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1 Introduction and preliminaries

One of the branch of functional analysis is fixed-point theory. Fixed-point theory plays
a key role to find solutions of mathematical and engineering problems. The fixed-point
results for multivalued mappings generalizes the results for single-valued mappings. Ap-
plications of the results for multivalued mappings can be seen in Nash equilibria, engi-
neering, and game theory [6, 9, 10, 20, 27, 28, 30]. With the help of multivalued mapping,
many results have been proved, for example, see [7, 19, 25, 26, 29, 36—-38].

A solution for matrix equations was obtained by a fixed-point result in an ordered met-
ric space that had been proved by Ran and Reurings [24]. In a complete ordered metric
space, Altun et al. [3] proved a common fixed point for the mappings satisfying a new re-
striction of order. For more results in ordered spaces, see [1, 4, 5, 8, 15, 41]. The idea of
fuzzy sets was given by Lotfi Zadeh for the first time in 1965 [43]. This concept has been
extended in fuzzy functional analysis, fuzzy topology, fuzzy control theory, and decision
making, see [18, 22, 23, 31]. One of the significant developments of fuzzy sets in fuzzy
functional analysis is fuzzy quasimetric spaces, see [11, 13, 14, 32]. The symmetric con-
dition was not assumed in the fuzzy quasimetric spaces. Arshad et al. [5] observed that
there were mappings that had fixed points but there were no results to ensure the exis-
tence of a fixed point of such mappings. They introduced a contraction on a closed ball to
achieve common fixed points for such mappings. For further results on a closed ball, see
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[33-37, 40]. Hitzler et al. [16] established a dislocated metric space and obtained some
results, see also [17]. Recently, Poovaragavan et al. [21] introduced the concept of right
complete dislocated quasi-G-fuzzy metric spaces and gave some results on a closed ball
in these spaces. In this paper, we have introduced the concept of ordered dislocated fuzzy
quasimetric spaces and dislocated Hausdorff fuzzy quasimetric spaces. We have used a
new type of contraction on an intersection of an open ball and a sequence to obtain the
common fixed point of multivalued mappings in left(right) K-sequentially complete dis-
located fuzzy quasimetric spaces. Our results have extended the results of Altun et al. [3]
and Shoaib et al. [39] in many ways. The idea of this manuscript is motived by [39], where
an ordered left K-sequentially complete dislocated quasimetric space is replaced by a left
K-sequentially complete ordered dislocated fuzzy quasimetric space. Theorem 2.1 is anal-
ogous to Theorem 2.2 in [39]. We give the following definitions and results that will be
helpful to understand the paper.

Definition 1.1 ([12]) A binary operation ® : [0,1] x [0,1] — [0, 1] is a continuous tri-
angular norm (¢-norm) if the following axioms hold: T1) a®b=b®aanda ® (b ® c) =
(a®b)®c; T2)®iscontinuous; T3)a®1=1foralla € [0,1]; T4) a® b < ¢ ®d whenever
a<candb<dforalla,b,c,de[0,1].

Definition 1.2 ([42]) Let W be the class of all mappings w : [0,1] — [0,1] such that 1) u
is continuous and nondecreasing; 2) u(¢) > ¢ for all £ € (0, 1).

Lemma 1.3 ([42]) Ifu €V, then 1) n(1) = 1; 2) limg_, oo uX(¢) = 1 for all t € (0, 1).

Definition 1.4 ([3]) Let ) be a nonempty set. Then, < is a partial order on J if: (i) x < x
for all x € Y; (ii) x < y and y < x implies x = y for all (x,y) € YV x V; (ili) » <yandy <z
implies x < z for all (x,y,2) € Y x Y x V.Let A #¢ and A C ). Then, x < A iff x < a, for
alac Aand x > A iff x > a, for all a € A.

Definition 1.5 ([2]) Let Y # ¢ be an arbitrary set, ® a continuous £-norm, and F, a fuzzy
seton )Y x Y x [0,00). The 3-tuple (), qu, ®) is said to be a dislocated fuzzy quasimetric
space, if ]—'dq satisfies the following constraints for each x,y,z € X and u, ¢ > 0:

F1) I Fy, (6,3, u) = Fu, (9, x,u) = 1, then x = y;

F2) Fu,(x,5,u) ® Fa,(0,2,8) < Fa,(%,2,u +5).

Forx, € Y, u >0, Br, (x,1,u) ={y € ¥V : Fu,(x0,5,u) > 1 =1 A Fy,(y,%6,u) > 1 —r} and
B]:dq(xo, rnu)={yely: qu(xo,y, u)>1 —r/\qu(y,xo, u) > 1-r} are open and closed balls,
respectively, in (), Fg,, ®).

Example 1.6 Let ) = [0,00). Then, qu (x,y,u) = #ﬂy is a dislocated fuzzy quasimetric
with @ ® b = min{a, b}. Note that (), F4,, ®) is neither a dislocated fuzzy metric space nor

a fuzzy quasimetric space.

Definition 1.7 Let X be a nonempty set. Then, (X, <, Fg,) is called an ordered dislocated
fuzzy quasimetric space if: (i) Fy, is a dislocated fuzzy quasimetric on X and (ii) < is a
partial order on X.

Definition 1.8 Let (Y, F,,, ®) be a dislocated fuzzy quasimetric space. A sequence {xy}
in (¥, F4,, ®) is said to be
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1) dislocated fuzzy quasiconvergent to a point x € Y, if limg o0 Fy, (%, %,u) = 1 =
limy 00 Fa, (%, %k, 1) for all u > 0 or for any & > 0, there exists k, € N, such that forall k > k.,
Fa,(xr, %, u) < & and Fy, (x, %k, u) < €. In this case x is called a limit of {x;}.

2) a left (right) K-Cauchy sequence if for k, m € with k > m, limy,— 0o Fa, %k, %m, 1) = 1
(limy 1 00 Fat, (%, %k, u) = 1) for all u > 0 or for any & > 0, there exists k, € N, such that for
all k,m € with k > m > ko, Fa, (i, %m, 1) < & (Fu, (%, %, u) < €) for all u > 0.

