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study fixed point results for the maps introduced in the setting of rectangular quasi
b-metric spaces. Our results extend and generalize related fixed point results in the
literature, in particular, the works of Karapinar and Lakzian (J. Funct. Spaces
2014:914398, 2014), Alharbi et al. (J. Math. Anal. 9(3):47-60, 2018), and Khuangsatung
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examples in support of our main findings. Furthermore, we applied one of our results
to determine the existence of a solution to an integral equation.
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1 Introduction

Fixed point theory is an important tool in the study of nonlinear analysis. It is considered to
be the key connection between pure and applied mathematics. It is also widely applied in
different fields of study such as Economics, Chemistry, Physics, and almost all Engineering
areas. The contraction mapping principle introduced by Banach [4] has a wide range of
applications in fixed point theory. The Banach contraction principle has been extended
and generalized in different directions by different researchers. For more details see ([5—
22]). In 2014, Lin et al. [23] introduced the concept of rectangular quasi metric space and
proved the fixed point theorem for the Meir-Keeler contractive mappings in the setting of
rectangular quasi metric Spaces.

In 2014, Karapinar and Lakzian [1] defined («, ¥ )-contractive mapping in rectangular
quasi metric space and proved fixed point theorems for the maps introduced. In 2015,
George et al. [24] announced the notion of rectangular b-metric space as a generaliza-
tion of metric, b-metric space, and rectangular metric space; many authors initiated and
studied a lot of existing fixed point theorems in such spaces. Alharbi et al. [2] defined
(or)-contractive mapping and proved fixed point theorems in rectangular b-metric space.
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Afterward, several research papers were published on the existence of fixed point results
for single-valued and multi-valued mappings in the setting of rectangular quasi metric
Spaces.

Very recently, Khuangsatung et al. [3] introduced the notion of {-contraction and stud-
ied fixed point results for y-contraction mappings in complete rectangular quasi metric
spaces and proved the existence and uniqueness of fixed points.

Inspired and motivated by the works of Karapinar and Lakzian [1], Alharbi et al. [2], and
Khuangsatung et al. [3], the main purpose of this paper is to establish fixed point results
for generalized (o, ¥)-contraction mappings in the setting of rectangular quasi b-metric

spaces.

2 Preliminaries
In what follows, we recall basic definition and results on the topics for the sake of com-

pleteness.

Notation We need the following symbols and class of functions to prove certain results
of this section:
¢+ R* =0,00);
» Ris the set of all real numbers;
» N is the set of all natural numbers;
¢ W ={y:R* — R*, such that, ¥ is non-decreasing, continuous, Y -, sk () < oo,
sy (t) < t for t >0 and ¥(0) = 0 if and only if £ = 0, where /% is the kth iterate of ¥ and
s> 1}

Definition 1 ([6]) Let X be a nonempty set and s > 1 be a given real number. A function
d: X x X — R* is a b-metric if and only if for all x,y,z € X, the following conditions are
satisfied:
(i) dx,y)=0ifand onlyifx = y;
(i) d(x,) = d(y, )
(iii) d(x,2) <sld(x,y) +d(y,2)].
The pair (X, d) is called a b-metric space.

It should be noted that the class of b-metric spaces is effectively larger than that of metric
spaces since a b-metric is a metric when s = 1.

Definition 2 ([7]) Let X be a nonempty set and d : X x X — R* be a function satisfying
the following conditions:
(i) dx,y)=0ifand onlyifx = y;
(i) d(x,) = d(y,»);
(iii) d(x,y) <d(x,u)+d(u,v)+d(v,y) for all x,y € X and all distinct point u, v € X\ {x, y}.
Then d is called a rectangular metric on X, and the pair (X, d) is called a rectangular metric

space.

Definition 3 ([11]) Let X be anonempty set,s > 1 be a given real number,and d: X x X —
R* be a function satisfying the following conditions:

(i) d(x,9)=0ifand only if x = y;

(i) d(x,y) =d(y,%);
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(iii) d(x,y) <s[d(x,u)+d(u,v) +d(v,y)] for all x,y € X and all distinct point
u,ve X\{x,y}.

Then d is called a rectangular b-metric on X, and the pair (X, d) is called a rectangular
b-metric space.

Note: Every metric space is a rectangular metric space, and every rectangular metric
space is a rectangular b-metric space with coefficient s = 1.

It is evident that any rectangular metric space is a rectangular b-metric space, but the
converse is not true in general.

We give an example to show that not every rectangular b-metric space is a rectangular

metric space.

Example 1 ([11]) Let X =N, @ >0and d: X x X — R* such that:
(i) dx,y) =d(y,x) for all x,y € X;
(i) d(x,y) =0, if and only if x = y;
(iii) d(x,y) =4a,ifx,y € {1,2} and x #y;
(iv) dx,y) =, ifx,y ¢ {1,2} and x #y.
Then (X, d) is a rectangular b-metric space with coefficient s = % > 1, but (X,d) is not a
rectangular metric space, as d(1,2) = 4a £ 3 = d(1,3) +d(3,4) + d(4,2).

The following is the definition of the notion of rectangular quasi metric space.

Definition 4 ([23]) Let X be a nonempty set and d: X x X — R* be a function satisfying
the following conditions:
(i) d(x,y)=0ifand onlyifx =y;

(i) d(x,y) <d(x,u)+du,v)+d(v,y) for all x,y € X and all distinct point u,v € X\{x, y}.
Then d is called a rectangular quasi metric on X, and the pair (X, d) is called a rectangular
quasi metric space.

Note: Any rectangular metric space is a rectangular quasi metric space, but the converse

is not true in general.

We give an example to show that not every rectangular quasi metric on a set X is a
rectangular metric space on X.

