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1 Introduction

Let E be a real reflexive Banach space with dual space E*. Throughout this paper we shall
assume that f : E — (—00, +00) is a proper, lower semicontinuous, and convex function.
We denote by domf := {x € E : f(x) < +o0}, the domain of f. Let x € intdomf, then the
subdifferential of f at x is the convex function defined by

f () = {x* € E*: f(x) + (x*,y —x) < f(9),Vy € E}.
The Fenchel conjugate of f is the function f* : E* — (-00, +00] defined by
fH(x*) = sup{(x*,x) —f(x):x € E}.
It is known that the Young—Fenchel inequality,
<x*,x> <f(x) +f(x*), Vx € E,x* € E¥,
holds. A function f is coercive [12] if the sublevel set of f is bounded; equivalently,

lim f(x) = +o0.
%]l —o00
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A function f is said to be strongly coercive if

S

Iall—oo fl]
For any x € intdomf and y € E, the derivative of f at x in the direction of y is defined by

R 1g%w (11)
The function f is said to be Gateaux differentiable at x if the limit (1.1) exists for any
y. In this case, the gradient of f at x is the function Vf(x) : E — (—00, +00] defined by
(VFf(x),y) =f°(x,y) for any y € E. The function f is said to be Gateaux differentiable if it
is Gateaux differentiable at every point x € intdomf. Furthermore, f is said to be Fréchet
differentiable at x if this limit (1.1) is attained uniformly in y, ||y|| = 1; f is said to be uni-
formly Fréchet differentiable on a subset C of E if the limit (1.1) is attained uniformly for
x € Cand |ly| = 1. It is well known that if f is Gateaux differentiable (respectively Fréchet
differentiable) on intdomf, then f is continuous and its Gateaux derivative Vf is norm-
to-weak* continuous (respectively continuous) on intdomf, see, for example, [2, 3, 6]. Let
f+E— (—00,+00) be a convex and Gateaux differentiable function. The Bregman distance
with respect to f, Dy : domf x intdomf — [0, +00) is defined as

Ds(x,9) =f(®) —f ) = (Vf (), x - ).

Let C be a nonempty closed and convex subset of E. Let T': C — E be a mapping, then

+ A point v € C is said to be an asymptotic fixed point of T if for any sequence {x,} C C
which converges weakly to v, lim,_,« ||, — Tx,|| = 0. The set of asymptotic fixed
points of T is denoted by E(T);

« T is said to be Bregman relatively nonexpansive if F(T) # @, F(T) = F(T), and
Dy(x, Ty) < Dy(x,y) forany x € C,y € F(T);

« T is said to be quasi-Bregman nonexpansive if F(T') # ¥ and Dy (x, Ty) < Dy(x,y) for
anyx € C,y € F(T);

+ (I-T)is demiclosed at y € E if having a sequence {v,} in C converging weakly to u
and {v, — Tv,,} converging strongly to y implies that (I — T)u = y where I is the identity
mapping. From this we get that (/ — T) is demiclosed at zero if whenever a sequence
{v,} in C converges weakly to u and {v,, — Tv,} converges strongly to 0 then u € F(T).

Agarwal etal. [1] introduced and studied a two-step iterative process called the S-iteration
process. They proved a convergence theorem for fixed points of nearly asymptotically non-
expansive mappings. Since then various modifications of the S-iteration scheme and also
multistep schemes were studied by many authors for solutions of some nonlinear prob-
lems, see, for example, [10, 11, 15] and the references therein.

Suparatulatorn et al. [24] introduced and studied an iteration method called modified

S-iteration process which is defined by

X0 € G;
Yn = (1 - ﬁn)xn + ,anlxn;

Xn+l = (1 - Oln)Slxn + anSZyn;
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where C is a nonempty closed convex subset of a real Banach space, S;,S, are G-
nonexpansive mappings, and {a,},{8.} C (0,1). They proved that the sequence gener-
ated by the iterative algorithm converges weakly to a common fixed point of two G-
nonexpansive mappings in a uniformly convex Banach space.

