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system coupled to an L'-parabolic equation describing thermal effects in the fluid.
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an approximate problem (Ps), where the L' coupling term in the heat equation is
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1 Introduction

Motivated by lubrication or injection/extrusion industrial processes, we consider in this
paper an unsteady incompressible non-isothermal flow problem with non-linear bound-
ary conditions of friction type for a general class of non-Newtonian fluids. More precisely,

we assume that the stress tensor is given by

D)|) [D)["*D(w) - w1dss, (11)

o= ZM(Q, v,

where p is a given mapping, 6 is the temperature, 7 is the pressure, v is the velocity, D(v)

is the strain rate tensor, and p € (1, +00) is a real parameter.
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When p > 2, this non-linear power-law models the behavior of dilatant (or shear thicken-
ing) fluids like colloidal fluids, while the case p € (1, 2) gives a description of pseudo-plastic
(or shear thinning) fluids like molten polymers [1, 3, 25, 30, 33, 37].

When p = 2, the relationship between the stress tensor, the strain rate tensor and the
pressure is still non-linear since the viscosity mapping © depends on 6, v, and |D(v)|, and
we obtain a constitutive law that allows considering non-Newtonian fluids like oils [22].

Let us mention that (1.1) corresponds to a quasi-linear version of the Newton constitu-
tive law and is also called the generalized Newtonian fluid model.

Several experimental studies have shown that such complex fluids exhibit a non-
standard behavior at the boundary with threshold slip-adhesion phenomena reminiscent
of Tresca’s friction law for solids [4, 13, 21, 26, 27, 35]. The first existence results for this
kind of boundary conditions have been obtained by H. Fyjita in [14—19, 31, 32] for station-
ary Newtonian Stokes flows and developed later on for steady and unsteady Newtonian
fluid flows [7, 8, 23, 24, 36].

The case of stationary non-Newtonian fluids satisfying the general power law (1.1) is
considered in [9], and thermal effects lead to a coupled fluid flow/heat transfer problem.

This paper aims to extend this result to the non-stationary case. More precisely, we
consider the fluid flow domain

Q={(¥,x3) eR*xR:x' € 0,0 <x3 <h(x')},

where o is a non-empty bounded domain of R? with a Lipschitz continuous boundary,
and / is a Lipschitz continuous function bounded from above and below by some positive
real numbers.

The conservation of mass and momentum and the energy conservation law yield the
following p-Laplacian Stokes system:

80— 2div(u(8, v, |D@)INIDW)IIP2D()) + Vo =f  in(0,T) x L,
diviv)=0 in(0,7T) x €,

(1.2)

where (0, T) is a non-trivial time interval, and f describes the external forces coupled to
the following heat equation:

90
o - div(KV6) =2u(9,v,

DW)|)|IP@)|” +r@®) in(0,T)x <, (1.3)

where c is the heat capacity, K is the thermal conductivity tensor, and r is a real function.

Let us observe that we take into account only two kinds of coupling effects in this de-
scription of the fluid flow/heat transfer problem. More precisely, in (1.2), the viscosity
mapping u depends on the temperature, and in (1.3), the right-hand side contains the
heat source term 2u(0, v, ||D(v)|))||D(v)|?, which describes the heat generation due to
inner friction. Indeed, in this first attempt for an existence result generalizing [9] to the
non-stationary case, we focus in this paper on the difficulty due to the L! right-hand side
in (1.3), which will be dealt with through the truncation technique introduced by L. Boc-
cardo and T. Gallouét in [6].

Hence, we choose to neglect convective effects both in the momentum equation and in
the heat equation. A more complete description, including the convective terms, could
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be handled with the same proof strategy (with more technicalities) under some restrictive
conditions on the value of the parameter p and some compatibility conditions between
the regularity properties of the fluid velocity and temperature fields. Similarly, we choose
to neglect the semilinear temperature-dependent term modeling the buoyancy force in
the momentum equation.

We decompose the boundary of 2 as 92 =g U T, UT'; with

To={(x,x3) € Q:x3=0}, I={(x,%3) € Q:a3 = h(x)},

and Ty is the lateral part of 3Q. We introduce a function g : 32 — R3 such that
/g~ndY=0, g=0 only, g-n=0 onTy, g#0 onTly, (1.4)
Iy

where n = (11,13, n3) is the unit outward normal vector to 9<2, and g - n denotes the Eu-
clidean inner product of the vectors g and 7 in R®. We define by v, = v-nand v; = v—v,n
the normal and the tangential velocities on 9€2. The normal and tangential components
of the stress vector on 9<2 are given by o, and o, with

3 3
oy = E Gl‘/l’lj}’l,', O = E Gi]'l’l/' — OyuN;
j=1

ij=1 1<i<3

As usual in lubrication or extrusion/injection problems, the upper part of the boundary
is a fixed wall, while the lower part is a moving device. Hence, we assume that the fluid
is subjected to the non-homogeneous Dirichlet boundary conditions on I'; U I'; and to
non-linear slip boundary conditions of friction type on I', i.e.,

v=0 on(0,T)x Ty, v=gé on(0,T)x Ty, (1.5)
where £ is a function depending only on the time variable such that

£(0)=1 (1.6)
and

v, =0 on(0,7T) x Ty (slip condition), (1.7)

lo:l=k = 3IA>0 v, =s-%oy,

ool <k = v =s on (0,T) x Ty (Tresca’s law), (1.8)
T T =

where s is the sliding velocity of the lower part of the boundary, and & is the positive friction
threshold.

Moreover, we assume the mixed Dirichlet~Neumann boundary conditions on I'1 UT',
and Iy for the temperature, i.e.,

=0 on(0,T)x (I'UT), (KVO)-n=6% on(0,T) x Iy, (1.9)

where 6 is a given heat flux on Ty.
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The paper is organized as follows: In Sect. 2, we introduce the functional framework and
derive the mathematical formulation of the problem as a non-linear parabolic variational
inequality for the velocity and pressure fields coupled to a non-linear parabolic equation
for the temperature. By observing that the right-hand side of the heat equation belongs to
LY(0, T; L}(2)), we introduce in Sect. 3 an approximate problem (Ps), where the L' cou-
pling term is replaced by a bounded one depending on a small parameter 0 < § < 1, and
we establish the existence of a solution to (Ps) by using a fixed point technique. Finally, in
Sect. 4, we prove that the approximate solutions (v, 75,65) converge to a solution to our
original fluid flow/heat transfer problem as § tends to zero.

2 Mathematical formulation of the problem
Throughout the paper, we will denote by X the functional space X3.
In order to describe the fluid flow problem, we introduce the following subspaces of

W2 (Q):

Vi =lge WP (Q);p=00nT4},

Vi = {(pewl,p(Q);<p:00nF1UFL and ¢ -n=0o0n T}
and
Vi g = {0 € Viidiv(p) = 0in Q}

for all p > 1 endowed with the norm

1/p
ol = (/ ||W||de) .
Q

By using the convexity of the mapping z = z” on R}, we obtain

1/p
([10el ) = 16 s = s, Viee WG, (1)
Q
where D(u) = (djj(u))1<ij<3 = (%(g—y + %))15,»,}-53, and with Korn’s inequality [38], we have
' i
1/p
( / HD(u)H"dx> = [ D@) | 133 = Ciompllull, Ve VE, (2.2)
Q

where Ciorn,p > 0. Moreover, let Y = {y € L?(Q2);div(y) € L*(22)} endowed with its canon-
ical norm

)1/2

1y = (1 12y + [V | 20 Yo €,
and let H be its subspace given by H = {y € L2(Q2);div(¥) =0in Q,v - n = 0 on 9Q}. Ow-
ing to that W'#(Q) is continuously embedded into L?(2) if and only if p > g ina 3D
setting and that the space V = {® € (D(R))3;div(®) = 0in Q} is dense in H (see Chap. 1,
Theorem 2.8 in [20]), we obtain that the embedding of V{; giv into H is continuous and
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dense if and only if p > g, and (Vg daive (V{; 4iv)) is a Gelfand triplet. Let us also recall that
the trace operator is compact from W?(Q) into L7(92) for all p > 1 (see Theorem 1.23
in [29]), which will allow us to deal with the boundary friction term (see (2.13) and the
definition of the mapping J).

Similarly, we let
Wll'lqum(ﬂ) = {(p e WM (Q):9p=00nT; U FL}

for all g > 1 endowed with the norm

1/q
"‘””W%’fuu@f( /Q ||w||qu) .