Example 2 ([23]) Let X = {¢t,2t,3t,4¢,5t} with ¢ > 0 as a constant, « > 0 and define d :
X x X — R* by
(i) d(x,x)=0forallx € X;

(ii) d(t,2t) =d(2t,t) = 3a;

(iii) d(t,3¢t) = d(2¢,3t) = d(3¢,£) = d(3t,2t) = a;
(iv) d(t,4t) = d(2t,4t) = d(3t,4t) = d(4t,t) = d(4¢, 2t) = d(4¢t, 3t) = 2a;

(v) d(t,5¢) = d(2¢,5t) = d(3t,5¢) = d(4t,5t) = 3a;

(vi) d(5t,t) = d(5¢,2t) = d(5t, 3t) = d(5t,4t) = %a.
Then (X, d) is a rectangular quasi metric space, but for the fact that d(¢, 5¢) = %a % %oz =
d(5t,t), (X,d) is not a rectangular metric space.

Definition 5 ([25]) Let X be a nonempty set, T : X — X be a self-mapping of a set X and
a:X x X — R*.Then T is called an o¢-admissible if x,y € X,

a@xy)>1 =  oa(lx,Ty) > 1.
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Definition 6 ([3]) Let (X,d) be a rectangular quasi metric space and {x,} be a sequence
in X and x € X. Then
(i) {x4} is called convergent to x € X if lim,,—, o d(x,, %) = 0 = lim,,_, o, d(x, x,,) and this
fact is represented by lim,,_, o %, = x or x, — x as n — oo.
(ii) {x,} is called the Cauchy sequence in (X, d) if
1imy,—s 00 A% Xnap) = 0 = lim,_, oo d(X4p, %) for all p > 0.
(iii) (X,d) is called complete rectangular quasi metric space if every Cauchy sequence in
X converges to some x € X.

3 Main results
In this section, we introduce rectangular quasi b-metric spaces, define generalized (o, ¥)-
contraction mappings, and study fixed point results for the mappings introduced in the
setting of rectangular quasi b-metric spaces.

We start by introducing the notion of a rectangular quasi b-metric space as follows:

Definition 7 Let X be a nonempty set, s > 1, and suppose that the mapping d: X x X —
R* satisfies the following conditions:
(i) d(x,y)=0ifand only if x = y;
(il) d(x,y) <sld(x,u) +d(u,v) + d(v,y)] for all x,y € X and all distinct points
u,ve X\{xy}
Then d is called a rectangular quasi b-metric on X, and the pair (X, d) is called a rectan-

gular quasi b-metric space.
Now, we give an example of a rectangular quasi b-metric space.

Example 3 Let X = A U B, where A = {%, %, %, é} and B = [1,2]. Define the generalized
metric d on X as follows
ds, b =d(, 1) =03d(s, H=d(, ) =d(L, D) =01
i, =dl, =064l H=dd, 1) =04
(2, 2) = 1.05; d( ) d( 1) 0.5;
b, H=dd, ) =d, h=d =0,
and d(x,y) = |[x—y|ifx,ycBorx€A,ycBorxeB,ycA.
Then (X, d) is a rectangular quasi b-metric space with coefficient s = % > 1. Indeed Con-
dition (i) in Definition 7 trivially holds.
Now, we show condition (ii) in Definition 7 holds:
Case (i) If x,y € A, then

d(x,y) = d(1 3)= 03<s[d(%,u)+d(u,v)+d(v, ] when u,ve{4,5
d(x,y) = d( ) 0.1 <s[d(%,u) +d(u,v) +d(v, 2)] when u,v € {4, :
d(x,y) = d(3, i) 0.1 <s[d(3,u) + d(u,v) +d(v, )] when u,v € {2,5
d(x,y) = (}L %):05<s[d(i,u)+d(u V)+d(V,3)] when u, VE{Z’S}
dx,y) = d(%L %) :03<s[d(i,u)+d(u,v)+d(v,4)] when u,v € {2,3
d(x,y) = (% i) =0.1 <s[d(%,u) +d(u, V)+d(V,4)] when u,v € {2, 3}
d(x,y) = d(% %) 0.6 <s[d(%,u) +d(u,v) +dv, 4)] when u,v € {3, s
d(x,y) = (%L %) O4<s[d(‘—11, u) +d(u,v )+d(v,2)] whenu,ve{S,s}
d(x,y) = d(% é) 1.05 < s[d (% u)+d(u,v)+d(v, )] when u,ve{3,4}
d(x,y) = d(% %) =05 <s[d( )+d(u,v)+d(v,;)] when u,v € {3,4}.
d(x,y) = d(% é) 6§s[d(3, )+d(u,v)+d(v,%)] whenu,ve{%,i
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d(x,y) = d(%, %) =04 < s[d(é,u) +d(u,v) +d(v, % ] when u,v € {%, i .

Case (ii) If x,ye Borx € A,ye Borx € B,y € A, then

d(x,y) = |x—y| <slx —u| + |u—v| + |v-y| for all distinct points u,v € X\{x,y}.

But (X, d) is neither a metric space, a rectangular metric space nor a rectangular quasi
metric space because the triangle inequality, symmetry, and rectangular inequality fail
respectively as follows:

d(3,71)=06£04=d(3,3)+d
d(3,1)=06704=d(3,1), and
d(%, é) =1.05£0.7 = d(%, %) + d(%, %) + d(i, é).

11
3 Z) =03+ 01,

We next give the definitions of rectangular quasi b-convergence of a sequence and com-
pleteness of rectangular quasi b-metric spaces.

Definition 8 Let (X, d) be a rectangular quasi b-metric space and {x,} be a sequence in X
and x € X. Then
(i) {x4} is said to be convergent to x if lim,_, o d(x,, %) = 0 = lim,,_, o d(x, x,,) and this
fact is represented by lim,,_, o, %, = % or x,, — x as n — oo.
(ii) {x,} is called the Cauchy sequence in (X, d) if
limy,—, o0 A%, %nip) = 0 = limy,—, o0 d(X4p5 %) for all p > 0.
(iii) (X,d) is called complete rectangular quasi b-metric space if every Cauchy sequence
in X converges to some x € X.

Remark 1 Let (X,d) be a rectangular quasi b-metric space. For x € X, we define the open
ball with center x and radius r > 0 by

B,(x,7) = {y eX:max{d(x,y),d(y,x)} < r}.

