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Abstract
In this paper, we prove some common coupled fixed-point theorems on complete
C �-algebra-valued partial b-metric spaces. Some of the well-known facts in the
literature are generalized and expanded by the results shown. An example to illustrate
our findings is presented. We also explore some of the applications of our key results.
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1 Introduction
Fixed point theory, one of the active research areas in mathematics, focuses on maps and
abstract spaces, see [1–9], and the references therein. The notion of coupled fixed points
was introduced by Guo and Lakshmikantham [10]. In 2006, Bhaskar and Lakshmikantham
[4] introduced the concept of a mixed monotonicity property for the first time and inves-
tigated some coupled fixed point theorems for such mappings. As a result, many authors
obtained many coupled fixed point and coupled coincidence point theorems, see [11–23]
and the references therein. In 2014, Ma et al. [24] initially introduced the concept of C �-
algebra-valued metric spaces, and proved some fixed point theorems for self-maps with
contractive or expansive conditions on such spaces. In 2019, Chandok et al. [25] proved
some fixed point theorems on C∗-algebra-valued partial metric spaces. In 2021, Mlaiki et
al. [26] proved some fixed point theorems on C∗-algebra-valued partial b-metric spaces.
In this paper, we prove some coupled fixed point theorems on C∗-algebra-valued partial
b-metric spaces.

2 Preliminaries
First of all, we recall some basic definitions, notations, and results of C �-algebra that can
be found in [27]. Let H be a unital algebra. An involution on H is a conjugate-linear
map r → r� on H such that r�� = r and (rs)� = s�r� for any r, s ∈ H . The pair (H ,�) is
called a �-algebra. A �-algebra H together with a complete submultiplicative norm such
that ‖r�‖ = ‖r‖, is said to be a Banach �-algebra. Furthermore, a C �-algebra is a Banach
�-algebra with ‖r�r‖ = ‖r‖2, for all r ∈ H . An element r in H is self-adjoint, or hermitian,
if r = r∗. Let Hsa be the set of all self-adjoint elements in H , and define the spectrum of
r ∈ H to be the set σ (r) = {λ ∈ C : λI – r is not invertible}. An element r of a C �-algebra
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H � is positive if r is hermitian and σ (r) ⊆ [0, +∞), where σ (r) is the spectrum of r. We
write 0H � r to show that an element r is positive, and denote by H+andHð the set of
positive elements and the hermitian elements of H , respectively, where 0H is the zero
element in H . There is a natural partial ordering on Hð which is given by r � s if and
only if 0H � s – r. It is clear that if r, s ∈ Hsa and c ∈ H , then r � s ⇒ c∗rc � c∗sc, and
that if r, s ∈ H+ are invertible, then r � s 
⇒ θ � s–1 � r–1. From now on, H ′ will denote
the set {r ∈ H : rs = sr,∀s ∈ H }.

Definition 2.1 ([7, 24]) Let ϒ be a nonempty set. Suppose that the mapping ρ : ϒ ×ϒ →
H is defined, with the following properties:

1. 0H � ρ(ℵ,� ) for all ℵ,� ∈ ϒ and ρ(ℵ,� ) = 0H if and only if ℵ = � ;
2. ρ(ℵ,� ) = ρ(� ,ℵ) for all ℵ,� ∈ ϒ ;
3. ρ(ℵ,� ) � ρ(ℵ,γ ) + ρ(γ ,� ) for all ℵ,� ,γ ∈ ϒ .

Then ρ is said to be a C �-algebra-valued metric on ϒ , and (ϒ ,H ,ρ) is said to be a C �-
algebra-valued metric space.

The following definition was introduced by Ma and Jiang [28].

Definition 2.2 Let ϒ be a nonempty set and s ∈ H such that s � I . Suppose that the
mapping ρ : ϒ × ϒ → H is defined, with the following properties:

1. 0H � ρ(ℵ,� ) for all ℵ,� ∈ ϒ ;
2. ρ(ℵ,� ) = 0H if and only if ℵ = � ;
3. ρ(ℵ,� ) = ρ(� ,ℵ) for all ℵ,� ∈ ϒ ;
4. ρ(ℵ,� ) � s(ρ(ℵ,γ ) + ρ(γ ,� )) for all ℵ,� ,γ ∈ ϒ .

Then ρ is said to be a C �-algebra-valued b-metric on ϒ , and (ϒ ,H ,ρ) is said to be a
C �-algebra-valued b-metric space.

Now, we recall the definition of a C∗-algebra-valued partial b-metric space introduced
by Mlaiki et al [26].

