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TelAviv lsroet In 1990, D. Snow proposed an effective algorithm for computing the orbits of finite

Weyl groups. Snow'’s algorithm is designed for computation of weights, W-orbits, and
elements of the Weyl group. An extension of Snow’s algorithm is proposed, which
allows to find pairs of mutually inverse elements together with the calculation of
W-orbits in the same runtime cycle. This simplifies the calculation of conjugacy
classes in the Weyl group. As an example, the complete list of elements of the Weyl
group W(D,) obtained using the extended Snow’s algorithm. The elements of W(Dy)
are specified in two ways: as reduced expressions and as matrices of the faithful
representation. Then we give a partition of this group into conjugacy classes with
elements specified as reduced expressions. Various forms are given for
representatives of the conjugacy classes of W(D,): with Carter diagrams, with reduced
expressions, and with signed cycle-types. In the Appendix, we provide an
implementation of the algorithm in Python.

1 Introduction

1.1 Snow’s algorithm: finding W-orbits

In 1990, D. Snow in [8] proposed an effective algorithm for computing the orbits of the
finite Weyl groups. The algorithm starts with a certain dominant weight and acts on it by
all simple reflections. This operation produces the complete list of weights of level 1 and
the complete list of all elements of length 1 in the Weyl group W. In the next step, we
again use reflections to obtain a list of level 2 weights and all elements of length 2, and so
on. This approach has a repetition problem: the same weight can be obtained in several
ways, and the list of elements of the Weyl group lying in some level contains duplicate
elements. Snow presented a solution showing which weight v should be taken on the level
Ly and which reflection s; should be applied to v to get the given weight £ at the level Ly, ;.
Using Snow’s algorithm, the choice of v and s; can be done in the unique way. This solution
avoids duplicate elements, see Sect. 2.4.

The computation of the elements of the Weyl group in Snow’s algorithm is based on
the following fact: there is a one-to-one correspondence between the Weyl chambers and
the elements of the Weyl group, and the Weyl group acts transitively on the set of Weyl
chambers. Each element from the closure of the fundamental Weyl chamber generates a
Weyl group orbit (W -orbit) whose length coincides with the order of the Weyl group. The

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13663-023-00755-w
https://crossmark.crossref.org/dialog/?doi=10.1186/s13663-023-00755-w&domain=pdf
mailto:r.stekol@gmail.com
http://creativecommons.org/licenses/by/4.0/

Stekolshchik Fixed Point Theory Algorithms Sci Eng (2023) 2023:15 Page 2 of 45

W -orbit is constructed under the action of the Weyl group on some dominant weight. The
weights of the W-orbit are constructed together with the elements of the Weyl group W.

Let @ be the root system associated with a certain semisimple Lie algebra £, W be the
Weyl group associated to @, and £ be a real space spanned by the roots of @. A weight is
an element & € £ such that (£, «) € Z for all roots @ € @. The set of weights A forms a sub-
group of &, i.e.,, ® C A C £. The significance of the weights theory is largely determined
by the highest weight theorem in the representation theory of semisimple Lie algebras.

Snow’s algorithm produces the weights of W-orbits and elements of the Weyl group by
levels. For any & € £ there exist w € W and v from the closure C of the fundamental Weyl
chamber such that & = w(v), see Theorem A.1. The level of £ is as follows:

level(§) = [(w), (1.1)

where [(w) is the smallest length of w given as a reduced expression, [2, Ch.IV, §1,n°1]. The
level of weight £ is equal to the number of reflections needed to move £ to some dominant
weight lying in the closure of the fundamental chamber C, see Proposition A.3. Following
Snow, [8], the level of w € W is also defined as /(w):

level(w) = I(w).

Using Snow’s algorithm, searching for elements of the Weyl group and their partitioning
is carried out in accordance with the level of the element, see tables in Sect. 5.
In Sect. 2, we will look at some details of Snow’s algorithm. The sizes of all levels and

the total computation time for cases By, Dg, E7, Bg are gathered in Table 1.

1.2 Extended Snow’s algorithm: finding inverse elements

To construct conjugacy classes of a group, one must first find all pairs of mutually inverse
elements of the group. In the case of the Weyl group, each element and its inverse belong
to the same level. However, even searching within a level can be quite an expensive task,
especially for very large levels, see Table 1, where the length of the levels is several hundred
thousand elements. Let

W =i\ Siy ** Sip_, Sig (1.2)

be an element of the level L. We can find the inverse element w™! by reversing the order
of the reduced expression w:

-1
W =8 Sy SiySiy (1.3)

However, the inverse element must be found in accordance to the repetition prevention
mechanism from Theorem 2.1. Then the reduced expression may differ from the reverse
order of w.

An extension of Snow’s algorithm is designed to get around this obstacle: for any ele-
ment w € W, one must obtain the inverse element w™!, but this must be done in the order

1 The highest weight theorem was proved by E. Cartan in 1913, [3], see Sect. A.5.
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Table 1 The Weyl groups 87, Dg, E7, Bs: level sizes and total runtime of the extended Snow’s

algorithm
By Dg E7 Bg
Level Size Level Size Level Size Level Size
0,49 1 0,56 1 0,63 1 0,64 1
1,48 7 1,55 8 1,62 7 1,63 8
2,47 27 2,54 35 2,61 27 2,62 35
3,46 77 3,53 112 3,60 77 3,61 112
4,45 181 4,52 293 4,59 182 4,60 293
5,44 371 5,51 664 5,58 378 5,59 664
6,43 686 6,50 1350 6,57 713 6,58 1350
7,42 1170 7,49 2520 7,56 1247 7,57 2520
8,41 1869 8,48 4388 8,55 2051 8,56 4389
9,40 2827 9,47 7208 9,54 3205 9,55 7216
10,39 4082 10, 46 11,263 10,53 4975 10, 54 11,298
11,38 5662 11,45 16,848 11,52 6909 11,53 16,960
12,37 7581 12,44 24,248 12,51 9632 12,52 24,541
13,36 9835 13,43 33,712 13,50 13,040 13,51 34,376
14,35 12,399 14,42 45,425 14,49 17,194 14,50 46,775
15,34 15,225 15,41 59,480 15,48 22,134 15,49 62,000
16,33 18,242 16,40 75,853 16,47 27,874 16,48 80,241
17,32 21,358 17,39 94,384 17,46 34,398 17,47 101,592
18,31 24464 18,38 114,766 18,45 41,657 18,46 126,029
19,30 27,440 19,37 136,544 19, 44 49,567 19,45 153,392
20,29 30,162 20,36 159,125 20,43 58,009 20,44 183,373
21,28 32,150 21,35 181,800 21,42 66,831 21,43 215,512
22,27 34,376 22,34 203,777 22,41 75,852 22,42 249,201
23,26 35,672 23,33 224,224 23,40 84,868 23,41 283,704
24,25 36,336 24,32 242,318 24,39 93,659 24,40 318,171
25,31 257,295 25,38 101,997 25,39 351,680
26,30 268,504 26,37 109,655 26,38 383,270
27,29 275,440 27,36 116,417 27,37 411,984
28 277,788 28,35 122,087 28,36 436,913
29,34 126,497 29,35 457,240
30,33 129,514 30,34 472,281
31,32 131,046 31,33 481,520
32 484,636
total 645,120 total 5,169,960 total 2,903,040 total 10,321,920
time 59 sec time 570 sec time 269 sec time 1153 sec

specified by Theorem 2.1. The reduced expression of the calculated inverse element will
not necessarily be of the form (1.3). Bypassing the specified obstacle achieved through
the exchange of information between any element and its inverse during the traversal per-
formed by Snow’s algorithm. This information exchange is carried out using the dictionary
mechanism described in Sect. 3.

The Weyl group W(D,) contains 192 elements. In Sect. 4, Carter diagrams and signed
cycle-types are used to study of conjugacy classes in W(D,). In Sect. 5, all elements of
W (D,) are divided into 12 levels. The elements of W(D,) are specified in two ways: as
matrices and as reduced expressions, see Tables 6—24. For each element w, we provide
also the reduced expression of the inverse element and its location.

The partition of the group W(D,) into conjugate classes is given in Sect. 6. There are
13 conjugacy classes including the trivial class containing only identity element e, see Ta-
bles 26—-37. For each element w of the conjugacy class, we provide the level number k such
that w € Ly and the position of w in the level L. With this information, the element w can
be found in the tables of levels of Sect. 5.
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The execution time of the extended Snow’s algorithm for Weyl groups B;, Dg, E7, Bg on
CPU 3.7 GHz/Python 3.7.3 are as follows:

B, 645,120 elements 59 sec
E; 2,903,040 elements 269 sec
Dg 5,169,960 elements 570 sec

Bg 10,321,920 elements 1153 sec

For the execution time for each level, see Table 1.

Appendix A lists some properties of weights related to Lie algebras and Weyl groups.
An implementation of the extended Snow’s algorithm in Python is given in Appendix B.
An example of procedure for obtaining conjugacy classes is presented in Appendix C.

2 Snow’s algorithm: computation of W-orbits and levels

2.1 Computation of the W-orbits

Snow’s algorithm starts with a certain dominant weight and acts on it with all simple re-
flections. This produces all the weights of level 1 and a list of all elements of length 1 in W.
If we apply this procedure again, ignoring duplicates, we obtain the weights of level 2 and
arequired list of elements of length 2 in W. By repeating this procedure, we compute a list
of weights of any level, and the entire group W can be generated if an appropriate initial
weight is chosen.

2.2 Computation of level(&)
The algorithm provides a simple criterion for adding an orbit element to the list of weights.
Let & = (x1,...,%,) be any weight in the basis consisting of fundamental dominant weights,
see Sect. A.2.2. What is the level of 5;(§) for any simple reflection s;?

Let w be the element in W such that & = w(v) for some v from the fundamental domain
C with level(€) = {(w). By definition of the fundamental weights (A.7), we have

&= iné)i, and «x; = (€,0;) = <w(v),ai>. (2.1)

By (A.3) the sign of x; coincides with the sign of (w(v), «;), then

Xi= 0 == Si(g) = g:
x>0 = (w),w)>0, (2.2)
x<0 = (w),a)<0.

Here, the first line in (2.2) follows from (A.11). Thus, in the case of x; = 0, the reflection s;
does not change the level:

xi=0 = level(s;(§)) =level(§). (2.3)
Further, since the Cartan—Killing form is invariant under the Weyl group W, we have

x>0 — (v, w_l(ai)) >0,
(2.4)
%<0 —= (v, W_I(Oli)) <0.
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Since v is a dominant weight, we have (v,a) > 0 for all @ € @, see Sect. A.2. Then by
Theorem A.5, we have

x>0 = wla)ed" = Ilsw)=Iw)+1,
(2.5)
%<0 = wla)ed = Isw)=Ilw)-1.

