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1 Introduction

Let V, X, Y and W be separable, reflexive Banach spaces, V* and Y* be the dual spaces of V'
and Y, respectively, and Y7 be a separable Hilbert space satisfying ¥ C Y7 C Y*. Moreover,
assume that M : V < X is a compact embedding operator, Ky with 0y € Ky and Ky are
nonempty, closed, and convex subsets of V and Y, respectively. Let I be the time interval
[0, T] with T > 0. Very recently, in order to model an elastic frictional contact problem
with long memory, damage, and wear, Chen et al. [4] introduced the following differential
nonlinear system driven by a differential equation, a history-dependent hemivariational

inequality and a parabolic variational inequality: find 4 : I - Ky, ¢ : I - Ky and w: I —
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W such that, for all t € I = [0, T] with T > 0,

w(t) = F(t, w(t), u(?)),
(At u(®) + [y B(t -5, u(s), £ (5)) ds, v — u(®))vexy

+ O (w(t), Mu(t), Mu(t); Mv(t) — Mu(t)) > (F(£),v — u®))vsxy, YveKy, (1.1)
(C(O,1 = (O yrxy +alg(£),n = £(8)) = (@&, u(t), (), = L(B))ysxy, VY €Ky,
w(0) = wo, ¢(0) = &o.

Moreover, they gave a unique solvability result for (1.1) by using Banach’s fixed-point the-
orem and applied it to the long-memory elastic frictional contact problem with wear and
damage in mechanics.

We would like to mention that (1.1) is an extended model that can be used to de-
scribe many real problems such as the long-memory elastic frictional contact problem
with wear and damage in mechanics, engineering operation research, network equilib-
rium problems, and so on [2, 4-8, 23, 30]. Moreover, to choose suitable spaces and maps,
many known differential variational inequalities (DVIs) and differential hemivariational
inequalities (DHVIs) can be considered as special cases of (1.1) (see, for example, [12—
15, 18, 25, 26, 29] and the references therein).

Among the studies on variational inequalities (VIs) and hemivariational inequalities
(HVIs), constructing approximating sequences for their solutions and further discussing
their convergence analysis are crucially important [10, 11]. It is well known that the penalty
method is a kind of efficient approximating method forvarious problems. It is also con-
stantly used for the study of VIs and HVIs (see, for example, [3, 21, 28, 31]). Due to the close
relationship with VIs and HVIs, differential variational inequalities (DVIs) and differential
hemivariational inequalities (DHVIs) are studied by employing the penalty method, such
asLiuand Zeng [16, 17] and Weng et al. [27]. As the generalization of DVIs and DHVIs, the
differential variational-hemivariational inequalities (DVHVIs) have drawn the attention of
researchers in operations research and contact mechanics. With the penalty method, Tang
et al. [25], Liu et al. [16], and Lu et al. [19] recently studied different DVHVIs, obtained
their convergence results, and gave the corresponding applications in contact mechanics.
However, to the best of our knowledge, there are no results in the literature concerning
the penalty method for (1.1). The motivation of the present work is to make an attempt in
this direction.

The main goal of this paper is to obtain a convergence result for (1.1) by employing the
penalty method. The main contributions of this paper are twofold. First, we construct a
penalized problem for (1.1) and show a convergence result, i.e., the solution of (1.1) can be
approached as the penalty parameter converges to zero. Secondly, we apply the obtained
convergence result to the long-memory elastic frictional contact problem with wear and
damage in mechanics.

The rest of the paper is structured as follows. In Sect. 2, we introduce some preliminary
materials that will be used in the following sections. In Sect. 3, we construct approximating
sequences of solutions to (1.1) by the penalty method and derive its convergence. Finally,
in Sect. 4, we apply the obtained convergence result to a long-memory elastic frictional

contact problem with wear and damage in mechanics.
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2 Preliminaries

Let (X, - |lx) be a real Banach space with its dual X* and (-, -)x+xx denote the duality
pairing between X* and X. In this section, we recall some known definitions and lemmas
that will be used subsequently (see [20, 22] for more details). Moreover, the symbols “—”

and “—” represent the strong and weak convergence in various spaces, respectively.

Definition 2.1 A functional j: X — R is lower semicontinuous if and only if for any con-

vergence sequence {u,}0o; C X satisfying u, — u € X, one has liminf,_, - j(u,) > j(u).

Definition 2.2 A functional j: X — R U {oo} is called proper if j(v) > —oo for all v € X and
there exists a point # € X such that j(u) < +o0.

Definition 2.3 Letj: X — RU {+00} be a proper, convex and lower semicontinuous func-

tional. Define the convex subdifferential of j at u by
dcj(u) = {u* e X" |j) —j(u) > <u*,v - ”>x*xx forallve X}.

Definition 2.4 Let j: X — R be a locally Lipschitz function. The Clarke directional

derivative of j at x in the direction v € X is given by

. ) — i
]»O(x; V) =lim supw'
y—>x,140 A

The Clarke subdifferential of j at x is a subset of the dual space X* defined by
9j(x) = {E eX* | 2(x;v) > (&,v)x+xx forallv e X}.
For a set-valued operator A : X — 2%, the graph of A is denoted by G(4), i.e.,
G(A) = {(u,u*) € X x X* | u* € A(w)}.
Definition 2.5 A set-valued operator A : X — 2" is called monotone if

>0, V(u, u*), (v, v*) e G(A).

(”* —-viu- V)x*xx =Y

Moreover, a monotone operator A is called maximal monotone if for any (i, u*) € X x X*

satisfying

>0, VY(nv')eG(A),

(”* -viu- V)X*xx =
one has (i, u*) € G(A).

For a proper, convex and lower semicontinuous functional j : X — R U {oo}, it is well

known that d¢j: X — 2% is maximal monotone.