3) (V, Fa,, ®) is called left (right) K-sequentially complete if every left (right) K-Cauchy
sequence in ) converges to a point x € ).

Definition 1.9 Let (Y, F,,,®) be a dislocated fuzzy quasimetric space. Then, for each
ac),BC)Y, and u > 0, define ]—"dq (a,B,u) = sup{]-"dq(a, b,u) : b € B} and qu(B, a,u) =
sup{Fy, (b,a,u):b € B}.

For a given fuzzy metric space (Y, F4,, ®), Ko()) will represent the set of nonempty
compact subsets of (), 7r), where (), Tx) is a metrizable topological space, generated by
a fuzzy metric space (Y, F, ®).

Lemma 1.10 Let (Y, Fy,, ®) be a dislocated fuzzy quasimetric space. Then, for eacha € ),
B e Ko(Y) and u > 0, there is by € B such that Fy,(a, B,u) = Fa,(a, bo, u) and F,, (B, a,u) =
Faybo,a ).

Lemma 1.11 Let (Y, F4,,®) be a dislocated fuzzy quasimetric space. Then, for each
A € Ko(Y) and for any nonempty subset B of Y and u > 0, there exists ap € A such that
infeq Fu,(a, B, u) = Fa,(ao, B,u) and infueq Fu, (B, a,u) = Fu,(B, ao, u).

Definition 1.12 Let (Y, ,,, ®) be a dislocated fuzzy quasimetric space. We define a func-
tion Hy, on Ko(Y) x Ko(Y) x (0,00) by

Hy (A, B, u) = min{ inf F,; (a,B,u), inf Fy, (A, b, u)}.
q acA 4 beB 1

(Ko(Y), Hya,, ®) is known as a dislocated Hausdorff fuzzy quasimetric space on Ko(J).

Lemma 1.13 Let (), F4,, ®) be a dislocated fuzzy quasimetric space and (Ko(Y), Ha,, ®)
be a Hausdor(f metric space on Ko()). Then, for arbitrary A, B € Ko()) and for each a € A,
there exists b, € B such that Ha,(A,B,u) < Fy,(a,bsu) and Hy, (B,A,u) < Fu,(bs, a,u),
where F4,(a,B,u) = Fy,(a, by, u) and Fyu,(B,a,u) = F4,(bs, a, u).

2 Main result

Let (), ]-'dq,®) be a dislocated fuzzy quasimetric space, ¢, € Y and 7 : Y — K,())) be
a multivalued mapping on ). As T¢, is a compact set, there exists e; € T¢, such that
Fa (2o, Teo,ut) = Fa, (0o, e1,u) and Fy, (T eo, €0, 1) = Fy, (e1, €0, 1). Now, for e; € Y, there ex-
ists ¢ € Tey such that Fy, (e1, Ter,u) = Fy,(e1,¢2,4) and Fy, (Ter, e1,u) = Fy,(ea, e1,1).
Continuing this process, we construct a sequence ¢, of points in ) such that ex,; € 7 e,
Fa, (@, Ter,u) = Fu, (ex, exs1, 1) and Fy, (T ek, e, u) = Fa, (exs1, ek, u). We denote this itera-
tive sequence by {7 (¢x)} and say that {)7 (¢x)} is a sequence in ) generated by e,.

Theorem 2.1 Let (Y, X, Fu,, ®) be a left K-sequentially complete ordered dislocated fuzzy
quasimetric space with axb = min{a, b}. Let (Ko(Y), Ha,, ®) be a dislocated Hausdor[f fuzzy
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quasimetric space on Ko(Y). Let S, T : Y — K,(Y) be multivalued mappings. Assume that
the following assertions hold: (i) There exist @ € W, ¢, € Y and r > 0 such that for every
e,f € deq(eo,r, uo) N{YT (ex)} with e = Se, f < Sf, we have

min{H,, (T e, Tf,u), Hy,(Tf, Te,u)} = 1 (D(e.f, u)),
for all u>0, where

D(e,f,u) = min{ Fy, (e,f,u), Fa, (¢, Te,u), Fa, (f, TS, u)}.
(i) If e € Br,, (eo, 1, o),

Fa (&, Te,u) = Fa,(e.f,u) and Fo,(Te,e,u) = Fu,(f, e, u),

then (iia) If ¢ < Se, then f > Sf. (iib) If ¢ > Se, then f < Sf. (iii) The set G(S) = {e: e <
Seande € B]qu(eo, r,u.)} is closed and contains e,. (iv) For k € U{0}, we have

k Uy Uo
H pl| _° Pl F - _
p@omm{ﬂ ( dq<elreo: 2p+1))rﬂ < dq(eo’el’2p+l)>}>1 r.

Then, the subsequence {ex} of {VT (ex)} is a sequence in G(S) and ey — ¢* € G(S) and
]-"dq(e*, e*,u) = 1. Also, if the inequality (i) holds for ¢*, then S and T have a common
fixed point ¢* in B}-dq(eo, Ty Us).

