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1 Introduction

Fixed point theory, one of the active research areas in mathematics, focuses on maps and
abstract spaces, see [1-9], and the references therein. The notion of coupled fixed points
was introduced by Guo and Lakshmikantham [10]. In 2006, Bhaskar and Lakshmikantham
[4] introduced the concept of a mixed monotonicity property for the first time and inves-
tigated some coupled fixed point theorems for such mappings. As a result, many authors
obtained many coupled fixed point and coupled coincidence point theorems, see [11-23]
and the references therein. In 2014, Ma et al. [24] initially introduced the concept of €™*-
algebra-valued metric spaces, and proved some fixed point theorems for self-maps with
contractive or expansive conditions on such spaces. In 2019, Chandok et al. [25] proved
some fixed point theorems on C*-algebra-valued partial metric spaces. In 2021, Mlaiki et
al. [26] proved some fixed point theorems on C*-algebra-valued partial 5-metric spaces.
In this paper, we prove some coupled fixed point theorems on C*-algebra-valued partial
b-metric spaces.

2 Preliminaries

First of all, we recall some basic definitions, notations, and results of € *-algebra that can
be found in [27]. Let J# be a unital algebra. An involution on .7 is a conjugate-linear
map » — r* on ¢ such that r** = r and (rs)* = s*r* for any r,s € . The pair (JZ, %) is
called a x-algebra. A x-algebra .7#” together with a complete submultiplicative norm such
that ||7*|| = ||7|, is said to be a Banach x-algebra. Furthermore, a ¢ *-algebra is a Banach
x-algebra with ||r*r|| = ||||?, for all r € 5. An element r in . is self-adjoint, or hermitian,
if r = r*. Let J%, be the set of all self-adjoint elements in 77, and define the spectrum of
r € J€ to be the set o (r) = {A € C: Al —r is not invertible}. An element r of a €*-algebra
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JC* is positive if 7 is hermitian and o (r) C [0, +00), where o (r) is the spectrum of r. We
write 0 < r to show that an element r is positive, and denote by J%, and.7% the set of
positive elements and the hermitian elements of 57, respectively, where 0, is the zero
element in 7. There is a natural partial ordering on 5% which is given by r < s if and
only if 0, < s—r. It is clear that if r,s € 7, and ¢ € JZ, then r < s = ¢*rc < ¢*sc, and
that if r,s € .57, are invertible, then r < s = 0 < s™! < r. From now on, 3¢’ will denote
the set {r € 5 :rs = sr,Vs € F}.

Definition 2.1 ([7, 24]) Let Y be a nonempty set. Suppose that the mapping p: ¥ x T —
J is defined, with the following properties:

1. O < p(R, ) forall R, € T and p(R, @) = 04¢ if and only if X = ;

2. pR, @) = p(ww,R) for all R, w € T;

3. p(R, @) < p(R,y) + p(y,w) forall R, w,y € Y.
Then p is said to be a €’*-algebra-valued metric on Y, and (T,.7Z, p) is said to be a €*-
algebra-valued metric space.

The following definition was introduced by Ma and Jiang [28].

Definition 2.2 Let T be a nonempty set and s € # such that s = I. Suppose that the
mapping p: YT x T — 5 is defined, with the following properties:

1. O < p(R, ) forall R, w € T}

2. p(R,@) =0z ifand only if R = w;

3. pR, @) = p(ww,R) forall R, w € T;

4. p(R, @) <s(p(R,y) + p(y,w)) forall R, w,y € T.
Then p is said to be a ¥*-algebra-valued b-metric on Y, and (Y, 5%, p) is said to be a
¢*-algebra-valued b-metric space.

Now, we recall the definition of a C*-algebra-valued partial b-metric space introduced
by Mlaiki et al [26].