Definition 2.3 Let ϒ be a nonempty set and s ∈ H such that s � I . Suppose that the
mapping ρ : ϒ × ϒ → H is defined, with the following properties:

(A1) 0H � ρ(ℵ,� ) for all ℵ,� ∈ ϒ and ρ(ℵ,ℵ) = ρ(� ,� ) = ρ(ℵ,� ) if and only if
ℵ = � ;

(A2) ρ(ℵ,ℵ) � ρ(ℵ,� );
(A3) ρ(ℵ,� ) = ρ(� ,ℵ) for all ℵ,� ∈ ϒ ;
(A4) ρ(ℵ,� ) � s(ρ(ℵ,γ ) + ρ(γ ,� )) – ρ(γ ,γ ) for all ℵ,� ,γ ∈ ϒ .

Then ρ is said to be a C �-algebra-valued partial b-metric on ϒ , and (ϒ ,H ,ρ) is said to
be a C �-algebra-valued partial b-metric space.

Example 2.1 Let ϒ = [0, 1] and H = M2(C), the class of bounded and linear operators
on a Hilbert space C

2. Define ρ : ϒ × ϒ → H by

ρ(ℵ,� ) =

[
|ℵ – � |2 0

0 k|ℵ – � |2
]

+

[
max{ℵ,� }2 0

0 kmax{ℵ,� }2

]
,

where k≥ 0 and for all ℵ,� ∈ ϒ . Then, (ϒ ,H ,ρ) is a C �-algebra-valued partial b-metric
space. However, it is easy to see that (ϒ ,H ,ρ) is not a C ∗-algebra-valued b-metric space.
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To substantiate the claim, for any nonzero element ℵ ∈ ϒ , we have

ρ(ℵ,ℵ) =

[
ℵ2 0
0 kℵ2

]
�=

[
0 0
0 0

]
= 0H

Therefore, (ϒ ,H ,ρ) is not a C ∗-algebra-valued b-metric space.

Definition 2.4 A sequence {ℵα} in (ϒ ,H ,ρ) is called convergent (with respect to H ) to
a point ℵ ∈ ϒ if, for given ε > 0, there exists k ∈ N such that ‖ρ(ℵα ,ℵ) – ρ(ℵ,ℵ‖ < ε, for all
α > k. We denote it by

lim
α→∞ρ(ℵα ,ℵ) = ρ(ℵ,ℵ).

Definition 2.5 A sequence {ℵα} in (ϒ ,H ,ρ) is called Cauchy (with respect to H ) if
lim

α→∞ρ(ℵα ,ℵm) exists and it is finite.

Definition 2.6 The triplet (ϒ ,H ,ρ) is called a complete C∗-algebra-valued partial b-
metric space if every Cauchy sequence in ϒ is convergent to some point ℵ in ϒ such that

lim
α→∞ρ(ℵα ,ℵm) = lim

α→∞ρ(ℵα ,ℵ) = ρ(ℵ,ℵ).

Definition 2.7 ([22]) Let ϒ be a nonempty set. An element (ℵ,� ) ∈ ϒ × ϒ is said to be
(1) a coupled fixed point of the mapping T : ϒ × ϒ → ϒ if T (ℵ,� ) = ℵ and T (� ,ℵ) =

� .
(2) a coupled coincidence point of the mapping T : ϒ × ϒ → ϒ and g : ϒ → ϒ if

T (ℵ,� ) = gℵ and T (� ,ℵ) = g� . In this case (gℵ, g� ) is said to be a coupled point of
coincidence.

(3) a common coupled fixed point of the mapping T : ϒ × ϒ → ϒ and g : ϒ → ϒ if
T (ℵ,� ) = gℵ = ℵ and T (� ,ℵ) = g� = � .

Note that Definition 2.7(3) reduces to Definition 2.7(1) if the mapping g is the identity
mapping.

Definition 2.8 ([22]) The mappings T : ϒ × ϒ → ϒ and g : ϒ → ϒ is said to be ω-
compatible if g(T (ℵ,� )) = T (gℵ, g� ) whenever gℵ = T (ℵ,� ) and g� = T (� ,ℵ).

In this paper, we prove coupled fixed point theorems on C∗-algebra-valued partial b-
metric space.

3 Main results
In this section we shall prove some common coupled fixed point theorems for different
contractive mappings in the setting of C �-algebra-valued partial b-metric spaces. Now we
give our main results.

Theorem 3.1 Let (ϒ ,H ,ρ) be a complete C �-algebra-valued partial b-metric space with
coefficient s. Suppose that the mappings T : ϒ ×ϒ → ϒ and g : ϒ → ϒ satisfy the following
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condition:

ρ
(
T (ℵ,� ),T (ı, v)

) � r�ρ(gℵ, gı)r + r�ρ(g� , gv)r for any ℵ,� , ı, v ∈ ϒ , (1)

where r ∈ H with ‖r‖ < 1√
2 and ‖s‖‖√2r‖2 < 1. If T (ϒ × ϒ) ⊆ g(ϒ) and g(ϒ) is complete

in ϒ , then T and g have a coupled coincidence point and ρ(gℵ, gℵ) = 0H and ρ(g� , g� ) =
0H . Moreover, if T and g are ω-compatible, then they have a unique common coupled fixed
point in ϒ .