Let us now introduce the assumptions on the data.
The heat capacity and the thermal conductivity tensor satisfy

cew (),  Ke(L®(@)"? (2.3)
there exists (co, ¢1) € R? such that
(2.4)
O<co<clx)<c; fora.e xeg,
where ¢’ = ﬁ is the conjugate number of ¢, and
3 3
there exists kg > 0 such that Z Kij(®)yiv; = ko Z |)/i|2
ij=1 i=1 (2.5)
forall y = (yi)1<i<3 € R3 for a.e. x € Q.
We also assume that
the mapping r: R — R is continuous, (2.6)
and
there exists r; € R such that ’r(z)| <r, foralzeR. (2.7)
The viscosity mapping i : R x R x R, — R satisfies
(0,e,d) — 1(0,e,d) is continuous on R x R® x R,, (2.8)
d i+ u(-,-,d) is monotone increasing on R, (2.9)
there exists (1o, 1) € R? such that
(2.10)
0< o <ulo,e,d) <uy forall (o,e,d) e R x R® x R,,
and we define F : R x R? x R3*3 — R3*3 by
F(ro» A1y A2) = 2 (ho, Aty A2l A2lIP~2Ay  if Ay o Osss, (2.11)

F(rosA1,A2) = Ogsxs  otherwise.
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With (2.10), we obtain immediately
| F(hos 21, 22)| < 20112270 Yoy A1y o) € R x R x R3*3,

Let p>1and p > 1 such that p — p + 1 > 0. Then for any 0 € L4(0, T; L9(S2)) with § > 1
and g > 1, and for any u € L2(0, T; W2(S)), we have

L
-1

F(6,u,D(w)) € L1 (0, T; (L7 (2))7°),

where p’ = -5 is the conjugate number of p. Hence,

F(6,u,D(w)) : D(g) € L' (0, T;L1(R))

for all p € L!ﬁ (0, T; Wr(Q)), and the right -hand side of the heat equation is well de-

fined in L'(0, T; L'(Q)) if and only if p> -

L9(0, T; Wy r, () with 1< g < § 2 (see [6]).
Let us introduce the operator A : L?(0, T; fol) — (I7(0, T; fol )) defined by

p - i.e., p > p. Then we may expect 6 €
[Aw), @ / /fe u,Dw)) : D@)dxdt Y(u,) € (L7(0,T; V2))’,

where [-,-] denotes the duality product between the space L?(0, T; fol) and its dual
(LP(0, T; VE))'. With (2.10), we have

[ A, ]| < 2 [P |5

10,7527 ()

<o T7 Jul?, ot WPl
and

[.A(I/l), u- @] > 2(Cl<orn,p)p,u/0 ”u”p

p- _
oty =20l e 19 s

LP P+1(0TV )

for any (u,9) € (L7(0, T; Vﬁl))z. It follows that A is a bounded operator and is coercive
when p = p.

Hence, from now on, we will assume that p =p > 2 and qe(1, )

Let v° € WP(Q) be a given initial velocity such that

diV(UO) =0 in&, v2=0 onTy, UO:g only,

(2.12)
0

vio-n=0 only.
In order to deal with homogeneous boundary conditions on (0, 7) x (I'y UT), we set
U = v — v%. We obtain the following weak formulation of the problem:

Problem (P) Let ¢, K, r, and y satisfy (2.3)—(2.10). Let f € L' (0, T; L%(R2)), k € L” (0, T;
L% (To)), s € LP(0, T; 1P (Ty)), £ € W' (0, T) satisfying (1.6), 8% € L1((0, T) x w), 6° € L'(2)
and v° € W(Q) satisfying (2.12).
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Find 0 € L1(0, T; Wr'dr (), T € C([0, TLLX(R)) N LP(0, T; Vi ) with 22 € LF (0, T;
(Vg a)) and T € H1(0, T; L5 () satisfying the following parabolic variational coupled
problem:

a ~
<3_t(U, ﬁ)LZ(Q); §>

D’'(0,T),D(0,T)

T
+/ / F(9,6+UOS,D(U+ v%)):D(ﬁ)C dxdt
0o Ja

(2.13)
—</ndiv(z§)dx,{> +](0 +9¢) - J (D)
Q D'(0,T),D(0,T)
g 098 = 3P
z[ +v°—=, cdt Y9 eVy,VeeD(0,T)
0 dat 12(Q)
with the initial condition
0(0,-) =0’ -v%(0)=0 inQ (2.14)
and
T ~ T ~
—/ f c@w{’dxdt+/ f([(V@) -Vwe dxdt
0o Ja 0o Ja
T ~
= f / (F (6,0 +v°,D(v +v°)) : D(T + V&) )w¢ dxdt
0o Ja (2.15)
T N T ~ N
+ / / r(0)w¢ dxdt + / / 0bwe dx' dt + / c6°w¢ (0) dx
0o Ja 0 Jo Q
Yw e Wi, (@), € C([0, T]) s.t. 2(T) = 0,
where

LI’(O’ T; Vg) — R,
o [y fo K@ -Sldxdt,  §=s-(°)&

and (-, -)p/o,7),p0,7) and (-,-)12q) (respectively (-,-);2(q)) denote the duality product be-
tween D(0, T) and D'(0, T) and the inner product in L2(R2) (respectively L?(2)).

For this non-linear fluid flow/heat transfer problem, a natural proof strategy applies a
fixed point technique. Indeed, for any given temperature field 8 € L4(0, T; L1($2)) with g >
1 and g > 1, the fluid flow problem (2.13)—(2.14) admits a solution [10, 11]. Moreover, we
know that parabolic problems with L' data given by

% —div(a(x,V0)) =g inQx (0,7),

(2.16)
=0 indQ x (0,T)

with g € L1(0, T; L(2)) and the coercivity property a(x,y) - ¥ > a,|y|1? (e, > 0) for all
y € R? and for almost every x € © admit a solution 8 € L1(0, T; W, *(Q)) with 1 < g < 2
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(see [6]). For a given fluid velocity v = U + v°& € L7(0, T; fol ), we can not apply this result
directly to the heat transfer problem since we consider a nonconstant heat capacity and
mixed Dirichlet—-Neumann boundary conditions, but we may still expect the existence of a
solution 6 € L(0, T; Wll’quFL(Q)). Nevertheless, in both cases, the proofs of existence rely
on compactness arguments and uniqueness of the solution to the flow problem (2.13)-
(2.14) for a given temperature is not ensured, nor the uniqueness of the solution to L!-
parabolic problems (2.16).

In order to cope with this difficulty, we will consider in Sect. 3 an auxiliary approximate
fluid flow/heat transfer problem (P;), where the L! right-hand side in the heat equation
(1.3) is replaced by a bounded one depending on a small parameter 0 < § < 1, and we will
prove the existence of a solution (Us, 75, 05) to (Ps) by using a fixed point argument. Then
in Sect. 4, we will prove that the sequence (Us, 75, 05)s-0 converges to a solution of problem
(P).

3 The approximate problem (P;)

For any § > 0, we consider the following approximate problem:

Problem (P;) Letc, K, r, and u satisfy (2.3)—(2.10). Let f € 170, T;L2()), k € L7 (0, T;
L (Ty)), s € 170, T; L7 (Ty)), £ € W (0,T) satisfying (1.6), 8% € L'((0, T) x w), 8° € L}(Q)
and v° € WP(Q) satisfying (2.12).

Find 05 € W((0,T) x @) N L*(0, T; Wit r, () N CO([0, TT;L*(R)), U5 € C([0, T];
L2(Q)) N LP(0, T; V2 ) with 2% € L7/(0, T; (V? ,)) and 75 € H™'(0, T LE (%)), satisfying

the following parabolic variational coupled problem:

ad -
<§(Ua, P2 C>

D/(0,T),D(0,T)

T
+/ / F (65,05 + v°€,D(Us + v°¢)) : D(P)¢ dx dt
0 Je (3.1)
—</ nadiv(ﬁ)dx,§> +J(Ts +9¢) - J(T5)
Q D'(0,7),D(0,T)
T 0 85 3 3 /4
zf el cdt VB e VPV e DO, T)
0 8t LZ(Q)

and

Tr 96 ~ T ~
/ / c—wldxdt+ / / (KV0s) - Vwe dx dt
o Jo Ot 0o Ja

T T
= / / 2505, Us)WC dxdt + / / r(6s)Wi dxdt (3.2)
0 Q 0 Q

T
+ / / Oywe dx'dt Yw e Wi, (Q),YC € DO, T)
0 w
with the initial conditions

U5(0,-) =0 in (3.3)
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and

65(0,-) =6 inQ, (3.4)
where

(05, y) = 24(05, U5 + v°, |D(Us + v°)|)|D(U; + vO&)P (3.5)

1 +281(05,Us + V&, |D(Us + VO€)|)|D(Us + vO&)|P

and 67 and ) are chosen as smooth approximations of 6” and 6°, respectively, i.e., 7 €
D((0,T) x ) and 6 € D(Q) such that

103 =0l rorrnay S8 167 =6 1aqy = 8- (3.6)

0,T)xw) —
In order to prove the existence of a solution to (Ps), we apply a fixed point technique. As
a first step, we consider the fully decoupled fluid flow and heat transfer problems (P?;;Y))

heat .
and (Pa,i;,é))‘
Problem (P?;;Y)) Let (i1,6) be given in L7(0, T; L7 (2)) x L1(0, T; L%(2)) with g; > 1 and
3T, 5 /
> > 1. Find T, 5, € C([0, T;L3(Q)) N LF(0, T; Vi ) with —=2 € L7(0, T; (V ,,)) and
s €H 10, T; L (2)), satisfying the following parabolic variational inequality

0 _
E(U(g,é)» ﬁ)L2(Q)r ¢
D'(0,T),D(0,T)

T
+/ /]:(~"1+UOE,D(U<;¢,§>+UO“3))iD(f”)fd"dt
0 Q

(3.7)
- </ ) div(f?) dx, C> +](U(;,,§) + 5() —](U(g,g'))
Q D(0,T),D(0,T)
T 9 B N
z/ <f+v°—,z9) cdt V9 e VYo eD(O,T)
0 3t LZ(Q)
with the initial condition
U(3(0,) =0 inQ (3.8)

and

Problem (P;‘e(;té)) Let (i1,0) be given in L?(0, T; ngiv) x L91(0, T; L%2(2)) with 4; > 1 and
> > 1. Find 0 ;5 € W((0, T) x ) N L®(0, T; Wt 1, (R)) N CO([0, T, LX()), satisfying
the following parabolic variational equality:

r 30s@d) ~ ’ e
/ /c = wg“dxdt+/ /(I(Vea(aé))-ngdxdt
o Jo Ot o Ja h

T T
= / / &6, )Wt dxdt + / / rO)WC dxdt (3.9)
0 Q 0 Q

T
+ / / Oywe dx'dt ¥Yw e Wi (Q),YC € DO, T)
0 w
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with the initial condition
05, ) (0,) =65 inQ. (3.10)

Remark 3.1 Let us emphasize that problem (Pg;"f') does not depend on 4.