Definition 2.3 Let T be a nonempty set and s € ¢ such that s > I. Suppose that the
mapping p: T x T — S is defined, with the following properties:

(A1) Our < p(R, ) for all X, € T and p(R,R) = p(w, @) = p(R, @) if and only if

N =w;

(A2) p(R,R) < p(R,@);

(A3) p(R, @) = p(ww,R) forall X, w € T;

(Ad) p(R, @) <s(p(R,y) + p(y, @) = p(y,y) forall R, @,y € Y.
Then p is said to be a ¥™*-algebra-valued partial b-metric on Y, and (Y, 7, p) is said to
be a ¢™*-algebra-valued partial b-metric space.

Example 2.1 Let Y = [0,1] and S = M,(C), the class of bounded and linear operators
on a Hilbert space C2. Define p: T x T — 4% by

N — | 0 max{R, @ }2 0
PR, @)= + ,
0 kIR - |2 0 k max{R, = }?

wherek > 0 and for all X, € Y. Then, (Y, 57, p) is a ¢*-algebra-valued partial b-metric
space. However, it is easy to see that (Y, .77, p) is not a ¢ *-algebra-valued b-metric space.
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To substantiate the claim, for any nonzero element & € Y, we have

820 00
p(N’N)z[o kw}#[o 0}20‘%

Therefore, (Y, 77, p) is not a ¢ *-algebra-valued b-metric space.

Definition 2.4 A sequence {X,} in (1,77, p) is called convergent (with respect to 7¢) to
apoint R € Y if, for given € > 0, there exists £ € N such that || p(R,, R) — p(R, R|| <€, for all
a > t. We denote it by

lim p(Ry, V) = p(R,R).
a—>00

Definition 2.5 A sequence {R,} in (Y, .77, p) is called Cauchy (with respect to J¢) if

lim p(Ry, V) exists and it is finite.
o—> 00

Definition 2.6 The triplet (T,.77, p) is called a complete C*-algebra-valued partial b-

metric space if every Cauchy sequence in T is convergent to some point X in Y such that
lim p(Ry, Vi) = lim p(Ry, R) = p(R, R).
a—>00 oa—>00

Definition 2.7 ([22]) Let Y be a nonempty set. An element (R,@) € T x Y is said to be

(1) a coupled fixed point of the mapping 7 : T x T — T if T(R,w) =N and T (&, R) =
w.
(2) a coupled coincidence point of the mapping 7 : T X T — Y and g: ¥ — T if
TR, @) =gR and T (w,R) = gw. In this case (gR,gw) is said to be a coupled point of
coincidence.

(3) a common coupled fixed point of the mapping 7 : ¥ x YT — Y and g: Y — T if
TR, z)=gR=Rand T(w,R) =gw =w.

Note that Definition 2.7(3) reduces to Definition 2.7(1) if the mapping g is the identity
mapping.

Definition 2.8 ([22]) The mappings 7 : ¥ x ¥ — Y and g: T — 7T is said to be w-
compatible if g(T(R, @)) = T (gR, gwr) whenever g = T(R, ) and g = T (o, R).

In this paper, we prove coupled fixed point theorems on C*-algebra-valued partial b-

metric space.

3 Main results
In this section we shall prove some common coupled fixed point theorems for different
contractive mappings in the setting of 4™*-algebra-valued partial b-metric spaces. Now we

give our main results.

Theorem 3.1 Let (Y,.77, p) be a complete € *-algebra-valued partial b-metric space with
coefficient s. Suppose that the mappings T : ¥ XY — Y and g : Y — Y satisfy the following
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condition:

p(T(N, w),’T(z,v)) <rp(gR,g)r+rp(gw,gv)r foranyR,w,,ve T,

1

where r € J with ||r| < % and ||s|||[v2r||> < LIFT (Y x Y) C g(Y) and g(Y) is complete
inY,then T and g have a coupled coincidence point and p(gR, gR) = 0¢ and p(gw,gw ) =

0.#. Moreover, if T and g are w-compatible, then they have a unique common coupled fixed

pointin Y.