Recently, Phon-on et al. [17] studied the following inertial modified S-iteration process
by combining the inertial extrapolation and modified S-iteration process to speed up the
convergence of the modified S-iteration process:

Wy =X + Vn(®n — Xp-1);
Yn = (1= B)Wy + BuS1Wy;

Xn+l = (1 - Oln)SIWn + anS2yn:

n > 1, where S;, Sy are nonexpansive mappings, {S;w,, —w,} bounded for i = 1, 2, {S;w,, — y}
is bounded for i = 1,2, and for any y € F(S1) N F(Sy), Ziil V<00, {yu} C10,¥y],0<y <1,
{a,},{Bn} C [8,1 - 8] for some § € (0,0.5).

They proved, under some assumptions, that the sequence generated by the algorithm
converges weakly to a common fixed point of two nonexpansive mappings in a uniformly
convex Banach space. Several inertial algorithms were studied by numerous authors to
speed up the convergence processes of iterative schemes, see, for example, [13, 18-20]
and the references contained therein.

Motivated by the results of Phon-on et al. [17] and Suparatulatorn et al. [24], we raised
the following interesting questions:

1. Can one iteratively approximate solutions of inertial modified S-iteration process in

real Banach spaces more general than uniformly convex spaces?

2. Can the result also be proved for a common fixed point of a finite family of

quasi-Bregman nonexpansive mappings?

3. Can a strong convergence theorem be proved without assuming that the operator is

semicompact?
In this paper, we answer the questions in the affirmative. We introduce and study the fol-
lowing algorithm:

X0, X1 € C, C= Cl;
Wy =Xy + yn(xn _xn—l);

Yin = Vf*(ﬁnvfwn +(1- ﬁn)vfslwn);

Yin = Vf*(ﬁnvfsi—lwn + (1 - ﬂn)vfsiy(i—l)n)r 2 < i < m; (12)
Cin = {V € Cn :Df(nyin) =< Df(V1 Wn)};
Cn+1 = mlmzl Cin;

KXn+l = HCm]fxOr

where C is a nonempty, closed, and convex subset of a reflexive Banach space E, for

m

some natural number m > 2, {S;}/; is a finite family of quasi-Bregman nonexpansive self-

mappings of C, {y,},{Bx} C (a,b) are sequences such that 0 < a < b < 1. Then we prove
that the sequence generated by the algorithm (1.2) converges to a common fixed point

of a finite family of quasi-Bregman nonexpansive mappings. Furthermore, we apply our
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theorem to solution of some equilibrium problem and zeros of some maximal monotone

operators.

2 Preliminaries
Let f : E — (—00,+00) be a convex and Géteaux differentiable function. The modulus of
total convexity of f at x € intdomf is the function v¢(x, -) : [0, +00) — [0, +00) defined by

vr(x, t) == inf{Df(y,x) :y € domf, ||y — x| = t}.

The function f is called totally convex at x if vs(x,t) > 0 whenever ¢ > 0. The function f
is called totally convex if it is totally convex at every point x € intdomf and is said to be
totally convex on bounded subsets if v¢(B,t) > 0 for any nonempty bounded subset B of
E and ¢ > 0, where the modulus of total convexity of the function f on the set B is the
function vy : intdomf x [0, +00) — [0, +00) defined by

vr(B,t) == inf{vf(x, t):x€BN domf}.

The function f is said to be Legendre if it satisfies the following conditions:
(1) intdomf # @ and the subdifferential df is single-valued on its domain;
(2) intdomf* ¥ and 9f* is single-valued on its domain.
If E is a reflexive Banach space, we have the following:
(i) f is Legendre if and only if f* is Legendre (see [4, Corollary 55]).
(i) Iff is Legendre, then Vf is a bijection satisfying Vf = (Vf*)71,
ran Vf = dom Vf* = intdom f* and ran Vf* = domf = intdom f(see [4,
Theorem 5.10]).
If the Banach space E is smooth and strictly convex, the function 117 |- |” with p € (1,00) is
Legendre.
The Bregman projection [7] with respect to f of x € intdomf onto a nonempty closed
convex subset C C intdomf is defined as the unique vector I1¢/x € C, which satisfies

Dy(N1f x,x) = inf{Dy(y,x),y € C}.