Definition 2.6 A single-valued operator A : X — X* is said to be
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(1) strongly monotone, if there exists m4 > 0 such that
(Au—Av,u — V) xrxx = ma||lu — V||§( forallv e X;

(2) bounded, if A maps bounded sets of X into bounded sets of X*;

(3) pseudomonotone, if it is bounded and u,, — u in X with

limsup(Au,, u, — u) xxxx <0,
n— 00
which implies that liminf,,_, o (Auy, 1, — V) xxxx = (At u — V) x i x for all v € X;
(4) demicontinuous, if #,, — u in X implies that Ay, — Au in X*;
(5) hemicontinuous at u, if for each u,v,w € X, F(t) := (A(u + tv), w) x+x x is continuous
on [0,1].

Definition 2.7 An operator P: X — X* is said to be a penalty operator of the set K C
X if P is bounded, demicontinuous, monotone, and K = {x € X | Px = Ox+}, where Oxx
represents the zero element of X*.

Lemma 2.1 ([20, Proposition 3.23]) If the operator A : X — X* is bounded, demicontinu-
ous, and monotone, then A is pseudomonotone.

Lemma 2.2 ([20, Proposition 3.74]) Ifj: X — R is a locally Lipschitz function, then for
every v € X, one has

S v) = max{(€,v) xexx 1 € € 0j(x)}.

3 Convergence result for (1.1)

In this section, we first use the penalty method to construct a penalized problem of (1.1)
and show that the penalized problem has a unique solution by employing Theorem 3.1
of Chen at al. [4]. Then, we show a convergence result that the solution of (1.1) can be
approximated by the penalized problem as the penalty parameter converges to 0.

We assume that (V,H, V*) and (Y, Y1, Y*) are two Gelfand triplets of Banach spaces
that have continuous, compact, and dense embeddings, M is the embedding operator of
V < H, M* is the adjoint operator of M, and ||M|| and || M*|| are the norms of M and M*,
respectively. Ky is a convex subset of V. Let P: V — V* be a penalty operator of Ky. In
order to develop the approximation procedure of (1.1), we need to construct the penalized
problem of (1.1). For any given p > 0, the penalized problem of (1.1) can be constructed
as follows.

Problem 3.1 Find u,:I— V,¢,:I — Ky and w, : I — W such that, forall t € ],
wp (t) = F(t; Wp(t)r Up (t)); (31)
t
<A(t, up(t)) + / B(t—s,1,(5),£,(s)) ds,v - up(t)>
0 VEXV

+ %(Pup(t), v=1t,(8)) + 10 (W (£), M, (£), Mus,, (£); Mv(£) — Mus,(£))

> (f(t), V- ”P(t»v*xv’ YveV, (3.2)
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(Co®)n = 2o®)ye, y +a(2o(0)n = £, ()
> (ot up (0, 5,®)) 1 = 5o ())yu .y VM EKy, (3.3)

wp(0) =wo,  £,(0) = Lo. (3.4)

Remark 3.1 We note that in Problem 3.1, we can consider the penalty operators for both
Ky and Ky. Since our main interest is to provide tools in analyzing Problem 3.1, we restrict

ourselves to study penalty operators for Ky . The case in which Ky is considered can be
solved likewise.

In order to study Problem 3.1, we need the following assumptions on the data.
H(A): The operator A : I x V — V* satisfies
(a) A(-,v) is continuous on [ for any given v € V;
(b) For any given t € I, A(t, -) is hemicontinuous, pseudomonotone, and
strongly monotone with m4 >0on V, ie,
<A(tr Z'tl) _A(tl u2)! u — u2>V*><V > my ”ul — Uy ”%/’ V(tl Ui, uZ) elxVx V;
(c) A(t,0y) =0y« forallt el.
H(B): The operator B:I x V x Y — V* satisfies
(a) B(-,v,¢) is continuous on [ for any givenve Vand ¢ € Y;

(b) B(t,-,-)is Lipschitz continuous with Lg >0 on V x Y for any given ¢ € I, i.e.,

HB(t, U, {1) - B(t, us, CZ)’

v < Lg(llwy —uallv + 161 = 2lly),

VtGI,VMl,l/lz € V,Vé'l,(z ey;

(c) There exists o € L*(I;R*) such that

HB(t, u, §)|

V* SQ(t)(”é‘”Y"' ”u”\/)) V(t;u)é‘) elxVxY.

H(j): The functionalj: W x X x X — R satisfies
(a) j(w,u,-) is locally Lipschitz on X for any given (w,u) € W x X;
(b) There exist two constants cg, ¢; > 0 such that

[8j(w, %, )| o < c1(1+ 1wl + lIxllx) + collyll, V(&3 w) € X x X x W;

(c) There exist ag > 0 and a7 > 0 such that

JO (w1, Muy, Mvy; Mvy — Mvy) + j° (W, My, Mva; My, — Mvs)
<aollwi = mllwllvi = vallv + eallur — uallvlive = vallv,
VWl,Wz € W,Vul,uz, Vi,V € V.

H(F): The operator F:I x W x V — W satisfies

(@) F(-,w,v) is continuous on I for any given (w,v) € W x V;
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(b) F(¢,-,-) is Lipschitz continuous with Lr >0 on V x Y for any given ¢t € [, i.e,

|E(t, w1, u1) = F(t, wa, u0) ||, < Le(llua — w2llv + w1 = wallw),

Vvt EI,VWl,Wz S W,VMI,MQ eV.

H(¢): The operator ¢ : I x V x Y — Y7 satisfies
(a) @(t,-,-)is Lipschitz continuous with L, >0 on V x Y for any given ¢ € I, i.e.,

l¢t,uw.0) -t vm)y, <Lo(lu=viv+Is-nly,), VtelLYu,veV,Y¢neY;

(b) d’("OVr OY) € LZ(I; Yl)
H(a): The functional a: Y x Y — R is a continuous bilinear symmetric coercive func-

tional and there exist 2; € R and a, > 0 such that

a(n,n) +arlnly, = alnly, VneY.