Proof Take Ry, o € T, and let g(R1) = T (Ro, @) and g(@1) = T (w9, Rp). One can obtain
two sequences {NX,} and {w,} by continuing this process such that g(X,;1) = 7 (R, @)

and g(wy41) = T (g, Ry). From (1), we get

P(gngNau) = p(T(N(x—I) wo(—l): T(Nar woz))
= I"* (p(gxa—nga))r + r*(p(gwa—l)gwa))r
= r*(p(gxa—nga)) + (p(gma—lrgwa))r-

Similarly,

p(gwougwoul) = p(T(w—a—l, Rot—l), T(wou Rot))
< 1" (0(@@u-1,80a))r + 1 (p(gRe-1,8Ra) )
ﬁ r*(p(gwa—lfgwa)) + (p(gNa—l’gNa))r'

Let

Sa = /O(gxa»g&au) + p(gwa:gwowrl),

and now from (2) and (3), we have

Sa = p(gxougxoul) + p(gwwgwowrl)

<r* (p(g&a_l,gNa) + p(gzzra_l,gwa))r + r*(p(gzzra_l,gwa) + p(gNa_l,gNa))r

= (*/EV)*(P(gNa—nga) + p(gwa—l’gwa))(ﬁr)
= (ﬁr)*sa—l(ﬁr)r

2)

®3)

which, together with the property: if s,t € 7%, then s < t implies 7*sr < r*tr (Theo-

rem 2.2.5 in [27]), yields that for each & € N,

0 % 3u = (V2" S0 (V) < - < [(V2r)]“So(W2r)".

If 3¢ = 04, then we know that 7 and g have a coupled coincidence point (R, @y). Now,

letting 0 < 3o, we can obtain for p >, o, €N,

p(gNa;ng) = S(/O(gxa)gxom—l) + p(gxa+1:gxp)) - P(gNa+17gNa+1)

Page 4 of 14
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< 5p(gRa> gRas1) + 5° (P(ER+1,&Rar2) + P(ERas2,8Np))
— p(gRe+1,8Ra41) — P(ERe42, R 42)
< 50(g80, gRas1) + 5°P(ERas1,gRa12)
I (,o(ng_z,ng_l) + p(ng_l,g&@))
— p(@Re+1,8Re1) — - — p(ERH-1, 8N 1)
< 5p(gRe, gRa11) + 5 0(ERa+1,&Ras2)
ot ST (R 2,88 1) + 557 p(gRy 1, gR),
P e, g@p) = $(PET 0 Ear1) + PEDar1,8Tp)) — P(EDar1, gD ar1)
25000, gD as1) + 5 (P(§War1, §Was2) + PEDas2, gDp))
- P(@Wus1,§Tas1) — p(gwmz,gwmz)
=30 (gW e, g as1) + 5 0D a1, §W42)
I (,o(gwp_z,gwp_l) + ,o(gwp_l,gwp))
— P(@Wus1,§Tas1) =+ — p(gwp—l»gwp—l)
< 3p(gW 0, g as1) + 5 P[ED a1, as2)

+o 487 p(gy 0, g 1) + 8V p(gmp 1, 8p).

Consequently,

p(gRy, gRp) + p(gTy, g )
<5y + g1 -+ 570

p—a—-1c

+ S8 Sp-1

[~}

-

1
4+ g1 ’35 (ﬁr)pfl |2
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=< 1

p-2 1
s Z P |s§ (x/§r)k|2
k=«

+ st (Va1
22 Kk 12 k|2
< lsll Y Nl == 3¢ | " (vV2r |1
k=«
+ 11132 P | Ware
1 1 2&7_2 Kk 21k
< s 7D s (V2?1
k=o
—a [ ol19-1 m% 2 p-1]|2
+ sl sio g |7 | (V2ne T
1 3 2(072 2k
< ls™= 3¢ 7Y (sl | (V22 ]) 1
k=o
1 _
17 |2 | (1sh | (V22 )77
— 0 as(p,a— 00), @)

which follows from the observation that the sum in the first term is a geometric series and
sl (+/2r)?|l < 1 implies that (lls||[|(v/2r)*[1)?~" — 0 and (|Is||II(v'2r)*)* = 0. This proves
that {gR,} and {gw,} are Cauchy sequences in g(Y). Since {gw,} is complete, there exist
N, € T such that