,6)

Then we have

Proposition 3.2 (Existence and uniqueness result for (P?;g))) Let (i1,0) be given in
LP(0, T;1P(2)) x L1(0, T;L%2(R2)) with ¢q1 > 1 and g, > 1. Let pn satisfy (2.8)—(2.10),
f e L7 (0, T; LX), k € L7 (0, T; 12 (To)), s € LP(0, T; L2 (Ty)), & € W (0,T) satisfying
(1.6), and v° € WP(Q) satisfying (2.12). Then problem (P(ﬂ;‘g)) admits a unique solution.

Moreover, there exists a constant C1o¥, independent of (5, i), such that

- £l
e lworve )< (3.11)
1) o0, ri2(ey) < C™ (3.12)
and
9T~ -
H Ll < cfov, (3.13)
It N or8 0

Proof The existence and uniqueness of a solution to the problem (P?;‘g)) is an immediate
consequence of Theorem 3.1 in [10] when p € [6/5,2) and Theorem 3.1, Theorem 4.1 and
Remark 4.1 in [11] when p > 2. Let us prove now (3.11) and (3.13). For any @ = 9¢ with
# e V¥ ., and ¢ € D(0, T), we have

-
a7 iy My
DI(0,1),D0,T)

9T, =
T_°Y@f) —
=f0< 0> p o, op dt
a Vo.div)"Vo.div

T (3.14)
+ / / F6,i+ UOE,D(U@@) +v%)) : D(@) dxdt
0o Ja

T
_ _ _ 0& _
+JWe6 +9) —T(0G4) = / (f + an—,go) dt.
0 L /e

By density of D(0,T) ® Vg_ giv into LP(0, T; Vg 4iv)» the same inequality is true for any ¢ €
P, T; VP 4i,)-

Let us choose ¢ = —v; 5, 1j10,1, where ¢ € (0, T], and 1jp is the indicatrix function of the
time interval [0, t]. With (3.14), we have

L10U, - #
/ < = ’U<a,é>> a
0 Bt (VP )/’VP

0.div 0.div

t
+ / / F (0, +v°,D(V5 + %)) : D(U ;) dx dli
0 JQ

' 0 - [ .
= / (f + UO_; v(ft 9")) dt + / / k|§| dxdt.
0 ot T g 0 Jro

Page 10 of 38
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With (2.10) and (2.1)=(2.2), we get
f t / F (0,0 +v°%,D(U;5 + v°6)) : DU 5) dx di
> 2(CrommpV o / [T + v,
2 [ 0%, e + o1,
2 2Cicomnp V1ol 10 lp0.v7 ) = 1V oz

- 2#1(||U 1) 051 vt |v0€ ”Lp(o,t;vffl))p_l (X3 ||1}7(0,t;vl{’1).

Since f + 0% 35 € 17 (0, T; L%(R2)), we obtain

5 ”U ”LZ(Q
— 0 p
+ Z(CKorn,p)pﬂoi Ve lrosve )~ v s||1,1ﬂ(0¢;vl£’1)|
, (3.15)
< CH/ 0022 H 1B oz )+ / k[3| dx dF
1P (0,512(2)) - 0 JTo

+ 2,u1(||U(g,§)||M(o,t;v§div) + [|v% ”m(o,;;vfil))p_l (X3 ||Lp(o,t;vlljl),

where C denotes the norm of the continuous injection of V} into L2(R2).
Let us consider first £ = T.If [[U 5l POV ) #0, it follows that

||u°$|lm<o,r;vﬁl> v
Z(Cl(om,p)puo 1- NN
W@ lrorve )
B . J(0)
<CH“” _” i lito g * o
_ ] — 7
0@ wO) N Lp 0,73V 4i) ||U(;2,§)||Lp(o,T;Vg o)
1V rorvg) \» 1V Elonv,
+ 201 1 v n
W llieorve ) @ lrorve )

However, the mapping

0
lv é"LP(o,T;VIIfl) r .
zZH= 2(C'Kom,p)pl/to 1-— | —C|f+ U e P
' (0, T;L2(2))
0 1140
_JO —2ui 1+ R A S”Lp(o,T;vIr’l)
/4 z 2

admits 2(Crorn,p)? 1o > 0 as a limit when z tends to +00. Thus, there exists a real number
C > 0, independent of (i, 6), such that

Waalwerv ) <6 (3.16)

which yields (3.11). Going back to (3.15), we obtain (3.12).

Page 11 of 38
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Let us choose now @ = £8¢ with & € V¥ . and ¢ € D(0, T) in (3.14). We obtain

T 85(,2(;) ~
[[(Zonsie) — a
0 at (Vo i) Vo div
T ~ ~
+ /0 Q;E(e,m v, D(U 5 + V%)) : D(ED ) dxdt (3.17)
- T 9 -
+](U(zz,é)i79€°)—/(v(u,9‘))Z/ (f+an—:i19§> dt.
0 £ 12(@)
But

T
|](U(;,,9”) +9¢) —](U(gyé)” =< / kl9¢|dxdt
0 To

and, recalling that k € L7 (0, T; L’{(I’o)), we get

|](U(,},(§) + 55) _](U(ﬁ,é)){

=< ” Yo ” LWL (Q),LP (%)) ”k”Lp’ (O,T;Lp/(l"o)) || 19; ||LP(O’T;V§div)’

where y, denotes the trace operator from WL2(Q) into L7(3RQ).
On the other hand,

<2 ||D(U(u,§) + Uog) | Iz;(IO,T;(lP(Q))3><3) HD(;M) ”LP(O,T;(LI’(Q))3X3)’

and with (3.16), we obtain

T
/ / F (0, +v°,D(U;5 + v°)) : D) dxdt‘
0 Q

=< (2#1(C + H V& ”LP(O,T;V{_’I))p_l)||1~9§ ||Lp(o,T;vgdiv).

Going back to (3.17), we obtain

T100;: 5 -
[
0 ot (Vg aiv) Ve

P
0.div

.

= ”yp”ﬂ(WI"’(Q),L”(aQ))”k”LP/(O,T;LP/(FO))Hﬁg”LP(O,T;ngiV)

d& 9

0

L/Jr v EH / ||19§||Lp<o,T;V§dw>
17/ (0,T;L2(Q)) A

+ (2MI(C + “ UOE ||[,P(0,T;fol))p_l)”l§§”lP(O,T:ngiV)’

+C

which yields (3.13). O
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Proposition 3.3 (Existence and uniqueness result for (P;‘j;fé))) Let (i1,6) be given in
LP(0, T; VP ) x L1(0, T; L©(2)) with 1 > 1 and G > 1. Let ¢, K, r, and . satisfy (2.3)-
(2.10). Let £ € W''(0, T) satisfying (1.6), 62 € D((0, T) x w), 6 € D(RQ) and v° € W ()
satisfying (2.12). Then problem (P;‘ngé)) admits a unique solution. Moreover, there exists a

constant C***t, depending only on the data K and c, such that

2

2
+1V0s,,9) 100 0,722 (52))

L2(0,T5L2(S2))

395,(12,(5)
ot

< Chat([ g6, ) + r(é)”iz(O,T;LZ(Q)) + ||9§)||21(Q) + ||9(?||%X/1,2(0,T;L2(a)))).

Proof The result is straightforward with the Galerkin method. The details are left to the
reader. O

Owing to the definition of gs(d, ) and the uniform boundedness of the mapping r, we

obtain immediately

Corollary 3.4 Under the previous assumptions, there exists a constant C2, depending

only on §, ||9§)||H1(Q) and ||95b|| W12(0,7512(w)) SUCH that

+ 1105 ) 200,200 < Co (3.18)

365 a,9)
ot

L2(0,T;L2(R2))

Proof By using (2.7) and (3.5), we obtain

||g5 (é’ i) + r(é) ”iz(O,T;LZ(Q))

52/0T/Q(g5(§,5¢))2dxdt+Z/OT/S;(r(é))zdxdt
1

< 2(8_2 + rf) meas(Q2)7T,

which allows us to conclude. O

It follows that, for any (i, 6) € L?(0, T; L7 (£2)) x L*(0, T; L*(2)), and for any § > 0, we may
define (U; 4, 7(z4) € LP(0,T; V{; dgiv) X 70, T ;L5 (Q)) as the unique solution of (P?;gf))
) € WH((0, T) x Q) as the unique solution of (P;“Z%t é)). Then we define the

(@)

mapping T; : L7(0, T; 17(2)) x L2(0, T; L2(RQ)) — LP(0, T; L2 (RQ)) x L*(0, T; L*(R)) by

and 0, — _ 5
5,(1)(’2'5),9

Ts(@1,60) = (U@,é)'@a.w( M)

)
and we will prove that T admits a fixed point.