In general, an open ball in a rectangular metric space need not be an open set. A rectangu-
lar quasi b-metric space need not be continuous. A convergent sequence in a rectangular
quasi b-metric space need not be a Cauchy. A rectangular quasi b-metric space need not
be a Hausdorff, and hence the uniqueness of limits cannot be guaranteed.

Now, we give an example to support Remark 1.

Example 4 Let X = AU B, where A = {%,n € N}, and B = {0, 3}. Define the function 4 :
X x X — R* such that

0 ifx=y;
2 ifwmyed;
d(x,y) = % ifxeA,yeB;
L ifxeBye4;
ifx,y € B.

The function d is a rectangular quasi b-metric space with s = 2. But d is neither a rectan-
gular quasi metric nor a rectangular b-metric space because
d3,5)=2¢ 2 =40 +d(0,3)+d(3,1) and
1 11 1
d(gxo) = 7[1 =d(0, 3/

-3

Page 5 of 22
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It is also clear that
lim,,_, o d(ﬁ, ) i) =lim, ﬁ and
lim,,_, d(ﬁ; ) = hmnﬂoo u = 0 =1lim,—, . d(3, i) =lim, ,,,_Jlrl’

that is, the sequence { 217} has two different limits the numbers 0 and 3.

0) = llm,,_,oo n =0=1lim,_, 5 d(0

In addition, the sequence {2—1n} is rectangular quasi b-convergent, but not a rectangular
quasi b-Cauchy sequence, because

1 1 )

M’ Inip 7 =lim,_ o d(xn+p; xn) =

lim,,_, d(xn» xn+p) =1lim, d(

limy— o0 d(5,05> 3,)-

In the following, we define an (o, ¥)-contraction mapping in the setting of rectangular
quasi b-metric space.

Definition 9 Let (X, d) be a rectangular quasi b-metric space and 7 : X — X be a given
mapping. We say that T is a generalized («, )-contraction mapping if there exist two
functions o : X x X — R* and ¢ € W such that

a(x,y)d(Tx, Ty) < ¥ (M(x,)) forallx,y€X, 1)

where M(x,y) = max{d(x,y), e o, d(x, Tx), d(y, T9)}.

Now, we state and prove the following fixed point theorem.

Theorem 1 Let (X,d) be a complete rectangular quasi b-metric space and T : X — X be
generalized (a,V)- contraction mapping. Suppose that
(i) T is an a-admissible mapping;
(il) there exists xo € X such that a(xo, Txo) > 1, a(Tx0,%0) > 1, at(x0, T?x0) > 1, and
a(T?x0,%0) > 1;
(iii) T is continuous.
Then T has a fixed point.

Proof By (ii) above, there exists xy € X such that (xo, Txo) > 1 and «(Txg, %) > 1. Now, we
construct a sequence {x,} in X by x,,,1 = Tx, = T"*1x, for all # > 0. Suppose that KXy = Kngel
for some 1y > 0. Since Tx,,, = %y,+1, the point u = x,,, forms a fixed point of T'. Hence, that
completes the proof. We assume that x,, # x,,,; for all n > 0.

Since T is «-admissible, we have a(xq, x1) = @ (xg, Txo) > 1 = a(Txo, TX1) = a(x1,%2) > 1.
Utilizing the expression above, we obtain that

a(xy,%,41) > 1, forallm=0,1,..., 2)

and o(x1,x0) = o(Txo,%0) > 1 = a(Tx1, Txo) = ot(x2,%1) > 1. Utilizing the expression above,
we obtain that

o(%,41,%,) > 1, forallm=0,1,.... (3)

In a similar way, we derive that a(xg, x2) = a(xo, T%x0) > 1 = a(Txg, Txy) = (%1, %3) > 1.
Recursively, we get that

(X, %40) > 1, forallm=0,1,.... (4)



Abagaro et al. Fixed Point Theory Algorithms Sci Eng (2022) 2022:13

Analogously, we can easily derive that

o(%,42,%,) >1, forallm=0,1,.... (5)

Step 1: We show that lim,_, o d(x,,, x11) = 0 = lim,,—, o d(x,,41,%,,) and lim,_, o d(x,,
xn+2) =0=1lim, .o d(xn+2: xn)'
Regarding (1), we have

d(xm xn+1) = d(Txn—lx Txn)

=< Ol(xn—l: xn)d( Txn—l: Txn)

<Y (M(x,_1,%,)), foralln>1, (6)

where

M(xn—lyxn)
d(y_1, Txu_1)dxu_1, Tx,)
1+ d(xu-1, Txy) + A%y, Txp_1)

A1, %) AKX -1, X 1) A1, %) A Xy Zips1) }

= max{d(xn—lyxn)r ’d(xn—b Txn—l)r d(xm Txn)}

= d n-1r%*n)s 5
max{ (x b ) 1+d(xn—1¢xn+l)+d(xmxn)

= max {d(Xu-1, %), A%, %n11) }.

If M(x-1,%,) = d(x, %441), then from (6), we get
d(xnrxwrl) S w(d(xmxrul)) S Sw(d(xmxnﬂ)) < d(xn;xwrl);

which is a contradiction. Hence, M(x,,_1,%,,) = d(x,_1,%,).
We let e, = d(xy, X11)s L = AXi1, %), € = AKX, %42) and [ = d(x,42,%,,) for all n > 0.
By using (6), we get
en = AW, %ni1) = d(Tx_1, Tx) < Y (d (o1, %))
= Y (d(Tn-2, Tn-1))
<Y (d®n2%n1))

< l/f”(d(xo,xl)) =vY"(eg) — 0 asn—> 0. (7)
Also,

by = d(anrl;xn) = d(Txnr Txn—l)
= a(xn,xn—l)d(Txnr Txn—l)

< W(M(xn,xn_l)), foralln>1, (8)
where

M(xn’xn—l)
d(xnx Txn)d(xnr Txn—l)
1+ d(xm Txn—l) + d(xn—ly Txn)