PpER,gR) = lim p(gRy,gR) = lim p(gRe, gN,),
pgw,gw) = lim p(gwe,gw) = lim p(gwa,gwm).
n—00 n—0o0

By (4), we have

lim p(gRy, gR) + lim p(gwy, g) = p(gR,gR) + p(gw,gw) = 0.
Now, we prove that T(R, @) = g8 and 7 (o, R) = g . For that we have

P(TR,@),gR) <s(p(T(R, @), gR8¢s1) + P(ERa11,8N)) — PERG+1,880+1)
5 Sp (T(Nr ZD'), T(Nar woz)) + Sp(gNolegN)
=S p(gRy, gR)r + s p(gwy, g )r + 5p(gRy11,8N).
Taking the limit as & — oo in the above relation, we get p(7 (R, @ ),gR) = 04 and hence
TR, @) = gR. Similarly, 7(w,R) = gw. Therefore, 7 and g have a coupled coincidence
point (R, ).
Now if 7 and g have a coupled coincidence point (X', '), then
p(gR,gR) = p(TR, @), T(R, ")) <r*p(gR,gr')r + r*p(gw,g’)r,

p(gw.gw’) = p(T(@,R), T (w',R)) 2 r*p(gw,go’)r+r*p(gR,gN')r,
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and hence

p(gR,gN') + p(gm,gm’) < (V2r)* (p(eR,gN') + p (g, g ")) (V21),

which further induces that

[o(g8.gN) + p(gm.gw”) | < [(V20)] | (g%, gX) + p(gm . g) |.

Since [|(+/2r)|| < 1, then ||p(gR, g®’) + p(ger,g’) | = 0. Hence, we get gR = g8’ and g =
go’. Similarly, we can prove that g& = g’ and g = gR’. Then 7 and g have a unique
coupled point of coincidence (gR, gR). Moreover, if v = gR, then v = gR = T(R¥,R). Since T
and g are w-compatible,

gv=g(g®) =g(T(R,R)) = T(gR,gR) =T (v, v),

which means that 7 and g have a coupled point of coincidence (gv, gv). By the uniqueness,
we know gv = gN, which yields that v = gv = T (v,v). Therefore, F and g have a unique
common coupled fixed point (v, v). O

Example 3.2 Let ¥ =R and 5 = M;(C) and the map p: Y x Y — 7 is defined by

N — | 0 max{R, @ }> 0
p(R, @) = + ,
0 kIR - |? 0 k max{R, @ }?

where k >0 is a constant. Then (Y, .77, p) is a complete € *-algebra-valued partial b-metric
space. Consider the mappings 7 : ¥ x ¥ — Y with T(R, @) = N*;’ and g: Y — Y with
g(R) =2R.Set A € Cwith |A| < ﬁ, andr = [g S],thenr € J and ||7||« = |A|. Clearly, T and

g are w-compatible. Moreover, one can verify that 7 satisfies the contractivity condition

p(T(R, @), T (u, v)) <rTR,u)r+rT(w,v)r foranyR,o,u,ve Y.

In this case, (0,0) is a coupled coincidence point of 7 and g. Moreover, (0,0) is a unique
common coupled fixed point of 7 and g.

Corollary 3.3 Let (Y, 57, p) be a complete €*-algebra-valued partial b-metric space with
coefficient s. Suppose that the mapping T : T x ¥ — Y satisfies the following condition:

p(T(N, o), T (4, v)) <ro®u)r+rp(w,v)r foranyR w,u,ve, (5)
where r € € with ||r|| < ﬁ and ||s||||v/2r||? < 1. Then T has a unique coupled fixed point.
Before going to another theorem, we recall the following lemma of [27].
Lemma 3.4 Suppose that 7 is a unital €*-algebra with a unit 1 y.
1. Ifr e 7, with ||r| < %, then 1 — r is invertible.