Proof Since ¢, € G(S), (iil) implies that ¢, < Se, and ¢, € B}-dq(eo,r, u,). Consider the se-
quence {V7T (ex)}. Then, there exists ¢; € 7T ¢, such that

Fag (6o, Teoyut) = Fy (eo,e1,u) and  Fy, (Teo, e0, 1) = Fy, (01, €0, 14).
Now, (iia) implies that e; > Se;. By using the property of the £-norm and (iv), we have

min{qu(eo’ e1, uo): ]:dq(el) (23] Mo)}

= min{qu(em el,uo)"qu(elreo; Z'to)} ®1

. U, U, . Uo
> mm{]-"dq (ec,,el, ?),qu (el,eo, ?>} ®m1n{u<]-'dq (eo,el, §)>,
Uo
u(Fafere )]
B 1 . o[ F Uy r(F U,
_p@omln w dg el,eo,% » W dg eo,el,—QPH

It follows that Fy, (¢o, e1,4) > 1 —r and Fy,(e1,¢,,4,) > 1 — r. Hence, ¢; € B;dq(eo,r, U,).
Also,

Fag(er, Ter,u) = Fa (e1,e2,u) and  Fy (Ter,e1,u) = Fg,(eo, 01, ).
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As ¢; > Sey, (iib) implies ¢ < Se,. By the triangle inequality, we have

U, Us
qu (eo’ €, uo) Z ‘qu (eoy (48} 7) @ qu (ely €2, 7). (2.1)

By Lemma 1.13, we have

u u
qu (eli €2, E) = qu (Teoi Telx 5)

Z min{qu (Teo» Tel, g)»qu <Te11 Teo) g) }

As eo, ¢1 € By, (¢o, 1, 1s) N {YT (ex)}, €1 2= Sey and e < Seo, by (i), we have

u u
-qu (el’ €2, 5) > M(D(eh oy 5))
. u u u
M(mln{]_—dq (ely (2%} g)lqu <eoi Teo; 5>’qu (21, TBI, 5) })
. u u
M(mln{]:dq <elr [27) );-qu <eo; (3F) 5)»qu <91, €2, E) })'

If min{Fy, (e1, ¢o, 5), Fa, (o, ¢1, 5), Fa, (€1, 02, 5)} = Fa,(e1, ¢, 3), then a contradiction arises
due to the fact that u(x) > u. Hence, we have

Fa, <e1, €2, g) > u(min{]—"dq (el, Cos g),}"dq <eo, e1, g) }) (2.2)
Using (2.2) in (2.1), we have

Fa, (eo,02,u5) > Fa, (eo, el %) ® M(min{qu (el, [ %),]—'dq (eo, e1 %) D
min{}"dq <eo,e1, %),}"dq <e1,eo, %)}
(ol s)]
(e ol )

Fa (eo,02,u5) > 1 —r.

SR

v

1l
@~

p

Now, by the triangular inequality, we have

Us U
Fay (e, 80,u5) > Fa, (e2, e1, ?> ® Fa, <e1, Cos 7) (2.4)

By Lemma 1.13, we have

u u
]:dq (92, €1, 5) > qu (Tel, Teo’ E)

Page 5 of 22
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Ase,, e € deq(eo,r, uo) N{YT (ex)}, e1 > Seq and ¢, < Se,, by (i), we have

u u
Fq, | ex €1, 5 =p\D é1€or 5
. u u u
= /J,(mll’l{.qu (elr (23] E):J:dq (eh €2, E);qu <eo; (3F) E) }>'

If min{Fy, (e1, e0, 5), Fa, (01, €2, 5), Fa, (eos €1, 5)} = Fa, (01, €2, 3), then by (2.2)

u . u u
-qu (22, €1, 5) = /’L(mln{qu (ely o) §>1~qu (eot €1, E)

If min{]:dq(ely (2%} %)r ]:dq(ely €2, %); ]:dq(eo; €1, %)} = min{]:dq(Eh (2%} %)y]:dq(eo: €1, %)}y then in
both cases, we have

u . u u
Fa, (ez, e1 5) > M(mm{]—"dq (el, e 5)»-7:@ (eo, el 5) }) (2.5)
By inserting (2.5) into (2.4), we have
]:dq(eb (2%} uo) Z ]:dq (el’ Co) _> ® M(mln{]:dq (ell Co) _) ]:dq (eol €1, MZO ) })
. Uo
min qu el:eoxE )«’T"dq ¢ el!
® min{u<}'dq <e1, tor — )),/L(qu (eo,el, 2—°>>} (2.6)
1 . Us
p@omln{ﬂp(]:dq<elreo; ))y (—qu<e07ely2p 1))};

qu(BZ’ Coy uo) > 1 =r.

v

From (2.3) and (2.6), it follows that F, (¢,, 2, 45) > 1 —r and Fy, (e2, ¢, #,) > 1 — r. Hence,
ey € deq(eo, 7, o). Also,

Fa (2, Teg,u) = Fy ez, e3,u) and  Fy, (Tez, e, u) = Fy, (3, ¢2, ).

and e;_; > Se;_; for some s € N, where s=2p and p=1,2,3,..., 2. By using Lemma 1.13,
we have

As ¢y < Sey, by (iib), we have e3 > Ses. Let ¢3,¢4,...,¢5 € B]—'dq(%, ryte) N{VT (ex)}, es < Se

Fay(eap, eaps1,u) > Hy, (Tegp1, T eop, 1t)

> min{qu(Tezp_1, Teap,u), Ha, (T e, Tezp1, M)}-
As e3p-1, 02p € B, (e0, 1, 10) N{YVT (ek)}, e2p-1 = Seap-1 and egp < Seyy, by (i), we have

-qu(QZp: €2p+1s I/t) = /’L(D(QZp—lr €2p» M))

= p(min{Fy, (eyp-1, eps 1), Fu, (€2p-1, T €2p-1, 1),

Page 6 of 22
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]:dq(QZp; TeZp; M) })

= p(min{Fy, (eyp-1, eap, 1), Fa, (e2p, €2ps1,14) }).

If min{Fg, (eap-1, €2p, ), Far, (025, €2p11, )} = Fuy, (e2p, e2ps1, ), then a contradiction arises
due to the fact that u(x) > u. Therefore,

Fa, (02p, €2ps1,18) = (1 (Fap, (€2p-1, €2, 1)), (2.7)
which implies that
qu(QZp: €2p+1s M) = min{N(qu(QZp—lr €2p» M))r //L(—qu (8217’ €2p-1, u)) } (28)

Now, by Lemma 1.13, we have

]:dq (82p—lr €2ps M) = qu (TQZp—Z; T32p—1’ M)

> min{Hg, (T ¢ap2, T eap-1, ), Ha, (T eap1, T esp_a, ) }.
As ey 1, 052 € By, (00, 1,10) N{YT (e1)}, e3p-1 = Seap-1 and ez,2 < Seap-2, by (i), we have

Fa,(e2p-1,¢0p,1) > M(D(Qp-b €2p-2, M))
= M(min{‘qu(QZp—b €2p-2; M), ]:dq (QZp—lr €2ps 14),

]:dq(EZp—Zx €2p-1, I/l)}).