Lemma 2.1 ([8]) Let C be a nonempty closed and convex subset of a reflexive Banach space
E. Let f : E — R be a Gdteaux differentiable and totally convex function and let x € E.
Then

(1) z=T x if and only if (Vfx - Vfz,y—2z) <0,Vy € C;

(2) Dr(y, Ml x) + Df(l'[cfx, x) < Dr(y,x),Vx € E,y e C.

Lemma 2.2 ([8, 14]) Let E be a reflexive Banach space. Let f : E — R be a strongly coercive
Bregman function and let V' be the function defined by

Vi(x,x*) =f(x) = (%,6%) + f*(x*), x€Ex*€E".
Then the following hold:

(1) Ds(x, Vf*(x*)) = V(x,x*),Vx € E,x* € E*;
(2) Vi, x*) + (Vf*(x*) —x,5%) < Vy(x,2* +57).
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Lemma 2.3 ([22]) Iff : E — Risuniformly Fréchet differentiable and bounded on bounded
subsets of E, then Vf is uniformly continuous on bounded subsets of E from strong topology
of E to the strong topology of E*.

Theorem 2.4 ([25]) Let E be a reflexive Banach space and let f : E — R be a convex func-
tion which is bounded on bounded subsets of E. Then the following are equivalent:
(1) f is strongly coercive and uniformly convex on bounded subsets of E.
(2) domf™ = E*, f* is bounded and uniformly smooth on bounded subsets of E*.
(3) domf™* = E*, f* is Fréchet differentiable and Vf* is norm-to-norm uniformly
continuous on bounded subsets of E*.

Theorem 2.5 ([25]) Let E be a reflexive Banach space and let f : E — R be a continuous
convex function which is strongly coercive. Then the following are equivalent:
(1) f is bounded and uniformly smooth on bounded subsets of E.
(2) f* is Fréchet differentiable and f* is norm-to-norm uniformly continuous on bounded
subsets of E*.
(3) domf™* = E*, f* is strongly coercive and uniformly convex on bounded subsets of E*.

Lemma 2.6 Let E be a reflexive Banach space, let r > 0 be a constant, let p, be the gauge
of uniform convexity of f, and let f : E — R be a convex function which is bounded and
uniformly convex on bounded subsets of E. Then, for any x € E,y*,z* € B, and o € (0,1),

Vf(x, ay* +(1 —a)z*) < an(x,y*) +(1- a)Vf(x,z*) —a(l- a),o,*(”y* -z ||)

Lemma 2.7 ([16]) Let E be a Banach space and f : E — R be a Gdteaux differentiable
function which is uniformly convex on bounded subsets of E. Let {x,} and {y,} be bounded
sequences in E. Then

lim Df(x,,y,) =0 ifand only if  lim |x, -y, = 0.
n—00 n—00

Lemma 2.8 ([21]) Letf : E — R be a Gdteaux differentiable and totally convex function.
Ifxo € E and the sequence {Dy(x,,%0)} is bounded, the sequence {x,} is bounded, too.

The function f is called sequentially consistent if for any two sequences {u,} and {v,} in
E such that the first one is bounded:

lim Df(uy,v,) =0 implies lim |ju, —v,|| = 0.
n—00 n—oo

Lemma 2.9 ([9]) The function f is totally convex on bounded subsets if and only if the
function f is sequentially consistent.