Remark 3.2 By Theorem 3.1 in [4], we know that (1.1) has a unique solution ({*,u*,
w¥) € (HY(I; Y,) N L2(I;Y)) x C(I;Ky) x C(I; W), providing H(A)-H(a) hold with 4 >

max{coll M2y 1}-
Remark 3.3 H(j)(c) is equivalent to the following condition

(81— &2, My — Mva)x > —allwr — wallw (v — vally —enllun —uallv v — vallv
for all wy, w, € W and all uy, uy, vy, v, € V with &; € 9j(w;, Mu;, Mv;), i = 1,2.

First, to solve the history-dependent hemivariational inequality in Problem 3.1, we con-
sider the following auxiliary problem.

Problem 3.2 For any given p >0, ¢ € H(I; Y1) N LA(;Y), w € C(I; W) and f € C(I; V*),
find #4,y; : I — V such that, forall £ € I,

<A (t, upw;(t)) + /(; B(t =8, Upwe (8), {,’(s)) ds,v— Uy (t)>

VEXV

+ jO (w(t), Mt g (£), Mt oy (£); MV(t) — Mud o (t))

+ %(Pupwg(t), V= Upwr (t))v*xv > (f(t),v - upwg‘(t)>‘/*xv, YveV. (3.5)

Lemma 3.1 Assume that H(A), H(B), and H(j) hold. If m, > max{collMllf(V;X),oel}, then
one has the following conclusions:
() foranygiven p >0, € H(L; Y1) NL2(L;Y), we C(I; W) and f € C(I; V*),
Problem 3.2 has a unique solution u,,, € C(I;V);
(ii) #pw; converges strongly to u,, as p — 0, where u,,; € C(I;Ky) is the unique solution
of the following problem: for any given ¢ € (HY(I; Y1) N L2(I;Y)), w € C(I; W) and

Page 6 of 21
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f e CW; VY, find uye : 1 — Ky such that, forall t €1,

<A (£ e (0)) + /0 B(t =, e (), £ (5)) ds, v — e (t)>

VExV

+j0 (w(t),MuW; (2), Mgy (t); Mv(t) — Mgy (t))

> (f(0),v =t () ur YV EKy. (3.6)

Proof (i) Consider a function A, : I x V — V* defined by
1
A,(t,u)=A(t,u)+ —Pu, V(tu)elxV.
0

Since P is bounded, demicontinuous, monotone, and Ky = {u € V' | Pu = Oy+}, it follows
from H(A) that A,(-,v) is continuous for any given v € V and A,(¢t, -) is hemicontinuous,
pseudomonotone, and strong monotone with A,(z,0y) = Oy+ for all ¢ € 1. This shows that
Problem 3.2 satisfies all the hypotheses of Lemma 3.2 in [4] and so Problem 3.2 has a
unique solution u,,,; € C(I; V).
(ii) For fixed n € C(I; Ky ), we consider the auxiliary problem for (3.5) as follows: find a
map Uywey ¢ (0, T) — V such that, forany t €  and anyve V,
1
(A (t, upw;‘n(t)); V= upw(n(t))v* «v T ;(Pupw{n(t); V= upw{n(t))v* <V
+j0 (W(t),Mupwgn(t)’Mupw;n(t);MV - Mupw{n(t))
Z <ﬁ7(t)vv_ u,ow{n(t))\/*xvr (37)

where f, is defined by

FO=f0) - /0 Bt —-s,n(s),¢(s)) ds.

Let uy € Ky be fixed. Inserting v = i into (3.7), we have

1
(A(t’ Upwe (£),uo — Upwe (t)>v*>< vT ;(Pupw{ (£),uo — Upwe (t)>v*>< v

+j0 (W(t), M”,ow{ (t)rMupw{ (2); Muo — Mupw{ (t)) = (ﬁ](t)) Uo — Upwe (t))v* <V

It follows from the strong monotonicity of A that

my “ o — Upwe (2) H?/ = (A (t, Upwe (t)) = A(t, uo), tpwe (2) — MO)V* <V
= (A(t; ug), Uo — Upwe (t)>v* «v T %<P”pw{ (t),uo — Upwe (t)>v* <V
+j0 (w(t),MupW{ (2), Mg gy (£); Musg — Mtd g (t))

— (ﬁl(t)’ Uy — Upwe (t)>v*><v

Page 7 of 21
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for all £ € [0, T]. As P is monotone, Pv = 0 for all v € Ky, and 1y € Ky, one has

a0 = e O
< (A(t,u0), o — tpur (), ) + %(Pu,,wg(t) — Pug, o — thpue (1)) s,
+ 0 (W(E), Mty (£), Mt gy (£); Mtk — Mtk poy (£)) = f (), tho = thpuy (8)), .,
< (At uo), o — tpur (0) e, = (o (), tho = o (B)), .,
+ 1O (W(E), Mty (8), Mtk (£); My — Mk e (£)) (3.8)

for all ¢ € [0, T]. Thus, Remark 3.3 implies that

jo (W(t),MI/lo, MMO;MMO - Mupw{ (t)) +jo (W(t)r Mupw{ (t): Mupw{ (t);Mupw{ (t) - MMO)

<o ” U — Upyy () ||f, (3.9)
From (3.8), (3.9), and H(j)(b), we have

(ma —a1) ”uO — Upwe (2) ”?/
< my | to — tpwe (t)H?, + 10 (w(8), Muo, Muio; Musg — Mty (t))
+7° (W(t),MMpwz(t),MupW{ (2); Mty (t) — Muo)

yet Hﬁv(t) v*)