If min{Fy, (e2p-1, e2p-2, %), Fa, (€2p-1, €2p, 1), Fa, (€2p-2, 0251, U)} = Fa,(e2p-1,¢2p, 1), then a
contradiction arises due to the fact that () > u, so

Fay(2p-1,e0p, 1) > M(min{qu(ezp—b e2p-2, ), Fa, (e2p-2,€2p-1, M)})
Apply 1 on both sides. Since  is a nondecreasing function,

11 (Fa, (eap-1, €2, 1)) = u* (min{ Fy, (eap-1, €2p2, 1), Ft, (€2p-2, e2p-1,14)) },

(2.9)
ll(]:dq (e2p-1, €2, 14)) = min{ﬂz(qu(€2p—1, €2p-2, M)), u? (]:dq (e2p-2,€2p-1, M)) }
By inserting (2.9) into (2.7), we obtain
Fa,(eaps epe1, ) = minf{pu®(Fy, (eap-1, €2p2, 1)), 11> (F, (e2p2s €2p-1,4)) }. (2.10)

Now, by Lemma 1.13, we have

]:dq(%p—m eop-1, %) = Hag(T ep-3, T e2p_2, 1)

> min{qu(Tegp_g, TEQP_Q, u), qu(Tezp_z, Tezp_g, u) } .
As €2p-3,€2p-2 € B]-‘dq(eo, o) YT (ex)}s ep3 = SeZp—S and ey X Sez;afz, bY (i), we have

Fay(02p-2,0p-1,1) > M(min{qu(e2p—3) e2p-2, 1), Fu, (e2p-2, 0251, u)}).
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If min{Fy, (e2p-3,e2p-2, 1), Fa,(e2p-2,€2p-1,4)} = Fy,(e2p-2,¢p-1,4), then a contradiction

arises. Therefore,

]:dq(ezp—zy e2p—1»u) = H«(]:dq(ez;o—s, €2p-2, u)), (2.11)
]:dq(%p—m e2p—11u) = M(min{qu(ezp—sf €2p-2, M),-qu(ezp—z, €2p-3; M)}),

WP Fa, (e3p2, e2p-1, 1) = 1 (min{ Fy, (e3p-3, €2p2, ), Fu, (3p-2, €2p3,4) }). (2.12)
Now, by Lemma 1.13, we have

]:dq (QZp—lr €op-2, I/l) = qu(TQZP—b TQZp—Sr M)

> min{Hg(T exp-3, T e2p-2, ), Hag(Teap-2, T e2p-3, ) }.
As ey 3,09, 9 € deq(eo, i) YT (ex)}s e2p-3 = Seap_3 and egy_n < Sea, o, by (i), we have
Fa,(e3p-1, e0p, 1) = pu(min{ Fy, (e2p-3, €2p2, 1), Fap, (€2p-2, €2p-1, 1) } ).
By using inequality (2.11), we have

Fa,(e3p-1, e2p2, 1) = p(min{ Fy, (eap-3, e2p-2, ), 1 (Fa, (€2p-3, €2, 4)) })

= :u“(qu(QZp—?n €op-2, M))-

This implies that

12 Fa, (ep-1, ep, 1) = pu* (1 (min{ Fy, (e3p-3, eap2, 1), Fu, (e2p-2, e3p-3,4)})).  (2.13)
Combining inequalities (2.10), (2.12), and (2.13), we have

Fay(eap, e2pe1, 1) > min{i® (Fy, (e2p-3, €22, 1)), 11> (Ft, (€2p-2, €2p-3, 1)) }. (2.14)
Following the patterns of inequalities (2.8), (2.10), and (2.14), we have

Fa,(eaps api1,18) = min{ ™ (Fo, (o, 1, 1)), 1™ (Fa, (e1, €0, 1)) }. (2.15)
Now, by Lemma 1.13, we have

]:dq (62p+1’ €2ps I/l) > qu (T82p> TQZp—l’ M)

> min{Hy, (T esp-1, T ¢ap, ), Hy, (Terp, T eop1,4) }.
As ey, 1, 3 € B, (0,75 140) N{YVT (e)}, e3p-1 = Seap-1 and ey <X Seyy, by (i), we have

Fa,(epe1, eap, 18) = pu(min{ Fy, (eap-1, €2, 1), Fa (€291, €2, 1),
qu(e2p7 €2p+1s M)})

= p(min{Fy, (exp1, ey, 1), Fa, (€2p, e2ps1, 1) }).
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Using (2.7), we have

]:dq(€2p+1,€2p, u) > M( {]:dq(QZp 1» €2p, 1), M(-qu(ezp 1,€2p,M))}) (2.16)

]:dq(e2p+1: Cop, U ) /’L(]: (QZp—ly €2ps M));

which implies that

Fa, (e2pe1, eap, 18) = min{ e (Fy, (e3p-1, €2, 4)), it (Fit, (e2pr 2p-1, ) ). (2.17)
By (2.9) and (2.16), we obtain

Fay(€aps1s eap, 1) = minf{p®(Fy, (eap-1, €22, 1)), 11> (Ft, (€2p2s €2p-1,4)) }. (2.18)
Combining (2.12), (2.13), and (2.18), we have

Fa,(€ps1, eap, 16) = min{ u® (Fo, (e2p-2, e2p-3, 1)), 11> (Fa, (€2p-3, €2p-2, 1)) }.
Continuing in this way, we obtain

Fa,(€aps1, eap, 18) > min{ u (Fo, (01, 0, 1)), 1 (Fa, (e0r e1,4)) ). (2.19)