3 Main results

Theorem 3.1 Let C be a nonempty, closed, and convex subset of a reflexive Banach space
E, and let f : E — R be a strongly coercive Legendre function which is bounded, uniformly
Fréchet differentiable and totally convex on bounded subsets of E. Let {S;}, be a finite
family of quasi-Bregman nonexpansive self mappings of C such that S; is L;-Lipschitz and
(I-S;) isdemiclosed at O foreachi € {1,2,...,m}. Assume D" = (2, F(S;) # V. Let a sequence
{x,} be generated by (1.2), then the sequence {x,} converges to 1 %0.
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Proof We divide the proof into six steps.
Step 1. We show that C,, is closed and convex for any n > 1.
Since C = C;, C; is closed and convex.
Assume C, is closed and convex for some # > 1. Since forany y € C,, i = 1,

D¢y, 1) < Dr(y, W)
<~ f(wn) _fO/ln) + <Vf(Wn),J’ - WVI) - <vf(yln)ry _ylrt> < 0
< f(Wn) _f(yln) + <Vf(yln)ry1n> - <vf(Wn): Wn) < (Vf(yln) - Vf(wn)¢y>

and, for 2 <i <m,

D¢ (y,yin) < Dr(y, wy)
& fWa) =fOin) + (Vf W),y = Wa) = (Vf Gin), ¥ = Yin) < O
& S =fOin) + (Y Oin), Yin) = (Y W), W) < (Vf 0in) = V), ),
we have that C,,, is closed and convex. Therefore, C, is closed and convex for any n > 1.
Step 2. We show that I C C,, for any n > 1.
Forn=1,T cC=C;.
Now assume I' C C, for some n > 1. Let u € I, then by Lemma 2.6, we have for i = 1,
Dy(tt, y1) = Dy (s, VI (BuVf W) + (1 = B)VS (S1(wn)))
= Vi (u, BuVf (W) + (1 = B) VS (S1(wn)))
= f () = (14, BV (W) + (1 = Bo) VS (S1(wn)))
+f*(BaVf (W) + (1 = B VS (S1(wn)))
= Baf ) + (1 = B)f () = Bulu, V(W) = (1 = Bu)us, VI (S1(w)))
+ £ (BaVf W) + (1= B) VS (S1(w)))
< Baf @) + (1 = Bu)f () = Bulue, V(W) = (1 = Bu) s, VI (S1(wn)))
+ Baf* (Vf (W) + (1= B )f* (VS (S1(wn)))
= Bulf () = (1, Vf W) + (VW) ]
+ (1= B () = (1w, VI (S1(w))) + £ (VF (S1(wi)) ]
= BuDy (1, W) + (1 = B) Dy (4, Sy (W)
< BuDy (4, W) + (1 = B) Dy (4, W)
= Dyr(u, wy,) (3.1)

Now for 2 < i < m, we have

Df(uryin)
= Dy (u, Vf* (BuVf (Sicawn) + (1 = B) VS (Siyi-1yn)))
= Vf(% BuVf(Sisiw,) + (1 - ,Bn)vf(siy(i—l)n))

Page 6 of 16
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= f(w) = (thy 0n Vf (Sicawin) + (1 = Bn) VS (Sa¥(i-1yn))
+ [ (BuVSf (Siciwn) + (1= Ba) VS (Siy(i-1yn))
= Buf () + (1 = Bu)f () — Bty Vf (Sicawn)
= (1= B, Vf (Siy-1yn)
+f*(BaVSf (Siciwn) + (1= B) VS (Siyi-1yn))
< Buf () + (1= B)f () = Bu(ua, VI (Sicawn))
= (1= B, Vf (Siy-1yn)
+ Bf (VS (Sizawn)) + (1 = Ba)f*(Vf (Svii-1yn))
= Bulf () = (1, VI (Sicawn)) + ¥ (VF (Siawn)) ]
+ (1= Bu)[f () = (4, Vf (Siy-1yn)) +f (VS (Sivi-1ym) ]
= BuDs (1, Siiiwy) + (1 = B) D (1, Siy(i-1)n)
< BuDy(u, wy) + (1 = B) D (1, ¥ (i-1)n)
< BuDy(tt, wy) + (1 = B)[ BuDy (W) + (1 = B) Dy (s, ¥(i-2yn) |
= (Bu + Bu(1 = B)) Dy (s W) + (1 = ) Dy (11, ¥-230)
< Bu(1+ (1 = B.)) Dy (1, wy)
+ (1= Bn)*[ BuDy (st W) + (1 = B)Dy (1, y(1-3n) |
= Bu(1+ (1= Bn) + (1= Bn)*) D1t W) + (1 = B)* Dy (1 y(i-3)n)

=

= ﬁn(l + (1 - ﬁn) + (1 - /371)2 L (1 - ﬁn)i_l)Df(ux Wn)

+ (1 - ﬁn)in(u’ Wn)

1-(1-B,) ;
- m[ﬁ]@(u, W) + (1= B) Dy w,)
= Dy (u, wy). (3.2)

Hence I' C C, forany n > 1.