Thus the level is updated as follows:

level(§) +1 ifx; >0,
level(s;(£)) = { level(&) ifx; =0, (2.6)
level(§) -1 ifx; <O.

2.3 Arranging the weights by levels
We start from a dominant weight i € A*, see Eq. (A.6). Let Ly be the kth level of W- p,

ie,
Ly = {weights EeW-ullevel§) = k}.

Then, the orbit W i is the disjoint union of all levels:

W-p= I_lLi:

i=0

where N is the maximal possible level in W - i. By Proposition A.6, the number N is the
number of positive roots in C, since this is the maximal length of a Weyl group element.

To construct level Ly,; from the previously computed level Ly, we apply reflections s;.
By (2.6), if x; > 0 only reflection s; move & from Ly to Li,:

Ly ={si€) li=1,...,0,6 = (%1,...,%) € L, x; > 0}, (2.7)

2.4 Snow'’s solution to the repetition problem

2.4.1 An example of the repetition problem

For explanations about bases {«} of simple roots and {w} of fundamental weights, see

Sect. A.3.5 and Sect. A.3.6. The main formulas used in calculation are (A.11) and (A.16).
We start with the dominant weight 1o = (1, 1, 1, 1) and act on this weight by two different

elements of level 2 of the Weyl group W (D,):

1 0 0 O
1 0 -1 1
W1 = 8383 = Table 6, elm. 6),
1=5253 01 -1 0 ( )
00 0 1]
) - (2.8)
1 0 0 O
1 -1 1 1
Wo = 8389 = Table 6, elm. 4).
O N )
0 0 0 1
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Figure 1 Two different reduced expressions that are
equal

By Eq. (A.16), we apply w; and w; to the row vector A as follows:

A1 =Xdowi = Aosas3 = (2,1,-2,2),
(2.9)
)\2 = )\.0W2 = )\05352 = (3, —2, 1, 3)

Using (A.11), we act by reflection s, onto weight 1; (one could also use (A.16) as in (2.9)).
Here, my = 1, ¢ = (-1,2,-1,-1). Similarly, we act by reflection s3 on A, where ms3 = 1,
3 =(0,-1,2,0).

ASy = A1 — Gy = (2,1,-2,2) — (-1,2,-1,-1) = (3,~1,-1,3),

AaS3 = Ay —mscs = (3,-2,1,3) - (0,-1,2,0) = (3,-1,-1,3).

S0, (10)s35283 = (Ao)s28382.2 Thus, weight (3,—1,-1,3) can be obtained in different ways.
This means that both s3s553 and sys35, must be included in the list of level 3, even though
they are two different reduced expressions for the same element.

This is an example of the repetition problem, see Fig. 1. Snow’s algorithm solves this
problem with the following statement.

Theorem 2.1 (Snow, [8]) Let Ly be the kth level in the orbit W - i of a dominant weight
w e C. Then, for each & = (x1,...,%1) € Li,1, there exists a unique v € Ly and a unique
simple reflection s; such that s;(v) = & and x; > 0 for j > i. In particular, the next level Ly,
can be constructed without repetitions from the weights v € Ly by adding s;(v) to L1 if
and only if the ith coordinate of v is positive and the coordinates of s;(v) after the ith are

nonnegative:

Ly = {s,-(v):(xl,...,x; li=1,...,1,
(2.10)
v=1,--,9) eLk,yi>0,kaO,j>i}.

2.4.2 Application of Theorem 2.1 to Example 2.4.1

Here & = (3,-1,-1,3). For v = A, and reflection s3, we have i = 3 and x4 > 0. By Theorem 2.1,
the element s3s,s3 is added to level 3, see Table 7, element 10. On the other hand, for v = A;
and reflection s;, we have i = 2 and x3 < 0. Then, the element s,5352, which is essentially
another reduced expression for s3s,s3, is not added to level 3.

2The last relation also follows from the well-known braid relation $35,53 = 5,5355.
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3 Extended Snow’s algorithm: computation of inverse elements

3.1 Double identification

Because the reduced expression is not unique, we must use another element identification
w to recognize the inverse element. The matrix of w in the faithful representation can be
chosen as such a requested identifier. We store the following information (class Element)
about each element w:

weight '’’’ w(v), where v is dominant integral weight ’’’
name '’’’ reduced expression w like s3.s4.s2.s3.s1 '’
matr ’’? matrix w, two—dimensional list ’’’

name_inv '’’’ reduced expression of inverse ’’’

matr_inv '’’’ inverse matrix '’

n_in_1lvl ’’’ location of w in Level ’’'’

n_inv_in_1lvl ’’’ location of inverse in Level ’’’

For a complete description of this class, see Sect. B.8. The pair (name, matr) forms the
double identification of the element. The question is why not use a weight that is simply a
1D-array instead of a matrix that is 2D-array. The reason is that at the time of calculating
the new element given the element w, we do not know the weight of the inverse element
w~L. However, we know the inverse matrix w™! and at the same time do not perform a very
expensive matrix inversion procedure. Let i the index of the desired reflection in the list
of reflections refl. Then refl[i] (resp. s;) is the matrix (resp. the symbol) of this reflection.
All we have to do is
« multiply the given matrix w on the left by refl[i] and the inverse matrix w=! on the
right by the same reflection,
« add the symbol s; on the left to the reduced expression w, and for the reduced
expression w™! add the symbol s; on the right.
When implemented in Python, it looks like this:

new_name = ’'s’ + str(i) + .’ + name
new_matr = np.mathmul (refl[i], matr)
new_name_inv = name_inv + ’.s’ + str(i)

new_matr = np.mathmul (matr_inv, refl[i])

See function newElem in Sect. B.9. Here, np.mathmul is a function from the Numpy pack-

»

age for multiplying two matrices. The dot “.” is used as delimiter between generators in

string fields name, name_inv and new_name_inv.

3.2 Dictionary whose key is a matrix

The dictionary dictElemsOfLevel is used to exchange information between any element
w and its inverse w™!. The dictionary key is the matrix from class Element. The matrix is
presented as a two-dimensional list. Since a list cannot be a dictionary key in Python, we

convert the matrix to a string as follows:

key = ’’.join(str(i) for row in .matr for i in row)
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The dictionary value corresponding to this key is the location #_in_[vl of the matrix in
level(&). See function keyValAndKeyInv() in Sect. B.8. Let key (resp. key_inv) be the key
corresponding to the new_matr (resp. new_matr_inv). In the calculation cycle new level
Li,1 by the level Ly, there are 3 cases, see function findAllLevels_to_LvIK() in Sect. B.9.
Each record of the dictionary is the pair (key, value), where key is the matrix converted to
string, and value is the location of w in Lj,;.

It should be noted that the dictionary mechanism in Python is realized very effi-
ciently [11].

3.3 Exchange information between w and w™'
The element w leaves in the dictionary record about its location in Lg,;. The inverse ele-

1

ment w™ will read this record later. There are three typical cases:

Case 1. 1f the computed matrix new_matr is of order 2, i.e., the matrix is inverse to itself,
then no message should be left in the dictionary. This is the simplest case. Here,

new_elm.n_inv_in_1lvl = new_elm.n_in_1vl # (@D)

Case 2: Suppose, after checking the key of the element w, it turned out that the key is not
in the dictionary. This means that the inverse element will appear later in the calculation
loop. Then, the record about the location of w is recorded in the dictionary.

dictElemsOfLevel [key_inv] = n_in_1vl # (2)

The inverse element w=! will read this record later, see (3).

Case 3: Suppose the key is in the dictionary. This means that the inverse element left an
exact record about its location, see (2):

n_in_lvl = dictElemsOfLevel [key] # 3)

Then, there is no need to write any information in the dictionary, because both new_elem
and new_elem_inv are already informed about each other’s location:

new_elem_inv = new_level[n_in_1vl]
new_elem_inv.n_inv_in_1lvl = new_elm.n_in_1lvl

new_elm.n_inv_in_lvl = new_elem_inv.n_in_1lvl

The keys will be recorded into the dictionary only for Case 2. Let v be number of records
of some level Ly, let wy be the number of elements of order 2 in L. Then, the number of
elements of Ly in the dictionary at the end of the run cycle is (v — @;)/2. The number of
elements of any level in the dictionary will always be less than half of all elements of this
level.

Extended Snow’s algorithm (ESA) has comparable complexity to the original Snow’s
algorithm and is, in practice, very efficient in providing information about inverse ele-
ments.
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A possible strategy for computing conjugacy classes in a Weyl group using the obtained

information on inverse elements is presented in Appendix C.

4 Conjugacy classes in W(D,)
In this section, we consider different representations of the conjugacy classes in W(D,).
An algorithm for obtaining conjugacy classes based on a priori information about inverse

elements is presented in Appendix C.

4.1 Conjugacy classes of W(D,) represented by Carter diagrams

First, we will see why, in Table 2, the representative element

518253545281525354525354 (4.1)

of the conjugacy class 12 is represented as 4 unconnected vertices (root subset 44,), and

the representative element

838284538281 (42)

of the conjugacy class 11 is represented by the Carter diagram Dy(a;).

For more convenient work with roots of the root system D,, we change the notation
of vertices from i to ;. We use the Bourbaki numbering of the vertices of the Dynkin
diagram D,: The reflection s,, does not commute with reflections s, i = 1, 3,4, while
the reflections sy,, 543, 8o, commute with each other, see Carter diagram in Table 2,
line 10.

Page 9 of 45

Table 2 Conjugacy classes in the Weyl groups Dy, see Tables 26-37 and Table 3

N° Carter diagram? Representative element Elms Root subset Order Signed cycle-type®
0 - e 1 @ 1 [1111]
1 o 5 12 A 2 [211]
2 o0 5152 32 As 3 [31]
3 a0 5153 6 2A1 2 [22]
4 oo S$154 6 2A1 2 [22]
5 o o 5354 6 D, 2 (711
6 o 515253 24 As 4 [4]
7 o0 515254 24 A3 4 [4]
8 o o0 515354 12 34 2 217
9 oo $35254 24 D3 4 [i‘\_‘l]
1=
10 D:]- Cllz '14 51545253 32 D4 6 Bﬁ
1
, 1
1 B3 ! $35254535251 12 Dalar) 4 22
12 o 9 o o $15253545251525354525354 1 4Aq 2 [TW_TT}

aFor an explanation of the Carter diagram D4(a1) with a dotted edge (in the 11th conjugacy class), see [9, §1.1.1].
bFor the definition of signed cycle-types, see [5, §7].
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Table 3 Weyl groups Da. Partitioning by element orders

Order T2 3 4 6
Elements 1 43 32 84 32

For any pair of non-orthogonal roots « and $, such that («, 8) = —1, the following rela-
tions hold:

SpSaSp = Ssﬂ(o,) = Sa+p and SpSa = Sa+pSps SaSg = SBSa+pr ( )
4.3
(sﬂsa)?’ =1, since (sﬂsa)?’ = (p5458)(SuSpSa) = Si+/3 =1

4.1.1 Conjugacy class 11, Carter diagram Dy(a;)
The representative element w = s355545352s7 is the first element of conjugacy class 11, see
Table 36. Using the roots from the root system as indices, we get the following expression

for w:

W = Sa3SanSagSazSanSap = SazSan SazSagSanSay = San+azSagSaySay +
Further,

Sal
W 2 Sg; Sy +ary Seug Sary (4.4)

A
where, the notaion 2~ means conjugacy by the element A. The element (4.4) can be trans-
formed as follows:

W = Su; SuyrasSagSay = Sty Sy Sag Sery = St Sary Sag Sary» (4.5)
where a3 = —(a1 + g + a3).
The element w is represented by the Carter diagram Dy(a;), where the dotted edge

{a3, a4} corresponds to the inner product (&3, a4) = 1, see [9, 10].