-1
If s =2+ 1, p=12..%, Fyglegp, Teyp,u) = Fa,(epin,ep40,4) and
Fa (T eapir, e2pi1,4) = Fa, (e2p42, €211, 4). By using the same procedure as above, we have

Fa,(€pi1, eapi, 1) > min{ ! (Fy, (e1, €0, ), W+ (Fu, (eor 01, 4)) } (2.20)
and

Fay(€2p12s eape1, ) = min{ ™ (Fy (e1, €0, 1)), ™ (Fa, (eor 01,1)) . (2.21)
By combining (2.15) and (2.20), we have

Fa,(es, 0501, 14) > min{us (]—'dq(el, ¢o, 1)), us(]:dq(eo, e1,1)) }, for some s € (2.22)
and by combining (2.19) and (2.21), we obtain

Fa, (ei1, €5, 18) = min{i*(Fo, (e1, ¢, ), 1 (Fa, (¢, ¢1,4))},  for somese. (2.23)

By using the triangular inequality, (iv) and (2.22), we have
U
-qu(eo; es+l1uo) > -qu (emel; 9 ) @J—'.dq (el; €2, 92 ) ® - @qu (es 15 €s) 25)
Uo
® ]:dq <es’ €s+1» ;)

U,
= ]:dq (60,81, > ® - @qu <2S 15 €5y —> ®J—"dq (25, Cs+15 s +1)
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> min| Fg, <eo,e1, %),]—"dq <e1,eo, %)} ®

min M(qu (eo,el, %))w(f'dq (emo, %))} ®-®
(7 ) o 2)
() o )|

Hence, by (iv), we have

Fay(eos 501, o) > 1 7. (2.24)
Similarly, by the triangular inequality, (iv) and (2.23), we have

Fay(@si1,80,Us) > 1~ 1. (2.25)
From (2.24) and (2.25), ¢;,1 € Br dq(eo, r,u,). Hence, by mathematical induction, we have
ek € deq(eo,r, uo) N{YT (ex)}, eax < Seax and eopy1 > Seoryq for all k €. Also, from (iii)

eax € G(S). Now, inequalities (2.22) and (2.23) will be held for all s €. Now, for k, m € with
k < m, we have

u u
]:dq (ek’ Cherms M) = ]:dq <ek; Ch+ls §> ® ]:dq <ek+l’ Ch+2s ?)

u u
®---® —qu (ek+m—2; Chrm-1s %) ® ]:dq <ek+m—1; Clerms —>

om-1
u u
> Fa, <€k, Ck+1s 2—m> ® Fu, (ekﬂ, Ck+2) 2—m>

u u
®-® ]:dq (ek+m2r Chrm—1s 2—m> ® -/—"dq (ek+mlr Chrms 2_m>

m=1| . u k u
= p@o{ﬂ K J—_.dq eoxelﬁz_m » g qu el;eoyz_m .

By Lemma 1.3,

. k u _
klinoloﬂ +P<]-“dq (20,21,2—m>) =1, foreverype{0,1,...,m—1}

and

. k u _
klgroloﬂ +p(]-'dq<el,eo, 2—m>> =1, foreverype{0,1,...,m—1}.

Hence, Fy, (¢x, ¢ksm, ) — 1 as k — oo. Thus, we proved that {J7 (ex)} is a left K-Cauchy
sequence in (Y, Fy,, ®). As (V, Fa,, ®) is left K-sequentially complete, so (VT (er)} —
e*e V. As {ex} is a subsequence of {VT (ex)}, so ey — ¢*. Also, {ex} is a sequence in
G(S) and G(S) is closed, so ¢* € G(S) and therefore ¢* < Se*. Also,

klggo Fa, (e2 e, u) =1 = ](lirgo Fa, (%, exto 1) (2.26)
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Now,
X X% u

.qu(e' e, u ) > ]:dq(e » €24 2) @qu(ezk,e , E)

lim Fy, (¥, e%,u) > 1@1=1.

k— o0
Hence,

Fa, (%, ¢%,u) = 1. (2.27)
Now,

Fa, (eakeas Te*,u) = Hy, (Tegpsr, Te*, u)
> min{qu (Tegk+1, Te*, u), qu (7-2*, T esk+1, u) }

By assumption, inequality (i) holds for ¢*, also e > Sey,1 and ¢* < Se*. Hence,

Fay (eareas Te*,u) = (D (ears1, ¥, 1))
= M(min{]:dq (22k+1) e%y M),qu(92k+1,€2k+2, I/l),]:dq (e%» Te%’ I/l)})

Letting k — oo and by using (2.27), we obtain
Fa (%, Te*, u) = u(Fa (X, Te*, u)).
By definition of i, we obtain

Fa (%, Te*u) =1. (2.28)

Fag (Te*,e%,u) > <7'e  €2k42) 2) ® Fa, (ezm, e*,g)
x U
= qu Te* ,T¢2k+1, ® qu €2k+2, €7 E

= min qu Te : ’T82k+1’ 5 erq Te2k+1: Te ) 5

., U
® Fu, (€2k+2, e, 5).

By assumption, inequality (i) holds for ¢*, also egt,1 > Seaxs1 and ¢* < Se*. Hence,
Fa, (Te*,¢%,u) > H«(D<92k+1’9 " 5)) ® Fa, (€2k+2,€ " 5)

) .U u
=u (mm{qu (22k+1, e, E), Fa, (92k+1; €2k+2 E)
‘qu <e*; Te*) E) }) ® ]:dq (22k+2) Q*, 5)'
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Letting k — 00, and by using (2.26) and (2.28), we obtain

Fa, (Te*,e%,u) > M(qu (e*,Te*, g)) =pu(1).
This implies that .qu(Te*, ¢*,u) = 1. Hence, ¢* € T¢*. Also,

e® < Se*, (2.29)
and

Fa (Te*,e%,u) = Fo (5, Te*,u) = Fu (¥, ¢%,u) = 1.
Then, from (ii)

e* > Se*. (2.30)
From (2.29) and (2.30), we have ¢* < Se* < ¢*. This implies

e* <f <e* forallf e Se*.
Therefore,

e* =f forallf e Se*.