Step 3. We shall show that {x,} is a Cauchy sequence.

SinceI' c Cy41 € C, and x,, = chfxo C Cy, by Lemma 2.1, we have that Dr(x,,x) <
D¢(%411,%0) and also Dy(x,,%0) < Dr(u,%0), u € I'. Hence Dy(x,,%o) is nondecreasing and
bounded. So, lim,_.o Df(x4,%0) exists. Furthermore, by Lemma 2.8, {x,} is bounded.
Also, since x,, = l'[cnf %o, it follows from Lemma 2.1 that Dy (xx,x,) = Dy (xx, chf %xg) <
Dy (xk,%0) — Dy (%4, %0) — 0 as n,k — 00. Since f is totally convex on bounded subsets of E,
f is sequentially consistent. Therefore ||x,, —x¢|| — 0 as 1,k — oco. Hence, {x,} is a Cauchy
sequence.

Step 4. We show that

lim |[x, = wyll = lim [, — yin||
n—00 n—00
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lim ||y(i+1)n —Yin ”
n—00

lim || I-S8))w, ||
n—0oQ

lim | (Z = S)yG-1u| =0,
n— 00
foreachi e {1,2,...,m}.
Since x,,,1 € Cy1 C Cyy, by Lemma 2.1, we have Dy (%1, %) < Dr(%p41,%0) — Dy (%, X0).
Taking the limit as # — oo, we have lim Dy (x,.,1,%,) = 0.
n—
Since f is totally convex on bounded subsets of E, f is sequentially consistent. Therefore
%41 — %4l = 0 asn— oo. (3.3)
From (1.2) we get
”xn - Wn” = || J/n(xn _xn—l) || =< ||xn — Xn-1 ”)
which implies
lim ||, — w,|| = 0. (3.4)
n— o0
Since {x,} is bounded, (3.4) implies that {w,} is also bounded and
”xn+l - Wn” =< ||xn+1 _xn” + ||xn - Wn”
Thus, we get
lim (%41 — wy| = 0.
n— o0
By Lemma 2.7,
lim D¢(%,41, wy) = 0.
n— 00
Since x,,1 € Cy, for 1 < i < m, from (1.2) we have Ds(%.1,¥in) < Ds(%y.1,w,). Hence
limy,, o0 Dy (%41, Yin) = 0, Vi € {1,2,3,...,m}. Since f is totally convex on bounded subsets
of E, f is sequentially consistent. Therefore
%41 — Yinll > 0 asnm— oo,Vie{1,2,3,...,m}. (3.5)
Observe that ||x, — il < 1%y — %1 || + 1%0e1 — ¥iull, Vi € {1,2,3,..., m}, which implies
lim (%, — il =0, Vie{L,2,3,...,m). (3.6)
Hn—0Q

Also, yin = waull < Yin = xall + %0 = will. Thus,

lim ||y, —wyl =0, Vie{l,2,3,...,m}. (3.7)
n—0o0
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Since Vf is norm-to-norm uniformly continuous on bounded subsets of E, we have
lim ||Vfyi, — Viw,| =0, Vie{l,2,3,...,m}. (3.8)
n—00

Since {w,} is bounded, (3.7) implies that {y;,} is also bounded.

Thus, for 1 <i <m - 1, we have ||y(i+1)n —}’m” = ||y(i+1)n =Xl + %041 _yin"x so that
lim {|y(+1)n = Yinll = O. (3.9)
n—00

Since Vf is norm-to-norm uniformly continuous on bounded subsets of E, we have
nli)n;o Vs — Vil =0, Vie{l,2,3,...,m—-1}. (3.10)

From (1.2)
1910 = Vfwall = (1= BV Siw, = V.