4.1.2 Conjugacy class 12, four unconnected vertices
The element (4.1) looks like this:

W = So; Sy Sers Sty Sevy Scey Sev Sy Sev Sy Ser Sev -

First of all, according to (4.3), we change su,54,Say tO Say+a;» AN Sgy S0y Sy tO Sgpray - Then
W = Sa; SapSagSagSag +a1 SagSan+aySaz-

Further, by (4.3), we change sy, Say +aySaz 1O Say+ay+azr AN SoySassa; tO Sayray Say+ay +as- THUS,
W = Sa; SaySagSan+ay San+ay +agSag+ay+az-

Similarly, we replace Sy;Say 1o, With Seysa;Say+ay+azr We get

W = Sy Sap Sag+a1 San+aq +azSag +a1 +agSag +ag +as -
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Finally, since Sy, Suy+a; = Sa; Say» We have Sy, Say Sag+a; = Say and

W = Soo San+aq +a3Sag+aq +agSag+ag+az - (46)
Note that in Eq. (4.6), there are four mutually orthogonal roots:

o, o+ + a3, o +aq + oy, Oy + 0y + 03, (4.7)
The subset (4.7) is represented by 4 unconnected vertices, i.e., 44;.

4.2 Conjugacy classes of W(D,) represented by signed cycle-types
In this section, we consider the representation of conjugacy classes 8—12 of Table 2 using

the signed cycle-types. According to Bourbaki’s notaion:
Say = Sej—eyr Say = Sey—e3r Saz = Sez—eqr Say = Sez+eq-
We will use the following mappings:

e —> e/, e —> —ej, e — —e;,
Sei—e; * Sej+e; ¢ Sej—ejSe;+e; (4.8)
61' > €, ej > —e, ej > —ej,

see [2, Ch. VI, §4, n°8].

4.2.1 Conjugacy class 8, signed cycle-type [211]

Consider representative element sq,54,5q,. Let us find the signed cycle-type of this ele-
ment. By (4.8), s.,_, permutes e; and ey, i.e., S,,_., acts as permutation (12). Further, the
Product Se,—e, Ses +e, Maps e3 to —es and ey to —ey, i.e., acts as the pair of negative cycles [11].
All together gives [211].

4.2.2 Conjugacy class 9, signed cycle-type [211]
Here, the representative element is sy, Sq, o, - By (4.8) so, permutes e; and es; s, permutes

es3 and ey. At last, s,, maps e4 to —e3 and e3 to —e,. Then,

ey > ey,
SuzSaySay * ) €3 > —€3,

e4 —> —ej.

The second mapping corresponds to the negative cycle [1]. The first and third mappings
form the cycle e; > eq —> —e3, i.e., the negative cycle [2]. Thus, we get the signed cycle-
type [21], or, that is the same, [211]. By [5, Prop. 25], [i1] corresponds to the Carter diagram

D;,1. In our case, we get Ds.
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4.2.3 Conjugacy class 10, signed cycle-type [31]

The representative element

So1SagSaySaz = Sej—eySez+eqSex—e3Se3—eq (4.9)
acts as follows:

e — ey, es — —es,
S SagSanSaz
€y > —é€y, ey —> eg.

The mapping e3 —> —e3 corresponds to the negative cycle [1]. The remaining mappings

form the cycle e; —> e, —> —e4 —> —ey, i.e., the negative cycle [3]. So, we get the signed

cycle-type [31]. As above, by [5, Prop. 25], the signed cycle-type [31] corresponds to Dj.

4.2.4 Conjugacy class 11, signed cycle-type [22]

By (4.5), the representative element

Sa2+a3+a15alsa4sa2 = S61*84S€1*32‘g€3+24e€2*€3
acts as follows:

e — ey,

€y > —€4 —> —é€y,
SD!2+03+051SD!1$D(4S(12 :
€3 > €4,

€4 —> —es.

The first and second mappings form the cycle e; — e, —> —ey, i.e., the negative cycle [2].
The third and fourth mappings form the cycle e3 —> e, —> —e3, which is also the negative

cycle [2]. Thus, we get the signed cycle-type [22].

4.2.5 Conjugacy class 12, signed cycle-type [1111]

By (4.6) the representative element is as follows

SaySan+aq +azSag+aq+agSag+ag+az = €eg—e3€e—ey€eq+e4Certest
Since Se;—¢;Se;+e; MAPS € to —e; and ej to —e;j, we get

Sy San +ay +azSay+ay +agSag+ag+az + € > —€; fori= 1,2,3,4.

This corresponds to the signed cycle-type [1111].
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5 Weyl group D,. Partitioning by levels

See Tables 4—24.

Table 4 Weyl group Da, level O, element e

N°  Weight  Element  Matrix
1T 0 0 0
0O 1 0 O
0 1,1, 1,1 e 00 1 0
0 0 0 1
Table 5 Weyl group Dg, level 1, elements 0-3
N° Weight Element Matrix N° Weight Element Matrix
-1 1 0 O] M 0 0 0]
0 1T 0 O T -1 1 1
0 *‘\,2,1,'\ M 0 0 1 0 1 2,*1,2,2 ) 0 0 1 0
Lo 0 0 1] 0 0 0 1]
1 0 0 O] 1 0 0 07
o 1 0 O 0O 1 0 O
2 1,2,-1,1 $3 01 -1 o 3 1,2,1,-1 S4 0 0 1 0
0 0 0 1] 0 1 0 -1
Table 6 Weyl group Da, level 2, elements 0-8
NO Weight Elem Matrix NO Weight Elem Matrix
[0 -1 1 1 1 0 0 O]
3 T -1 1 6 10 -1 1
O -2,1,2,2 515 0 0 10 @ 3,-2,1,3 5753 0 1 -1 o0
0 0 0 1 0 0 0 1]
-1 1 0 0] 1 0 0 O]
1 o 1 0 O 8 10 -1 1
M 1,3,-1,1 5153 0 121 o0 ) 3,-2,3,1 5754 0 0 -1 o
L0 0 0 1] o0 1 0 1
-1 1 0 07 -1 1 0 O]
2 0O 1 0 O 0 -1 0 1 1
) 1,3,1,-1 S154 0 o0 1 0 3) 1,-2,3,3 5287 0 0 1 0
Lo 1 0 -1 L0 0 0 1]
M 0O 0 O M 0 0 O]
4 T -1 1 1 5 T -1 1 1
©) 2,1,-2,2 535 121 0 ® 2,1,2,-2 545 0 0 10
0 0 0 1 1 -1 1 0]
1 0 © 0
7 o 1 0 0
o WAL s 01 -1 0
0 1 0 -1

aHereinafter, the number in this column without parentheses (resp. in parentheses) means the ordinal number of element
(resp. inverse element) in Tables 6-24.
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Table 7 Weyl group Dy, level 3, elements 0-13

NP Weight Element Matrix Inverse
-1 1 0 0]
0 -1 0 1 1
©) 1,1,-3,3 535257 0 0 0 515253
Lo 0o 0 1]
-1 1 0 0]
1 -1 0 1 1
(13) 1,1,3,-3 545257 0 0 1 0 515254
-1 0 1 0]
-1 1 0 0
2 -1 1 =1 1
©) 2,-3,2,4 525357 0 1210 535152
L0 0 0 1
=1 1 0 0
3 o 1 0 0
(3) *1,4,*W,*1 545351 0 1 1 0 545351
L0 1 0 -1
1 1 0 07
4 -1 1 1 -
(7) 2,-3,4,2 525451 0 0 1 0 545152
Lo 1 0 -1
fo -1 1 17
5 -1 0 11
(5) -1,-1,3,3 525152 0 0 1 0 525152
Lo 0 0 1]
o -1 1 17
6 T =1 1 1
(2) -2,3,-2,2 535152 1 _ 0 1 525351
0 0 0 1]
o -1 1 17
7 T =1 1 1
(4) -2,3,2,-2 545152 0 0 1 0 525451
1 -1 1 0]
10 0 0]
8 T =1 1 1
(1 2) 2,3,-2,-2 545352 1 ] 0 1 525453
1 -1 1 0]
[0 o -1 17
9 1T 0 -1 1
-3,1,1
©) 3,1,1,3 515253 01 -1 0 535251
0 0 0 1]
0 0 0
10 1 o -1 1
(10) 3,—1,—W,3 5§35253 1 ] 0 1 5§35253
0 0 0 1
(1 0 0 O
11 1T 0 -1 1
(]4) 3, 1, ], -3 545253 0 1 1 0 535254
1T 0 -1 0
10 0 0
12 T 1 =1 -
(8) 4, —3, 2, 2 525453 0 1 1 0 545352
0 1 0 -1
[0 0o 1 -
13 T 0 1
(]) —3, W, 3,1 515254 0 0 1 0 545251
0 1 0 -1
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Table 8 Weyl group Dg, level 3, elements 14-15

NP Weight Element Matrix Inverse
1 0 0 O
14 T 0 1 -
(] 1) 3,1,-3,1 535254 1 0 0 7] 545253
101 0 -1
M 0 0 ©
15 0 1 -
(] 5) 3,-1,3,-1 545254 0 0 1 0 545254
1 -1 1 0