= max{d(xmxn—l), » A%y, Txy), d(Xp-1, Txn—l)}

Page 7 of 22
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d(xn’ xn+1)d(xm xn)

= max{d(xmxnl)¢ ,d(xnrxwrl),d(xnl:xn)}

1+ d(xmxn) + d(xn—lrxwrl)
= max{d(xnrxn—l)r A%y Xi1), d(xn—l:xn)}~

We consider three different cases:
Case (i) If M(x,,,%x,-1) = d(x,_1,%,), then by (8), we get

A1, %) < Y (Ao1,%4)) < V" (d(x0,%1)) = ¥ (€0) — 0 as n —> oo.
Case (ii) If M(x,,x4-1) = d(%y, %441), then by (8), we get

d(%ns1,%0) < Y (A0 %001)) < ¥ (dx0,%1)) = ¥ (e0) — 0 as m—> oo.
Case (iii) If M(x,,x,-1) = d(xy,x,-1), then by (8), we get

ln = d(xn+1;xn) = d(Txm Txn—l) =< I/j(d(x"”x”_l))
= Y (d(Tx1, Tn))
< Y2 (d(@y-1,%02))

< y"(d(x1,%0)) =¥"(lp) — 0 asn—> oo.
From Case (i)-Case (iii), we get
b, =dx,1,%,) — 0 asn —> oo. 9)
From (7) and (9), we deduce that

lim d(xn;x;ﬁl) =0= lim d(anrl:xn)' (10)
n— 00 n—00

Now, we show lim,,__, oo (%, %,42) = 0 = lim,,_, o d(%42,%5).

e: = d(xn:xn+2) = d(Txn—h Txn+l)
= a(xn—17xn+l)d(Txn—lt Txn+1)

< Y (M(y-1,%11)),  foralln>1 (11)

where

d(xn—I: Txn—l)d(xn—b Txn+1)
1+ d(xn—l, Txn+l) + d(xrul’ Txn—l) ’

M(Xy_1,%p41) = max{d(xn—lyxnﬂ); A(%n-1, Txu-1),

d(xn+1: Txn+1) }

d(xn—lyxn)d(xn—lranrZ)
1+ d(Xp-1,%n42) + AXns1, %)

= max{d(x,,_l,x,,+1), A(Xy_1,%),

d(xn+1»xn+2)}

Page 8 of 22
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= max{d(xn—l»xnﬂ); A(Xy_1,%4), d(xn+lxxn+2)}'

‘We consider three different cases:
Case (i) If M(x,,%x,-1) = d(x,-1,%,+1), then by (11), we get

d(xnrxn+2) < w(d(xn—lrxn+1)) < wn—l (d(xO;x2)) = w_n—l (33) — 0 asun— o0.
Case (ii) If M(x,-1,%+1) = d(%4-1,%,), then by (11), we get
A, %p12) < Y (d@no1,%0)) < Y (d(x0,%1)) = ¥ (eo) — 0 asnm—> oo.

Case (iii) If M(x,-1,%541) = d(Xni1,%042), then by (11), we get d(x,, Xni2) < Y (d(xps1,
Xns2)) < Y (d(xo,%1)) = " (eg) —> 0 as n —> o0.

From Case (i)-Case (iii), we get
et =d(x,,%,2) — 0 asn—> 0o, (12)

d(xn+2)xn) = d(Tle+1’ Txn—l) =< a(xn+lrxn—l)d(Txn+1’ Txn—l) =< 1p(ZM(xtﬂlrxn—l));

forallm>1, (13)

where

d(xn+1: Txn+1)d(xn+1: Txn—l)

) d X ) Tx ,
I+ d(xlﬂl: Txn_l) + d(xn_h Txn+1) ( n+1 n+1)

M(xn+1:xn—1) = max{d(xnﬂ’xn—l);

d(xn—l, Txn—l) }

AKX i1, %042)A (K15 %)
= d n+l>Xn-1)s ,d n+1rXn+2)
max{ (x b 1) 1+ d(xnﬂ;xn) + d(xn—l:xn+2) (x b 2)

d(xn—l:xn)}

= maX{d(xn+17xn—1)7 d(xn+l:xn+2), d(xn—l,xn)}-

We consider three different cases:
Case (i) If M(%y41,%4-1) = d(%y41,%4-1), then by (13), we get

AXp12: %) < Y (A@nr1,%0-1)) < Y (d(x2,%0)) = " (I5) — 0 as n —> oo.
Case (ii) If M(x,41,%4-1) = A(%y41,%n42), then by (13), we get

AXn2, %) < Y (d (1, %012)) < Y (d(x0,%1)) = ¥ (€0) — 0 as n —> o0,
Case (iii) If M(xy41,%4-1) = d(x4-1,%,), then by (13), we get

A(ns2,%n) < VY (A(n-1,%0)) <" (dx0, 1)) =¥ H(eg) — 0 asn—>oco.  (14)

Page 9 of 22
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From (12) and (14), we deduce that

lim d(xmxn+2) =0= lim d(xn+2;xn)~
n—s00 n—s00

Step 2: We shall prove that {x,} is a rectangular quasi b-Cauchy sequence, that is,

lim d(x,,%p.p) =0= lim d(x,.p,x,) forallpeN.

Case (i) Suppose that for some n,m € N with m > n, we have x, = x,,, by (10)

A%y %n11) = A, ) = A%y Th) = Ay K1)
=< ‘Wm_" (d(xn:xrﬁl))
<sy (d(xnrxrurl)) < d(Xps Xni1),
which is a contradiction.
Case (ii) Suppose that for some n,m € N with n > m, we have x, = x,,, by (10)
AXi15%m) = ATy %) = (T, %) = d(Kyi1,%,)
=< 1;Z/nim(d(xnﬁl’xm))
= Slﬂ (d(xm+1¢xm)) < d(xm+1:xm)v

which is a contradiction.
Therefore, from Case (i) and Case (ii) x,, # x,,, for m # n.