Theorem 3.5 Let § > 0. Let the mappings c, K, r, and p satisfy (2.3)-(2.10), f €
17 (0, T;LA(Q), k € L (0, T5 I (To)), s € LP(0, T; 1P (To)), € € W' (0, T) satisfying (1.6),
00 € D(Q), 62 € D((0,T) x w) and v° € WP(Q) satisfying (2.12). Then the mapping Ts
admits a fixed point in L7(0, T; 17(2)) x L*(0, T; L*(R2)).
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Proof Let (i1,0) € LP(0, T; L7(2)) x L*(0, T; L*(2)). With the previous estimates, we have
— fl heat
Pasllporvy e =€ 0w ootz @ =G

Thus, T5(C) C C with C = Bir(o, 1@ (0, CyC1") x By2g 112(6) (0, VT C,CE), where C,,
and C, denote Poincaré’s constanton V} ;. and on Wll’lzurL (€2), respectively. Moreover, the
estimates (3.13) and (3.18) imply that T5(C) is bounded in the space w0, T; (ngiv)’) X
WL2(0, T; L*(R2)), and we may conclude that T;(C) is relatively compact in L7 (0, T; L7 (2)) x
L%*(0, T; L*(R)).

Let us now prove that T} is continuous. Let (i, én),,zl be a sequence, which converges
strongly in LZ(0, T; L7(R2)) x L*(0, T; L*(2)) to (it,6), and let us define

T(S(ﬁﬂ: én) = (U(ﬁn:én)’ 95](5(,_4 p ))5”)) for all n >1
and
Ty (’:‘ é) ( u@)'ga,(v(ﬁ,é),é))o

We have to prove that the sequence (U(ﬁmén)’98,(5(%@”),5”))”21 converges strongly to (U ; 5,
b, ) i1 L0 TiL(R)) x L2(0, T5L7(R).

The sequence (U, 4, 95,(5%,&”),@”))"21 satisfies the estimates (3.11)—(3.13) and (3.18), so
it admits strongly converging subsequences in L?(0, T; L7(R2)) x L2(0, T; L*(2)).

Let us consider such a subsequence still denoted (v;, 5,65

With (3.14), we have

9V, )
nVn — by dt
/0< at agn U””e”)> Py

(Vo.aiv)" V0. div

(ﬁmén)'én))nZI'

T
+ / / F (O ity + vE,D(v, 4, + V°E)) : D@ -V, 5, dxdt
o Je

(3.19)
+](¢) —](5 (it én))
0 9§ = dt Vo 2(0,T: VP
+v —,(p Ui ) t Voel (0, ’VO,div)
12(Q)
for all # > 1, we also have
T U~ »
[[Pta),
0 ot Vo i) Vo div
T ~
+ / F (6, +v°,D(Dg5 + v°)) : D@ — U ) dxdt
o Ja ’ ’ (3.20)

+ ](@) - ](U(g,é))

T
00
+vU —E,w U5 dt Yoel?(0,T; VY . ).
(1,0) 0.div
0 ot 12(Q) '

Page 14 of 38
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We choose ¢ =V ; 5, in (3.19) then 9 =v; 5, in (3.20) and add the two inequalities. We

obtain:
T10(U; 41— U gy)
(#1,0n) (#0)) — —
/ <—u S V) U(ue>> at
(V(I)jdlv) V(I)’.div
/ / (O 11y + 06, D(U;, 5, + VE))
(9 + V%, D(Uz3 +v %)) : D, 4, — Vag) dxdt <0

and thus,

— — 2
2 1V = Vi iz (1)

T
+//V@%w%%mmw%)

— F(0s itw + V°E,D(V 5, + v°%))) : D0z, 5,) — Vi) Ax dlt
S/Q/UGJ+W§MEM+WQ)

= F(6s itw + v°E,D(V5, + v°§))) : D(0g, 4,y — Vi) Ax L.

iin,0n)
We decompose F as F = Fj + F, with

Fi(ha) = pollrallP g if Ay # Ogass, F1(A2) = Ogsxs  otherwise
and

Fa(ho, A1, h2) = 20 (Mo, A1 A2 ) 1A ]IP20y  if A # Ogsxs,
Fo(ro,A1,X2) = Opsxs  otherwise,

where it = u — % By observing that & satisfies

d +— (-, -, d) is monotone increasing on R,

0< % < (o, ed) 5/1,1—% for all (0,e,d) € R x R® x R,,

we infer from Lemma 1 in [9] that Ay — F5(, -, A2) is monotone in R3*3. Hence,

T
/ / (P26t + %%, D0, 5, + %))

— Fo (O, ity + V8, D(U ) + V°€))) : DU 5,) — Ugug) dxdt > 0
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and thus,

— — 2
21060 ~ Va1

//Fl Ulandn) + V') = F1(D(Ua) +v°6)))

:D(V; 5~ Vg dxdt (321)

(itn, 9}1

A V6, D(V4) + V%)) : D(V, 4,) — Vag) dxdt.

Now we distinguish two cases.
Case 1: p € [6/5,2)

With some algebraic computations, we can prove that

(al+ |2 )7 (RG) - F()) : (- 2) =

which yields

| 1177
))2L

(1 + 1) 7 (7000 0= 2 2 o)

for all (A,1)) € R3*3 x R3*3 (see, for instance, Theorem 4.1 in [10]).
It follows that

(to(p -1))5 [T _ .
2<p—1>(2—p) / /”D(U(ﬁmén)‘v(a,é))” dxdt

([ [#0w ) - F O 1)

1D, 5~ V) dx dt)

2p

x ( / ' / (1D (@5, + ) | + | D@ g +v°8) ) dxdt) ’
(/ /}—1 Ui, + V%)) = F1(D(U + v%)))

p
2
: D(U(ﬁmén) — U(ﬁ,g)) dx dt)

2-p
X ([T, +v 5||Lp(orvp + [ Tag + 0% ||ip<o,r;v’r’1>) ’

Page 16 of 38
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Thus, with (3.11), we get

V4

(1olp—1))2
ZO(pT | D@y = i) [ ro,rarps)

< ([ [0+ 2%) - (0@ %)

4

2
: D(U(ﬁmén) - U(ﬁ,g)) dx dt)
flow 0 p Z;Zp
x (2(C" + v "EHLP(O,T;v{Zl)) )%
and finally,

Holp —1)

2(2—P)(Cﬂow + ||U0i: ”[}7(0 T.Vl{’ ))(Z—p)
AR

ffOT/Q(E(D(U(M”) + %)) - Fu(D(D s + v%)))

:D(y

”D(U(ﬁmén) - U(12,9")) “LP(O,T;(IP(Q))3><3)

n) ~ Vlandy)) A% L.

Going back to (3.21), we obtain

po(p —1)

22-p)(Cllow + ||u0¢ ”LP(O,T;Vf-’l))(Z_p)

T
< / f (FalB 2+ v, DT + 1°%))
0 Q
A (I v€,D(U 55 + V%)) :D(U, 4. — Diag)) dxdt
< H}'z(é,it + UOE,D(U ah) t voé‘))
—]-"2(0”, i, + VY€, D(Uwe +U E))|

||D(v

HD(U(,;,,,(;K) - U(u,é)) ”?}’(O,T;(U’(Q))SXS)

(0, THLY (2))373)

(iin,0n) vu() )”Lp (0,T(LP ($2))3%3)”

which yields

Holp —1)

2@-p)(Cllow 4 ||y0g]| o1V e

||D(v (o) ~ Vad)) ”LP(O,T;(LP(Q))3X3)

< | F2(6, it + v°, D(U ;) + V) (3.22)

= T (O iy + v°&, D(Vg 5 + v " om0 @y

Case 2: p € [2,+00)

Once again, with some algebraic computations, we get

(Fi0) =R (X)) : (o -2) = %HA Y

Page 17 of 38



Paoli Fixed Point Theory Algorithms Sci Eng (2022) 2022:2 Page 18 of 38

for all (A, A") € R3*3 x R3*3 (see, for instance, Theorem 4.1 in [11]). Going back to (3.21),

||D(U (i) ~ U(u9)||LP(OT( LP(9))3*3)

5/ /(fz(é»ii v, D(5 + v%)) - Fo (O ity + 0, D(v;5 + V%))
0o Jao

:D(Uﬁ I —Uﬁg)dxdt
< | F2(6, %+ v, D(v ;5 + v°E))

— F3 (6, ity + v S’D( s + V) o 10 @)
X HD(U(,;,,,(JK) - U(u,é)) ||U(0,T;(11’(9))3X3>'
Thus,

Mo

i (IO RPN ] p—
< | 526, + 0%, D(T g, + v°8)) (3.23)

—fz(Qn,ﬁn+U§,D( )+U§))“Lp (0,T;(L” ( ))3><3)
By possibly extracting a subsequence still denoted (i, 6,,),=1, we have
i, — 0, 0,— 6 ae.in(0,T) x Q.