+ M (er (1 + Wil cawy + 1M Tollv) + col M lluollv) |40 = upwe (8)]],,

< (”A(tr MO)

U — Upwe (£) ” v

and so

(ma — o) | o — upuc 0|,
= (|auo)],. + [H®],-)
+ IMI* (e (1 + Iwllcawy + 1M Tuollv) + collM I ol v)- (3.10)

Moreover, A is pseudomonotone, so A is bounded, then there exists a constant N, such
that

”A(t, Llo)

v <N (3.11)

and H(B)(c) implies that

If(®

< @], + /0 1Bt - 51(5),(5)) | ds

1
t 2
2
< Ifllcavs +~Tlnllcay) ( / lo(t—s)| ds)
0

([t ([rora)
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< Ifllcave + v Tlnllcan ol gz

+ lollzarn 1€ 2@ y)- (3.12)

Combining (3.10), (3.11), and (3.12), one has

(ma — o) | uo — upuc 0|,
<N+ flicavs + VT Inllcamllel gy + ol zarn 1€ l2ay
+ IMI*(cr (1 + Iwllcaswy + 1M Tuollv) + coll M o llv),
which implies that the sequence {u,;(¢)},50 is uniformly bounded. Therefore, for any
given ¢ € [0, T'], there exists a subsequence {u,(£)} 5.0 such that u,(t) — @(t)in Vas p — 0

for some u(t) € V.
Next, we show that # € C(I; Ky). In fact, according to the monotonicity of A, we have

%(Pup(t), up(t) = V) u oy

< (A(t, up(t)),v - ”P(t)>v*xv + (fn(t), u,(t) - V>V*XV
+j0 (w(t),Mup(t),Mup(t);Mv - Mup(t))
<{AGVLY =1y O) ey + O 14p(O) = V)

+ 1O (W(t), Mus, (), Mus,, (£); Mv — M, (¢)) (3.13)

for all v € V. Taking v = #(¢) into (3.13), one has
1 -
;<Pup(t)’ up(t) - u(t))V*XV

<(A(t, w(2)) — fy(£), @) = 1 (1)) ., +/°(WE), Mia, (£), My (£); Miat) — Mua, (£)).

Combining H(j), the continuity of f; and the compactness of M, we have

lim sup(Pup(t),up(t) - iz(t))v*xv <0. (3.14)
p—0

Because of Lemma 2.1, P is pseudomonotone, it follows from (3.13) and (3.14) that

(Pit(t), u(t) — v> v = li/r)rl)i(r)lf(Pup(t), u,(t) - v)

V*x V¥xV

<lim sup(Pup(t), u,(t) - v) 0

<
VEXV —
p—0

for all v € V. Since v € V is arbitrary, we know that Pu(¢) = 0 and so u(t) € Ky. Moreover,
according to (3.7) and Pv = 0 for all v € Ky, one has

(A, )1, (0) = V),

1
< —;(Pv = Puy(8),u0 = (1)) ooy + (), 1 (8) = V),
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+7° (w(t), Mu,(t), Mu,(t); Mv — Mu,, (t))

<0 (w(t), M, (£), Mu, (£); Mv — Mus,(£)) + {f,y (£), 1, (£) = v) (3.15)

VExV

for all v € Ky. Taking v = #(¢) in (3.15) and passing to the upper limit as p — 0, we have

lim sup(A(t, up(t)), u,(t) — il(t))v*xv <0.
p—0

Moreover, the pseudomonotonicity of A implies that
(A a@),a6) - v),. ., < lilr)ILi(I)lf<A(t, 1o (0)) up () = V), - (3.16)
Passing to the upper limit as p — 0 in (3.15), we obtain

lim sup(A (t, Up (t)), u,(t) - v)

00 V*xV
<O (w(e), Mia(t), Mi(t); Mv — Mia(t)) + (f, (£), i() = V), - (3.17)
Combining (3.16) and (3.17), we have
(A(s a@),v=a(®)),. ., +/° (W), Mis(t), Mia(t); Mv — Mi(t)) +(f, (£), () =v) .., = O.

Since (3.6) has a unique solution, we know that i(t) = u,, (t) and so &z € C(I,Ky).

Finally, we show the strong convergence of {u,,.(¢)}. Indeed, because {u(£)} is
bounded and for any weakly convergent subsequence of {1, (t)} converges weakly to the
same limit #,, (£), by Theorem 1.20 in [24], we know that the whole sequence {u,, ()}
converges weakly to u,, (t) for any ¢ € I. On the other hand, using the monotonicity of P,
one has

(A(t, V), Upwe () — V)V*x v = (A (t, Upwe (t)), Upwe (£) — V)V* v (3.18)
Similar to the proof of (3.15), we have
(A (t; Upwe (t)); Upwe (&) - V>V* <V

< }0 (w(t),MupW; (2), Mt g (£); My — Mt ¢ (t))

+ (fn(t)» Upwe (1) - V)V*XV' (3.19)

Taking v = u,, (¢) in (3.18) and (3.19), and then passing to the limit as p — 0, one has

/(A (£, Upwe (£)), tpwe () = thae (D) ey = O-

p—0

Using u,py¢ (£) = ty (£) in V as p — 0, it follows from the strong monotonicity of A that
. 2 .

})1413}) ma || upw; (t) - uw{ (t) || v = ;L}IIIO(A (tr MW{' (t)) - A(t; upw( (t))1 MW{ (t) - upw( (t)>V* <V
=0

for all £ € I. Consequently, we conclude for each t € I, u, (t) = uy:(t) in V as p — 0. O
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Next, we consider the following auxiliary problem that includes a history-dependent
hemivariational inequality and a differential equation in Problem 3.1.