Table 9 Weyl group Da, level 4, elements 0-13

NP Weight Element Matrix Inverse
-1 1 0 0
0 -1 0 1 1
(16) 1,4,-3,-3 54535257 90 0 51525453
-1 0 1 0
-1 1 0 0]
1 e
(13) 2,-1,-2,4 53525357 0 o0 : 53515253
Lo 0 0 1]
-1 1 0 0]
2 -1 1 =1 1
(20) 2,1,2,-4 54525351 0 1 71 0 53515254
-1 1 -1 0]
-1 1 0 0
3 -1 2 -1
(9) 3,-4,3,3 52545351 0 1 . 0 54535152
Lo 1 0 -
-1 1 0 07
4 -1 1 1 -
(14) 2,1,-4,2 53525457 R 1 0 - 545152583
Lo 1 0 -1
-1 1 0 07
5 -1 1 1
21) 2,-1,4,-2 54525457 0 0 1 0 54515254
-1 0 1 0]
fo -1 1 17
6 -1 o 1 1
(12) -1,2,-3,3 53525152 71 0 0 1 52515253
Lo 0 0 1]
ro -1 1 17
7 -1 o 1 1
(19) -1,2,3,-3 54525152 0 0 1 0 52515254
-1 0 1 0]
[0 -1 1 17
8 0 -1 0 2
(8) 1,—3, 1,5 52535152 1 i 0 1 52535152
0 0 0 1]
[0 -1 1 17
9 T -1 1 1
-2,5-2,-2
(3) .5, , 54535152 1 i 0 1 52545351
1 -1 1 0]
[0 -1 1 17
10 0 -1 2 0
1,- 1
(10) ,=3,5, 57545152 0 0 1 0 52545152
1 -1 1 0]
M 0 0 0]
1 2 -1 0 O
(] _‘) 5, —3, 1,1 52545352 1 ] 0 1 52545352
1 -1 1 0]
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Table 9 (Continued)

(2023) 2023:15

N° Weight Element Matrix Inverse
o 0 -1 17
12 -1 I 1
©) -2,-1,2,4 $2515283 0 1 21 o $3525152
0 0 0 1]
[0 0 -1 17
13 1 0o -1 1
(]) -3,2,-1,3 53515253 1 ] 0 1 53525351
o 0o 0 1]
Table 10 Weyl group Da, level 4, elements 14-22
N° Weight Element Matrix Inverse
[0 0 -1 1
14 T 0 -1 1
(4) -3,4,1,-3 54515253 0 1 i 0 53525451
[T 0 -1 0
1 0 0 0]
15 1 o -1 1
(17) 3,2,-1,-3 54535253 1 _ 0 1 53525453
1T 0 -1 0]
[0 1 -1 =17
16 T 1 =1 -
©) -4,1,2,2 51525453 0 1 - 0 54535257
0 1 0 -1
10 0 0]
17 T 1 =1 -
4,-1,-2,2
(15) , =1 =2 53525453 10 0 - 54535253
0 1 0 -1
10 0 0]
18 T 1 =1 -
22) 4,-1,2,-2 54525453 0 1 - 0 54535254
[T 0 -1 0]
o 0 1 17
19 -1 1 1 -
(7) —2, -1 , 4, 2 52515254 0 0 1 0 54525152
Lo 1 0 -1
[0 0o 1 -
20 T 0 1 -
(2) —3, 4, —3, 1 53515254 1 0 0 1 54525351
0 1 0 -1
[0 0 1 -
21 1 o 1 -
©) -3,2,3,-1 54515254 0 0 1 0 54525451
S I )
M 0 0 0
22 1 o 1 -
(] 8) 3,2,-3,-1 54535254 1 0 0 ] 54525453
1T -1 1 0
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Table 11 Weyl group Dj, level 5, elements 0-13

NP Weight Element Matrix Inverse
-1 1 0 0
0 -2 1 0 O
an 5-4,1,1 5954535257 0 0 7 5152545352
-1 0 1 0
-1 1 0 0
1 2,3,-2,-4 54535253S el $3515254S
(20) 3,2, 453525351 10 0 1 351525453
-1 1 -1 0
-1 1 0 0]
2 -1 2 -1 -
(17) 3,-1,-3,3 5352545357 R 0 : 5453515253
Lo 1 0 -1
-1 1 0 0]
3 -1 2 -1 -
(26) 3,*1,3, -3 5452545351 0 1 1 0 5453515254
-1 1 -1 0]
-1 1 0 07
4 -1 1 1
(21) 2,3,-4,-2 5453525451 . 1 0 71 5451525453
-1 0 1 0]
fo -1 1 17
5 -1 0 11
(19) -1,5,-3,-3 5453525152 . 0 0 1 5251525453
-1 0 1 0]
o -1 1 17
6 0o -1 0 2
(16) 1,-2,-1,5 5352535152 . 0 0 1 52535152583
Lo 0 0 1]
[0 -1 1 17
7 0o -1 0 2
25) 1,2,1,-5 5452535152 1 21 0 1 5253515254
0 -1 0 1]
[0 -1 1 17
8 T -2 1 1
(8) 3, —5, 3, 3 5254535152 1 71 0 1 5254535152
1 -1 1 0]
[0 -1 1 17
9 0 -1 2 0
1,2,-51
(18) ,2,-5, 5352545152 0 -1 1 o0 5254515253
1 -1 1 0]
o -1 1 1
10 o -1 2 0
1,-2,5-1
27) ,=2,5, 5452545152 0 0 1 0 5254515254
-1 0 1 0
MM -1 0 O
11 2 -1 0 O
(0) —5, 2, W, 1 5152545352 1 ] 0 1 5254535251
R R
1 0 0 07
12 2 -1 0 O
a3) 5-2,-1,1 5352545352 1 0 0 - 5452545352
1 -1 1 0]
1o 0 0]
13 2 -1 0 0
a2) 5-2,1,-1 5452545352 1 ] 0 1 5352545352
11 0o -1 0]
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Table 12 Weyl group Dj, level 5, elements 14-27

NP Weight Element Matrix Inverse
o o -1 17
14 -1 1 =1 1
(14) -2,1,-2,4 5352515253 0 o0 . 5352515253
Lo 0o o0 1]
o o -1 17
15 -1 1 =1 1
23) -2,3,2,-4 5452515253 0 1210 5352515254
-1 1 1 0]
[0 0 -1 17
16 0 -1 0 2
©) -1,-2,1,5 5753515253 I 0 : 5352535152
o0 0 o0 1
[0 0 -1 17
17 1 0o -1 1
(2) -3,5,-1,-3 5453515253 1 7“ 0 1 5352545351
1 0 -1 0]
[0 0 -1 1
18 o 1 -2 0
(9) 1,-4,51 5254515253 0 1 2 0 5352545152
1 0 -1 0
o 1 -1 -1
19 -1 2 -1 -
(5) -3,-1,3,3 5251525453 0 1 . 0 5453525152
Lo 1 0 -
o 1 -1 =17
20 T 1 =1 -
(]) -4,3,-2,2 5351525453 1 0 0 71 5453525351
o 1 0 -1
o 1 -1 =17
21 T 1 =1 -
(4) -4,3,2,-2 5451525453 0 1 1 0 5453525451
11 0 -1 0]
1 0 O 0]
22 T 1 =1 -
22) 4,1,-2,-2 5453525453 1 0 0 1 5453525453
11 0 -1 0]
f[o o 1 -1
23 -1 1 1 -
(] 5) -2, 3, -4, 2 5352515254 . 1 0 ] 5452515253
Lo 1 0 -1]
f[o o 1 -1
24 -1 1 1 -
-2,1,4,-2
(24) s 5452515254 0 0 1 0 5452515254
-1 0 1 0]
[0 0 1 =
25 o 1 0 -2
(7) W,—4, 1,5 5253515254 1 0 0 1 5452535152
0 1 0 -
[0 0 1 17
26 1 o 1 -
(3) —3, 5, —3, -1 5453515254 1 0 0 ] 5452545351
1 -1 1 0]
[0 0 1 =17
27 o -1 2 0
(10) -1,-2,51 5254515254 0 0 1 0 5452545152
1 -1 1 0]
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Table 13 Weyl group Dj, level 6, elements 0-13

NP Weight Element Matrix Inverse
-1 0 0 O
0 =51,1,1 515254535251 2 100 515254535251
(0) Y -1 0 0 1
-1 0 1 0
-1 1 0 07
(]11) 5-3,-1,1 535254535257 j 1 8 j 545152545352
-1 0 1 0]
-1 1 0 0]
2 5-3,1,-1 545254535251 =2 0 0 535152545352
(10) L -1 0 0 1
-1 1 -1 0]
=1 1 0 0
(232) 3,2,-3,-3 545352545351 71 ? 01 71 545351525453
-1 1 -1 0
fo -1 1 17
(g) 4,-5,2,2 525453525152 71 O] (1) 1 525152545352
-1 0 1 0]
Fo -1 1 17
> 1,3,-1,-5 545352535152 0 - 0 2 525351525453
(21) Y -1 0 0 1
Lo -1 0 1]
o -1 1 17
(166) 3,-2,-3,3 535254535152 ]O 7? 1 g) 525453515253
1 -1 1 0]
[0 -1 1 17
(277) 3,-2,3,-3 545254535152 1 7“2 (]) 1 525453515254
0 -1 0 1]
fo -1 1 1
8 1,3,-5,-1 545352545152 0 - 2 0 525451525453
(23) T o -1 1 0
-1 0 1 0
(1 -1 0 0
(j) —3, -2, 3, 3 525152545352 ] 712 g) 1:| 525453525152
1 -1 1 0
1 -1 0 07
10 -5,3,-1,1 535152545352 2 - 0 0 545254535251
) B T 0 0 -1
1 -1 1 0]
MM -1 0 0]
(1]1) -5, 3, 1,-1 545152545352 ? 71 8 ? 535254535251
11 0 -1 0]
0 0 0
12 5-1,-1,-1 545352545352 2 - 0 0 545352545352
(12 S 10 0 -
1 0 -1 0
[0 0 -1 1
(:3) -2,5,-2,-4 545352515253 _1 g) 01 T‘ 535251525453
-1 1 -1 0
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Table 14 Weyl group Dj, level 6, elements 14-27

NP Weight Element Matrix Inverse
0 o -1 1
14 -1,-1,-1,5 535253515253 0 - 0 2 535253515253
(14) o -1 0 0 1
o 0 0 1
[0 0 -1 17
(;; -1,3,1,-5 545253515253 (]) J 8 ? 535253515254
0 -1 0 1]
[0 0 -1 17
(]66) 2,-5,4,2 525453515253 1 J 01 1 535254535152
LT 0 -1 0]
[0 0 -1 1
1 1,1,-51 535254515253 0 ! - 0 535254515253
(17) B 0 0 -1 0
[T 0 -1 0
fo o0 -1 1
18 1,-3,5,-1 545254515253 0 W 20 535254515254
(28) L o 1 -1 0
-1 1 -1 0
fo 1 -1 -17
(12) -3,2,-3,3 535251525453 71 ? 01 1 545352515253
Lo 1 0 -1
fo 1 -1 -17
ég) -3,2,3,-3 545251525453 O] 12 71 0] 545352515254
-1 1 -1 0]
[0 1 -1 =17
21 -1,-3,1,5 525351525453 0 ! 0 - 545352535152
(5) Y 10 0 -1
0 1 0 1]
[0 1 -1 =17
(232) -4,5, —2, -2 545351525453 1 (]) O] 71 545352545351
1 0 -1 0]
o 1 -1 =17
23 -1,-3,51 525451525453 0 ! - 0 545352545152
8 o o 1 -1 0
1 0 -1 0]
fo 0 1 -1
ég) —2, 5,4, -2 545352515254 71 1 2) 71 545251525453
-1 0 1 0]
o 0 1 17
2 1,-3,-1,5 535253515254 0 1 0 =2 545253515253
(15) L -1 1 0 -1
Lo 1 0 -1]
[0 0o 1 -
% 1,1,1,-5 545253515254 0 ! 0 =2 545253515254
(26) Y T 0 0 -1
0 0 0 -
[0 0 1 -
(277) 2,-52,4 525453515254 1 (; (]) _T‘ 545254535152
1 -1 1 0
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Table 15 Weyl group Da, level 6, elements 28-29