By using the continuity and boundedness assumptions (2.8) and (2.10) for the mapping p,
we infer with Lebesgue’s theorem that

Ty (O iin + 0°8,D(T ) + V°E)) —> Fa(0, i + %, D(U; ) + vE))
strongly in )i 0, T; (Lp/(Q))“S).

With (3.22) when p € [6/5,2) or (3.23) when p € [2, +00), we obtain
1@, 4. —U(zz,é))||Lp(o,T;(Lﬂ(Q))3x3) — 0,

and with Korn’s inequality, we infer that

U,y — Vg strongly in 17(0,T; ngiv) and in I7(0, T; L7 (R2)).

By possibly extracting another subsequence still denoted (U ;, 5 1)n>1, we have

D(U(ﬁnyén)) — D(U(ﬂ,é))’ U(ﬁmén) — U@’é) a.e. in (0, T) X Q.

By using the continuity and boundedness properties of the mappings u and r, we obtain

0w, 5,) — 80,045) strongly in L*(0, T; L*(2))
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and
r(6,) — r(H) strongly in L*(0, T; L*(2)).

Moreover, (95@(_ Y ))n=1 satisfies the estimate (3.18). It follows that there exists 6 €
it )T

WL2((0,T) x Q)NL*0, T; W%;ZUFL (€2)) such that, by possibly extracting a subsequence still
denoted (65@(_ ; ),én))y,zl, we have

0, Ty i) 6y  weakly in W"((0, T) x Q)

(itn,0n)"

and weakly* in L*(0, T; Wll’lzur L ()
and with Simon’s lemma [34]

5.0y 1) 65 strongly in C°([0, T]; L*(Q2)) and in L*(0, T; L*(2)).

Hence, we may pass to the limit in all the terms of (Phe(it & ) and obtain that 6; is
(itn,0n)’ n)

the solution of (P(??%t ) é)). By uniqueness of the solution of (P(}S‘G(’Et
@3y

Sy é)), we infer that 65 =

Os = _ &
8,0 ,5)0)

Finally, recalling that (U(ﬁmén),ea _5,))n=1 satisfies the estimates (3.11)—(3.13) and

'(i(l_lnﬁn)

(3.18), we infer that the whole sequence (v, 5.1,05% ) Ju>1 converges strongly to

Yliin
(U405, - ¢) in the space LF(0, T;17(R2)) x L*(0, T; LZ(SZ)) which allows us to con-
(i,0) p

clude. O
As a corollary, we obtain an existence result for the approximate problem (P;).
Corollary 3.6 Let § > 0. Let the mappings ¢, K, r, and  satisfy (2.3)-(2.10), f €
L7 (0, T; LA(Q)), k € L7 (0, T; L% (Ty)), s € LP(0, T; 1P(Ty)), & € W (0, T) satisfying (1.6),
02 € D(RQ), 95” e D((0,T) x ) and v° € WP (RQ) satisfying (2.12). Then problem (Ps) ad-

mits a solution.

Proof With the previous theorem, we know that the mapping T admits a fixed point, i.e.,
there exists (i, 0) € LP(0, T; L2(2)) x L(0, T; L*(£2)) such that

T5(i,0) = (V3,5 0y

By the definition of T}, we infer that = V) € C([0, T];L*(Q)) N L*(0, T; ngiv) with % =

% e LF (0, T; (V¥ ), and there exists 7 HY0,T; Lﬁ/(Q)) such that (i, 7; 5)) =

(U(a,6) T(a,g) is solution of (Pﬂ"w) while 6 = 95 s € WL2((0,T) x ) N L>®(0,T;

FIUFL(Q))DC([O T); L*(R2)) 1sasolut1on of the problem (Pheat - ) Py heat m ))).
@0’

Hence, the triplet (U ; 4, 7(4) 95,(% g)ﬁ)) is a solution of (Ps). Aubm and Slmon

4 Existence result for the coupled fluid flow / heat transfer problem (P)

In order to prove the existence of a solution to the coupled fluid flow/heat transfer problem
(P), we consider a sequence of approximate solutions and prove its convergence to a triplet
(U, 7,0), satisfying (2.13)—(2.15).
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More precisely, let §, = % for all » > 1 and (U, 7,,6,) be a solution of the approxi-
mate problem (P;,). For all n > 1, we have 6, € W2((0, T) x Q) N L>(0, T; er‘fUFL(Q))
CO([0, TI; LX), T, € C([0, T L2(R)) N LP(0, T; V3 ,) with 222 e 17(0, T; (V2 ,,)') and
7n € H-1(0, T; L2 (2)) such that

il ~
<3_t(Um ﬁ)LZ(Q), §>

D'(0,T),D(0,T)

T
+/ /f(en,vnwog,p(vnwos)):D(&);dxdt
0 Q

—</ nndiv(ﬁ)dx,§> +J(U, +9¢) = J(T,)
Q D'(0,7),D(0,T)

T 9E . ~
Z[ (f+v0—,z9) Cdt Vl?EV(I)j;VCGD(OrT)
0 8t LZ(Q)

(4.1)

and

/ / / /(KV9 Vw{dxdt
/ /g,;,1 0y, Up)WC dxdt+/ / w{ dxdt (4.2)

+,/o /Gé’nwzdx’ dt Ywe Wll’lzurL(Q),VE e D, T)
with the initial conditions
T,(0,)=0 in (4.3)
and
6,(0,-) =65 in<. (4.4)
Owing to that 6, € W((0, T) x ) NL>(0, T; W, (2)) N C*([0, T]; L*(2)) the varia-

tional equality (4.2) remains true for all E € L*(0, T;R). Let us choose ¢ € C*®([0, T]) such
that £ (T) = 0: with integration by part with respect to the time-variable, we obtain

T T
- / / O,wC' dxdt + / / (KV6,) - VW dxdt
o Ja o Ja
T ~ T ~
:/ /ggn(en,vn)wgdxdt+‘/ /r(@n)wgdxdt
o Jao o Jao (4.5)

T
+/ /Gsbnwzdx’dt+/ c@fnwE(O)dx
0 w Q

Ywe Wi, (Q), Ve eC™([0,T])st.2(T) =

Let us establish first some a priori estimates for (U, 7,)u>1.
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Proposition 4.1 (A priori estimates of (U, 7,),>1) Let u satisfy (2.8)—(2.10), f € 170, T;
LX(Q)), k € L7 (0, T; L% (Ty)), s € LP(0, T; L7 (Ty)), £ € W (0, T) satisfying (1.6), and v° €
WP(Q) satisfying (2.12). Then there exists a constant C'°¥, independent of n, such that for

alln>1:
Dalporap, ) < ™%, (@6)
1Tl oo 0,512 (02)) < Cllow, (4.7)
H W sch (48)
It N 0,12 o1
and
Il < Cfv, (4.9)

OTLp ()

Proof By using the same computations as in Proposition 3.2, we obtain immediately (4.6)—
(4.8).

Now let us prove (4.9). We choose @ = +9¢ with 9 € W(l)’p(Q) and ¢ € D(0,T) in (4.1).
We obtain

<f T, div(ﬁ)dx,§>
Q D'(0,T),D(0,T)
T ~
—/0 (U, D)12()¢ dt
T
+/ /f(en,vnw‘)s,z)(mwos)):D(ﬁ)gdxdt

/ (f+vO d ) ¢ dt.
t Lz(ﬂ)

Thus,

‘</ 7, div(d) dx, §>
Q D'(0,T),D(0,T)

<T|v, Iz, riz2c2n | ¢ 12(0,T:LX(R))

+ 21 (11T, lzpo,rv2 o) v ||Lp(o,T;v1€’1))p_1 (52 I2r0,7v2)

L/+ v H 13 M oo, 71202
' (0,T;L2(2))

and with (4.6)—(4.8), we get

K/ 7, div( )dx,§>
Q D'(0,T),D(0,T)

< (ﬁ&&ﬂow +2M1C00T1/p(6ﬂow n HU% “LP(O rive ))p—l
7T

098 =
10 E 1 1 0,702y
P H (0,T;L2(R2 )) HoOT:Vo)

+

+CCo TP
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where C denotes the norm of the continuous injection of V7 into L?(2), and Cy, is the
norm of the continuous injection of H*(0, T; R) into L>°(0, T; R).

Moreover, for any p > 1, there exists a linear and continuous operator P, : L{(2) —
W,”(R) such that

diV(Pp(w)) =w Vo cIf(Q)

(see Corollary 3.1 in [2]). It follows that for any o € L5(2) and ¢ € D(0, T), we have

(e
Q D’(0,T),D(0,T)

Vol Up (¢l 0 p-1
= WPpl 2z wira (ﬁCC M 2 G T(C + [0 g v )

+CCox TP

0&

0

L““ EH / )"wf”Héww@»'
LP'(0,T;L2(R))

Hence, there exists a real number C’ > 0, independent of #, such that for all # > 1, we have

(s
Q D’(0,T),D(0,T)

Furthermore, for any @* € L?(S2), we may define @ € Lf(S) by

<C|w¢ ”Hé(o,T;Lp(Q)) Vo € Lﬁ(ﬂ), V¢ € D0, T).