Problem 3.3 For any given p >0, ¢ € H'(I; Y1) N L2(I;Y) and f € C(I; V*), consider the
following problem: find u,; : I — V and w,; : I — W such that, for any t € I,

Wy () = F(t, Wy (2), up (1)),
(At upe () + [3 Bt = 5,10 (5), £ (8)) ds, v = tpe () v v
+ 2 (Pt (8),v = o (8) v + 70 (W (8), Mutor (8), Mt e (8); My(2) = M (2))
> {(f(t),v—up () vexv, YvevV,

W, (0) = wy.

Lemma 3.2 Assume that H(A), H(B), H(j), and H(F) hold. If m, > max{co||M||i(V;X),oz1},
then one has the following conclusions:
() for any given p >0, ¢ € H'(I; Y1) N L*(I;Y) and f € C(I; V*), Problem 3.3 has a
unique solution (e, wpe) € C(I; V) x CHL; W);
(ii) (e, Wpe) converges strongly to (ug, w;) as p — 0, where (u;, w;) is the unique
solution of the following problem: for any given ¢ € HY(I; Y1) N L*(I;Y) and
feCL VY, findu, : 1 — Ky and we : 1 — W such that, for any t € I,

we () = F(t, we (2), ue (£)),
(At uc () + [y B(t —s,uc(s), £ () ds, v — e (£)) vy
+ 70 (we (8), Mug (8), Mg (£); My(£) — Mug (£)) = (f(£),v — e () vexv, Vv € Ky,

w¢ (0) = wo.

Proof (i) Define an operator S : C'(I; W) — C(I; V) by setting S(w,,)(¢) = 4w (t). From
Lemma 3.3 in [4], for each given p >0, ¢ € HY(I; Y1) N LY (; Y),

Wi (£) = F(t, wpe (£), S(wpe )(2))
has a unique solution w,; € C*(I; W) and (S(w,), w,¢) € C(I; V) x C'(I; W) is the unique

solution of Problem 3.3.
(i) Consider an operator A : C(I; W) — C'(I;Ky) defined as follows:

Aw(t) = /tF(s, W (s),S(w;)(s)) ds+wy, Vtel0,T].
0

Then, by the proof of Lemma 3.3 in [4], we know that A has a unique fixed point w,(¢). It
follows from H(F) that

[woe @ =we @] = [ Aw,e(®) = Awe (O]

- | [ Fe e somra)as- [P, smoe)a

< Lp/o ||wp;(s) —we(s) || ds + Lp‘/o ||u,,w§ (8) = e (s) || ds. (3.20)
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Now, Gronwall’s inequality yields

[Wpe () = we (8)

<Lr /Ot H Upwe (S) — Uy () || ds + L2e T ‘/Ot /Ot || Upwe (8) = twe () || dsdl
< (Lp + TLyeMT) /0 t||upw; (8) = thue (5)] ds. (3.21)
Since for each s € I, u . (s) = uwe(s) in V as p — 0 and u e, e € C(I; V), one has
Wy (t) = we(t) in Wasp— Oforeachtel
Letting u, (t) = 1, (t) and ¢ (£) = u,, (), we can conclude that
(up;(t),wp;(t)) — (u; (t),Wg(t)) asp—0
foreacht eIl g

Finally, we only need to solve the following parabolic variational inequality.

Problem 3.4 For any given p > 0, consider the following problem: find ¢, : I — Ky such
that, forall £ € J,

(G0 = 2o®)yey +a(o(0)0 = £0(8) = (D (£ 1(8), 8o (), 1 = o(B)) e o

Vn e Ky (3.22)
with é'p(()) = é‘o.

Lemma 3.3 ([1, 9]) Suppose that condition H(a) holds. Then, for any given A € L*(I; Y1),
there exists a unique ¢ € H'(I; Y1) N L2(I; Y) such that

{c@,n-¢@)y, +alc@.n-c®) = (1.0 -t0)y,, VneKy (3.23)

with £ (0) = &y € Ky. Moreover, if ¢; is the unique solution to problem (3.23) for A; € L*(I; Y1)
withi=1,2, then

|6 - @], <d /0 [2165) = 22(s)[}, ds forae.te(0,T) (3.24)

with dl > 0.

Lemma 3.4 Assume that H(A), H(B), H(j), H(F), H(¢), and H(a) hold. If m, > max{cy x
||M||%(V;X), a1}, then one has the following conclusions:
(i) for any given p >0, Problem 3.4 has a unique solution ¢, € H'(I; Y1) N LX(L; Y);
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(ii) ¢, converges strongly to ¢ as p — 0, where ¢ is the the unique solution of the
following problem: find ¢ : I — Ky such that, for all t € I,

(E@n =)y oy +a(C@,n = 2() = (¢t (0),20), 1 = £(B)) ey
Vn e Ky (3.25)
with ¢ (0) = &o.

Proof (i) Let u,(t) = u,:(t) in Lemma 3.2. Then, it follows from Lemma 3.5 in [4] that
Problem 3.4 has a unique solution ¢, € H'(I; Y1) N LX(I; Y).

(ii) Let ¢ (2) := (¢, u (£), £ (t)). Then, by taking A = ¢, in Lemma 3.3 and using H(¢), we
have

t
lc® -0}, <d / 16(5 406 (5, £,(5)) = b (5, 4 5), £ 5)) [, s
0
2 t 2 2
< 24,12 /O 145 — 92+ [ - £, |2, ds. (3.26)
Now, Gronwall’s inequality yields
[SCEAC]
t t t
< 26131L3> / || Upe () — e (S) ||%,ds + 4d%L3§eZd1LéT / / || Upr (8) — g (s) ||%/ds dl
0 0 Jo
t
=< (2d1L§, + 4d%L$ TeZdlLéT) /0 ||up§(s) — U (s)H?/ds. (3.27)

Since for each s € I, u,;(s) = u(s) in V as p — 0 and u,; € C(l; V), uy; € C(I;Ky), one
has

L) —>¢(t) asp—0
foreach t e1. O

Theorem 3.1 Suppose that the assumptions H(A), H(B), H(j), H(F), H(¢), and H(a) hold
and my > max{co||M||%(V;X),a1}. Then, one has the following conclusions:
(i) for any given p >0, Problem 3.1 has a unique solution
(Corthpe, Wpe) € (HY ;Y1) N LA Y)) x C(; V) x C(I; W);
(i) (Zpsthpe, W) converges strongly to (*,u*, w*) as p — 0, where (¢*,u*, w*) is the
unique solution of (1.1).