Proof Take ℵ0,�0 ∈ ϒ , and let g(ℵ1) = T (ℵ0,�0) and g(�1) = T (�0,ℵ0). One can obtain
two sequences {ℵα} and {�α} by continuing this process such that g(ℵα+1) = T (ℵα ,�α)
and g(�α+1) = T (�α ,ℵα). From (1), we get

ρ(gℵα , gℵα+1) = ρ
(
T (ℵα–1,�α–1),T (ℵα ,�α)

)
� r�

(
ρ(gℵα–1, gℵα)

)
r + r�

(
ρ(g�α–1, g�α)

)
r (2)

� r�
(
ρ(gℵα–1, gℵα)

)
+

(
ρ(g�α–1, g�α)

)
r.

Similarly,

ρ(g�α , g�α+1) = ρ
(
T (�α–1,ℵα–1),T (�α ,ℵα)

)
� r�

(
ρ(g�α–1, g�α)

)
r + r�

(
ρ(gℵα–1, gℵα)

)
r (3)

� r�
(
ρ(g�α–1, g�α)

)
+

(
ρ(gℵα–1, gℵα)

)
r.

Let

�α = ρ(gℵα , gℵα+1) + ρ(g�α , g�α+1),

and now from (2) and (3), we have

�α = ρ(gℵα , gℵα+1) + ρ(g�α , g�α+1)

� r�
(
ρ(gℵα–1, gℵα) + ρ(g�α–1, g�α)

)
r + r�

(
ρ(g�α–1, g�α) + ρ(gℵα–1, gℵα)

)
r

� (
√

2r)�
(
ρ(gℵα–1, gℵα) + ρ(g�α–1, g�α)

)
(
√

2r)

� (
√

2r)��α–1(
√

2r),

which, together with the property: if s, t ∈ Hð, then s � t implies r�sr � r�tr (Theo-
rem 2.2.5 in [27]), yields that for each α ∈N,

0H � �α � (
√

2r)��α–1(
√

2r) � · · · � [
(
√

2r)�
]α�0(

√
2r)α .

If �0 = 0H , then we know that T and g have a coupled coincidence point (ℵ0,�0). Now,
letting 0H ≺ �0, we can obtain for ℘ > α, α,℘ ∈N,

ρ(gℵα , gℵ℘) � s
(
ρ(gℵα , gℵα+1) + ρ(gℵα+1, gℵ℘)

)
– ρ(gℵα+1, gℵα+1)



Maheswari et al. Fixed Point Theory Algorithms Sci Eng         (2022) 2022:18 Page 5 of 14

� sρ(gℵα , gℵα+1) + s2(ρ(gℵα+1, gℵα+2) + ρ(gℵα+2, gℵ℘)
)

– ρ(gℵα+1, gℵα+1) – ρ(gℵα+2, gℵα+2)

� sρ(gℵα , gℵα+1) + s2ρ(gℵα+1, gℵα+2)

+ · · · + s℘–α–1(ρ(gℵ℘–2, gℵ℘–1) + ρ(gℵ℘–1, gℵ℘)
)

– ρ(gℵα+1, gℵα+1) – · · · – ρ(gℵ℘–1, gℵ℘–1)

� sρ(gℵα , gℵα+1) + s2ρ(gℵα+1, gℵα+2)

+ · · · + s℘–α–1ρ(gℵ℘–2, gℵ℘–1) + s℘–α–1ρ(gℵ℘–1, gℵ℘),

ρ(g�α , g�℘) � s
(
ρ(g�α , g�α+1) + ρ(g�α+1, g�℘)

)
– ρ(g�α+1, g�α+1)

� sρ(g�α , g�α+1) + s2(ρ(g�α+1, g�α+2) + ρ(g�α+2, g�℘)
)

– ρ(g�α+1, g�α+1) – ρ(g�α+2, g�α+2)

� sρ(g�α , g�α+1) + s2ρ(g�α+1, g�α+2)

+ · · · + s℘–α–1(ρ(g�℘–2, g�℘–1) + ρ(g�℘–1, g�℘)
)

– ρ(g�α+1, g�α+1) – · · · – ρ(g�℘–1, g�℘–1)

� sρ(g�α , g�α+1) + s2ρ(g�α+1, g�α+2)

+ · · · + s℘–α–1ρ(g�℘–2, g�℘–1) + s℘–α–1ρ(g�℘–1, g�℘).