The case p = 1 and p = 2 is proved. Now we take p > 3; arbitrary, we distinguish four

different cases:
Case (i) Let p = 2m, where m > 2. By the rectangular inequality, we get

A Xniom) < 8[d@n Xi2) + AWKz, Xi3) + AXne3) Xniom) |
< A%y Kns2) + SA(Kns2s %ne3) + 8 [AXi3 X)) + AXs Xi5)
+ A(Fns55 Xnrom) |
= SA(0 X12) + A K12 %113) + S A3, %) + 8 A(X1ar Xn5)

2
+5°d(Xpe5, Xnom)

= Sd(xn,xwrz) + 53d(xn+21xn+3) + 54d(xn+3yxn+4) + Ssd(xn+4,xn+5) +--

2
+S md(xn+2m—1: xn+2m)

n+2m-1
= sd(twxni2) + Y S d (e K1)
k=n+2
n+2m-1
k.1 k
< sd(%y, Xpe2) + Z sy (eo)
k=n+2
00

< sd(®nxni2) + Y YK (eo).

k=n+2

By (14), lim,—, 0 d(%y, %42) = 0 and Z/ﬁmz s*yk(eg) — 0 as n — oo.

Page 10 of 22
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Therefore,

lim  d(%y, %pi2m) = 0.

n,m—>00

Case (ii) Let p = 2m + 1, where m > 1. By the rectangular inequality, we get

A, Xpromse1) < S[AGon Xi1) + AXra1, Xr2) + AFa20 Xpsomen) ]
< 5@ %011) + 5A X1, X2) + 87 [A (12, %013) + A3, %1a)
+ d(Xpar nsomsn) ]
= 5d(X, Xns1) + SAXni1, %ns2) + S A(Xn42, Xn13) + S A(Ki13 %)

2
+5°d(Xpsar Xnrome1)

2 3
= Sd(xnrxrﬁl) +S d(xn+l¢xn+2) +S d(xn+27xn+3) + s4d(xn+3rxn+4) +---

2m+1
+S d(xn+2mrxn+2m+l)

n+2m

= > S A, x00)

k=n

n+2m

_ Z Sk—n+1 wk(eo)
k=n

n+2m

<Y 9t
k=n

o0
< Zsklﬁk(eo) — 0 asn— oo.
k=n

Thus, we obtain

lim  d(%y, %pr2me1) = 0.

n,m—>00

Case (iii) Let p = 2m, where m > 2. By the rectangular inequality, we get

Ansams %n) < S[AGns2m Xnsam-2) + AEnsam-25 Xnszm-3) + A K23, %n) |
< SAXy2m> Fnvam—2) + SA K22 Xsom—3) + 5 [d(xn+2m—3:xn+2m—4)
+ AFns2m-t Xns2m-5) + AFns2m—5,%n) |
= SAXns2m> Xns2m-2) + SA( X122, Xns2m-3) + Szd(xn+2m—3!xn+2m—4)

+ Szd(xn+2m—4r Xnr2m-5) + Szd(xn+2m75¢ Xn)

< Sd(xn+2m: xn+2m—2) + Sn+2m*2d(

KXn+2m-25 xn+2m—3)
n+2m-3 n+2m—4
+s AXpr2m-3, Xnsom-a) + S A(Xpr2m-t> Xnsom—5) + - -

+ Snild(xn—l; xn)

Page 11 of 22
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n+2m-1

= SA(Xnr2m> Xnrom-2) + Z Skd(xk,xkﬂ)
k=n-1

n+2m-1

= Sd(xn+2m: xn+2m—2) + Z Skl//k(lg)
k=n-1

o0

< 8A(Xps2m> Xnsam=2) + Z Skl//k(lg)‘

k=n-1

Since limy, s o0 d(Xps2m> Xnrom—2) = 0and Y po, 4 SkI/fk(lS) —> 0 as n —> 00, we have

lim d(xn+2m,xn) =0.

nm—

Case (iv): Let p = 2m + 1, where m > 1. By the rectangular inequality, we get

A Xns2me1,%n) < S[d(xn+2m+1’xn+2m) + d(Xns2m) Xnram-1) + d(xmzm-bxn)]
< $AXns2ms 1 Xns2m) + SAXr2ms Fnsam-1) + 8 [AEns2m-1) Fnsam—2)
+ d(Xns2m-2) Xns2m-3) + d(xn+2m—3’xn)]
= 8d(Xps2me1, Xnvam) + SAXp12m> Xnsam-1) + Szd(xn+2m—l;xn+2m—2)

2 2
+S d(xn+2m—2’ xn+2m—3) k) d(xn+2m—3r xn)

n+2m+1 n+2m
=s AXpr2me1, Xnsom) + 8 AXps2m> Xnr2m-1)

n+2m—2d(

n+2m-1
+S$ d(xn+2m—1: xn+2m—2) +S Xn+2m-2> xn+2m—3)

+oo+ 8 d (1, %)

n+2m

= Y sfdia, )

k=n+1

n+2m

— Z Sk—n+1 I/fk(l())

k=n+1

n+2m
< Y s

k=n+1

[o¢]
< Z sKyk(ly) — 0 asn —> oo.
k=n+1

Thus, we obtain

lim  d(%pi2me1,%0) = 0.
1,M—> 00
Finally, from Case (i)-Case (iv), we get lim,—, o0 d(%; X41p) = 0 = lim,,_, oo d(X4, %) for all
p=>3.

Thus, {x,} is a rectangular quasi b-Cauchy sequence in (X, d).
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Since X is a complete rectangular quasi b-metric space, there exists u € X such that

lim x,=u, ie., lim d(x,,u)=0= lim d(u,x,). (15)
n—>00 n—> 00 n—>00
Now, we shaw that u is a fixed point of T
Since T is continuous, from (15), we have u = lim,__, oo %, = lim,_ o T(x,) =
T (lim,—, o0 x,) = Tu, which gives u = Tu.
Thus, u is a fixed point of T O

Now, we state the following fixed point theorem by removing the continuity assumption

of T from Theorem 1.