Hence, ¢* is a common fixed point of 7 and S. O

Example 2.2 Let Y = [0,+00) and let Fy, (¢,f,u) = u+;’+2f for all e,f,u € ). Let R be the

binary relation on ) defined by

¢ 3 3 3 3
R ={(e,e): U =) 0, -, , , yee
{@o:eey) {(ezs) ee{ 7' 7% 25" 7 x 252 7 x 253 ”

¢ 3 3 3
Uil =,e):e€l0,— —————,...} .
5 35 35 x 25 35 x 252

Consider the partial order on Y defined by

(e,f) €Y x Y, exfifand only (¢,f) € R.

Then, (J, %, F4,, ®) isaleft K-sequentially complete ordered dislocated fuzzy quasimetric
space with a ® b = min{a, b}. Define the pair of mappings 7,5:) — ) by

[%rg] ifeerdq(eorr’uo)m{yT(ek)};
[32, 62] lf 4 é B]-dq(eor r, uo) n {yT(ek)}

and

a if e € B, (¢, 7,140) N {VT (ex)},
[7e+5,8¢+9] ifedBr, (eo,r 1) N{YT (ex)}.

S(e) =
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Define a nondecreasing mapping u : [0, 1] — [0, 1] by

w(u) = u.

Observe that in this case, we have

3 3 3 3
A={e:e=<8Se}=10,-, , ) yeen (s
7 7x25 7 %2527 x 253
3 3 3
B={f:f>85}=10,—, ——————,...¢.
Vif =5 { 35" 35 x 25 35 x 252 }

Leteo:%,r:%anduzl

deq<7 4’ 1) - f:}—dq(?f’l)>1—1A]:dq<f,§,1>>1—Z—L}

1 1 1 1
= f237>—/\73>—
L+2+2f 4 1+f+2(5) 4
={f:28>10+ 14f A28 > 13 + 7f}

2o o) [02).

Then,

:{e e<Seandeerd (eor,u)}
3 3 9
yeert N0, =
77><25 7 x 252" 7 x 253 7

3 3
7 7x25 7x252"7x%x258 """

G(S) contains % and is also a closed set. Now, # € B}-dq(eo,r, u,), where k €:

3 3
Fa (e, Te,u) = Fy, <7 < 25k1’T<7 X 25k1>’u)

3
_f JU
4\ 7% 25k1 5 x 7 x 251 )

3
Fa,(Te,e,u) = Fy, T<7 T 1>, 7 25,(1&!)

3
<7 25k1" 35 x 25k1’”>’

3
5x7x25k-1 7 x 25k-1’ )

3 3
- F, , ).
s <35 x 25k-1" 7 » 251 ”)

3 3 3
5 <

Alsg), (7><25k‘1’ 5><37><25k 1) € R, s0 7x25k-1 — S(7><25k‘ ). As (5><35><25/;‘1’ 35><25k 1) € R so
. o .

T = 5(35x25k—1)' Hence, condition (iia) is satisfied. Now TomsFT € B].-dq(eo,r, Us,),

Page 13 of 22
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where k €.

3 3 3 3
‘F ) ’ = ‘F ) b
q (35 x 25K 1 T<35 x 25k1) ”) ”’q<35 X 251" 5 x 35 x 25K-1 ”)

3 3
= 'F ) b
"’q<35 X 25K-1" 25 x 7 x 25K-1 ”)

3 3
= ‘F ) ) )
dq(zs x 25k-1" 7 x 25k ”)
3 3 3 3
‘F ’ ) = f ) ) I/[
“ (T<35 x 25“) (35 x 25k1) ”) ”"'<5 X 35 x 25617 35 x 25k-1 )
3 3
= f ) 7
dq<25 X 7 x 25F1" 35 x 25K-1 ”)

3 3
- F, , ).
”’q<7x25k 35 x 25k-1 ”)

3 3 3 3 3 3
R - ) R
Also, (5><35><25k*1’35><25k*1) € SO ZexaskT = 5(35x25k*1) As (7><25k’ 5><7><25k) € SO
3 3 e ix .
<
o = S(7X25k ). Hence, condition (iia) is satisfied.

3 3 3 3
B orom =\1= ) ) Jeee
Fiq (¢a o) 01 VT (e1) {7 7x5 7x5 7 x5 }

(33 3 3 3 3
T 17735 7%x25"35%x 25" 7x 252" 35 x 252"’

Now, for ¢,f ¢ Br,, (¢0,1, 1) N VT (ex).Lete=5,f=6and u = %

Hy,(Te, Tfu) = Hy, (7’(5), (), %)

= H,, <[15, 301, [18, 36], %)

1 1
= min{]—"dq <15, 36, 5),]:,1,1 (30, 18, 5) }

1 1
=miny ——, —— ¢ = 0.005714,
175" 133

Hga, (TS, Te,u) = Hy, <T(6), T(5), %)

1 1
= min{fg, <18, 30, E),]—"dq (36, 15, 5)

1

=miny —, =0.00552486.
181 151

min{Hy, (Te, Tf,u), Ha, (Tf, Te,u)} = min{0.005714, 0.00552486} = 0.00552486.

w(D(e,f,u)) = u{qu <5, 6, %),qu (5, 30, %),qu <6, 36, %) }

St LV P 6079749
M35 31157 | TH 157 T ’
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min{qu (Te, Tf,u),Ha (Tf, Te, u)} # u(D(e,f,u)).

Hence, contraction does not hold on the whole space ). Now, for ¢, f € Bxr, dq(eo,r, u,) N
VT (ex) with e > Se and f < Sf, ¢ € Band f € A. In general, for some &, m €.