Consequently,

ρ(gℵα , gℵ℘) + ρ(g�α , g�℘)

� s�α + s2�α+1 + · · · + s℘–α–1�℘–2

+ s℘–α–1�℘–1

= s
℘–2∑
k=α

sk–α
[
(
√

2r)�
]k�0[

√
2r]k

+ s℘–α–1[(
√

2r)�
]℘–1�0[

√
2r]℘–1

= s
℘–2∑
k=α

sk–α
[
(
√

2r)�
]k� 1

2
0 � 1

2
0 [

√
2r]k

+ s℘–α–1[(
√

2r)�
]℘–1� 1

2
0 � 1

2
0 [

√
2r]℘–1

= s
℘–2∑
k=α

sk–α
[� 1

2
0 (

√
2r)k

]�[� 1
2
0 (

√
2r)k

]

+ s℘–α–1[� 1
2
0 (

√
2r)℘–1]�[� 1

2
0 (

√
2r)℘–1]

= s
℘–2∑
k=α

sk–α
∣∣� 1

2
0 (

√
2r)k

∣∣2

+ s℘–α–1∣∣� 1
2
0 (

√
2r)℘–1∣∣2
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�
∥∥∥∥∥s

℘–2∑
k=α

sk–α
∣∣� 1

2
0 (

√
2r)k

∣∣2

∥∥∥∥∥I

+
∥∥s℘–α–1∣∣� 1

2
0 (

√
2r)℘–1∣∣2∥∥I

� ‖s‖
℘–2∑
k=α

‖s‖k–α
∥∥� 1

2
0
∥∥2∥∥(

√
2r)k

∥∥2I

+ ‖s‖℘–α–1∥∥� 1
2
0
∥∥2∥∥(

√
2r)℘–1∥∥2I

� ‖s‖1–α
∥∥� 1

2
0
∥∥2

℘–2∑
k=α

‖s‖k∥∥(
√

2r)2∥∥kI

+ ‖s‖–α‖s‖℘–1∥∥� 1
2
0
∥∥2∥∥(

√
2r)℘–1∥∥2I

� ‖s‖1–α
∥∥� 1

2
0
∥∥2

℘–2∑
k=α

(‖s‖∥∥(
√

2r)2∥∥)kI

+ ‖s‖–α
∥∥� 1

2
0
∥∥2(‖s‖∥∥(

√
2r)2∥∥)℘–1I

→ 0 as (℘,α → ∞), (4)

which follows from the observation that the sum in the first term is a geometric series and
‖s‖‖(

√
2r)2‖ < 1 implies that (‖s‖‖(

√
2r)2‖)℘–1 → 0 and (‖s‖‖(

√
2r)2‖)α → 0. This proves

that {gℵα} and {g�α} are Cauchy sequences in g(ϒ). Since {g�α} is complete, there exist
ℵ,� ∈ ϒ such that

ρ(gℵ, gℵ) = lim
n→∞ρ(gℵα , gℵ) = lim

n→∞ρ(gℵα , gℵm),

ρ(g� , g� ) = lim
n→∞ρ(g�α , g� ) = lim

n→∞ρ(g�α , g�m).

By (4), we have

lim
n→∞ρ(gℵα , gℵ) + lim

n→∞ρ(g�α , g� ) = ρ(gℵ, gℵ) + ρ(g� , g� ) = 0H .

Now, we prove that T (ℵ,� ) = gℵ and T (� ,ℵ) = g� . For that we have

ρ
(
T (ℵ,� ), gℵ) � s

(
ρ
(
T (ℵ,� ), gℵα+1

)
+ ρ(gℵα+1, gℵ)

)
– ρ(gℵα+1, gℵα+1)

� sρ
(
T (ℵ,� ),T (ℵα ,�α)

)
+ sρ(gℵα+1, gℵ)

� sr�ρ(gℵα , gℵ)r + sr�ρ(g�α , g� )r + sρ(gℵα+1, gℵ).

Taking the limit as α → ∞ in the above relation, we get ρ(T (ℵ,� ), gℵ) = 0H and hence
T (ℵ,� ) = gℵ. Similarly, T (� ,ℵ) = g� . Therefore, T and g have a coupled coincidence
point (ℵ,� ).

Now if T and g have a coupled coincidence point (ℵ′,� ′), then

ρ
(
gℵ, gℵ′) = ρ

(
T (ℵ,� ),T

(ℵ′,� ′)) � r�ρ
(
gℵ, gℵ′)r + r�ρ

(
g� , g� ′)r,

ρ
(
g� , g� ′) = ρ

(
T (� ,ℵ),T

(
� ′,ℵ′)) � r�ρ

(
g� , g� ′)r + r�ρ

(
gℵ, gℵ′)r,
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and hence

ρ
(
gℵ, gℵ′) + ρ

(
g� , g� ′) � (

√
2r)�

(
ρ
(
gℵ, gℵ′) + ρ

(
g� , g� ′))(

√
2r),

which further induces that

∥∥ρ
(
gℵ, gℵ′) + ρ

(
g� , g� ′)∥∥ � ∥∥(

√
2r)

∥∥2∥∥ρ
(
gℵ, gℵ′) + ρ

(
g� , g� ′)∥∥.