NP Weight Element Matrix Inverse
[0 o 1 -1
28 -1,3,-51 535254515254 0 - 2 0 545254515253
(18) T 0o -1 1 0
1 -1 1 0
[0 o 1 -
29 -1,-1,5-1 545254515254 0 - 2 0 545254515254
(29) T 0 o 1 0
-1 0 1 0
Table 16 Weyl group Dy, level 7, elements 0-13
NP Weight Element Matrix Inverse
-1 0 0 O]
(8) —4,-1,2,2 52515254535251 71 O] (1) 1 52515254535257
-1 0 1 0]
-1 0 0 07
] -5,2,-1,1 53515254535251 =2 100 5451525453521
() Y -1 1 0 -
-1 0 1 0]
-1 0 0 O]
2 -5,2,1,-1 5451525453525 - ! 0 0 53515254535251
(M Y -1 0 0 1
-1 1 -1 0]
1 1 0 0
3 5-2,-1,-1 5453525453525 - ! 0 0 54535152545352
(10) L -1 1 0 -
-1 1 -1 0
fo -1 1 17
(]41) 4,-3,-2,2 53525453525152 01 71 1 g) 52545152545352
-1 0 1 0]
fo -1 1 17
> 4,-3,2,-2 54525453525152 -l - ! ! 52535152545352
9) L -1 0 0 1
L0 -1 0 1]
[0 -1 1 17
(260) 3,1,-3,-3 54535254535152 (]) 7? 1 (]) 52545351525453
0 -1 0 1]
M1 -1 0 0]
(172) -3,1,-3,3 53525152545352 g) 7? 1 ]O 52545352515253
1 -1 1 0]
1 -1 0 0]
(283) -3,1,3,-3 54525152545352 1 7? 2) 1 52545352515254
0 -1 0 1]
M -1 0 0
o -2,-3,2,4 52535152545352 ! - W N ] 54525453525152
) T T 0 0 -
1 -1 1 0
1 -1 0 0
10 =5,4,-1,-1 54535152545352 2 - 0 0 54535254535251
3) Y T 0 0 -1
1 0 -1 0
M -1 0 o0
1 -2,-3,4,2 52545152545352 ] -l - ! 53525453525152
) o 1 -1 0 1
1 0 -1 0
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N° Weight Element Matrix Inverse
fo 0 -1 1
(]72) 3,-5,3,1 52545352515253 71 8 O] 1 5355152545352
-1 1 -1 0
o 0o -1 1
13 -1,4,-1,-5 54535253515253 0 - 0 2 53525351525453
(18) Y -1 0 0 1
L0 -1 0 1
Table 17 Weyl group Dj, level 7, elements 14-27
NP Weight Element Matrix Inverse
[0 0 -1 17
(}i) 2,-1,-4,2 53525453515253 (]) 01 J (1) 53525453515253
11 0 -1 0]
[0 0 -1 17
(;2) 2,-3,4,-2 54525453515253 1 71 01 1 53525453515254
0 -1 0 1]
o 0 -1 17
16 1,2,-5,-1 54535254515253 0 120 53525451525453
(21) T 0O 0 -1 0
-1 1 -1 0]
fo 1 -1 =17
(1;) *3, 5, *3, -3 54535251525453 71 ? 01 71 54535251525453
-1 1 -1 0]
fo 1 -1 =17
18 -1,-2,-1,5 53525351525453 0 ! 0 - 54535253515253
(13) L -1 1 0 -
Lo 1 0 -1
[0 1 -1 =17
19 -1,2,1,-5 54525351525453 0 ! 0 - 54535253515254
(24) e 1.0 0 -
0 0 0 -1
[0 1 -1 =17
(26(; 1,-5,3,3 52545351525453 1 8 O] 71 54535254535152
1 0 -1 0]
[0 1 -1 =17
21 -1,2,-51 53525451525453 0 ! - 0 54535254515253
(16) e 0 0 -1 0
1 0 -1 0]
fo 1 -1 -1
22 -1,-2,5,-1 54525451525453 0 ! - 0 54535254515254
(27) L o 1 - 0
-1 1 -1 0
fo 0 1 -1
(28?; 3,-51,3 52545352515254 71 ? 2) 71 54525152545352
-1 0 1 0]
[0 0 1 -1
24 1,2,-1,-5 54535253515254 0 ! 0 -2 54525351525453
(19) e -1 1 0 -
L0 0 0 -1]
[0 0 1 =17
(?2) 2, —3, —2,4 53525453515254 (]) 71 1 01 54525453515253
T =1 1 0
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Table 17 (Continued)

N° Weight Element Matrix Inverse
[0 0 1 -1
ég) 2,-1,2,-4 $4525453515254 1 O] 2) 71 54525453515254
0 0 0 -1
o o 1 -
27 -1,4,-5,-1 54535254515254 0 -l 2 0 54525451525453
(22) e o -1 1 0
-1 0 1 0
Table 18 Weyl group Dy, level 8, elements 0-13
NP Weight Element Matrix Inverse
-1 0 0 0]
0 —4,1,-2,2 5352515254535251 SR $254515254535257
4) L o -1 1 0
-1 0 1 0]
-1 0 0 O]
] -4,1,2,-2 5452515254535251 ool 5253515254535251
() L -1 0 0 1
L0 -1 0 1]
-1 0 0 07
(f) -3,-2,1,3 5753515254535251 71 ? g) 71 5452515254535251
-1 0 1 0]
-1 0 O 0
3 -5,3,-1,-1 5453515254535251 - ! 0 0 5453515254535251
(3) Y -1 1 0 -
-1 1 -1 0
-1 0 0 O]
(g) -3,-2,3,1 5254515254535251 71 8 O] 1 5352515254535251
-1 1 -1 0]
fo -1 1 17
> 4,-1,-2,-2 $453525453525152 DU $254535152545352
9) o o -1 1 0
L0 -1 0 1]
M -1 0 0
6 -3,4,-3,-3 5453525152545352 W - W ] 5254535251525453
(15) T o -1 1 0
0 -1 0 1
M -1 0 07
/ -2,-1,-2,4 5352535152545352 W -l W - 5452545352515253
(13) L 0o -1 1 0
1 -1 1 0]
M -1 0 07
8 -2,1,2,-4 5452535152545352 W - W -l 5452545352515254
(1) L 1 0 0 -1
0 0 0 -1]
M -1 0 0
(2) -1,-4, 3,3 5254535152545352 1 8 0] 71 5453525453525152
1 0 -1 0
1 -1 0 0]
10 -2,1,-4,2 5352545152545352 W - -l ! 5352545352515253
(12) T 0o 0 -1 0
11 0o -1 0]
M -1 0 0]
M -2,-1,4,-2 5452545152545352 W -l - ! 5352545352515254
(20) L T -1 0 1
0 -1 0 1]
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Table 18 (Continued)
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N° Weight Element Matrix Inverse
fo o0 -1 1
12 3,-2,-3,1 5352545352515253 - 0 - ! 5352545152545352
(10) e 0O 0 -1 0
-1 1 -1 0
o o -1 1
(]7?; 3,-4,3,-1 5452545352515253 71 8 (; 1 5352535152545352
0 -1 0 1
Table 19 Weyl group Da, level 8, elements 14-22
N° Weight Element Matrix Inverse
[0 0 -1 1
(147‘) 2,1,-4,-2 5453525453515253 (; O] 71 g) $352545351525453
0 -1 0 1
fo 1 -1 -1
1> 2,-5,2,2 5$254535251525453 - ! - - 5453525152545352
(6) L -1 1 0 -
-1 1 -1 o0
fo 1 -1 -1
16 -1,3,-1,-5 5453525351525453 0 ! 0 -2 5453525351525453
(16) Y -1 1 0 -
L0 0 0 -
[0 1 -1 =17
7 1,-2,-3,3 5352545351525453 W 0 - - 5453525453515253
(14) e 00 -1 0
1 0 -1 0]
[0 1 -1 =17
18 1,-2,3,-3 5452545351525453 W 0 - -l 5453525453515254
(22) T 1.0 0 -
0 0 0 -1]
fo 1 -1 -
19 -1,3,-5,-1 5453525451525453 0 ! -2 0 5453525451525453
(19) e 0O 0 -1 0
-1 1 -1 0
fo o 1 -
(??) 3,-4,-1,3 5352545352515254 O] _01 1 (; $452545152545352
-1 0 1 0
o 0 1 17
21 3,-2,1,-3 5452545352515254 -l 0 1 -l 5452535152545352
8 L -1 1 0 -1
L0 0 0 -
[0 0 1 =
52) 2,1,-2,-4 5453525453515254 (; _1 T‘ 01 5452545351525453
0 0 0 -1]
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Table 20 Weyl group Dj, level 9, elements 0-13

(2023) 2023:15

NP Weight Element Matrix Inverse

-1 0 0 O
0 —4,3,-2,-2 $45352515254535251 DU 525453515254535251
(3) T o -1 1 0

L0 -1 0 1

-1 0O 0 0
] -3,-1,-1,3 $35253515254535251 - o 1 545254515254535251
(5) o o -1 1 0

=1 0 1 0

-1 0 0 O
2 -3,1,1,-3 545253515254535251 oAl 545253515254535251
) Y -1 1 0 -1

0 0 0 -1

-1 0 0 0
3 -2,-3,2,2 525453515254535251 - ! - - 545352515254535251
(0) L -1 1 0 -1

-1 1 -1 0

-1 0 0 O
4 -3,1,-3,1 535254515254535251 - 0 - ! 535254515254535251
(4) B 0 0 -1 0

-1 1 -1 0

-1 0 0 0
> -3,-1,3,-1 545254515254535251 -l 0 - W 535253515254535251
M L -1 0 0 1