. 3 3
. < - -
Case (i): Let k <m, ¢ = oo, f = o= u>0. We have

3 3
Hay(T e, 71,00 = Hay (”f(W)T(W))

3 3
”"f([7 x 35 x 2571 5 x 35 x 25m-1]’

3 3
b 7”
7 x 7 x 25k-17 5 % 7 x 25k-1

" 3 3
= min ) yu |,
%\ 7 % 35 x 25"1’ 5 x 7 x 25K-1

3 3
f ) ) )
”’4(5 X 35 x 25"1"7 x 7 x 25k-1 ”)}

qu('Te,Tf,u)=min{ —— — S . } (2.31)
Ut o gsxasmT T 35005k 1 U SgsiammT T 757505k
m—-1
Hay(Te, 71, = min{ 245 x 25%:{!?: +2: PP
1225 x 25" 1y }
1225 x 25"-1y + 21 + 150 x 25M-k
- mi { 1225 x 25" 'y
1225 x 25"-1y + 3(5 + 70 x 25"k)’
1225 x 25" 1y }
1225 x 2571y 4 3(7 + 50 x 25"k)

1225 x 25" 1y

1225 x 251y 4 15 + 210 x 257k
1225 x 25" 1y

1225 x 25"-1y + 15(1 + 14 x 25m-k)’

Now,

3
qu(Tf,Te u) =Hy, T<7 25k 1) T<35 » 25m_1),u)

3
f ’ )
"’q<49 X 25517 175 x 25m-1 “)

3
(35x25k 1 245 x 25"~ 1”)}

“ (2.32)

’

Hga, (T, Te,u) = min

6 3 6 }'
49x25’< T To5xosm T Ut 5555501 T 245505 T
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1225 x 25" 1y
1225 x 25"-1y + 3(25 x 25" + 14)’
1225 x 25" 1y
1225 x 25"-1y + 3(35 x 25"~ + 10)
~ 1225 x 25" 'y
71225 x 251y + 105 x 25"k + 30

~ 1225 x 25" 'y
T 1225 x 25"-1y 1+ 15(2 + 7 x 25"k)°

Ha, (TS, Te,u) = min{

Also,
1225 x 25" 1y
1225 x 25"-1y + 15(1 + 14 x 257mk)’

1225 x 25" 1y
1225 x 25m-1y 4+ 15(2 + 7 x 25m-k)

B 1225 x 251y
T 1225 x 2571y + 15 + 210 x 257k

min{qu (Te,Tf u), Hg, (Tf, Te,u) } = min{

Now, for ¢ > Se, f < Sf, we have

, 3 3 3
Plef.u)= mm{qu <35 x 257177 x 25K-1 ’u>’qu <35 x 25m-1"

3 3
’ }u ’
[7x35><25m—1 5X35x25’”‘1] )

- 3 3 3
) 7 b u )
Y\ 7% 25517 | 7 7 x 25k-1" 5 x 7 x 25K-1

3 3 3 3
. ]:dq (35x25m-1 7 7x25k-17 u), ]:dq (35><25"”‘1 7 175x25M-17 ”)’
D(e,f,u) = min ,
3 3
Fa, (7><25k‘1 ? 35x25k-17 ”)
2.33

. 35 x 25" 1y 175 x 25" 1y (233)

D(e,f,u) = min , ,
35 x 25"M-1y + 3 4+ 30 x 25"m~*" 175 x 25"-13 4+ 21

35 x 25¢1y
35 x 25k-15 4+ 21

~ 35 x 25" 1y
T35 x 25" 1y + 3 + 30 x 25k’
1225 x 25" 1y - 35 x 25m-1y
1225 x 25m-1y + 15 + 210 x 25"* =\ 35 x 25m-13 4 3 4 30 x 25m~k’

min{Hy, (Te, Tf,u), Ha, (TS, Te,u)} = pu(D(e,f,u)).

Case (ii): For k > m, ¢ = 35X235,,,_1 f = 7><235k*1 and u > 0. From (2.31), we have

Ha,(Te,Tf,u) = min{ 3 “ A ,

Ut T 35x25m T T 5x7xash1

u
u 3 + 6

1 5x3exasm 1 T 77k T
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) 1225 x 251y
= min )
1225 x 25k-1y + 15 x 25k-7 + 210

1225 x 251y
1225 x 25%=1y + 21 x 25k 4 150

~ 1225 x 25Ky
© 1225 x 2551y + 21 x 2587 + 150"

From (2.32)

u

qu(’Tf, Te,u) = min{ 3 )
U+ U+

6
7x7x2551 1 5x35x 25T

. 1225 x 251y
= min ,
1225 x 25k-13 + 75 + 42 x 25k-m

1225 x 25K1y
1225 x 255131 + 105 + 30 x 25k

~ 1225 x 25Ky
71225 x 25Ky + 75 + 42 x 25k-m"

Also,

min{Hy, (T, Tf, ), Ha, (TS, Te,u)}

3
5x7x25k1 T

) 1225 x 251y 1225 x 251y
min )
1225 x 25k-1y + 21 x 25k + 150 1225 x 25K=11 + 75 + 42 x 25k-m

_ 1225 x 25Ky
T 1225 x 25K1y 4+ 75 + 42 x 25k-m’

Now, from (2.33), we have

. 3 3
ples0 = mm{}—d" (35 x 2571’ 7 x 25k1 u)

3 3
'F b 7 b
"’q<35 X 251" 5 x 35 x 251 ”)

3 3
‘F ) )
dq<7 X 25K1" 5 % 7 x 25K-1 ”)}

. 35 x 25% 1y 175 x 25" 1y
= min , )
35 x 25k-1y + 3 x 25k-m 1307 175 x 25"-1y + 21

35 x 25k1y
35 x 251y + 21 |°

Assume that

35 x 25¢1y

D(e,f,u) = .
(&f ) = e 2510+ 3 x 2557 1 30

Then,

1225 x 25K1y N 35 x 25k-1y
1225 x 2551y + 75 + 42 x 25k-m —

35 x 2551y + 3 x 2557 4+ 30’

Page 17 of 22
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min{qu (Te, Tf,u),Ha,(Tf, Te, u)} > ,u(D(e,f, u)).