Since ‖(
√

2r)‖� 1, then ‖ρ(gℵ, gℵ′) + ρ(g� , g� ′)‖ = 0. Hence, we get gℵ = gℵ′ and g� =
g� ′. Similarly, we can prove that gℵ = g� ′ and g� = gℵ′. Then T and g have a unique
coupled point of coincidence (gℵ, gℵ). Moreover, if v = gℵ, then v = gℵ = T (ℵ,ℵ). Since T
and g are ω-compatible,

gv = g(gℵ) = g
(
T (ℵ,ℵ)

)
= T (gℵ, gℵ) = T (v, v),

which means that T and g have a coupled point of coincidence (gv, gv). By the uniqueness,
we know gv = gℵ, which yields that v = gv = T (v, v). Therefore, F and g have a unique
common coupled fixed point (v, v). �

Example 3.2 Let ϒ = R and H = M2(C) and the map ρ : ϒ × ϒ �H is defined by

ρ(ℵ,� ) =

[
|ℵ – � |2 0

0 k|ℵ – � |2
]

+

[
max{ℵ,� }2 0

0 kmax{ℵ,� }2

]
,

where k�0 is a constant. Then (ϒ ,H ,ρ) is a complete C �-algebra-valued partial b-metric
space. Consider the mappings T : ϒ × ϒ → ϒ with T (ℵ,� ) = ℵ+�

2 and g : ϒ → ϒ with
g(ℵ) = 2ℵ. Set λ ∈Cwith |λ| < 1√

2 , and r =
[

λ 0
0 λ

]
, then r ∈ H and ‖r‖∞ = |λ|. Clearly, T and

g are ω-compatible. Moreover, one can verify that T satisfies the contractivity condition

ρ
(
T (ℵ,� ),T (u, v)

) � r�T (ℵ, u)r + r�T (� , v)r for any ℵ,� , u, v ∈ ϒ .

In this case, (0, 0) is a coupled coincidence point of T and g . Moreover, (0, 0) is a unique
common coupled fixed point of T and g .

Corollary 3.3 Let (ϒ ,H ,ρ) be a complete C �-algebra-valued partial b-metric space with
coefficient s. Suppose that the mapping T : ϒ × ϒ → ϒ satisfies the following condition:

ρ
(
T (ℵ,� ),T (u, v)

) � r�ρ(ℵ, u)r + r�ρ(� , v)r for any ℵ,� , u, v ∈ ϒ , (5)

where r ∈ H with ‖r‖ < 1√
2 and ‖s‖‖√2r‖2 < 1. Then T has a unique coupled fixed point.

Before going to another theorem, we recall the following lemma of [27].

Lemma 3.4 Suppose that H is a unital C �-algebra with a unit 1H .
1. If r ∈ H+ with ‖r‖ < 1

2 , then 1H – r is invertible.
2. If r,b ∈ H+ and rb = br, then 0H � rb.
3. If r,b ∈ Hð and t ∈ H ′

+ then r � b deduces tr � tb, where H ′
+ = H+ ∩ H ′.
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Theorem 3.5 Let (ϒ ,H ,ρ) be a complete C �-algebra-valued partial b-metric space with
coefficient s. Suppose that the mappings T : ϒ × ϒ → ϒ and g : ϒ → ϒ satisfies the fol-
lowing condition:

ρ
(
T (ℵ,� ),T (u, v)

) � rρ
(
T (ℵ,� ), gℵ)

+ bρ
(
T (u, v), gu

)
, (6)

for any ℵ,� , u, v ∈ ϒ , where r,b ∈ H ′
+ with ‖r‖ + ‖b‖ < 1. If T (ϒ × ϒ) ⊆ g(ϒ) and g(ϒ)

is complete in ϒ , then T and g have a coupled coincidence point and ρ(gℵ, gℵ) = 0H and
ρ(g� , g� ) = 0H . Moreover, if T and g are ω-compatible, then they have unique common
coupled fixed point in ϒ .

Proof As in the proof of Theorem 3.1, construct two sequences {ℵα} and {�α} in ϒ such
that gℵα+1 = T (ℵα ,�α) and g�α+1 = T (�α ,ℵα). Then by applying (6), we have

(1H – b)ρ(gℵα , gℵα+1) � rρ(gℵα , gℵα–1),

(1H – b)ρ(g�α , g�α+1) � rρ(g�α , g�α–1).