*

1
= - *dx.
@ meas(2) /Q @ ax

We have ||@ || 1r(@) < 2||@*||1r(9), and since 7, € H(0, T;Lf)/(Q)), we have

1
[

o meas(Q2) Jo D/(0,T),D(0,T)
:</ n,,w*dx,{>

Q D/(0,T),D(0,T)

1
(e
meas(2) \Jq Q D/(0,T),D(0,T)

:</ nnaf*dx,§> .
Q D/(0,T),D(0,T)

It follows that

K/ n,,w*dx,g“>
Q D/(0,T),D(0,T)

= '</ nnwdx,§>
Q D/(0,7),D(0,T)

Vo* € [#(Q),Y¢ € D(O,T).

<2C H Y ” H}(0,T:LP ()
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Hence, by possibly modifying Cfov, we have

< C@*¢| 0 100

‘</ T, dx, §>
Q D'(0,T),D(0,T)

Vao* e I’(Q),Y¢ € DO, T),
and we may conclude by using the density of D(0, T) ® LP(R2) into H}(0, T; LP(R)). O
Let us now obtain some a priori estimates for (6,),>1.

Proposition 4.2 (Further a priori estimates for 6,) Let q € (1, 2). Under the previous as-

sumptions, there exists a constant C;‘eat > 0, independent of n, such that

heat
116, L0 TwH (@) S < (4.10)

foralln>1.

Proof Let w = w with w € er’lzurL(Q) and ¢ € D(0, T). With (4.2), we have

T 90 T
/ /c "Vvdxdt+f /(KVQ,,)-Vﬁ/dxdt
o Jo Ot 0o Ja

T T T
- / / 5, (6 D) dx it + / / F(6,)7 dox it + f / 0 Wax dt
0 Q 0 Q 0 w

and by density of D(0,T) ® W#;ZUFL(Q) into L*(0, T; er'lzurL(Q)) the same equality holds

for all W € L2(0, T; Wit r, (R)).

(4.11)

In order to obtain (4.10), we perform the same kind of computations as in [6]. More

precisely, for all m > 1 let W' : R — R and ¥, : R — R be given by

0 ifszl+$,

1-m(s-1) if1<s<1+%, 0 ifs>1,
Wr(s) =11 if —1<s<1, Wo(s)=41 if-1<s<1,

1+m(s+1) if—l—%<s<—1, 0 ifs<-1

0 ifs<-1-1,

and let

Y'(s) = /OS Wi'(z) dz, Yols) = /OS Wy(z)dz forallseRR,

Dyi(s) = /S Y (2) dz, Dy(s) = /S Yo(z)dz forallseR.
0 0
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We choose W = ¥§"(6,) 1[04, where 1o is the indicatrix function of the time-interval [0, ¢]
with ¢ € (0, T], in (4.11). We obtain

f ()P (0n(t, %)) dx
Q
+ /‘/ \116”(9”(5,96)) (K(x)VQ,,(s,x)) - V6,(s, %) dx ds
0 Jo
:/(; ‘/;Zgan(emﬁn)wgn(en)dxds+/o /S;r(en) (;n(en)dxds

t
" / / 0L Y5 (6,) dx dis + / o(x)@5'(65,) dx.
0 Jo Q2

By observing that [W[(s)| < 1, [¥§(s)] <2 and |®g(s)| < 2|s| foralls € Rand forallm > 1,
we may pass to the limit as m tends to +o0o by using Lebesgue’s theorem, and we get

/Q c(x) Do (0 (£, %)) dx
. /0 t /Q W (65,20 (K() V0, (5, )) - V6,(5,2) dx s
. /0 ’ /Q @5, (O D)o 6) dx dis + /0 t /Q r(6)0(6,) dx ds
+ /O /w 03 Yo (6,) dx’ ds + fQ c(x) @0 (65, ) dx.

Furthermore, |s| — % < ®¢(s) < |s|] and |¥o(s)] < 1 for all s € R. Thus,

t
Co/ ’9,,(t,x)‘dx+k0/ f\Do(Qn(s,x)) ||V6‘,,(s,x)H2dxds
Q 0 Ja
>0

(4.12)

= ”gsn(@”’v”)“LI(O,T;LI(Q)) + |6, ”Ll(o,T;Ll(Q)) + ”96bn 11(0,T)xw)

1 0
+ §||C||L1(Q) + ”C Sn ”LI(Q)

forallt € [0, T]. Next, forallk > 1 and forall m > 1, we define ;" : R — Rand ¥; : R — R

by

0 ifszk+1+%,
1-m(s—(k+1)) ifk+1<s<k+1+$,
1 ifk+L <s<k+1,
m(s — k) ifk<s<k+$,

U'(s)=10 if —k<s<k,
—m(s + k) if—k—%<s<—k,
1 if —k-1<s<-k-1,
1+m(s—(-k-1)) if—k—l—%<s<—k—1,
0 ifs<-k-1-1,
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ifs>k+1,
ifk<s<k+1,
Wi (s) = if —k<s<k,

if —k-1<s<-k,

S = O = O

ifs<-k-1

and let

Y(s) = /: V' (2) dz, Yi(s) = /os Vi(z)dz forallseRR,

5) = / swi”(z)dz, Di(s) = / swk(z)dz foralls e R.
0 0

Now we choose W = //*(6,) in (4.11) with k > 0 and m > 1. We get

/c(x)dem(Qn(t,x)) dx
Q
+ /t/ \I/,T(Gn(s,x)) (I((x)VQn(s,x)) - V0, (s,x)dxds
0 Ja

= /t/gén(emvn)lﬂ/f”(%)dxds+/t/ r(@0)¥;" (0,) dx ds

/ /eb Yi(0,) dx’ ds+/c(x)d>m(00)

We may observe that [W;"(s)| < 1, [{;"(s)| <2, and |®}’(s)| < 2|s| forall s € R, forallk > 0

and for all m > 1. By passing to the limit as m tends to +00, we obtain

/ c(x)CDk(G,,(t, x)) dx
Q

+ /t/ Wi (0,(5,%)) (K (%) VO,u(5,%)) - VOyu(s, %) dxds

//gén(en,vn)lﬂk(e dxds+// )Wk (0,,) dx ds

+ /0 /w 63, Wi(6,) dx' ds + /Q c(x) 1 (65,) dx.

Obviously 0 < @ (s) < |s| and |yx(s)] < 1 for all s € R and for all K > 0. Hence,

T
ko f / W (6,) [ V6, dxdt
0 Q

= ||g5,, (QH'UH)HLI(O T;L1(Q))

+ |6, ”Ll(o,TLl ”96n

(4.13)

0
L10,T)xw) T ”Cean 11(Q)

Page 25 of 38



Paoli Fixed Point Theory Algorithms Sci Eng (2022) 2022:2

Let us define C;, as

Cs, = ”g&« (emvn)||L1(o,T;L1(sz)) + H r(6) ”Ll(O,T;Ll(Q))

+ 65,

1
0
11, yxe) T 5 1€M@ * e

LY(Q)
and

Qo = {(tvx) € (0¢ T) x §2;

Ou(t,%)| <1},

Qr = {(t,x) €(0,T) x k< }9,,(t,x)| <k+ 1} for all k € N*,

With (4.13), we have

C
V6,2 dxdt < =% VkeN.
Qk ko

Since g € (1, Z), we may use Holder’s inequality, which yields

(SIS}

q/2
||V9n||qudt§(/ ||V0,,||2dxdt) (meas(Qy))"”
Qxk Qxk

ql2 2
< (i’s” ) (meas(Qk)) 2 Vk € N.
0

Then

T CB ql2 24
/ / ||V9n||qudt:/ IVO, 119 dxdt < (—”) (Tmeas(Q)) 2
0o Ja Uks0 ko

2—q
2

G \? 1 =z
+y :(ﬂ) = ( |9,,|’dxdt)
ko K2 Qx

k>1

and using again Holder’s inequality
’ Cs, \*? 24
f /||V9,,||qudt§( 8”) (T meas(€)) *
0o Ja ko

CS )4/2( 1 >q/2</T/v )
+( == 0,|" dxdt
( ko Z 24 0 Q| |

-
k>1 k

2,

4
M

(4.14)

for all » > 1 such that rZ%q > 1. Next, we choose r = %q. It follows that q’;(_;q_f) = ¢, where

* 3q
=L and
9 =34

T T 7 .\
/ /|9n|’dxdt§/ (/ |9,,|dx) (/ 16,17 dx) dt.
0 Q 0 Q Q
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Then (4.12) implies that

T
||9n||2r(0,T;Lr(Q))=/ /|9n|rdxdt
C.
s( 5”) / <f|e i dx)
Ci

Going back to (4.14),

T
/ 16,11 ﬁ=/ /nwmwmm
0 erurL(Q) 0 Ja

Cs \1? 2
< ( ki”) (T meas(R2)) 2 (4.15)

al2 i%
G, }:1 S N
ko k=1 kr%q Co Ol 077 (@)

Owing to that W4(Q) is continuously embedded into L7 (Q), we obtain

4
i

C\*, .
= < co ) 16l 00,0y

T
q _ q
I = [ 101

2 —q9
(C’) ((C'S")q (Tmeas(Q))T
ko

Csn ql2 1 q/2 Csn 1=
(%) Bem) (2) i e)
0 o1 kT co

where C is the norm of the identity mapping from Wll;qur ,(Q) into L7 (). By observing
that 22 < 1 and recalling that r24 4(2 q) > 1, we obtain

q
116,

C(S q/2 2q
L10.T:L4* () §max( (C) << k()”) (T meas(Q)) 2

() ()
+ .
ko prt k32-a) Co

Finally, recalling the definition of g5, and using (2.4) and (2.7), we obtain

(4.16)