Assume that

175 x 25"y
175 x 25m 1 421"

D(e,f,u) =

Then,

1225 x 251y . 175 x 25"-1y
1225 x 25k-1y + 75 + 42 x 25k-m =\ 175 x 25m-1y + 21’

min{qu(Te, Tf u),Hy, (Tf, Te, u)} > u(D(e,f,u)).

Case (iii): For e =0, f = #, u>0

3
qu(Te, Tf, M) = qu (T(O), T<W), M)

3 3
= 1 f 0,7, ,.F 0, )
mm{ "q( 5 x 7 x 25K-1 ”) dq( 7% 7 x 251 ”)}

i 245 x 25K 1y 245 x 25k1y
= min »
245 x 25K-1y + 42° 245 x 25F1y + 30

245 x25M 1y
245 x 25K1y + 42"

Also,

3
qu(Tf, Te, M) = qu (T(W>, T(O), M)

H 3 3 [0,0]
= 3 P y 2
Y| 7 x 7 x 25k-1" 5 x 7 x 25k-1

. 3 3
= min qu(m’o"")’qu(m’o’”)}

) 49 x 25k-1y 35 x 25Ky
= min )
49 x 25%k-1y +3° 35 x 251y + 3
) 245 x 25%1y 245 x 25%1y }
= min

245 x 2551y 4+ 15° 245 x 25513 + 21

245 x25M 1y
245 x 25K 1y 4+ 21°

Now, we simplify the left-hand side of inequality (i).

4 k-1 4 k-1
min{H, (Te, TS, u), Ha,(Tf, Te,u)} = min{ S ey }

245 x 2551y + 427 245 x 2551y + 21

245 25k1y,
T 245 x 25k-1y + 42"
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Also,

D(e,f,u) = min{}'dq (O 1,u),]—',,lq(o, 0,u),

"7 x 25k=

3 3
‘F ) )
”’q<7 X 25515 x 7 x 25K1 ”)}

. 35 x 25¢1y 35 x 251y
= min 1,

35 x 25k-131+ 30" 35 x 25k-13 + 21
_ 35x 25Ky
" 35 x 25k14+30°

Hence,

245 x 2551y - 35 x 25¢1y
245 x 2551 +42 — "\ 35 x 2551, 1 30 )

. . _ 3 _
Case (iv): ¢ = zzommr, f = 0

3
qu(TB, Tf, Lt) = qu (T(m),T(O), u>

3 3
:H ’ ’ 0)0;
dq([7x35><25m—1 5><35><25m‘1] [ ]”>

3 3
cmind Py (—— ou)Fy(— 0,
i "q(7 x 35 x 2571 ”) 4y (5 x 35 x 25m-1 ”)}

. 245 x 25" 1y 175 x 25" 1y }
= min

245 x 25"y +3" 175 x 25"y + 3

1225 x 25" 1y 1225 x 25" 1y
1225 x 2571y + 157 1225 x 25"-1y + 21

1225 x 25"y
71225 x 25M 1y 4+ 21’

= min

3
qu(Tf, T?, M) = qu (T(O), T(W), L{)

3 3
- H, ([0,0], : :
”’q<[ ] [7x35x25m—1 5><35><25m‘1:| ”)

3 3
=min{ Fz (0, ——————,u ), Fy | 0, ——,
i "q( 5 x 35 x 25"-1 ”) dq( 7 % 35 x 2571 ”)}

. 175 x 25" 1y 245 x 25" 1y }
= min

175 x 25"-1y + 6° 245 x 2571y + 6

1225 x 25" 1y 1225 x 25" 1y
1225 x 25"-1y + 42" 1225 x 25"-1y + 30

1225 x 25" 'y
71225 x 25M 1y + 42"

= min
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Now, we simplify the left-hand side of inequality (i).

min{qu(Te, Tf,u),Hy (TS, Te, u)}

. 1225 x 25" 1y 1225 x 25" 1y
= min )
1225 x 25"-1y + 217 1225 x 25"-1y + 42

1225 x 25"y
T 1225 x 2571y 4 42"

Also,

. 3 3 3
Dte.f.u) = mm{f“q (35 251 ”)’F"’q(ss x 251" 5 x 35 x 25m1’”)’

Fa,(0,0, u)}
. 175 x 25" 1y 175 x 25" 1y
= min , )
175 x 25M-1y + 15" 175 x 25" 1y + 21

_ 175x25" My
T 175 x 2571y 4+ 21"

Hence,

1225 x 25" 1y + 42 =\ 175 x 25m-1y + 21

175 x 25" 1y
= I,L .

1225 x 25" 'u / 175 x 2571y

175 x 25m=1y + 21

Case (v) The contraction is trivially held for ¢ = 0 and f = 0. Now,

o ()|
minlo (74 (553 5) ) (5 (3 3503 )|
i .
) ”(zp— )”(W—)}
ko, 35 ) 35
S <35+3><2P+1+30><2P+1>’M (35+15><21’+1+6><2P+1>}
min{ (357)- ()} = mnl e (5 ) (555 ) = 1 (38 ()|
101 )'\ 77 167 )"\ 119 299 203
RSO
35+ 3 x 2k+1 4 30 x 2k+1 35+ 15 x 2k+1 4 6 x 2k+1

85 (35N (35 35 35
“101 " M\167) “H 299 H\35+3x 21430 x 201 ) ~ 101

3
>—=1--=1-r.
4 4

@ >

p

1]
® >

p

Page 20 of 22
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Hence, all the constraints of Theorem 2.1 are satisfied. Hence, S and 7 have a common

fixed point and it is 0.

Remark 2.3 By taking six proper subsets of D(e, f, u) instead of D(e, f, 1), we can obtain six

new theorems as corollaries of Theorem 2.1.

Remark 2.4 Fixed-point results in right K-sequentially quasimetric spaces can be ob-

tained in a similar way.
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