L0 -1 0 1

M -1 0 0
6 1,-4,1,1 525453525152545352 0 - 00 525453525152545352
(6) Y o -1 1 0

[0 -1 0 1

M -1 0 0
/ -2,3,-2,-4 545352535152545352 ! -l ! - 545254535251525453
(13) T o -1 1 0

0 0 0 -

M -1 0 0]
8 -1,-1,-3,3 535254535152545352 ! 0 - - 545352545352515253
(1) T o o0 -1 0

1 0 -1 0]

M -1 0 0]
o -1,-1,3,-3 545254535152545352 ! 0 - - 545352545352515254
(15) L 1T 0 (O

0 0 0 -1]

M -1 0 o0
10 -2,3,-4,-2 545352545152545352 ! - - ! 535254535251525453
(12) T 0o 0 -1 0

0 -1 0 1

o o -1 1
1 3,-1,-3,-1 545352545352515253 - 0 -l 1 535254535152545352
€3) T 0 0o -1 0

L0 -1 0 1]

o 1 -1 -1
12 2,-3,-2,2 535254535251525453 - ! - - 545352545152545352
(10) T 0O 0 -1 0

-1 1 -1 0]

o 1 -1 -1
13 2,-3,2,-2 545254535251525453 -l ! - - 545352535152545352
(7) Lo -1 1 0 -1

0O 0 0 -1
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(2023) 2023:15

Table 21 Weyl group Da, level 9, elements 14-15

NP Weight Element Matrix Inverse

o 1 -1 -1
14 1,1,-3,-3 $45352545351525453 o -1 - 545352545351525453
(14) A 0O 0 -1 O

0 0 0 -

o o 1 -
1> 3,-1,-1,-3 545352545352515254 oo T $45254535152545352
9) Y 0o -1 1 0

0 0 0 -
Table 22 Weyl group Dy, level 10, elements 0-8
N° Weight Element Matrix Inverse

-1 0 0 O
0 -1,-3,1,1 $2545352515254535251 0 -l 0 0 52545352515254535251
(0) L o -1 1 0

L0 -1 0 1

-1 0 0 0]
! -3,2,-1,-3 54535253515254535251 - 0 “ - 54525453515254535251
(3) Y 0o -1 1 0

0 0 0 -1

-1 0 0 0]
2 -2,-1,-2,2 53525453515254535251 - ! - - 54535254515254535251
(4) T 0 0 -1 0

-1 1 -1 0]

-1 0 0 0]
3 -1 1 =1 4
(1) -2,-1,2,-2 54525453515254535251 71 1 0 9 54535253515254535251

L0 0 0 -1]

-1 0 0 0]
4 -3,2,-3,-1 54535254515254535251 - 0 -l ! 53525453515254535251
) B 0 0o -1 0

L0 -1 0 1]

R 0 0]
> 1,-3,-1,1 53525453525152545352 0 - 0 0 53525453525152545352
(5) T 0O 0 -1 0

0 -1 0 1]

M -1 0 07
6 1,-3,1,-1] 54525453525152545352 0 -l 0 0 54525453525152545352
(©) o o -1t 1 0

0 0 0 -1]

M -1 0 07
/ -1,2,-3,-3 54535254535152545352 ! 0 - - 54535254535251525453
€3) T o 0 -1 0

0 0 0 -1]

o 1 -1 -1
8 2,-1,-2,-2 54535254535251525453 - ! - - 54535254535152545352
(7) L 0O 0 -1 0

L0 0 0 -1]
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Table 23 Weyl group Da, level 11, elements 0-3

NP Weight Element Matrix Inverse
-1 0 0 0]
0 -1,-2,-1,1 5352545352515254535251 0 -1 00 5352545352515254535251
0) T 0 o -1 0
LO -1 0 1]
-1 0 0 07
! -1,-2,1,-1 5452545352515254535251 0 - 0 0 5452545352515254535251
M e o -1 1 0
LO 0 0 -1]
-1 0 0 0]
2 -2,1,-2,-2 5453525453515254535251 - ! - - 5453525453515254535251
(2) T 0o 0 -1 0
L0 0 0 -1
M - 0 0]
3 1,-2,-1,-1 545352545352515254535) 0 - 0 0 5453525453525152545352
(3) L 0o 0 - 0
10 O 0 -1
Table 24 Weyl group Dq, level 12, one element
N° Weight Element Matrix Inverse
-1 0 0 0
0 -1,-1,-1,-1 $45352545352515254535251 0 I 0 0 itself
0) o 0 0 -1 0
0 0 0 -1
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6 Thirteen conjugacy classes of W(D,)
See Tables 25-37.

Table 25 Weyl group D4, conjugacy class 0, order 1

N°inCCL  Element  Level  N°in Level

1 e 0 1

Table 26 Weyl group Da, conjugacy class 1, order 2

N°inCCL  Element Level  Nin Level
1 51 1 1
2 52 1 2
3 53 1 3
4 S4 1 4
5 525152 3 6
6 $35253 3 11
7 545254 3 16
8 53525152583 5 15
9 5453525453 5 23
10 5452515254 5 25
11 54535251525453 7 18
12 525453525152545352 9 7

Table 27 Weyl group Da, conjugacy class 2, order 3

N°inCCL  Element Level  Nin Level
1 5257 2 0
2 5152 2 3
3 5352 2 4
4 5452 2 5
5 5253 2 6
6 5254 2 8
7 53525357 4 1
8 54525451 4 5
9 53525152 4 6
10 54525152 4 7
11 52515253 4 12
12 53515253 4 13
13 54535753 4 15
14 53525453 4 17
15 54525453 4 18
16 52515254 4 19
17 54515254 4 21
18 54535254 4 22
19 545352545351 6 3
20 545352515253 6 13
21 535251525453 6 19
22 545251525453 6 20
23 545351525453 6 22
24 545352515254 6 24
25 5453525453525152 8 5
26 545352515254535) 8 6
27 535253515254535)2 8 7
28 5254535152545352 8 9
29 545254515254535)2 8 11
30 5452545352515253 8 13
31 5254535251525453 8 15
32 5352545352515254 8 20
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Table 28 Weyl group D4, conjugacy class 3, order 2

N° in CCLElement LevelN° in Level
1 5351 2 1
2 52535152 4 8
3 535253515253 6 14
4 545253515254 6 26
5 5453525351525453 8 16
6 5452545352515254535210 6
Table 29 Weyl group D4, conjugacy class 4, order 2
N°inCCL  Element Level  NCin Level
1 5451 2 2
2 52545152 4 10
3 545254515254 6 29
4 535254515253 6 17
5 5453525451525453 8 19
6 53525453525152545352 10 5
Table 30 Weyl group D4, conjugacy class 5, order 2
N°inCCL  Element Level  N°inLevel
1 5453 2 7
2 52545352 4 11
3 515254535251 6 0
4 545352545352 6 12
5 5453515254535251 8 3
6 52545352515254535251 10 0
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(2023) 2023:15

Table 31 Weyl group D4, conjugacy class 6, order 4

N°inCCL  Element Level  N°inLevel
1 535251 3 0
2 525357 3 2
3 535152 3 6
4 515253 3 9
5 5452545351 5 3
6 5453525451 5 4
7 5352535152 5 6
8 5452535152 5 7
9 52535152583 5 16
10 5451525453 5 21
11 5253515254 5 25
12 5453515254 5 26
13 $3525453525152 7 4
14 5352515545352 7 7
15 $2545152545352 7 11
16 5254535515253 7 12
17 54535253515253 7 13
18 53525351525453 7 18
19 5455351525453 7 19
20 54535253515254 7 24
21 545352535152545352 9 7
22 54525453515254535) 9 9
23 545254535251525453 9 13
24 545352545352515254 9 15
Table 32 Weyl group D4, conjugacy class 7, order 4

N°inCCL  Element Level  N°%inLevel
1 545251 3 1
2 525451 3 4
3 545152 3 7
4 515254 3 13
5 5453525357 5 1
6 5352545351 5 2
7 5352545152 5 9
8 5452545152 5 10
9 5453515253 5 17
10 5254515253 5 18
11 5351525453 5 20
12 5254515254 5 27
13 54525453525152 7 5
14 $4525152545352 7 8
15 5253515545352 7 9
16 5453525451553 7 16
17 53525451525453 7 21
18 $4525451525453 7 22
19 52545352515254 7 23
20 5453554515254 7 27
21 53525453515254535) 9 8
22 545352545152545352 9 10
23 545352545352515253 9 11
24 535254535251525453 9 12
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(2023) 2023:15

Table 33 Weyl group D4, conjugacy class 8, order 2

Page 31 of 45

N°inCCL  Element Level  N?inLevel
1 545351 3 3
2 5254535152 5 8
3 5$2515254535251 7 0
4 $3525453515253 7 14
5 54525453515254 7 26
6 545253515254535251 9 2
7 535254515254535251 9 4
8 $45352545351525453 9 14
9 535254535251525453525 11 0
10 $452545352515254535251 11 1
11 5453525453515254535251 11 2
12 5453525453525152545352 11 3
Table 34 Weyl group Da, conjugacy class 9, order 4

N°inCCL  Element Level  N°inLevel

1 545352 3 8

2 545253 3 11

3 525453 3 12

4 535254 3 14

5 52545352571 5 0

6 5453525152 5 5

7 5152545352 5 11

8 5352545352 5 12

9 5452545352 5 13

10 5452515253 5 15

11 5251525453 5 19

12 5352515254 5 23

13 $3515254535251 7 1

14 54515254535251 7 2

15 5453525453525 7 3

16 54535254535152 7 6

17 54535152545352 7 10

18 54525453515253 7 15

19 52545351525453 7 20

20 53525453515254 7 25

21 $45352515254535251 9 0

22 535253515254535257 9 1

23 525453515254535251 9 3

24 545254515254535251 9 5
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Table 35 Weyl group Da, conjugacy class 10, order 6

N°inCCL  Element Level  N°inLevel
1 54535251 4 0
2 54525351 4 2
3 52545357 4 3
4 53525451 4 4
5 5453515 4 9
6 54515253 4 14
7 51525453 4 16
8 53515254 4 20
9 525453525152 6 4
10 535254535152 6 6
11 545254535152 6 7
12 525152545352 6 9
13 575453515253 6 16
14 525453515254 6 27
15 5352515254535251 8 0
16 5452515254535251 8 1
17 5253515254535251 8 2
18 5254515254535251 8 4
19 5452535152545352 8 8
20 5352545152545352 8 10
21 5352545352515253 8 12
22 5453525453515253 8 14
23 5352545351525453 8 17
24 5452545351525453 8 18
25 5452545352515254 8 21
26 5453525453515254 8 22
27 54535253515254535251 10 1
28 53525453515254535251 10 2
29 54525453515254535251 10 3
30 54535254515254535251 10 4
31 54535254535152545352 10 7
32 54535254535251525453 10 8
Table 36 Weyl group D4, conjugacy class 11, order 4

N°inCCL  Element Level  Nin Level

1 535254535251 6 1

2 545254535751 6 2

3 545352535152 6 5

4 545352545152 6 8

5 535152545352 6 10

6 54515254535y 6 11

7 545253515253 6 15

8 545254515253 6 18

9 525351525453 6 21

10 525451525453 6 23

1 535253515254 6 25

12 535254515254 6 28

Table 37 Weyl group D4, conjugacy class 12, order 2
N°inCCL  Element Level  N?inLevel
1 545352545352515254535251 12 0
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Appendix A: Some properties of weights
This section lists some properties of finite Weyl groups, weights related to Lie algebras

and Weyl groups, as well as some other concepts related to weights.