Proof Let (u,;,w,) be the same as in Lemma 3.2, ¢, be the same as in Lemma 3.4, and
(Cps UpesWpr) = (£F, u*, w*) be the same as in Remark 3.2. Then, it is easy to see that the
conclusions (i) and (ii) are true. This finishes the proof. O

4 An application

In this section, we use the abstract results obtained in Sect. 3 to study the long-memory
elastic frictional contact problem with wear and damage. To this end, we first recall some
notations.
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Let S? denote the second-order symmetric tensors on R?. For any given o, 7 € S¢, define

d

O -T= 0',']"[,‘1' = E aijrij
ij=1

and ||t]| = /T - T. We use notations u = (&), 0 = (0;) and e(u) = (¢;;(u)) = (%(ui,,ﬂ + 1)),
i,j=1,2,...,d to denote the displacement vector, the stress tensor and the linearized strain
tensor, respectively, where u;; := 3—2 Here and below, the spatial derivative is defined in
the sense of distribution. Let € be a bounded domain in R (d = 2, 3) with Lipschitz con-
tinuous boundary I'" := 9. Let v denote the unit outward normal vector defined a.e. on T".
The normal and tangential components of stress field ¢ and displacement field u on T" are
denoted by o, = (6v) - v, u, =u-v, 0, =0v —o,v and U, = U — u,v, respectively.

Consider a viscoelastic body that occupies 2. The boundary I' can be divided into three
disjoint measurable parts I';, I'y, and I's with meas(I';) > 0. We are interested in the evo-
lution of the body on the time interval I := [0, T] with T > 0. We also use the following
abbreviations to simplify the notations Q =Q x [, X =T x I, X;=T; xI,i=1,2,3. The
time partial derivative for a function f(x, ¢) is denoted by f(x, £). For the sake of simplicity,
we do not mention the dependence of different functions on variable x.

Thus, the long-memory elastic frictional contact problem with wear and damage can be

modeled as follows (see [4]).

Problem 4.1 Find a displacement field u: Q — R4, a stress field 0 : @ — S, a damage
field ¢ : @ — [0,1] and a wear function w: X3 — R such that

o (0= Alts(ut0) + [ B(e-s,e(us), () ds in O, @1)
¢ -k AL +30(¢) > p(e(u®),¢) inQ, (4.2)
g—i =0 onx, (4.3)
~Diva(t) =fo(t) inQ, (4.4)
ut)=0 onx, (4.5)
oty =F(t) on Ty, (4.6)
wt)<g o +E@E <0 ons, (4.7)
(u(®) - g)(00(t) + £,()) =0 on 33, (4.8)
£,(t) € 9ju (W(0), uy(2), u,(£))  on s, (4.9)
—0(t) =€ 0j (w(t), u, (£),u-(t)) on T, (4.10)
W(t) = a(B)p(,(£) - w(t)) on s, (4.11)
w(0) =0,£(0) = & € (0,1) on T, (4.12)

Relations (4.7)—(4.9) show that the body contacts with a rigid foundation covered by a

layer of soft material, where g > 0 is the thickness of the soft material.
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We use the standard Sobolev spaces on € and I'. In particular, let H! := W2(Q; R%) and
H=L*(RY.Let V={ve H |v=0ae. onI;} endowed with the norm

llully = llullgn = Ul 2@qra) + VUl 2 rdxd),

where Vu = (g—g) for i,j = 1,...,d with u € H!. Let Dive = (05) = (%) with o €

W12(2;S%). Then, we have the following Green formula

(Divo,V)H+(a,e(u))L2(Q;Sd)=/rov~vdr,

where

(o) 8("))L2(Q;sd) = / o -e(u)ds.
Q
From the assumption of meas(I';) > 0, the space V' can be endowed with the inner product

(u, V) V= <€(u)’ e(v))LZ(Q;Sd)’

which yields the completeness of V and allows us to use Korn’s inequality.

Let Y = HY(Q;R) and Y; = L*(22;R) endowed with the canonical inner products and
norms. Denote two convex sets Ky ={ve V|v, <gae.onls}landKy={ueY |0<u<
1a.e. in Q). We define y : V — L?(I'3; R?) as the trace operator and assume that j, and j,
admit the regular assumption. Let

(f(t); V- u)V*XV = (fZ(t)’ yv-— yu(t))LZ([‘z;Rd) + (fO(t)r V- u(t))LZ(Q;Rd):

o) dr+ [ jowuvoyar,

I3

jw,yu,yv) =/

rs

a(¢,n) :/c/ V¢ -Vndx forallg,neY.
Q
Then, the variational formulation of Problem 4.1 can be described as follows (see [4]).

Problem 4.2 Findu:I — Ky, ¢ :1 — Ky and w: I — L?(I'3; R) such that, forall t € I,

o ()= Alts(ut0) + [ B(e-s,e(us).c()ds in %, 13)

(o (0),e(v) - e(u®)) 250 +° W yU YU YV - yu)

> (F(2),v - u(t)) Vv e Ky, (4.14)

VExV?
(€@ -¢@)y, +ac,n-2)=(p(te(u®),c®).n-¢@®),, VYneKy, (4.15)
w(t) = a(Op(u,(£) —w(t)) inTs, (4.16)

w(0) =0, £(0) = ¢ €(0,1). (4.17)

Page 15 of 21
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Now, we turn to introduce the following penalized problem concerning Problem 4.1.