Since r,b ∈ H ′
+ with ‖r‖ + ‖b‖ < 1, we have 1H – b is invertible and (1H – b)–1r ∈ H ′

+ .
Therefore

ρ(gℵα , gℵα+1) � (1H – b)–1rρ(gℵα , gℵα–1),

ρ(g�α , g�α+1) � (1H – b)–1rρ(g�α , g�α–1).

Then

∥∥ρ(gℵα , gℵα+1)
∥∥ � ∥∥(1H – b)–1r

∥∥∥∥ρ(gℵα , gℵα–1)
∥∥,∥∥ρ(g�α , g�α+1)

∥∥ � ∥∥(1H – b)–1r
∥∥∥∥ρ(g�α , g�α–1)

∥∥.

It follows from the fact

∥∥(1H – b)–1r
∥∥ � ∥∥(1H – b)–1∥∥‖r‖ �

∞∑
k=0

‖b‖k‖r‖ =
‖r‖

1 – ‖b‖ � 1

that {gℵα} and {g�α} are Cauchy sequences in g(ϒ) and therefore, by the completeness of
g(ϒ), there are ℵ,� ∈ ϒ such that lim

α�∞ gℵα = gℵ and

ρ(gℵ, gℵ) = lim
n→∞ρ(gℵα , gℵ) = lim

n→∞ρ(gℵα , gℵα) = 0H ,

limα�∞ g�α = g� and

ρ(g� , g� ) = lim
n→∞ρ(g�α , g� ) = lim

n→∞ρ(g�α , g�α) = 0H .

Since

ρ
(
T (ℵ,� ), gℵ) � s

[
ρ
(
gℵα+1,T (ℵ,� )

)
+ ρ(gℵα+1, gℵ)

]
– ρ(gℵα+1, gℵα+1)
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� s
[
ρ
(
gℵα+1,T (ℵ,� )

)
+ ρ(gℵα+1, gℵ)

]
= s

(
ρ
(
T (ℵα ,�α),T (ℵ,� )

)
+ ρ(gℵα+1, gℵ)

)
� srρ

(
T (ℵα ,�α), gℵα

)
+ sbρ

(
T (ℵ,� ), gℵ)

+ sρ(gℵα+1, gℵ)

� srρ(gℵα+1, gℵα) + sbρ
(
T (ℵ,� ), gℵ)

+ sρ(gℵα+1, gℵ),

hence

ρ
(
T (ℵ,� ), gℵ) � (1 – sb)–1srρ(gℵα+1, gℵα) + (1 – sb)–1sρ(gℵα+1, gℵα).

Then ρ(T (ℵ,� ), gℵ) = 0H , or equivalently, T (ℵ,� ) = gℵ. Similarly, one can obtain
T (� ,ℵ) = g� .

Now, if (ℵ′,� ′) is another coupled coincidence point of T and g , then according to (6),
we obtain

ρ
(
gℵ′, gℵ) � ρ

(
T

(ℵ′,� ′),T (ℵ,� )
)

� rρ
(
T

(ℵ′,� ′), gℵ′) + bρ
(
T (ℵ,� ), gℵ)

= rρ
(
gℵ′, gℵ′) + bρ(gℵ, gℵ) = 0H

and

ρ
(
g� ′, g�

) � ρ
(
T

(
� ′,ℵ′),T (� ,ℵ)

)
� rρ

(
T

(
� ′,ℵ′), g� ′) + bρ

(
T (� ,ℵ), g�

)
= rρ

(
g� ′, g� ′) + bρ(g� , g� ) = 0H ,

which implies that gℵ′ = gℵ and g� ′ = g� . Similarly, we have gℵ′ = g� and g� ′ = gℵ.
Hence T and g have a unique coupled point of coincidence (gℵ, gℵ). Moreover, we can
show that T and g have a unique common coupled fixed point. �

Theorem 3.6 Let (ϒ ,H ,ρ) be a complete C �-algebra-valued partial b-metric space with
coefficient s. Suppose that the mappings T : ϒ × ϒ → ϒ and g : ϒ → ϒ satisfies the fol-
lowing condition:

ρ
(
T (ℵ,� ),T (u, v)

) � rρ
(
T (ℵ,� ), gu

)
+ bρ

(
T (u, v), gℵ)

(7)

for any ℵ,� , u, v ∈ ϒ , where r,b ∈ H ′
+ with ‖r‖ + ‖b‖ < 1 and ‖sr‖ + ‖sb‖ < 1. If T (ϒ ×

ϒ) ⊆ g(ϒ) and g(ϒ) is complete in ϒ , then T and g have a coupled coincidence point and
ρ(gℵ, gℵ) = 0H and ρ(g� , g� ) = 0H . Moreover, if T and g are ω-compatible, then they
have unique common coupled fixed point in ϒ .