A.1 Fundamental Weyl chamber

Let @ be a root system, W be the Weyl group associated to @, A be the set of the simple
roots, @* (resp. @) be the set of positive (resp. negative) roots, A = {a3,...,}, and &€
be the linear space spanned by roots of A. For any root « € @, let H, be the hyperplane

{x € £ | (¢, x) = 0}. There is the finite number of the connected components of

£-|JH..

aed

These components are called the open Weyl chambers. There is the unique chamber C
such that for any & € C, the following inequality holds:

(&,a,)>0 foralla; € A, (A.1)

where (-, ) is the Cartan—Killing bilinear form. The unique Weyl chamber C is called the
fundamental Weyl chamber.?
Equation (A.1) is equivalent to each of the following two statements:

(£,0)>0 foralla € @,
(A.2)
(£,a)<0 foralla e @.

Theorem A.1 ([2, ch. VI, §1, n°5, Th. 2])
(i) The Weyl group acts simply-transitively on the Weyl chambers. Thus, the order of the
Weyl group is equal to the number of Weyl chambers.
(i) Each & € € is conjugate to a unique point in the closure C of the fundamental Weyl

chamber (i.e. C is a fundamental domain for W).

The word “conjugate” means “in the same Weyl group orbit”.

A.2 Dominant weights

For any vectors «, 8 € @, let us define (@, B) as follows:

2(a, B)
B:B)

(o, B) := (A.3)

For the simply-laced Dynkin diagrams, if 8 is a root, then (o, 8) = (@, B). A weight (resp.

dominant weight) is an element A € £ such that

(Ma)eZ (resp. (M a)eZand (A, a) > 0) foralla € A. (A.4)

3The fundamental domains of usual and affine Weyl groups (Weyl chambers) were first described by E. Cartan in 1927,
[4], see [1, p.62].
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The set of weights A forms a subgroup of £ containing the root system @, i.e. @ C
A C &£. The concept of a dominant weight was introduced by Cartan in [3], however his
definition was differ from the definition (A.4), see [6, p. 311].

A.2.1 Partial ordering on the set of weights

Consider two weights p and L. We say that p is higher than X, and we write u > A if u — A
is expressible as a linear combination of positive roots with non-negative real coefficients.
This order is only partial.

Proposition A.2 ([2, ch. VL, §1, n°6, Prop. 18]) The weight A is dominant if and only if
A>wA foranywe W. (A.5)

The set of dominant vectors is denoted by A*. We have

AT=ANC. (A.6)
Proposition A.3 Any weight is conjugate to unique dominant weight.
For details, see [2, Ch. VI, §1, n°10].

A.2.2 Fundamental dominant weights
The weights @; satisfying the following relations

(C?)i,Oll‘> = 8[]‘, where l,] e{1,..., l} (A7)

are called fundamental dominant weights. Any weight A € £ can be written as an inte-
gral linear combination of the vectors {@;, ..., »;}. The basis of the fundamental dominant
weights is dual to the basis of simple roots on £ relative to the bilinear form Cartan—
Killing.

A.3 The action of the Weyl group on the the weights
A.3.3 Length l(w)
Each element w in the Weyl group W is the product of reflections s;, where

si(x) =% — (%, ;) ;. (A.8)
The minimal number of simple reflections s; in the decomposition
w= Sil LR Sin

is called the length of the element w and is denoted by /(w).

Proposition A.4 ([7, p. 1.7, Corollary]) The length of w is equal to the number of positive
roots, which are transformed to negative roots under w.

The reflection s; transforms «; to —«; and permutes the other positive roots, then by
Proposition A.4, we have the following
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Theorem A.5 ([7, p. 1.6, Lemmal])

Iw)+1, ifw o) e @,
I(s;w) =
Iw)-1, ifwHa)ed.
A.3.4 The element of the maximal length
Proposition A.6 ([2, ch. VI, §1, n°6, Corollary 3]) There exists the unique element wy of
the maximal length in the Weyl group W. Length I(wy) is equal to the number of positive
roots.

A.3.5 The action s; on a weight

Let us expand an arbitrary vector A € £ in the basis consisting of all fundamental dominant

weights {®1,..., o}

A= Zmid)i. (A9)

Here, (m;,...,m;) are the coordinates of the weight A in the basis {®1, ..., o;}. By (A.7) we

have m; = (A, a;) for any j € {1,...,1}. If A is one of roots, i.e., A = aj, then

!
Q= Zc,-jcbi, (AIO)
i=1
where ¢;; = (o, @j). Let ¢; = (cj1, ..., ¢y) be the ith row of the Cartan matrix ({c;, “/))f,jzr The
vector ¢; is the root «; in the basis of fundamental weights. Then
si(A) = A — (Lo = A —my(c, ... ci), e,
(A.11)

si(A) = (my —micq, ..., my — micip).
Equation (A.11) is the main formula of Snow’s algorithm.

A.3.6 Dual bases and the Cartan matrix

The Cartan matrix B = {c;} relates dual bases {®} = {®;};-1,..,; and {o} = {0;}i-1,..; as follows:

&;=Bta; fori=1,...,l (A.12)

see (A.7), (A.10). In other words, B is the transition matrix from the basis of the funda-
mental weights {®} to the basis of the simple roots {«}.
Let s be a reflection in the basis {«}. Since elements of the Weyl group preserve the

Cartan—Killing bilinear form, for any vectors u,v € £, we have

(su,v) = (u,sv), 1ie,
(A.13)
(Bsu,v) = (Bu,sv) = (*sBu,v),
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where ’s is the transposed matrix for the reflection matrix s. Then,
Bs='sB, or BsBl=lfs (A.14)

Here, BsB™! is the reflection s in the basis of {®}, we get the following

Proposition A.7 If s is the reflection matrix in the basis {«}, the transposed matrix ‘s is

the reflection matrix s in the basis of the fundamental weights {®}.

Let s(3) (resp. siz) be the representation of the matrix s in the basis {®} (resp. {&}). By
Proposition A.7, the action of any reflection s on the column vector v in the basis {®} is as
follows:

M@y = SaViay = s@viay = ' (rsi@y)s (A.15)

where ¥ = 'vig, is the row vector in the basis {@}. On the left of (A.15), we have the column

vector. Transpose this vector as follows:
t(S(V){,;,}) = \_/S{&] = tV{@]S{a], (A16)

where the vector on the left and the vector v are row vectors. This means that instead of
using the column vector vz and the reflection in the basis {®}, we can use the row vector
‘v and the reflection in the basis {«}.

Equation (A.16) is another form of Eq. (A.11), which is the main formula of Snow’s al-
gorithm.

A.4 Representation and weight space
Let g be a Lie algebra over C, and § be a Cartan subalgebra of g (a maximal abelian sub-
algebra). The roots are defined as the nonzero eigenvalues of b acting on g via the adjoint

representation:
a:h— C, [hx] =a(h)x forallkheb, (A.17)

where x € g is a corresponding eigenvector. The roots are considered as linear functionals
on b, they span a real space E in the dual space b*.
Let V be a representation of g over C (not necessarily adjoint). A weight X of the repre-

sentation V with the weight space of V;_ is a linear functional on ) given as follows:
V, = {xe Voh-x=Ah)xforall h e h} (A.18)

A.5 Theorem of highest weight

Let g be a finite-dimensional semisimple complex Lie algebra. A weight A of a representa-

tion V of g is called a highest weight if i < A for every other weight u of V, see Sect. A.2.1.
In 1913 the theorem of highest weight for representations of simple Lie algebras was

completed by E. Cartan.
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Theorem A.8 (E. Cartan, [3])
(i) IfV is a finite-dimensional irreducible representation of g, then V' has a unique
highest weight, and this highest weight is dominant integral.
(ii) If two finite-dimensional irreducible representations have the same highest weight,
they are isomorphic.
(ili) For each dominant integral weight A, there exists a finite-dimensional irreducible

representation with highest weight A.

A.6 Fundamental weights in the case D,
The dependencies of simple roots {o, 0w, 3,4} and elements of the canonical basis

{e1, ez, 3,4} are as follows:

o1 =€ —éy, o =€ —é3, o3 = €3 — €y, g = €3 t €4,
o3 + 0y o3 + 0y
er =01 +ay+ ) e =0y + ) (A.19)
2 2
o3 + 0y Oy — Oy
e3 = ) €4 = .
2 2

By [2, Table 1V], the fundamental weights {1, @,, @3, w4} can be calculated by the fol-
lowing formulas:
O3 + 0y

(I)l=€1=0ll+012+ ) ,

Wy =e1 +ey=a;+ 20+ 03+ oy,
o ) (A.20)
@3 = 5(61 teyte3—ey)= E(al + 209 + 203 + Qla),

-1 1
Wy = 5(61 +ey+estey)= 5(611 + 20 + a3 + 2014).

Let B denote the Cartan matrix. Then formulas (A.20) can also be obtained using the

inverse of Cartan matrix B! as follows:
LZ)Z' = B_lO{i, (A21)

see [2, Ch. VI, (14)]. For the case Dy:

2 -1 0 0 1 1 1/2 1/2
-1 =2 -1 -1 1 2 1 1
B= , Bl= (A.22)
0 -1 2 0 172 1 1 1/2
0 -1 0 2 172 1 1/2 1

Appendix B: The Python implementation
B.7 Root system, generators and number of levels
The file below (reflections_D4.py) contains information related to the current root system:

reflections, the Cartan matrix and number of levels. You can change to a different root
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system only by modifying this file. The root system is given as string “D4’, “B5’, “E6’, etc.
The generators of the Weyl group are given as the matrices of the faithful representation.
The number of levels is equal to the number of positive roots plus one, see Proposition
(A.4).