2. Ifr,b € 5 and rb = br, then 0 < rb.
3. If r,b € I and t € ] then r < b deduces tr < tb, where J€ = A, N A
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Theorem 3.5 Let (Y,.77, p) be a complete € *-algebra-valued partial b-metric space with
coefficient s. Suppose that the mappings T : Y X Y — Y and g: Y — Y satisfies the fol-
lowing condition:

p(TR, @), T(w,v)) 2rp(TX,@),gR) + bo(T (u,v),gu), (6)

forany R, w,u,ve Y, where r,b € J with ||r| + |6l < 1. IfT(Y x T) C g(Y) and g(Y)
is complete in X, then T and g have a coupled coincidence point and p(gR,gR) = 07 and
plgw,gw) = 0. Moreover, if T and g are w-compatible, then they have unique common
coupled fixed point in Y.

Proof As in the proof of Theorem 3.1, construct two sequences {¥,} and {,} in YT such
that g, .1 = T (Ry, @) and gwyy1 = T (4, Ne). Then by applying (6), we have

(172” - b)l?(g&a,g&au) = ’”P(gxnga—l),

(1 —0)p(gwye, g as1) X TP(EWy, E-1).

Since r,b € 7 with ||7|| + ||b]| < 1, we have 1, — b is invertible and (1, — b)~'r € 7.
Therefore

p(gRargNoHl) = (lﬁf’ - b)_lrp@Na’gNa—l)»

p(gwa:gwaJrl) ﬁ (1% - b)_lrp(gwa)gwa—l)'

Then

o (gRegRas1) || < [[(Loe = 0)7'r|| | p(gRar gNa-1)

“p(gwougwa+1)|| = H(lﬂ - b)il}”H ”p(gwwgwa—l)”-

’

It follows from the fact

Il
1—|lb]l

o0
| Qe =0)7'r| = @oe = 0) Il = Y b7l =
k=0

that {g¥,} and {gw,} are Cauchy sequences in g(T') and therefore, by the completeness of
g(T), there are X, w € T such that lim g®, = g® and
o—00

p(gR,gR) = lim p(gRq,gR) = lim p(gRq,gRa) = 0.,
n— 00 n— o0
limy, .00 g0, = g and
pgw,gw) = lim p(gwy,gw) = lim p(gwe,gwy) = 0.
n—0o0 n— 00
Since

IO(T(N’ w))g&) = S[P(g?{ml, T(N¢ w)) + P(gNa+1,gN)] - p(gNa+17gNa+1)
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= S[,O(gNole T(N’ ZD')) + p(gNaJrl’gN)]
= 5(p(T(Ra» @), TS, @) + p(gNur1,gN))
< 5rp(T(Ra, @), g80) +5bp(T(R, @), gR) + 5p(@Rq11,8R)

= S’"ﬂ(gxau’g&a) + pr (T(R: w)7gN) + SP(gNau;gN),

hence
IO(T(N’ w)yg&) = (1 - 55)71$VP@Na+1,gNa) + (1 _Sb)ilsp(gNOHnga)-

Then p(T(R,@),gR) = Oz, or equivalently, T(R, =) = gR. Similarly, one can obtain
T(w,R)=gw.