214(0, Uy + V8, ID(0, + v°8))ID(, + vO8)
. H 1+ 28,40, Uy + V6, 1D(U, + VO)))ID(U, + V6P |,

1(0,T;L1(R))

+ ” (@ )”Ll(o T;LY (%)) Hefn ”Ll ((0,T) xw) E”C”Ll(ﬂ) + ||C9§)n ||L1(Q)
<21 ||D(T, + v°%) ||117}’(0,T;(U’(SZ))3><3) + <’”1 + %) meas(2) T
+ ”9bHL1((o,T)Xw) ta ||90||L1(Q) +8,(1+c1)

< 201 (ITnlp OT:Vy ) * (X3 ”lﬂ(o,T;fol))p + <”1 + %) meas()T



Paoli Fixed Point Theory Algorithms Sci Eng (2022) 2022:2

1
+ ”9b“L1((0,T)><w) ta ||90||L1(Q) + ;(1 +c1)

and with (4.6)

Gs, < zﬂl(éﬂow + ” v’ ”Lﬂ(o,T;vff ))p + <r1 + %) meas(2)T
1
+ |6 ||L1((0,T)><w) +cr 6 ”Ll(Q) +(L+a)
for all # > 1. Then (4.15)—(4.16) allows us to conclude. O

As a corollary, we also obtain an estimate for 69”

d@n )

Proposition 4.3 (A priori estimate for %) Letq € (1, %). Under the previous assumptions,

we have the following estimate:

a0,
at

20,7V (@)

1 ~
< C—OCq/ (211 (C™Y + 0% ”LP(O,T;fol))p +rimeas()T + [6°] 1107y + 1)
1/q

+— 1K [l zoogyy3x3 Cﬁ,‘“‘“(Co +Cy ||VC||Lq’(Q))»
0

where Cy is the norm of the continuous injection of Wll’lqurL(Q) into C°(Q).

Proof Since g € (1, ) we have ¢ = -Z- > 5, and WFIUFL(Q) is continuously embedded
into W#;ZUFL(Q) and into C°(Q). Moreover, owing to that c € W 7 (), we also have ¥ ~e

Wit () W;;ZUFL(Q) forall w e W (Q). Let ¥ = wl withwe W7 (@) and T €
DO, T). With w =¥ = 2¢ in (4.11), we get

—(1<ve -V dx dt‘

Q¢

Kve Vedxdt| + gan(em Uy) +1(0,)) ¥ dxdt

1
~p? xpdx’dt‘.
o€ "

Recalling that 6, € WL2((0, T) x ), the same equality remains true for all { € L*(0, T;
FlUFL(SZ)) Let us now consider ¢ € L>(0, T; W;;’UFL(Q)) We obtain

|

@33 1VOullaorLa@n I VY | oo 0,700 (@)
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1/q

+ 2 1K1 200 (2)3x3 1V Onll Lo, Tra@) 1V [l oo o, msco@p I Vel L (g

1 _
+ C—(”ga,, (6 V) + "(9")||L1(0,T;Ll(sz)) + ”98bn HLl((O,T)xw))||1//||L°°(0:T;C0(§))
0

1/q
< @ KN zoo (2323 IV Onll a0, Tea@) 1V Ml oo 0,704 ()

1/q

t 3 1K1l zo0(2)3x3 1V Onll a0, Tira@) 1V [l oo 0, msco @y I Vel L (g
0

1 il 0 p b
+ a(zm(c ™+ ”U sHLﬂ(o,T;v{fl)) +rmeas(Q)T + “9 ||L1((0,T)><w) +1)
X ||W||L°o(o,T;c0(§))
which allows us to conclude. g

It follows that, by possibly extracting a subsequence still denoted (U, 7, 0,)>1, there
exists a triplet (v, 7, 0) such that

U, — U weakly in L?(0, T; V} ;) and

(4.17)
weakly* in L®(0, T; L*(R)),

8Un v . / 94 ’

— —  weaklyin I? (0, T; (V} 4i,)) (4.18)
ot ot :
7, — m  weakly* in H(0, T; Lg/(Q)), (4.19)
and

0, — 0 weakly in L9(0, T; W . (). (4.20)

Moreover, with the Aubin and Simon lemmas [29, 34], by possibly extracting another sub-
sequence still denoted (U, 77, 0,),>1, we have

U, — U strongly in Cc’([o, T1; H)
(4.21)
and in L7(0, T; L7 (R2)),

where we recall that H = {t € L2(Q);div(y/) = 0in Q, . = 0 on 3R}, and with Aubin’s
generalized lemma [29], we also have

0, — 0 strongly in L(0, T; L(R2)). (4.22)
We infer that
U,(0,-) — 0(0,-) =0 strongly in L*(R). (4.23)

Furthermore, by possibly extracting again a subsequence still denoted (U, 7, 0,,)>1, We
have

v, — U, 6,— 0 ae.in(0,T) x Q. (4.24)
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These convergence properties do not allow us to pass directly to the limit as # tends to
+00, and we need a better convergence result for (U,),>1 to overcome the difficulty due to

the non-linearity of the mapping F.

Proposition 4.4 Under the previous assumptions, (D(v,)),>1 converges strongly to D(D)

in LP(0, T; (LP(R))3*3).

Proof Let (0, 7) be the unique solution of the problem (P?U"YVGV)). We have

T A
ovU .
f<—,¢—v> dt
o \9t Vo i) Vo, div

T
+ f / F (6,0 +v°,D(0 + v°€)) : D(p - 0) dxdt (4.25)
0 Q

T
+/(¢)—](ﬁ)2/ <f+v°§,¢—0> dt Vg e LP(0,T; Vg ).
0 8t LZ(Q) '

For all # > 1, we also have

T J—
ov
/ < " o- Un> dt
0 Bt (ngiv)/’vp

0.div

T
. / / F (0T + 06, D(U, + v°%)) : D@ - Ty) ddt (4.26)
0 Q

T
+/(¢)—](Un)2/ (f+v°§,¢—m) dt Ygel?(0,T; Vg g)-
0 8t LZ(Q) '

Let us choose @ = U in (4.26) and @ = U, in (4.25). By adding the two inequalities, we

obtain:

T S A~
(v, -0 R
/ <y’5n _ U> at
o\ 0t VB Ve

. div

T
— 0 — 0
. /0 /Q (F (60T + 0%, D(T, + v°%))

- F (0,7 +v%,D(0 +v°))) : D(U, — 0)dxdt <0
and thus,
1 .
5 ”Un - U”iZ(Q)(T)
T
+ / / (F (6, Uy + v°&,D(T, + V°E))
0 Q
— F (6, Un + v°E,D(0 + v°%))) : D(v, — O) dxdt

< /OT/Q(f(e,m 00, D(5 + %))

— F (6, U + v°E,D(0 + 0°%))) : D(v, — O) dxdt.

(4.27)
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We perform the same kind of computations as in Theorem 3.5. More precisely, we split

the second term of the left-hand side as follows:

T
/ / (F (0 Ty + 005, D(T, + 0°%))
0 Q

= F (6,0 + v°&,D(0 + v°¢))) : D(v,, - 0) dxdt
T
- / / (Fu(D(D, + v°8)) = 1 (D(6 + °%))) : D(O, — 0) dxdt
0 Q

T
+ / / (f2(9nyvn + UO%;D(U,, + UOS))
0 Q

— T2 (0, U + VO, D(0 + v°%))) : D(U,, - D) dxdt,

where we recall that

Fi(ha) = mollA2lP2hy  if Ay # Opsxs, Fi(ry) =Ogsxs  otherwise,
Fo(hos Ay Aa) = 21 (o, A1y 1A DI A2IP2hs  if Ay o Opsxs,

Fo(ros A1, A2) = Ogsxs  otherwise

and = — "70 Since Ay = Fa(-, -, A2) is monotone in R3*3 (see Lemma 1 in [9]), we have

T
/ f (F2(6 0w + 0°6, D(T, + 0°))
0 Q

— Fo(0n, U + 0, D(0 + V%)) : D(U, — O) dxdt > 0,

and (4.27) yields

1
5 ”Un - U”iZ(Q)(T)

T
. / / (Fu(D(B, +1°8)) - Fo(D(6 + %)) : D(, — 0) dedt
0 e (4.28)

E/OTfQ(B(e,mUOg,D(a+U°g))

— T2 (0,0 + VO, D(0 + v°%))) : D(U,, - O) dxdt.

Then we distinguish two cases.
Case 1: p € [6/5,2)
Recalling that

(olp—1))%

-1)(2-p)
2(17 X 72

2-p
=z

oS

17+ [27) > (R ) - Fi(3) : (1 =2))7 = =21
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for all (A, 1)) € R3*3 x R3*3, we obtain

(Mogl 21,7))E / /“D U, —0 ||pdxdt
14

< ( /0 /Q (FL(D(B + %)) - F1 (D(6 + %)) : D, - ﬁ)dxdt) i

. ( /0 ' [ @, + 8) [ + Do+ o2) ) dxdt) 2
< ( /0 ' /Q (Fu(D(By + %)) - F1 (D(0 + 1°%))) : DD, - ﬁ)dxdt)g

A 2p
X (Hﬁn +v% “iP(O,T;Vf_’l) + ”U + v ”IZP(O,T;Vl{’l)) i

o

Thus with (3.11) and (4.6), we get

(ko(p—1))?