19 11

reflections_D4.py

root_system = ’'D4’

sl = [[-1, 1, O, O],
[ o6, 1, 0, 0],
[o, 0, 1, 0],
[o, 0, 0, 111

s2 = [[1, &, 0, 0],
[1,—1, 1, 11,
[o, 0, 1, 01,
[0, 0, 0, 1]]

s3 = [[1, 0, 0, 0],
[6, 1, 0, 0],
[e, 1,—1, 01,
[0, 0, 0, 111

s4 = [[1, 0, 0, 0],
[e, 1, 0, 01,
[o, 0, 1, 01,
[e, 1, 0,—11]1

refl = []

refl.append(sl)

refl.append(s2)

refl.append(s3)

refl.append(s4)

’’’ Cartan matrix '’

Cmatr = \

[t 2,—1, o, 01,

[—1, 2,—1,—1],

[ 0,—-1, 2, 0],

[0,—1,0, 2]]

’?? Number of levels = number of positive roots + 1’’’

Nlevels = 13

B.8 Data structure
The class Element contains all the information related to the given element (and its in-

verse) of the Weyl group. Consider, for example, the first element in Table (13)

818284838281 (B.l)
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The name of the element (B.1) in the class is the following string:

s1.52.54.53.52.s1.

(B.2)

The information added during the extended Snow’s algorithm is the name of the inverse

element, its matrix, and its location in “level”. This information is needed to calculate con-

jugacy classes.

19

element.py

1

import numpy as np

def isIdentity(M):

for

i in range(len(M)):

for j in range(len(M[0])):
if i == j and M[i]l[j] !=

return False

elif il!=j and M[i][j] !=

return False

return True

class Element (object):

def

def

def

__init__¢( , W, name,
.weight =w
.name = name
.name_inv = name_inv
.matr =m
.matr_inv = m_inv
.n_in_1vl = n_in_1vl

.n_inv_in_1lvl = —1

keyValAndKeyInv ( ):

key = ’'’.join(str(i) for row in
key_inv = ’’.join(str(i) for row in
val = str( .n_in_1vl)

return key, key_inv, val
ifSelfInverseMatr ( ):

prod = np.matmul ( .matr,

return isIdentity(prod)

name_inv, m, m_inv,

"’we don’t know yet the location of inverse element in "level"

1

0:

n_in_1lvl):

.matr for i in row)

.matr_inv for i in row)

.matr)

B.9 Calculation of all levels

This section contains the main implementation file of the extended Snow’s algorithm, in-

cluding the search for inverse elements. To move to another root system, you need to

change the inclusion from reflections_D4 to the appropriate one, see Sect. B.7.
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1y )

"algor_Snow_InvElem.py
import numpy as np
from reflections_D4 import root_system, refl, Cmatr, Nlevels

from element import Element

def buildLevel_0 (oneLevel):
start_weight = np.ones(len_weight, dtype=int).tolist()
unit_matr = np.eye(len_weight, dtype=int).tolist()
elm = Element(w=start_weight, name=’ ’, name_inv = ~ ’, \
m=unit_matr, m_inv=unit_matr, n_in_1lvl = @)

elm.n_inv_in_1lvl = 0

onelLevel.append(elm)

def newPossibleWeight (numbRefl, weight, mi):
new_possible_weight = []

for jW in range(len_weight):

1 1y

The main formula of Snow’s algoritm
new_coord = weight[jW] — mi*kCmatr[jW][numbRefl]
new_possible_weight.append(new_coord)

return new_possible_weight

def newElem(iRefl, new_weight, name, name_inv, matr, matr_inv, new_n_in_lvl):

1 19

new_n_in_1lvl = the following place in the onelevel, i.e. = len(one_level)

iW = iRefl — 1

if (name == ' ’):
new_name_inv = new_name = str(’s’) + str(iRefl)
new_matr_inv = new_matr = refl[iW]

else:
new_name = str(’s’) + str(iRefl) + str(’.’) + name

new_name_inv = name_inv + str(’.s’) + str(iRefl)
new_matr = np.matmul (refl[iW], matr)

new_matr_inv = np.matmul (matr_inv, refl[iW])

new_elem = \
Element (new_weight, new_name, new_name_inv, new_matr, new_matr_inv, new_n_in_1vl)

return new_elem

def findAllLevels_to_LvlK(root_system, list_of_all_levels, 1lvlK):

len_by_all_levels = 0

for ik in range(lvlk):
’’? Get Lvl(k) and create Lvl(k+1) '’
onelLevel = list_of_all_levels[ik]
new_level = []

dictElemsOfLevel = {}
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len_by_all_levels = len_by_all_levels + len(onelevel)

for iElem in range(len(onelevel)):
elem = oneLevel[iElem]
’’? get elements of 1lvl = ik to construct the 1lvl = (ik+1) ’’’
weight = elem.weight
*’7 iRefl is the numb of reflection ’’’
for iW in range(len_weight):
iRefl = iW + 1
if weight[iW] > O:
mi = weight[iW]

new_candidate_weight = newPossibleWeight (iW, weight, mi)

19 I

should be unique weight

uniqueFlag = True

if (iW == len_weight — 1):
uniqueFlag = True

else:

for iUniq in range(iW+1, len_weight):
if new_candidate_weight[iUniq] < 0:

uniqueFlag = False

break

if uniqueFlag is True:

This the element of order 2
new_n_in_lvl = len(new_level)
new_elm = newElem(iRefl, new_candidate_weight, \
elem.name, elem.name_inv, \

elem.matr, elem.matr_inv, new_n_in_1lvl)

if new_elm.ifSelfInverseMatr():
new_elm.n_inv_in_lvl = new_elm.n_in_1lvl
’’’ no need to save this elem in dictionary’’’

new_level.append(new_elm)

else:

key, key_inv, val = new_elm.keyValAndKeyInv()

if key in dictElemsOfLevel.keys():

19

the partner (inverse) already waits for this key’’’

19 19

relate ’'new_elem_inv’ and ’new_elm’
val = dictElemsOfLevel [key]

n_in_lvl = int(val)

new_elem_inv = new_level[n_in_1vl]
new_elem_inv.n_inv_in_lvl = new_elm.n_in_lvl
new_elm.n_inv_in_lvl = new_elem_inv.n_in_1lvl

new_level.append(new_elm)
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else:

new_elm.n_in_lvl = len(new_level)

’?’ inform the partner(inv) about location of new element’’’
val = str(new_elm.n_in_1vl)

dictElemsOfLevel [key_inv] = val

new_level.append(new_elm)

list_of_all_levels.append(new_level)
77 write down new_level on a disk '’

writeOneLevel (ik+1, new_level, prefix)

’?? single level recoding procedure. Parameters are as follows:
ik — number of level, oneLevel — one level from list_of_all_levels,

prefix — string root_system, like "D4", "B5", "E6", etc.

def writeOneLevel (ik, oneLevel, prefix):
n_elems = len(onelevel)

if n_elems == 0:

return

file_name = prefix + ’'_WeightMatrByLevel_ ' + str(ik) +\
"_elems=" + str(n_elems) + ’.txt’

path_to_file = prefix + ’_DataFiles\\’ + file_name
print("write file: ’, path_to_file)
with open(path_to_file, ’'w’) as f:

’?7in weight the last comma already there 7’
for iElem in range(len(onelevel)):

elem = oneLevel[iElem]

wStr = weightToStr(elem.weight)

lineElem = 'n="+ str(elem.n_in_1lvl) +\

’, name=’' + elem.name +\

)

, w=" + wStr +\
’, n_inv=" + str(elem.n_inv_in_1lvl)
f.write(lineElem)
for r in elem.matr:

line = list(r)

f.write(’\n’)

f.write(str(line))
f.write(’\n’)

f.close()

if __name__ == "__main__":
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list_of_all_levels = []
len_weight = len(Cmatr)

onelLevel = []

1 Step 077
buildLevel_0 (onelLevel)
writeOneLevel (§, onelLevel, root_system)

list_of_all_levels.append(onelLevel)

19y 11y

Here, function writeOnelLevel is called for each level

findAllLevels_to_LvlK(root_system, list_of_all_levels, lvlK=Nlevels)

B.10 Sample output: file containing one level
For the root system D,, we get 13 files corresponding to 13 levels. Here is the file containing

level 2 consisting of 9 elements.

n=0, name=s2.sl, w=1,—2,3,3, n_inv=3

n=1, name=s3.sl, w=—1,3,—1,1, n_inv=1

n=2, name=s4.sl, w=—1,3,1,—1, n_inv=2

n=3, name=sl.s2, w=—2,1,2,2, n_inv=0

n=4, name=s3.s2, w=2,1,—2,2, n_inv=6

n=5, name=s4.s2, w=2,1,2,—2, n_inv=8
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n=6, name=s2.s3, w=3,—2,1,3, n_inv=4
[1, 0, 0, 0]

[1, 0, —1, 1]

[e, 1, —1, 0]

[0, 0, 0, 1]

n=7, name=s4.s3, w=1,3,—1,—1, n_inv=7
[1, 0, 0, 0]

[6, 1, 0, 0]

[e, 1, —1, 0]

[e, 1, 0, —1]

n=8, name=s2.s4, w=3,—2,3,1, n_inv=5
[1, 0, 0, O]

[1, 0, 1, —1]

[0, 0, 1, O]

[6, 1, 6, —1]

Appendix C: Procedure for obtaining CCLs

This section describes an example algorithm (using pseudocode) for obtaining CCLs. This

algorithm uses information about the inverse elements found by ESA.

First, read all elements of all levels into 2-dimensional list ‘list_of levels. Add to each

element information about its inverse element.

Further, create a dictionary ‘dictAllElems’ containing information on each element. The

Python dictionary used here is similar to the dictionary in ESA, see Sect. 3.2.

I

def

def

1o

create ’'dictAllElems’ with ’key’ and ’value’ for each element
consructKey(level, matrl):

key = ’’.join(str(i) for row in matr for i in row)

return key

consructValue(level, elem):

value = str(level) + ’',’ + str(elem.n_in_1vl)

return value

If some element is not yet included in any CCL (“elem.ccl” is —1), then a new conjugacy

class “oneCCL” is created. Each candidate to be included in “oneCCL” is checked to see if it

has been included before. The function “createCCL” is executed in a loop for all elements

not yet covered.

def

createCCL(list_of_levels, dictAllElems, elem, oneCCL, ccl_number):
setOneCCL = set()

oneCCL.append(elem)

setOneCCL.add (consructKey (elem.matr))

for ik in range(l, Nlevels):
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onelLevel = list_of_levels[ik]

for iElem in range(len(onelLevel)):
an_elem = onelLevel[iElem]
matr_inv_an_elem = onelevel[an_elem.n_inv_in_1lvl].matr
matr_prom = np.matmul (an_elem.matr, elem.matr)
conj_matr = np.matmul (matr_prom, matr_inv_an_elem)
key = consructKey(conj_matr)

if key not in setOneCCL:

level, n_in_lvl = getFromValue(dictAllElems [key])
conj_elem = list_of_levels[level][n_in_1vl]
conj_elem.ccl = ccl_number

oneCCL.append(conj_elem)

setOneCCL. add (key)
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