Theorem 2 Let (X, d) be a complete rectangular quasi b-metric space and T : X — X be
generalized (o, )-contraction mapping. Suppose that
(i) T is an a-admissible;
(ii) there exists xg € X such that a(xg, Txo) > 1, a(Txo, %0) > 1, at(xg, T?x0) > 1, and
o(T%x0,%0) > 1;
(ili) if {x,} is a sequence in X such that o(xy,%y11) > 1 foralln > 0 and x, — x € X as
n— oo, then a(x,,x) > 1 forall n > 0.
Then, T has a fixed point.

Proof Following the proof of Theorems 1, we know that the sequence {x,} defined by
%xn+1 = T, for all n > 0 is rectangular quasi b- converges to a point  in X. It is sufficient
to show that 7" admits a fixed point. By the rectangular inequality of rectangular quasi

b-metric space, property of v, and (iii), we have

d(u, Tu) < sd(u,x,) + sd(%, Xp41) + SA(%11, Tir)
= sd(u,x,) + sd(x,,%,41) + sd(Tx,, Tu)
< sd(u,%,) + sd(X, Xn11) + S0 (Xy, w)d(Txy, Tua)

< sd(tt, %) + SA (X, X041) + 5Y (M (%, 1)), (16)

where

A(xy,, Tx,)d(x,,, Tu)
"1+ d(x,, Tu) + du, Tx,)

d(xmxn+l)d(xm Tbl)
"1+ d(xy, Tu) + d(t, Xpi1)

M(x,,u) = max{d(x,,, u) » A Xy, Tx,), d(u, Tu)}

= max{d(x,,, u) A% 1), d (1, Tu)}
= max{d(x,,, u), d(x,, %n11), A1, Tu)}.

We consider three different cases:
Case (i) If M(x,, u) = d(x,, u), then by (16), we get

A(u, Tu) < sd(u, %) + 5%, %041) + 59 (A%, 1))

< sd(u, %) + $A(Xp, Xpe1) + AKXy 10).
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Letting n —> 0o in the above inequality, from (10) and (15), we get that

d(u, Tu) < 0.
Case (ii) If M(x,, u) = d(x,,%,.1), then by (16), we get

d(u’ Tbl) S Sd(u,xn) + Sd(xm xn+1) + Slﬁ (d(xn: xn+1))s

< Sd(u’xn) + Sd(xmerl) + d(xn:xrﬁl)'
Letting n —> oo in the above inequality, from (10) and (15), we get that

d(u, Tu) <0.
Case (iii) If M(x,, u) = d(u, Tu), then by (16), we get

A(u, Tu) < sd(u, %) + sd(%, %541) + 59 (A1, Tir))
< sd(u,x,) + sd(x,, X,.1) + d(u, Tu).

Letting n —> o0 in the above inequality, from (10) and (15), we get that 0 < 0 it is general
truth.

Clearly d(u, Tu) > 0, from Case (i)-Case (iii), we can obtain
d(u, Tu) = 0. (17)
Also,

Ad(Tu, u) < sd(Tu,x,) + SA(Xy, Xpi1) + SA(Xpi1, 1)
= sd(Tu, Tx,-1) + AKX, Xpi1) + 5A (K11, 1)
< sot(ut, %-1)A( Tt T 1) + AWK, K1) + 5A (K41, 1)

< s (M(tt,%-1)) + 5% X11) + A (K11, 1)), (18)
where

d(u, Tu)d(u, Tx,_1)
1+du, Tx,_1) + d(x,_1, Tu)
d(u, Tu)d(u, x,,)
1+d(u,x,) +dx,_1, Tu)

M, %,_1) = max{d(u,x,,_l), ,d(u, Tu), d(x,-1, Txn—l)}

= max{d(u)xn—l), ,d(l/l, Tu)yd(xn—lyxn)}
= max{d(u, K1) AWKy K1), A1, Tu)}

We consider three different cases:
Case (i) If M(u,%,-1) = d(u, x,_1), then by (18), we get

A(Tu,u) < sy (d(u, %,-1)) + A Xy K1) + A1, 1)

< d(uvxn—l) + Sd(xmxrﬁl) + Sd(x;ﬁl: u)
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Letting n —> o0 in the above equality, from (10) and (15), we get that
d(Tu,u) <0.
Case (ii) If M(u,%,-1) = d(xy, %441), then by (18), we get

d(TM: M) = Sl/f (d(xnr xn+1)) + Sd(xn;xwrl) + Sd(xwrl’ M)

<dXn Xn41) + SA (% Xn11) + $A (K1, ).
Letting n —> oo in the above inequality, from (10) and (15), we get that
d(Tu,u) <0.
Case (iii) If M(u,x,-1) = d(u, Tu), then by (18), we get

d(Tu,u) < syr (d(u, Tu)) +8d (X, Xi1) + SA(Xy41, 1)

< d(u, Tu) + sd (%, %41) + 5d (%41, 10).
Letting n —> oo in the above inequality, from (10), (15), and (17), we get that
d(Tu,u) <0.
Clearly d(u, Tu) > 0, from Case (i)-Case (iii), we can obtain
d(Tu,u) = 0. (19)

From (17) and (19), it follows that d(u, Tu) = 0 = d(Tu, u). So that, Tu = u.
Thus, u is a fixed point of 7. d

To assure the uniqueness of the fixed point of T, we will consider the following condition.

Property U Forall x,y € Fix(T), we have a(x,y) > 1 and «(y,x) > 1, where Fix(T') denotes
the set of all fixed points of 7.

Theorem 3 Adding condition (U) to the hypothesis of Theorem 1 (res. Theorem 2), one
obtains uniqueness of the fixed point of T .

Proof From the proofs of Theorem 1 and Theorem 2, Fix(T) # #. Suppose that u# and v are
two distinct fixed points of 7.
By condition (U), «(Tu, Tv) = a(u,v) > 1 and «(Tv, Tu) = (v, u) > 1.