Problem 4.3 Find a displacement field u,, : Q — R%, a stress field 0, : Q@ — S%, a damage
field ¢ : @ — [0,1] and a wear function w, : X3 — R such that

o,(t) = At e(u, 1)) + /o B(t-s,e(uy(s)),£,(s))ds inQ, (4.18)
o — kAL, + 3011(8,) > p(e(u,(0),¢,) in Q, (4.19)
aﬁ =0 onX, (4.20)
av
—-Diveo,(t) =fo(t) inQ, (4.21)
u,(t)=0 on X, (4.22)
o,(t)v=F(t) on X, (4.23)
0o (8) + £, (2) + %(upu(t) -2)"=0 on3I; (4.24)
spv(t) € 9j, (W,o(t)r upu(t)r upv(t)) on X3, (4.25)
—0 () =€ 3jr (W (), upy (£), Uy (1)) on s, (4.26)
w,(t) = ot(t)p(upv(t) - wp(t)) on X3, (4.27)
w,(0) =0,2,(0) =& € (0,1) onTj, (4.28)

where the operator “+” above a function represents the positive part of it.

It is worth noting that, compared with Problem 4.2, the contact conditions (4.7) and
(4.8) are replaced by (4.24) with p > 0.
Now, we define an operator P: V — V* by

Pu,vyyssy = | (uy—g)'v,dl, VYuvelV.
I's

Then, it follows from the arguments in [4] that the variational formulation of Problem 4.3

can be stated as follows.

Problem 4.4 Findu,:I— V,{,:I - Kyandw,:1 — L*(T'5;R) such that, for all £ € I,

o,(t) = At e(u, 1)) + /0 B(t-s,e(uy(s),£,(s))ds in, (4.29)
(o (£),e(v) — & (uy())) 2 00) + %<P”p(t)r v-up())y .y
+ 0w U, YU yv —yu,) > (f(@),v —u, (D). ,» YWEV, (4.30)

(€@ -¢@)y, +ann-¢,)

> (o(t.e(u, (), 5,(0),n = 5,0y, Vn €Ky, (4.31)
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W () = a(6)p(upy () —w,(t)) inTs,

wp(0)=0,  £,(0)=¢0 €(0,1).

In order to solve Problem 4.4, we need the following hypotheses.
H(1): The elasticity operator A: Q x I x S* — S satisfies

(a) A(-, t, &) is measurable on ,V(¢, &) € I x S%

(b) A(x,-,-) is continuous on I x S? for a.e. x € ;

(c) A(x,t,-) is Lipschitz continous with L 4 > 0 for all ¢ € I, i.e.,
A, ¢, e1) — A(X, t,&5)|| < Laller — &2, Ver, e, € S%, ae. x € Q;

(d) A(x,t,) is strong monotone with m 4 >0 forallt € I, i.e.,

(Ax, t,&1) — A(X, t,82)) - (€1 — &2) > maller — €], Ve, 6, €S, ace.

(e) forall ¢ € I and a.e. x € ©;, A(X, £,054) = Oga.

H(2): The relaxation operator B: Q x I x S x R — S satisfies

(a) B(-,t,&,¢) is measurable on Q,Ve € $4,Vt € I,V € R;

(b) B(x,-,&,7) is continuous on I for a.e. x € Q and all (¢,¢) € S% x R;

1B(x,t,€1,81) = B(x,t, €2, 0) | < Lp(ller - &all + 151 = &)
forall e1,e5 € S% all 71,2, € Rand a.e. x € Q;

forall (t,e,) €I x S? x Rand a.e. x € Q.

H(3): The normal compliance function p: I'3 x R — R* satisfies

(a) p(-,r) is measurable on I'3, Vr € R;
(b) p(x, -) is Lipschitz continuous with Zp >0,a.e.xel3,ie,

lp(x, 1) = pX, 12)| < Lylri — s, Vr,r € R.

H(4): The damage source function ¢ :  x I x S* x R — R satisfies

(a) ¢(-, t,€,¢) is measurable on , for all t € I,e € S* and ¢ € R;

l¢(x,€e1,81) — p(X, €2, 0|l < Z¢>(||45‘1 — &l + 51— &)
forall e1,e, € S, all 71,5, e Rand a.e. x € ;
(©) ¢(-,+, 054, 0r) € L2(I; L* (S5 R)).
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(4.32)

(4.33)

(4.34)

X e

(c) B(x,¢t,,-) is Lipschitz continuous with Lz > 0,V¢ € [ and a.e. x € Q, i.e.,

(4.35)

(d) there exists a function o € L*(I; R*) such that || B(x,t,&,2)|| <o) (|| + €]l

(4.36)

(b) ¢(x,t,-,-) is Lipschitz continuous with Ly >0 forallt € [ a.e. x € Q, i.e.,

(4.37)
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H(5): The normal compliance function j, : I's x R x R x R — R satisfies

(@) ju(-, 1,72, 73) is measurable on I's for all r1, 5, r3 € R and there exists
e e L*(T'3,R) such that j, (-, 71, 73, e(-)) € L (T'3,R) for all ry, 7y € R;

(D) ju(X,71,72,-) is locally Lipschitz on R for all 71,7, € R and a.e. x € I's;

(¢) There are two constants ¢y, ¢; > 0 such that, for a.e. x € '3, (4.38)
[0jy, (-, 11,12, 13)| < €1 (1 + || + |r2]) + Colrs|, Vi1, ra, 3 € R;