Now, if (X', @) is another coupled coincidence point of 7 and g, then according to (6),
we obtain

p(gN,gR) < p(T(N, @), TR, )
<rp(T(R,@'),gX) + bp(T(R, ),gR)

= rp(gN/1gN/) + b,O(gN,gN) =0,
and

p(gw’.gw) < p(T(@'.N), T(@,¥))
<rp(T (@' ,N),gw") + bp(T (=, R), g7 )

=rp(go’.gw’) + bp(gw,gw) = 0z,

which implies that g®’ = gR and gow’ = geo. Similarly, we have gR’ = goo and g’ = g\.
Hence 7 and g have a unique coupled point of coincidence (g®, gR). Moreover, we can
show that 7 and g have a unique common coupled fixed point. g

Theorem 3.6 Let (Y,.77, p) be a complete € *-algebra-valued partial b-metric space with
coefficient s. Suppose that the mappings T : Y X Y — Y and g: Y — Y satisfies the fol-
lowing condition:

(TR, @), T(u,v)) = rp(TXN, @), gu) + bp(T (1,),g8) )

for any R, w,u,v € Y, where r,b € I with ||r| + ||b]| <1 and ||sr|| + [Isb]| < 1. If T(YT x
Y) Cg(Y) and g(Y) is complete in Y, then T and g have a coupled coincidence point and
p(gR,gR) = 0¢ and p(gw,gw) = 0. Moreover, if T and g are w-compatible, then they
have unique common coupled fixed point in Y.

Proof Following a similar argument given in the proof of Theorem 3.1, we construct two
sequences {¥,} and {w,} in T such that g(Ry,1) = TRy, @) and g(@ys1) = T (0, Ra).
Now, from (7), we have

p(gNa)gNa-f—l) =p (T(&a—lx wl)t—l)’ T(Nar wa))



Maheswari et al. Fixed Point Theory Algorithms Sci Eng (2022) 2022:18 Page 10 of 14

< rp(T(Ra1, a-1),8Ra) + 00 (T (Ras o), g8a-1)

<1p(gRy,gRy) + bo(gRy,1,8841)

< rp(@Rui1,8Ry) +5bp(gRe1,8Ra) + sbp(gRy, g8y 1)
—bp(p(EgRa)gNa)

= rp(gNa+1:gNa) + pr(gNCHng&a) + pr@Na7gNa—1):

from which it follows that

(1% - (}" + Sb))P@Na7gNa+1) = pr(gxnga—l)' (8)
Because of the symmetry in (7), we have
p(gNolegNu) = p(T(Nm wa): T(N(x—l: w[x—l))
f rp (T(Rw wa)ygxa—l) + bp (T(Ra—l’ wa—l):gxa)
= TP(gle;gNa—ﬂ + bp(gxonga)
= S",O(g?“‘ml,gxa) + Srlo(g&a:gxot—l) - rp(gNozrgNa)

+ bp(gNmnga)
= SVP(gNa+1,gNa) + Srp@Na¢gRa—l) + bp@Na+1,gNa),

that is,
(Loe = (sr+6)) p(gRa, gRe41) < 570(gR0) gRa1). )

Now, from (8) and (9) we obtain that

sr+sb

( sr+sb+r+b
Ly T

5 )P@Na,gNaH) =

p(gxoug&a—ll

If r,b € S with |[r + b]| < |Ir|l + ||b6]l <1 and |[[sr + sb|| < |Is7|| + [Isb]| < 1, then (1 —
(W))‘1 € J¢!, which, together with Lemma 3.4 (part 3), yields that

sr+sb+r+b\\ ‘sr+sb
2 2 p(gxa:gxa—l)'

p(gxarg&oﬁ—l) = (L)f - (

Lete = (13;0 _ (sr+s[12+r+b))—1 sr-;sb, then

el = (1 sr+sb+r+b\\ sr+sb
I\ 2 2

The same argument as in the proof of Theorem 3.5 tells that {gR,} is a Cauchy sequence

<1.

in g(Y). Similarly, we can show that {gw,} is also a Cauchy sequence in g(Y). Therefore,
by the completeness of g(T'), there are 8,z € T such that lim gR, = g® and

,o(gR,gN) = lim p(gxa’gN) = lim :O(g&a:gxa) =0,
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lim gw, = gw and
o—00

plgw,gw) = lim p(gw,,go) = lim p(gw,, gwy) = 0.
n—0o0 n—0o0
Now, we prove that 7(R, @) = g8 and 7 (', R) = g . For that we have