From (3.7), we have
0= Lim [[VfyL, - Vvl = lim (1= B)|VFSiws — Vil
n—00 n—-oo

Hence
lim |VfSiw, — Vfw,| =0. (3.11)
n—0o0

This implies that as Vf* is norm-to-norm uniformly continuous on bounded subsets of
E*,

lim ||w, —S1w,| =0. (3.12)
n—oQ
Now
"yln _SlwnH =< ”_yln - Wn” + ”Wn - Slwn”)
which implies
lim [|y1, — Syw, = 0.
n— o0
Thus
”y2n _Slwn” < ”yZn _yln” + ”yln _Slwn”
gives

lim ||y, — Siwall = 0.
n—00

Page9of 16
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Since Vf is norm-to-norm uniformly continuous on bounded subsets of E, we have
lim [|Vfya, — VfSiw,]| = 0.
n—00
Again, from (1.2), we have
”ny2n - stlwn” = (1 - ﬁn)”vaZyln - VfSIWn”'
Therefore,
nli)ﬁolo 1VfSay1n = VfSiw,|l = 0.
Since Vf* is norm-to-norm uniformly continuous on bounded subsets of E*, we have
lim ||S2y10 — S1wull = 0.
n— 00
Thus
”yln _SZyln” < ”yln - Wn” + ”Wn - Slwn” + ”Slwn _S2y1n||
gives
nli)HgO”(I - S2)y1]| = 0. (3.13)
Now

Y3 = Sawull < 1y3n = Yaull + 1¥20 = Y1ull + 1y1n = S2yanll + 12510 — Sawall
< yzn = yaull + 1y2n = y1nll + 1y1n — S2y1all + Lally1n — wall-
This implies lim,,_, « [[¥31 — Saw, || = 0.

From this and the fact that Vf is norm-to-norm uniformly continuous on bounded sub-

sets of E, we have
Tim [|Vfysy = V/fSowll = 0.
Similarly, from (1.2) we have
IVfysn = VfSawall = (1 = BV S3y2n = VI Sawall.
Therefore,
Tim [[VfS3y2 = VfSpwll = 0.
Since Vf* is norm-to-norm uniformly continuous on bounded subsets of £*, we have

Him S35, = Sawall = 0.

Page 10 of 16
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From the following inequality:

lyan = S3yaull < y2n = yiull + 1y1n — S2y1ull + 18210 — Sawnll + |Sawy — Szyaull

< y2n = yinll + 1y1n = S2y1ull + Lo llyin = waull + [1S2wn — Szy2ull,
we get
lim [[(7 = S3)y2n | = 0. (3.14)
Also,

1Yan = Sawull < 11yan = y3ull + 1¥30 = y2ull + Y20 = S3y2nll + 1S3y20 — Sswall
< NYan = y3ull + Y30 = Y2ull + Y20 = S3y2ull + L3l y2n — wall,
implies lim,_, o || Y4 — Sswy || = 0.
Since Vf is norm-to-norm uniformly continuous on bounded subsets of E, we have

limy— 0 | Vfyan = VfS3wyull = 0.
From (1.2) we have

1Vfyan = VSswnull = (1 = BV Sayzn = VI Szwyll.
Therefore,
nlggo IVfSaysn = VfSswull = 0.
Since Vf* is norm-to-norm uniformly continuous on bounded subsets of E*, we have
lim ||S4y3n - SSWn” =0.
n—0Q
From the inequality

1y3n = Sayznll < ¥3n = yaull + 121 = S3youll + 183921 — Sswull + 1S3wy — Sayznll

< 1yzn = yonll + 1y2n = Ss¥2ull + L3llyan = wall + [ISswn — Saysnll,
we get
Jlim [[(7 = Sa)ysa | = 0. (3.15)
Continuing in this fashion, we get
i 0= S| = tim -2

= }}LIEIO”(I — S3)y2a||

= lim 1T = Sa)ysal|
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= 1im [[(Z = S)yon-u| = 0.