Thus, by «-admissibility of T and the above relation, we can obtain

d(u,v) < a(u,v)d(u,v) = a(Tu, Tv)d(Tu, Tv) < ¥ (M(u,v)),



Abagaro et al. Fixed Point Theory Algorithms Sci Eng (2022) 2022:13 Page 16 of 22

where
d(u.Tu)d(u, Tv)
"1+dw, Tv) + d(v, Tu)’

d(u.u)d(u,v)
1+dw,v)+dv,u)’

M(u,v) = max{d(u, V) d(u, Tu),d(v, Tv)}

= max{d(u, V), d(u, u),d(v, V)}
=d(u,v).
On account of the fact that sy (£) < ¢, for all ¢ > 0, and inequality above, we get that
d(u,v) < ¥ (d(u,v)) < sy (d(u,v)) <d(u,v), (20)
which is a contradiction. Similarly,

dwv,u) <a(,u)dv, u) = a(Tv, Tu)d(Tv, Tu) < 1/f(M(v, u)),

where
dv. Tv)d(v, Tu)
1+d(v, Tu) + d(u, Tv)’

d(v.v)d(v, u)
1+d(v,u) +d(u,v)

M, u) = max{d(v, u), dv, Tv), d(u, Tu)}

= max{d(v, u), ,dw,v),d(u, M)}

=d(v,u).
On account of the fact that sy (£) < ¢, for all £ > 0, and inequality above, we get that
dv,u) <Y (dv,u)) < sy (d(v,u)) <d(v,u), (21)

which is a contradiction. From (20) and (21), we get that d(u,v) = 0 = d(v, u). Therefore,
u="v.
Thus, T has a unique fixed point. O

Now, we give an example in support of Theorem 2.

Example 5 Let X = A U B, where A = {0, %, %, i, é} and B = [1,2]. We define d on X as
follows
40,1 =d(, ) =d(, 1) =03;d(0, 1) =d(}, ) =d(L, ) =d(L, 1) = 0.1;
40, ) =d(, 1) =d(L, 1) = 0.6,d(0, 1) =d(}, 1) =d(}, 1) = 04;
d(%,O) = d(%,O) = d(%, é) = 1.05; d(%,O) = d(%,O) = d(é, %) = d(}}, %) =0.5;
d0,0)=d(t, Y =dl, by =d, H=d, Y=o,
and d(x,y) = |[x—y|ifx,ye Borx€A,ye Borx € B,y € A.
Then, (X, d) is a complete rectangular quasi b-metric space with coefficient s = % > 1.
We define T:X — X, ¥ : R* - R" and @ : X x X — R* by

T %, ifxeA,
X =

1%, ifx € B;
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1/1(1,‘):%tforallteR+ anda: X x X — R as

1, ifx,yeB,
alx,y) =
0, otherwise.

1. First we show that 7' is an «-admissible mapping.

To show this assume that x,y € X such that a(x,y) > 1. It yields that x,y € B. Owing to
the definition of T, we have Tx, Ty € B and hence a(Tx, Ty) > 1. Thus, T is a-admissible.

2. Moreover, there exists xy € X such that o (xg, Tio) > 1, ot(Tx, %) > 1 and a(xg, T?x0) >
1, a(T%x0,%0) > 1. In fact for xo = 2, we have &(2, T2) = (2,3) = 1, a(72,2) =a(3,2) = 1
and a(2,7%2) =a(2,2) = 1, o(772,2) =a(3,2) = 1.

3. Now, we show that if {x,} is a sequence in X such that «(x,,x,,1) > 1, ¢(x,.1,%,) > 1
for all # € N, then {x,} C B.

If x, — u as n —> 00, we have d(x,,, u) = |x, — u| — 0 as n —> oo and d(u,x,) = |u —
%x,| — 0 as n —> 00. Hence u € B and hence a(x,,, u) = 1 = a(u, x,,).

4. Now, we show that T is a generalized («, ¥)-contraction mapping.

Case (i) Let x,y € X such that «(x,y) > 1, so x,y € A, We have Tx = % and Ty = % Then
a(x,y)d(Tx, Ty) = 0.1 = 1 =0 < Y (M(x,)).

Case (ii) Let x,y € B, we have Tx = 12ﬁ and Ty = % Then

1 1
o, y)d(Ti, Ty) = | T~ Ty = ‘1—;" - %‘ = Sl=1= v (d) < ¥ (M0s.).

Lx

5 and

Case (iii) Let x € A,y e Bor x € B, y € A, we have Tx:%and Ty = 1%or Tx =
Ty:%.Then

a(x,9)d(Tx, Ty) =0, |Tx—Ty| =0 < ¢ (M(x,7)).

Note that for s = 2 and v/ (¢) = 2, we have Yo7 s"y"(£) =t Y o1 (3)" <ocoand 3y/(2) <t
forall £ > 0.
Hence all the conditions of Theorem 2 are satisfied. Here {é, 1} is the set of fixed point

of T, that is, we have two fixed points.
Now we give an example in support of Theorem 3.

Example 6 Let X ={0,1,2,3} and d: X x X — R* defined by
d(0,1) =d(2,0) =d(1,0) = 1, d(0,2) = d(3,0) = 26,
d(1,3)=d(2,1)=4d(3,2) =6,d(0,3) =d(3,1) = 7,
d(1,2)=d(2,3) =8,
d(0,0) = d(1,1) = d(2,2) = d(3,3) = 0.
Then, (X, d) is a complete rectangular quasi b-metric space with s = 2 > 1. Note that d is
neither rectangular b-metric nor a rectangular quasi metric on X because
d(0,1)=1+#d(1,0) =7 and
d(0,2) =26 £ d(0,1) +d(1,3) +d(3,2) =1+ 6+ 6 = 13,
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Define themap 7: X — X by T0=T1=T2=0and T3 = 1. Let y/(¢) = £ for t € R* and

1, ifxye{0,1,2},
alx,y) =
0, otherwise.

For s =2, wehave Y77 s"y"(1) =t 7, (3)" <ocoand 2y/(¢) < £ forall £ > 0.

We show that T is an a-admissible mapping.