I [P@ =070 riarayees

14

" 2
= (/ / (F1(D(0n + v°8)) -~ F1(D(0 + V%)) : DO, ~ f})dxdt)
0 Q
x ((Eﬂow + v ||Lp(0yT;Vlgl))p + (Cﬂ"w + | v “LP(O’T;V]%))P)%.

By observing that Cllow > Cflow e have finally

/’LO(p_l) ||D(U 13)”2
~, n— . 3x3
2(2—P)(Cﬂ0w + ||U°§||M(O,T;v$1))(2_p) LP(0,T;(LP(2))3%3)

5/OTfQ(Fl(D(UH+u°§))—]—'1(D(0+u°.§))) :D(U, — O)dxdt
< /OT/Q(B(Q,m v€,D(0 + V%))

— T2 (0,0 + VO, D(0 + v°€))) : D(U,, - O) dxdt
< ||f2(0,U+ UOE,D(f) + UOE))
~ P2 (0 0 + V76, D(D + 0°% ))HU’ (0,T5(L7 (2)3%3)

x| D@n = 0 1o 7y0m )

which yields

no(p —1)

22-P)(Cllow 4 ||u0% ”LP(O,T;fol))(%p)

|D@, - )

(0,T5(LP ())3*3)
4.29
< || F2(0,7 + v°%,D(0 + V%)) (4:29)

- fz(QmUn + UOS,D(ﬁ + UO%-)) HLP O, T;(17 (2))3%3)"
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Case 2: p € [2,+00)
Recalling that

(Fi0) = F)): (h=2) 2 25 [ - 2|
for all (A, 1)) € R3*3 x R3*3, we obtain

Mo — ~
1 (IIGARED] A—
T
< / /Q (F1(D(Ty + v°%)) = F1 (D(6 + °))) : D(D,  0) dt
0

< /OT/Q(B(Q,E+ V%€, D(D + v°€))

— F (0 Uu + v, D(0 + v°€))) : D(U, — O) dxdt
< || F2(6,7 + v°%,D(0 + V%))

= F2 (6 Un + 076, D(0 + V°8)) | 1 (0. 1y )
X |1D@s = 0) o riamiayes

which yields

p-1

Mo — A
1 HD(Un -0) LP(0,T5(1P(22))3%3)

< | Fa(6,5 + 0%, D5 + 1)) (50
= F2(6 T + 078, D(0 +V°8)) || 1 0 10 )

By using the convergence properties (4.24) for the sequences (6,),>1 and (U,),>1 and the
continuity and boundedness assumptions (2.8) and (2.10) for the mapping ;, we obtain

Fo (6, Uy + V6, D(0 + V) — Fp(0,0 + v°E,D( + v°¢))
strongly in )i 0, T; (Lp/(Q))“B).

Then with (4.29) if p € [6/5,2) and (4.30) if p € [2, +00), we obtain

lim

Jim D@, = 0)]| 1o o yyess) = O

Finally, Korn’s inequality implies that the sequence (U,),>1 converges strongly to 0 in
LF(0,T; V¥ ...), which yields 0 = U. O

By possibly extracting another subsequence, still denoted (U, 77,1, 64)>1, We obtain that
D(,) — D(U) a.e.in(0,T) x Q.
By using (2.8) and (2.10), we infer from Lebesgue’s theorem that

F (6,0 + V°6,D(U, + %)) — F (0,0 + v°,D(U + v°¢))
strongly in L7 (0, T; (L7 (R2))**?)
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and
25,0, 0,) — 211(0,T + V&, | D(0 + v°) |) | DD + vof) |”
= ]-'(9,6 + UOS,D(U+ Uoé)) :D(U + UOE)
strongly in L'(0, T; L*(R2)).
Moreover,

U, — 0=0U stronglyin L*(0, T; V¥ ;).
Reminding that the mapping J is continuous on L?(0, T; V3, we get
J(@,+0¢) — J(T+0E) VO e VE,V: € DO,T).

Finally, by using the continuity and boundedness assumptions (2.6)—(2.7) for the mapping

r, we also have
r(6,) — r(@) strongly in L*(0, T; L*(2)).

It follows that we can pass to the limit in (4.1) and (4.5), which allows us to conclude that
the triplet (U, 7, 0) is a solution to the coupled fluid flow/heat transfer problem (P).

Remark 4.5 We may observe that 7 = 7. Indeed,

< 0 @,9) c>

. ’ 2 ’

ot v D0,T),DO,T)

T

+/ / F (0,0 +v°%,D(v + v%)) : D(D)¢ dxdt
0 Q

—<fndiv(1§)dx,§> +J(0 +9¢) -] (0)
Q D(0,7),D(0,T)

T 0 - ~
z/ (f+v°—rﬂ) cdt Ve Vg,ve eDO,T)
0 Bt Lz(Q)

and

3 -
E(U’ 2@ ¢
D0,T),DO,T)

R —
+ (0,0 +v°%,D(0 + v°¢)) : D(P)¢ dxdt
o Ja

_< / frdiv(f?)dx,§> I +30)—J(9)
Q D'(0,T),D(0,T)

T 0 - ~
2/ <f+u°—gﬂ7) cdt V9 €V, Ve eD(O,T).
0 ot 12()
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Owing to that U = U, we obtain that
</ (m - ﬁ)div(f})dx,;> =0 Ve Wy"(Q),¥¢ € DO, T).
Q D(0,7),D(0,T)

Hence, for any @ € L5(2), we may choose 9= P,(w), where P, is the operator introduced
in Proposition 4.1, and we get

</(n—ﬁ)wdx,§> =0.
Q D'(0,7),D(0,T)

Furthermore, for any @* € L7(2), we may define @ € L5 () by

1
w:w*——/ w* dx,
meas(2) Jo

and since ¥ — 7 € H1(0, T; L5(R2)), we have

</ (m-mw dx,{>
Q D/(0,T),D(0,T)

= </ (m —y%)w*dx,§>
Q D'(0,7),D(0,T)

1
_—— *d -7 d ’
meas($2) (fg “ x))</g(n ) ;>D’(0,T),D(O,T)

:</ (n—ﬁ)w*dx,§> =0 Vo*el?(Q),Y:eD(,T),
Q D/(0,T),D(0,T)

which implies 7 = 7.
Remark 4.6 The strong convergence of (g5, (0, Uy))n=1 and (r(6,)),>1 in the space L}(0, T;

LY(2)) implies that & € C°([0, T]; L}(R2)) and #(0, -) = 6°. Indeed, starting from (4.11), we
have also

T r 36, —6y) T ~
/ /c(i)wdxdt+/ /(I(V(Qn—en/))odexdt
o Jo dt o Ja
T T
:/ /(gan(emvn)_gan/ (Gn’»Un’))dedt-"/ /(r(@n)—r(en/))dedt
0 Q 0 Q
T
+/ /(an—Gf,)ﬁ?dx’dt
0 w "

forall W € L*(0, T; Wyt -, (Q)), for all n > 1,and ' > 1. By choosing # = /¢ (6, — 0) 10,
with ¢ € (0, 7] and by passing to the limit, as m tends to +00, we get

/ c(x) Dy (Gn(t, x) — 0, (¢, x)) dx
Q

+f0t/9\lfo(0n(s,x)—9n/(s’x))
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X (K (x)V(Gn (s,%) — 6, (s, x))) . V(O,, (s,%) — O, (s, x)) dxds

t
- / f (€06 T) — 85, Bur, T)) V(s — B dvdls

/ / ) — (6, )wo( 0,)dxds

+/ /(eé;—eg’,)l/fo(en—en,)dx/dﬁfc(x)cpo(eg _ Y
0 Jw n Q n

which yields

CQ/ d, (Qn(t,x) - Gn/) dx
Q

< ngsn (9,,, Un) - an/ (9,,/, Un’)

,T5L1(R2))

+Hr(0 —r(Oy +||9

((0,T)xw)

Next, we observe that

2 .
5 if |s] <1,

Dy(s) = s—% ifs>1,

1 .
-s—5 ifs<-1

which implies ®q(s) > = if |s| > 1. It follows that

Is|
2

co / ’9n(t,x) — 0, (t, %) dx‘
Q

1/2
< co{ ( /Q Do (04t %) - Hn/(t,x))> meas(Q)"? + 2 /Q Do (6,(2,%) - 9nr(t,x))},

which allows us to conclude that (6,),>1 is a Cauchy sequence in C°([0, T];L}(€2)). As a
consequence, we may relax the regularity of the test-function E from C*°([0, T']) in (2.15).
Moreover, following [28], we can prove that 6 is an entropy solution of (1.3)—(1.9). For

more details on the definition of entropy (or renormalized) solutions, the reader is referred

to [5, 12, 28] and the references therein.

Finally, let us emphasize that the strong convergence of (6,),>1 to 6 in the space
CO([0, T1; L (R2)), which is the key point to show that 6 is an entropy solution of (1.3)—(1.9

will not be true anymore if convective effects are taken into account in the heat equation.
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