Step 5. We show that {x,} converges to an element of I'.

Since {x,} is a Cauchy sequence, we assume that x, — x* as n — oo. From the fact that

lim ||x, —w,|| = lim |x, —yi,|| =0, Vie{l,2,3,...,m},
n—00 n—00

we have that
w, — x*, Yin— x° asn— 0o,Vi€{1,2,3,...,m}.

Since I - §;,i€{1,2,3,...,m} are demiclosed at 0 and
lim (7 = S)wy | = lim ||(I = S)ye-1u| =0 for2 <i<m,
n—00 n—00

we have x* € (", F(S;). Therefore, x* € T.
Step 6. We show that x* = 1 x,.
Let y = [T/ x. Since x* € T, we have that

Dr(y,x0) < Dy (x*,xo). (3.16)
SinceyeI' c C, and x,, = chfxo, we have

Dy (x4, %0) < Dr(y, %0)
and, taking into account that x,, — x*, obtain

Dy (x*,xo) < Dr(y, x0). (3.17)
Combining (3.16) and (3.17) yields

Dy(y,x0) = Dy (x*, %0).
Hence, x* =y = 11 xo. O

Corollary 3.2 Let C be a nonempty, closed, and convex subset of a reflexive Banach space
E, and let f : E — R a strongly coercive Legendre function which is bounded, uniformly
Fréchet differentiable and totally convex on bounded subsets of E. Let {S;}", be a finite
family of Bregman relatively nonexpansive mappings such that S;, i = 1,2,3,...,m are L;-
Lipschitz and (I - S;),i = 1,2,...,m are demiclosed at 0. Assume I" = ([, F(S;) # 0. Let a
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sequence {x,} be generated by

X0, X1 € C, C= C1;
Wy =Xy + yn(xn _xn—l);

Yin = V(B Vfwy + (1 = B)VISiwy);

Yin = VI (BuVfSicaiwn + (1 = Bu) VI Siyi-1)n); (3.18)
Cin = {V € Cn :Df(V:yin) < Df(Vv Wn)};
Cn+l = m:ﬁl Cin;

X+l = ch+1fx0;

where {y,} and {B,} C (a,b), 0 <a < b <1, are sequences. Then the sequence {x,} converges
to a point z € I', where z = 1 x,.

Corollary 3.3 Let E be a uniformly convex real Banach space. Let {S;}", be a finite family
of nonexpansive mappings. Assume I’ = (12, F(S;)} # @. Let a sequence {x,} be generated
by

X0, X1 € C) C= Cl;
Wy =X + Vu(®n — Xp_1);

Yin = (ﬁnwn + (1 - ,Bn)SIWn);

Yin = (BuSiciwn + (1 = B)Siyi-1yn); (3.19)
Cun={veCy:llym—I < llw, =V}
Crz+1 = ﬂlnil Cz'n;

Xn+l = PC,H,le’

where {y,} and {B,} are sequences in (0,1). Then the sequence {x,} converges to a point
z €I, where z = Prxy.

4 Applications
4.1 Application to the equilibrium problem
Let C be a nonempty closed convex subset of a real Banach space E, andlet F: C x C — R
be a bifunction.
The equilibrium problem with respect to F and C is to find z € C such that

F(z,y) >0, VyeC.

The set of solutions of the equilibrium problem above is denoted by EP(F). For solving the
equilibrium problem, we assume that F satisfies the following conditions:

(Al) F(x,x)=0forallx € C;

(A2) Fis monotone, ie., F(x,y) + F(y,x) <0, Vx,y € C;

(A3) foreachx,y,z € C, limyo F(tz + (1 — t)x,y) < F(x,);

(A4) for each x € C, y — F(x,y) is convex and lower semicontinuous.
The resolvent of a bifunction F is the operator Res;* : E — 2€ defined by