Proof Following a similar argument given in the proof of Theorem 3.1, we construct two
sequences {ℵα} and {�α} in ϒ such that g(ℵα+1) = T (ℵα ,�α) and g(�α+1) = T (�α ,ℵα).
Now, from (7), we have

ρ(gℵα , gℵα+1) = ρ
(
T (ℵα–1,�α–1),T (ℵα ,�α)

)
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� rρ
(
T (ℵα–1,�α–1), gℵα

)
+ bρ

(
T (ℵα ,�α), gℵα–1

)
� rρ(gℵα , gℵα) + bρ(gℵα+1, gℵα–1)

� rρ(gℵα+1, gℵα) + sbρ(gℵα+1, gℵα) + sbρ(gℵα , gℵα–1)

– bρ(ρ(gℵα , gℵα)

� rρ(gℵα+1, gℵα) + sbρ(gℵα+1, gℵα) + sbρ(gℵα , gℵα–1),

from which it follows that

(
1H – (r + sb)

)
ρ(gℵα , gℵα+1) � sbρ(gℵα , gℵα–1). (8)

Because of the symmetry in (7), we have

ρ(gℵα+1, gℵα) = ρ
(
T (ℵα ,�α),T (ℵα–1,�α–1)

)
� rρ

(
T (ℵα ,�α), gℵα–1

)
+ bρ

(
T (ℵα–1,�α–1), gℵα

)
� rρ(gℵα+1, gℵα–1) + bρ(gℵα , gℵα)

� srρ(gℵα+1, gℵα) + srρ(gℵα , gℵα–1) – rρ(gℵα , gℵα)

+ bρ(gℵα+1, gℵα)

� srρ(gℵα+1, gℵα) + srρ(gℵα , gℵα–1) + bρ(gℵα+1, gℵα),

that is,

(
1H – (sr + b)

)
ρ(gℵα , gℵα+1) � srρ(gℵα , gℵα–1). (9)

Now, from (8) and (9) we obtain that

(
1H –

sr + sb + r + b

2

)
ρ(gℵα , gℵα+1) � sr + sb

2
ρ(gℵα , gℵα–1).

If r,b ∈ H ′
+ with ‖r + b‖ � ‖r‖ + ‖b‖ < 1 and ‖sr + sb‖ � ‖sr‖ + ‖sb‖ < 1, then (1H –

( sr+sb+r+b
2 ))–1 ∈ H ′

+ , which, together with Lemma 3.4 (part 3), yields that

ρ(gℵα , gℵα+1) �
(

1H –
(

sr + sb + r + b

2

))–1 sr + sb
2

ρ(gℵα , gℵα–1).

Let e = (1H – ( sr+sb+r+b
2 ))–1 sr+sb

2 , then

‖e‖ =
∥∥∥∥
(

1H –
(

sr + sb + r + b

2

))–1 sr + sb
2

∥∥∥∥ < 1.

The same argument as in the proof of Theorem 3.5 tells that {gℵα} is a Cauchy sequence
in g(ϒ). Similarly, we can show that {g�α} is also a Cauchy sequence in g(ϒ). Therefore,
by the completeness of g(ϒ), there are ℵ,� ∈ ϒ such that lim

α�∞ gℵα = gℵ and

ρ(gℵ, gℵ) = lim
n→∞ρ(gℵα , gℵ) = lim

n→∞ρ(gℵα , gℵα) = 0H ,
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lim
α�∞ g�α = g� and

ρ(g� , g� ) = lim
n→∞ρ(g�α , g� ) = lim

n→∞ρ(g�α , g�α) = 0H .

Now, we prove that T (ℵ,� ) = gℵ and T (� ,ℵ) = g� . For that we have

ρ
(
T (ℵ,� ), gℵ) � s

[
ρ
(
gℵα+1,T (ℵ,� )

)
+ ρ(gℵα+1, gℵ)

]
– ρ(gℵα+1, gℵα+1)

� sρ
(
T (ℵα ,�α),T (ℵ,� )

)
+ sρ(gℵα+1, gℵ)

� srρ
(
T (ℵα ,�α), gℵ)

+ sbρ
(
T (ℵ,� ), gℵα

)
+ sρ(gℵα+1, gℵ)

� srρ(gℵα+1, gℵ) + sbρ
(
T (ℵ,� ), gℵα

)
+ sρ(gℵα+1, gℵ),

and hence

∥∥ρ
(
T (ℵ,� ), gℵ)∥∥ � ‖sr‖∥∥ρ(gℵα+1, gℵ)

∥∥ + ‖sb‖∥∥ρ
(
T (ℵ,� ), gℵα

)∥∥
+ ‖s‖∥∥ρ(gℵα+1, gℵ)

∥∥.