(d) There are two constants @, @1 > 0 such that for a.e. x € I's,

0 . 0 .
]])(XYWI!S]Jrlirz - rl) +]V(X,W2!S21r2:rl - r2)

<Ir —ral(@lwr - wa| + axlls1 = $21), Vr1, 72, 51,82, wi, wa € R.
H(6): The normal compliance function j, : I's x R x R x R? — R satisfies

(a) j. (-, 71,79, r3) is measurable on I's for all 1,7, € R and r3 € R and there exists
e € L*(T'3, R?) such that j, (-, 71,7, e(-)) € LY(I'3,R) for all r, 7, € R;

(b) jo(x, 11, 12,-) is locally Lipschitz on R? forall 1,7, € Rand a.e. x € ['s;

(c) There are two constants ¢y, ¢; > 0 such that for a.e. x € '3, (4.39)
10ju (71,72, 13)] < &1 (1+ [r1| + [72l) + Collrs]l, Vri, 7o € R, Vs € RY;

(d) There are two constants &g, &1 > 0 such that for a.e. x € I's,

JO O, Wi, 81, P15 — 1) + JO(X, W2, 80, F25 11 — 1)

< |Ir1 = rall(@olw1 — wa| + @151 — S21), ¥s1,52, w1, wy € R, Vry,r, € RY.

Moreover, we use the data fy, f,, and « that satisfy the following conditions:
foe CLH),  f,eC(LL*(TyRY),  aeC(LL™(yR)). (4.40)

Given Banach spaces V = {u € H'(;R%) |u=0o0nT,} and Y = H(Q;R), and Hilbert
spaces H = L*(Q; R%) and Y; = L*(S;R), by the basic embedding theory of Sobolev spaces,
we know that (V, H, V*) and (Y, Y7, Y*) form two Gelfand triples. Let X = L*(I'3; R?) and
W =1%(T's;R).

Now, we give the following theorem.

Theorem 4.1 Suppose that assumptions (4.34)—(4.40) hold and
ma> |y |> max{@ +a,éo + Co}-

Then, one has the following conclusions:
(i) Problem 4.2 has a unique solution
(¢, ug,we) € (HY Y1) N LA Y)) x C(LKy) x CHI; W); for any given p > 0,
Problem 4.4 has a unique solution
(CprUpe, wyr) € (HY L Y1) N LA Y)) x CHI;Ky) x CHI; W);
(i) (CoUpe,Wpr) converges strongly to (£, Uz, we) as p — 0.
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Proof The unique solvability of Problem 4.2 is the direct conclusion of Theorem 4.1 in
[4]. Define operators A(t,-): V — V*,B(t,-,-): VXY — V*, P(:): V — V* F(t,-,-) : W X
V—>W,¢,-,): VxY — Y* afunctional j(-,-,-) : W x X x X — R and a symmetric
bilinear form a(:,-): ¥ x ¥ — R by setting

(Alt,u), V) vexy = [ AX, t,e(u)) - e(v) dS,

(B(t,u, 0),V)ysxy = [o Bx,t,e(u),¢) - e(v)dS,
(Puv)yexy = [r, (, - g)*v, dl,

E(t,w,u) = a(O)p(u, —w),

$(6u,8) = p(55) = Srelle@)l|? + Ay,

Jw,yu,yv) = [ijo(wu, ) dr + [i . (w,u,v.)dr,
a(c,n) =k [V -VndQ

forallu,ve V,we W,¢,n € Yandt € I. Then, Problem 4.2 can be transformed as follows:

W, (8) = F(t, W, (8), u,(0)),

<A(t, u,(t)) + /0 B(t—s,u,(s),£,(s)) ds,v — up(t)> + %(Pup(t), v-u,®)),..

VExV
+ 0 (w, (£), Mu, (£), Mu, (£); Mv — Mu, (£)) = (f(t),v - u,(t)),., ., YVEV,
(€o@m =, @)y, + a6, .0 = o0) = (LU, (), £,8), 1 = 6,(0)y,, YN €Ky,
wp(0)=0,  £,(0)=¢ €(0,1).
Next, we show that all the conditions of Theorem 3.1 are satisfied. We only need to prove
that H(A)(b) is fulfilled and P is a penalty operator because the other assumptions have
been testified in [4].

We first show that H(A)(b) is fulfilled. In fact, from (4.34)(c) and Holder’s inequality, one
has

1

(A u)-At,w),v),. |, < </Q | A(x, ¢, e(u)) — A(x, 2, &(ur)) ||2dQ) i Ivilv

sLA( fg ||€("1)—€(U2)||2d9>2||V||v

for all uj,uy,v € V and all ¢ € I and so

This shows that L4 = L 4 in (4.34)(c), and so condition H(A)(b) holds.

Moreover, we prove that P is a penalty operator of Ky . Now, we show that P is monotone.

ve = Lalluy —uslly.

For any given ry,7;,g € R, through simple algebraic calculations we have

((n-g)" = (ra=)*)(r1—r2) =0
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and so

((uv _g)+ - —g)*)(uv -v,)>0 onTj.

This shows that P is monotone. Now, the Sobolev trace theorem states that there exists a

positive constant C such that
IVllz2r ey < Clivily.

From Holder’s inequality, one has

1

(Pu1 _Pu21V>V*><V < </ ((ulv _g)Jr _ (MZU _g)+)2 dF) 2 (/ 1/3 dr) 2
I's I3

2
Colluq —uz|lvlivily

IA

for all u;,uy, v € V and so
IPuy — Pu |y < C2lluy — sy

This shows that P is a bounded and continuous operator. Furthermore, we can see that
Ky={ueV|Pu=0y}={ueV|u, <gae.onljs},

and so P is a penalty operator of Ky . Thus, we can conclude that Problem 4.4 is equivalent
to Problem 3.1 and so Theorem 3.1 ends the proof. d
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