Res/"x = {z€ C: F(z,9) + (Vf(2) - Vf(x),y - 2) > 0,¥y € C}.
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Lemma 4.1 ([23]) Let E be a reflexive Banach space, and C be a nonempty closed convex
subset of E. Let f : E — (—00, +00) be a Legendre function. If the bifunction F: C x C — R
satisfies conditions (A1)—(A4), then the following holds:

(1) ResfF is single-valued;

(2) Res/” is Bregman firmly nonexpansive;

(3) Fix(Res) = EP(F);

(4) EP(F) is a closed and convex subset of C;

(5) For all x € E and for all q € Fix(Res),

Dy(q,Resf"x) + D (Res;Fx,x) < Dy(q, %).

Theorem 4.2 Let C and Q be nonempty, closed, and convex subsets of a reflexive Banach
space E, and Let f : E — R be a strongly coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of E. Let F; : C X
C— R,i=1,2,3,...,m be bifunctions satisfying conditions (A1)—(A4) such that ResfFi are
L;-Lipschitz for 1 <i < m.AssumeT =\, EP(F;) #§. Let a sequence {x,} be generated by

X0, X1 € C, C= C1;
Wy =Xy + yn(xn _xn—l);

Yin = V*(BuVfwy + (1 - By)VfRes w,);

Yin = Vf*(ﬁnvaeSfFFl Wy +(1- ,Bn)vaeSfFiy(ifl)n); (4.1)
Cin = {V € Cn :Df(V:yin) < Df(Vv Wn)};
Cn+1 = m:ﬁl Cin;

X+l = HCn“fxO»

where {y,},{Bn} C (a,b), 0 < a < b < 1, are sequences and ResfFi are the resolvents of F;,

i€(1,2,...,m). Then the sequence {x,)} converges to z = P’ x,.

Proof Putting S; = Res/’7 in Theorem 3.1, we get the desired result. O

4.2 Application to the maximal monotone operator

A set-valued mapping B C E x E* with domain D(B) = {x € E : Bx # }} and range R(B) =
U{Bx : x € D(B)} is said to be monotone if {(x — y,x* — y*) > 0 whenever (x,x*), (y,y*) € B,
see, for example, [2]. A monotone mapping B C E x E* is said to be maximal monotone
if its graph G(B) = {(x,y) : y € Bx} is not properly contained in the graph of any other
monotone mapping. We know that if B is maximal monotone, then the zero of B, B}(0) =
{x € E: 0 € Bx} is closed and convex. Define the resolvent of B, Resy : E — 2F by

Resg x = (Vf + B) ™! o Vfx.
We know the following (see [5]):

(1) Resp/ is single valued;
(2) Fix(Resg’) = B10.
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Lemma 4.3 ([21]) Let B: E — 25* be a maximal monotone mapping such that B™(0) # (.
Then for all x € E and q € B*(0), we have

Dy(g,Resy x) + Dy(Res' x,x) < Dy(q,%).

Theorem 4.4 Let C be a nonempty, closed, and convex subset of a reflexive Banach space
E, and let f : E — R be a strongly coercive Legendre function which is bounded, uni-
formly Fréchet differentiable and totally convex on bounded subsets of E. Let B; : E — 25*
i=1,23,...,m be maximal monotone operators such that ResBLf are L;-Lipschitz for
1<i<m. Assumel =, B;71(0) #0. Let a sequence {x,} be generated by

xp,x1€C, C=Cy;

Wy = % + V(K — Xn-1);

Yin = Vf*(BaVfwy + (1 - B,)VfResp/ w,);

Yin = VF*(B.VfResp,_/ w, + (1 - a,)VfResg/ yi1yn), 2 <i<my (4.2)
Cin={ve Cy:Ds(v,yin) < Dr(v,wi)};

Cu1 =N Cins

X = ¢, /%0,

where {y,},{Bn} C (a,b), 0 < a < b < 1, are sequences and ResBlf are the resolvents of B,.

Then the sequence {x,,} converges to a point z € T', where z = Pt/ x,.

Proof Putting S; = ResBif in Theorem 3.1, we get the desired result. d
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