By the continuity of the metric and norm, we know

∥∥ρ
(
T (ℵ,� ), gℵ)∥∥ � ‖sb‖∥∥ρ

(
T (ℵ,� ), gℵ)∥∥.

It follows from the fact ‖sb‖ < 1 that ‖ρ(T (ℵ,� ), gℵ)‖ = 0. Thus T (ℵ,� ) = gℵ. Similarly,
T (� ,ℵ) = g� . Hence (ℵ,� ) is a coupled coincidence point of T and g . The same rea-
soning as that in the proof of Theorem 3.5 tells us that T and g have a unique common
coupled fixed point in ϒ . �

4 Application
As an application of Corollary 3.3, we find an existence and uniqueness result for the fol-
lowing Fredholm integral equation:

ℵ(μ) =
∫
E
G

(
μ, p,ℵ(p),� (p)

)
dp + δ(μ), μ, p ∈ E , (10)

where E is a measurable set, G : E ×E ×R×R →R, and δ ∈L∞(E). Let ϒ = L∞(E) be the
set of essentially bounded measurable functions on E . Consider the Hilbert space L2(E).
Let the set of all bounded linear operators on L2(E) be denoted by B(L2(E)). Obviously,
B(L2(E)) is a C �-algebra with usual operator norm. Define ρ : ϒ × ϒ → B(L2(E)) by (for
all δ,ϑ ∈ ϒ )

ρ(δ,ϑ) = π|δ–ϑ |2+I ,

where πq : L2(E) →L2(E) is the multiplicative operator, which is defined by

πq(ψ) = q · ψ .

Now, we state and prove our result, as follows:
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Theorem 4.1 Suppose that (for all ℵ,� , u, v ∈ ϒ )
1. There exist a continuous function κ : E × E →R and θ ∈ (0, 1) such that

∣∣G(
μ, p,ℵ(p),� (p)

)
– G

(
μ, p, u(p), v(p)

)∣∣
≤ θ

∣∣κ(μ, p)
∣∣(∣∣ℵ(p) – u(p)

∣∣
+

∣∣� (p) – v(p)
∣∣ + I – θ–1I

)
,

for all μ, p ∈ E ; and
2. supμ∈E

∫
E |κ(μ, p)|dp ≤ 1.

Then, the integral equation (10) has a unique solution in ϒ .

Proof Define T : ϒ × ϒ → ϒ by

T (ℵ,� )(μ) =
∫
E
G

(
μ, p,ℵ(p),� (p)

)
dp + δ(μ), ∀μ, p ∈ E ,

Set τ = θ I , then τ ∈ H . For any z ∈L2(E), we have

∥∥ρ
(
T (ℵ,� ),T (u, v)

)∥∥
= sup

‖z‖=1
(π|T (ℵ,� )–T (u,v)|2+Iz, z)

= sup
‖z‖=1

∫
E

(∣∣T (ℵ,� ) – T (u, v)
∣∣2 + I

)
z(μ)z(μ) dμ

≤ sup
‖z‖=1

∫
E

[∫
E

∣∣G(
μ, p,ℵ(p),� (p)

)
– G

(
μ, p, u(p), v(p)

)∣∣dp
]2∣∣z(μ)

∣∣2 dμ

+ sup
‖z‖=1

∫
E

∣∣z(μ)
∣∣2 dμI

≤ sup
‖z‖=1

∫
E

[∫
E

θ
∣∣κ(μ, p)

∣∣(∣∣ℵ(p) – u(p)
∣∣∣∣� (p) – v(p)

∣∣ + I – θ–1I
)

dp
]2∣∣z(μ)

∣∣2 dμ + I

≤ θ2 sup
‖z‖=1

∫
E

[∫
E

∣∣κ(μ, p)
∣∣dp

]2∣∣z(μ)
∣∣2 dμ

(‖ℵ – u‖2
∞ + ‖� – v‖2

∞
)

≤ θ sup
μ∈E

∫
E

∣∣κ(μ, p)
∣∣dp sup

‖z‖=1

∫
E

∣∣z(μ)
∣∣2 dμ

(‖ℵ – u‖2
∞ + ‖� – v‖2

∞
)

≤ θ
[‖ℵ – u‖2

∞ + ‖� – v‖2
∞

]
= ‖τ‖[∥∥ρ(ℵ, u)

∥∥ +
∥∥ρ(� , v)

∥∥]
.

Hence, all the hypotheses of Corollary 3.3 are verified and, consequently, the integral equa-
tion has a unique solution. �

5 Conclusion
In this paper, we proved some coupled fixed point theorems in a continuous C∗-algebra-
valued partial b-metric space. Certainly, discontinuous C∗-algebra-valued partial b-metric
spaces will be intersting for researchers.
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