P(T(N, w)xg&) = S[P(gxaw T(N; ZD')) + P(gxmhg?’()] - p(gxa+lvgNa+1)
=<sp (T(Nw @), TR, w)) + Sp(gNolegN)
< srp(T (Ra, o), gR) +sbp (TR, @), gRa) +5p(gRa+1,8N)

< 57p(gRa+1,gR) +sbp (T (R, @), g8, ) +50(gR11,8N),

and hence

o (TR, @),g8)| = llsrll]| o(@Ras1,gN) | + lIsbll | o (TR, =), gR) |
+ sl 0 (@Nas1,8N) |-

By the continuity of the metric and norm, we know
[o(T, @), g8) | < lIsbll| o (T, @), g

It follows from the fact ||sb|| < 1 that ||p(T (R, @ ),gR)| = 0. Thus 7 (R, @) = gR. Similarly,
T(w,R) = gw. Hence (R, @) is a coupled coincidence point of 7 and g. The same rea-
soning as that in the proof of Theorem 3.5 tells us that 7 and g have a unique common
coupled fixed pointin T. O

4 Application
As an application of Corollary 3.3, we find an existence and uniqueness result for the fol-
lowing Fredholm integral equation:

M) = /g G1p NP, m @) dp+5(1),  wpeé, (10)

where £ is ameasurableset, G: E X E xR xR — R,and § € L®(E).Let Y = L>®(E) be the
set of essentially bounded measurable functions on £. Consider the Hilbert space £L2(£).
Let the set of all bounded linear operators on £2(€) be denoted by B(L2(£)). Obviously,
B(L%(£)) is a ¢*-algebra with usual operator norm. Define p: T x T — B(L%(£)) by (for
all 8,9 € )

p8,0) =5 92415

where 4 : L%(E) — L*(€) is the multiplicative operator, which is defined by
g (w) =q- 1#

Now, we state and prove our result, as follows:
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Theorem 4.1 Suppose that (for all X, @ ,u,ve Y)
1. There exist a continuous function k : £ x € — R and 6 € (0, 1) such that

|G (1,2, 8(p), @ (p)) — G (1 p> u(p), V(D)) |
<6k, p)|(|N @) - u()|
+|@(p) - vip)| +1-071),

forall u,p € &; and

2. Supueé’ fg |K(M:P)| dp E 1.
Then, the integral equation (10) has a unique solution in Y.

Proof Define T:Y x YT — T by

T8 )00 = [ Gep X)) dp+500), Vip e,
Set T = 01, then t € 7. For any z € L2(£), we have

”p(T(N, o), T (4, v)) H

= SIHJP (01T (8 )~ T () 241%0 Z)
lzll=1

= sup /g(|’T(N,w)—7'(u,v)|2+I)z(u)ﬁdu

llzll=1

< sup /[/Ig(u,p»N(p),W(p))—Q(M,p,u(p)m(p))ldp} l2(w)[* dp
ELJIE

llzll=1

+ sup /;|z(//,)’2d/d

llzll=1

2
< sup/g[/gew,pn(mw—u<p>||w<p>—v<p)|+1—e11)dp] e[ du +1

lzll=1

2 2
<02 sup/g[/gik(u,p)ldp} 2O (1% =l + o - vI12)

llzl=1

<6 sup/ |k (. p)| dp sup /}Z(M)|2du(ll?< —ull% + o - vIZ)
neEJE &

lzll=1
<O[IR-ull + o —vZ]

=lzille®w] + [ o@.m]]

Hence, all the hypotheses of Corollary 3.3 are verified and, consequently, the integral equa-
tion has a unique solution. d

5 Conclusion

In this paper, we proved some coupled fixed point theorems in a continuous C*-algebra-
valued partial b-metric space. Certainly, discontinuous C*-algebra-valued partial b-metric
spaces will be intersting for researchers.
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