Notice also that T is «-admissible. To show this assume that x, y € X such that «(x,y) > 1.
It yields that x,y € {0,1,2}. Owing to the definition of 7. We have Tx, Ty € {0,1,2} and
hence o(Tx, Ty) > 1. Thus, T is an a-admissible.

We shall show that a(x,y)d(Ty, T,) < 1 M(x,y), for all x,y € X. For this we consider the
following cases.

Case (i) For x,y € {0, 1,2}, We have

1
a(x,y)d(Tx, Ty) =1, d(0,0)=0< L—}M(x,y).
Case (ii) For x € {0,1,2} and y = 3, we have
1
a(x,y)d(Tx, Ty) =0 < 1 max{M(x,y)}.
Case (iii) For y € {0,1,2} and x = 3, we have
1
a(x,y)d(Tx, Ty) =0 < 2 max{M(x,7)}.
Case (iv) For x = y = 3, We have
1
a(x,9)d(Tx, Ty) =0, d(1,1)=0< EM(?)’ 3).

From Case (i)-Case (iv) all the required hypothesis of Theorem 3 are satisfied. Here x = 0
is the unique fixed point of T

In the following, we give some corollary to our main results.

Corollary 1 Let (X,d) be a complete rectangular quasi b-metric space and T : X — X be

an (o, V)-contraction mapping, that is,
a(x,y)d(Tx, Ty) < I/t(d(x,y)) forallx,y € X.

Then T has a unique fixed point.

Proof The result follows by taking M(x,y) = d(x, y) for allx, y € X in the proof of Theorem 1
(or Theorem 2). |

Remark 2 By taking s = 1 in Corollary 1, we get the work by Karapinar and Lakzian [1].

Thus, this work generalizes the work by Karapinar and Lakzian [1].

Page 18 of 22
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Corollary 2 Let (X,d) be a complete rectangular quasi b-metric space and T : X — X be

a continuous mapping if there exist functions ¥ € V such that
d(Tx, Ty) < ¥ (d(x,y)) forallx,y € X.
Then T has a unique fixed point.

Proof The result follows by taking «(x,y) = 1 and M(x,y) = d(x,y) for all x,y € X in the
proof of Theorem 1. O

Remark 3 By taking s = 1 in Corollary 2, we get the work by Khuangsatung et al. [3]. Thus,
this work generalizes the work by Khuangsatung et al. [3].

Corollary 3 Let (X,d) be a complete rectangular quasi b-metric space and T : X — X be
a continuous mapping. Suppose that there exists k € [0, 1) such that

d(Tx, Ty) < k(d(x,y)) forallx,y€X.
Proof The result follows by taking ¥ (¢) = k¢, where k € [0,1) and ¢ > 0 in Corollary 2. [
4 Application to integral equation

In this section, we give an existence theorem for a solution of the following integral equa-
tion.

1
x(t) = / K(t, r,x(r)) dr, (22)
0
where K : [0,1] x [0,1] x R —> R are continuous functions.

Throughout this section, let X = C([0, 1], R) be the set of real continuous functions de-
fined on [0, 1]. Take the rectangular quasi b-metric d: X x X —> [0, 00) defined by

||(x_y)2”oo + [|%]loo, ifx #9,
0, ifx=y,

dx,y) =
where |||l oo = max, o) |u(s)| forall # € X. It is known that (X, d) is a complete rectangular
quasi b- metric space (with s = %). Now, we prove the following result.
Theorem 4 Suppose the following hypotheses hold:

(i) there exist k € (0,1) and g: X x X —> [0, 00) such that for all x,y € X with
x(t) < y(t) for all t € [0,1] and for every r € [0, 1], we have

0< ’K(t, r,x(r)) —K(t,r,y(r))’ =gt r)lx-yl,

and

1
sup / glt,r)dr=k.
0

te[0,1]
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(i) K is non-decreasing with respect to its third variable;
(ili) there exists xo € X such that for all t € [0, 1], we have

1
xo(t) < / K(t, 7, xo(r)) dr
0

and

1 1
x0(t) < / K (t, 7, / K (t, r,%0(r)) dr) dar.
0 0

Then the integral Eq. (22) has a solution in X.

Proof Forallx € X and ¢ € [0, 1], define the mapping T : X — X by Tx(¢) = fol K(t,r,x(r))dr
and o : X x X — [0, 00) by

1, ifx<y,
alx,y) =
0, otherwise.

Take ¥ () = k¢, so ¥ (£) < % for all £ > 0 (since s = %). We define x,y € X, x <y if and only if

x(¢) < y(¢) for all £ € [0, 1], where < denotes the usual order of real numbers. Let x,y € X
such that a(x,y) > 1, so x <y, hence x(t) < y(¢) for all ¢ € [0, 1]. Thus, by condition (i)

0
’Tx(t) - Ty(t)| < ./1 |K(t, r,x(r)) —K(t, r,y(r)) | dr

0
S/l g(t,r)|x(r)—y(r)|dr

0
= /1 gt,r)y/ (x(r) —y(r))2 dr
<kJ/llx=ylZ%.

Again
0
’Tx(t)’ < / ’K(t, r,x(r)) ‘ dr
1
0
= [ gtenjst]ar
1
< k%l oo-
We deduce that for all x,y € X such thatx <y

d(Tx - Ty) = | T - Ty |12, + (1%l
<K= yI%, + k%] o
< kd(x,y) = ¥ (d(x,5))
< ¥ (M(x,)).
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Since K is non-decreasing with respect to its third variable, so for all x,y € X with x <y,
we get Tx(¢) < T(y)(¢) for all ¢ € [0,1], that is, if a(x,y) > 1, we obtained a(Tx, Ty) > 1.
Moreover, the condition (iii) yields that there exists xy € X such that «(xo, Txo) > 1,
a(Txo,%0) = 1, a(x, T?x0) > 1 and a(T%xg, Txo) > 1. Therefore, all conditions of Theo-
rem 2 are verified with s = % and hence the operator T has a fixed point, which is a solution
to the integral Eq. (22) in X. O
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