∪ S we get S∗ ∈ K(X ). By Proposition 5.5, ψ is a continuous map

and S∗ being compact, it is uniformly continuous on S∗. Let ε > 0 be given. Then, for
ε
2 > 0, we find δ > 0 such that for every pair z1, z2 ∈ S∗, vλ(z1, z2) < δ implies Hv(λ,ψ(z1),
ψ(z2)) < ε

2 .
Now let S1, S2 ∈ K(S∗) be such that Hv(λ, S1, S2) < δ. Then,

S2 ⊆ S1 + δ and S1 ⊆ S2 + δ.

As, S2 ⊆ S1 + δ and using the uniform continuity of ψ on S∗, we have

ψ(S2) ⊆ ψ(S1 + δ) ⊆ (
ψ(S1)

)
+ ε.

By symmetry, ψ(S1) ⊆ (ψ(S2)) + ε. Hence, Hv(λ,ψ(S1),ψ(S2)) < ε. So, F is uniformly con-
tinuous on K(S∗), and consequently, F(Sn) → F(S) as n → ∞. Therefore, F is continuous
on K(X ). �
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Theorem 5.7 Let (X , v) be a (regular) ϕ-MM space. Let gn : X →X be ϕ-α-MK contrac-
tion for n ∈NN . Then, the function F : K(X ) → K(X ) defined by F(A) =

⋃N
n=1 gn(A), where

gn(A) = {gn(a) : a ∈ A} for every A ∈ K(X ) is a ϕ-MK contraction map with respect to the
induced (regular) ϕ-metric modular Hv.

Proof Let ε > 0 be given. Then, ∃δn > 0; n ∈ NN such that

ε ≤ vλ(x, y) < ϕ(λ)(ε + δn) implies α(x, y)vλ

(
gn(x), gn(y)

)
< ε.

Let A, B ∈ K(X ) be such that ε ≤ Hv(λ, A, B) < ϕ(λ)(ε + δ), where δ = min{δn : n ∈NN }. We
shall show that Hv(λ, F(A), F(B)) < ε.

Let z ∈ F(A) be arbitrary. Then, ∃j ∈NN and x ∈ A such that z = gj(x). By Proposition 4.6,
∃y ∈ B such that

vλ(x, y) ≤ Hv(λ, A, B) < ϕ(λ)(ε + δ).

If vλ(x, y) ≥ ε, then ε ≤ vλ(x, y) < ϕ(λ)(ε + δ) and hence α(x, y)vλ(gj(x), gj(y)) < ε. Otherwise,
vλ(x, y) < ε then vλ(gj(x), gj(y)) < vλ(x, y) < ε.

Therefore, vλ(z, F(B)) < ε. Since F(A) is compact, supa∈A{vλ(F{a}, F(B))} < ε. Similarly,
we have, supb∈B{vλ(F(A), F{b})} < ε.

Consequently, we obtain Hv(λ, F(A), F(B)) < ε. Hence, the function F is ϕ-MK contrac-
tion. �

As an application of our main result, we have the following result.

Theorem 5.8 Let (X , v) be a regular ϕ-MM space such that (K(X ), Hv) is a complete regu-
lar ϕ-MM space. Let gn : X →X be a ϕ-α-MK contraction for n ∈NN . Define F : K(X ) →
K(X ) by F(A) =

⋃N
n=1 gn(A), where gn(A) = {gn(a) : a ∈ A} for every A ∈ K(X ). Then, F has

a unique fixed point G satisfying the following equation

K = F(G) =
N⋃

n=1

gn(G).

Further, the attractor G can be described as G = limn→∞ Fn(A) for any A ∈ K(X ).

Proof By Theorem 5.7, we conclude that F is a ϕ-MK contraction map on K(X ). By in-
voking Corollary 3.7, we get that F has a unique fixed point G and G = limn→∞ Fn(A) for
any A ∈ K(X ). �

Remark 5.9 Note that in the above theorem, we have assumed (K(X ), Hv) to be complete.
Without this assumption, using Proposition 4.14, we have the following result:

Corollary 5.10 Let (X , v) be a complete regular ϕ-MM space such that ϕ(λ) ≤ 	 for some
	 ≥ 1. Let gn : X → X be ϕ-α-MK contraction for n ∈ NN . Define F : K(X ) → K(X ) by
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F(A) =
⋃N

n=1 gn(A), where gn(A) = {gn(a) : a ∈ A} for every A ∈ K(X ). Then, F has a unique
fixed point G satisfying the following equation

G = F(G) =
N⋃

n=1

gn(K).

Further, the attractor G can be described as G = limn→∞ Fn(A) for any A ∈ K(X ).

Proof It immediately follows from Proposition 4.14 and Theorem 5.8. �

6 Conclusions and future works
In this paper, we studied the notion of ϕ-MM spaces and ϕ-α-MK contraction. Based on
this contraction, we proved a fixed point result. Also, we provided an example to support
our findings. We also explored some topological properties of ϕ-metric modular space.
Moreover, we proved that the space K(X ) is complete, which will be required in proving
the existence of attractor of an IFS on ϕ-metric modular space. Further, we defined an
IFS structure on the above defined space and proved the existence and uniqueness of the
attractor using our main result.

It may be further possible to investigate several other contractive conditions on these
spaces to construct fixed point results. Moreover, its related IFS and attractor can also be
explored. Common fixed points for single and family of mappings can also be explored.
One can also investigate multi-valued mappings for fixed points in these spaces.
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