Adly and Thieu Fixed Point Theory Algorithms Sci Eng (2022) 2022:3 Fixed Point Theory and AIgorithms
https://doi.org/10.1186/513663-022-00713-y for Sciences and Engineering

RESEARCH Open Access
()]

Existence of solutions for a Lipschitzian
vibroimpact problem with time-dependent
constraints

Samir Adly'” and Nguyen Nang Thieu'~

“Correspondence:
samiradly@unilim fr Abstract

"Laboratoire XLIM, Université de . . . .
Limoges, 87060, Limoges, France We study a mechanical system with a finite number of degrees of freedom, subjected

Full list of author information is to perfect time-dependent frictionless unilateral (possibly nonconvex) constraints
available at the end of the article with inelastic collisions on active constraints. The dynamic is described in the form of
a second-order measure differential inclusion. Under some regularity assumptions on
the data, we establish several properties of the set of admissible positions, which is
not necessarily convex but assumed to be uniformly prox-regular. Our approach does
not require any second-order information or boundedness of the Hessians of the
constraints involved in the problem and are specific to moving sets represented by
inequalities constraints. On that basis, we are able to discretize our problem by the
time-stepping algorithm and construct a sequence of approximate solutions. It is
shown that this sequence possesses a subsequence converging to a solution of the
initial problem. This methodology is not only used to prove an existence result but
could be also used to solve numerically the vibroimpact problem with
time-dependent nonconvex constraints.

MSC: 34A60; 34A12; 65L.20; 75E55

Keywords: Vibroimpact problem; Time-dependent constraint; Inelastic collision;
Solution existence; Time-stepping scheme; Prox-regularity; Clarke’s normal cone

1 Introduction

Vibroimpact systems are dynamical multibody systems subjected to perfect nonpenetra-
tion conditions that generate vibrations and impacts. Because of the impact laws, the sys-
tems involve discontinuities in the velocity and the acceleration may contain Dirac mea-
sures. Hence, vibroimpact systems cannot be modeled by ordinary differential equations,
and one uses measure differential inclusions (see, e.g., [3, 20—24, 30, 35]).

In this paper, we consider a mechanical system with a finite number of degrees of free-
dom, subjected to perfect time-dependent unilateral constraints. More precisely, let I =
[0, T], T >0, be a bounded time real interval and d € N*:= {1,2,...}. Let g :  x R — R?
and f;: I x R? - R, i € {1,...,m} be some functions and m € N*. We denote by g € R?
the representative point of the system in generalized coordinates and define the set of
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admissible positions at each instant ¢ € I by
C)={qeR?|fi(t,q) <OVie(l,...,m}}

and the set of active constraints by J(¢,q) = {i € {1,...,m} | fi(t,q) = 0}. The vibroimpact
system given by g and the functions f; is formally described by the following second-order
differential inclusion in R?:

i(t) - g(t.9()) € -New (q@), 1)

where N¢)(q(2)) is the Clarke normal cone [13, p. 51] to C(¢) at g(¢), ¢ € I.

Denote by Vfi(¢,-)(q) the derivative of f;(£,q) with respect to the second variable g and
by dfi(,q) the derivative of f; with respect to the first variable . In what follows, given a
set Q C R?, we denote its interior and boundary, respectively, by int($2) and 9.

Since N¢y(q) = 9 if q(¢) ¢ C(2), if g is a solution of (1), then g(¢) must belong to C(¢) for
all £ € 1. If q(t) € int(C(¢)) for all £ € I, then N¢(y(q(t)) = {0} for all £ € I, so (1) becomes
4 = g(t,q), which is an ordinary differential equation.

If q(¢) € int(C(¢)) for all £ € (to, t1) U (1, £2), q(t1) € dC(¢1), then

q(t;) € =T (t1,q(t1)) and 4(t}) € T(t1,q(t1)), (2)
where

T(tq) = {veR | 3fi(,q)®) + (V£i(t,)(q),v) O Vi€ ] (£, q)}.

Observe that the set 7(z,¢) is a polyhedral convex closed set for each pair (¢,¢). The in-
clusion (2) will be proved in Sect. 4.2.

Note that the function § may be discontinuous at some ¢ € I if J(¢,¢(¢)) is nonempty.
Therefore, in general, we cannot find a solution g of (1) for which there exists a differen-
tiable derivative g. Hence, we look for a solution g of (1) whose derivative § is of bounded
variation. The latter implies that g is differentiable almost everywhere on I. Then, § can
be understood as a Stieltjes measure. Therefore, (1) can be extended in the distributional

sense:

g € BV([0, T];RY)
dg—g(-,q(") dt € -Nc()(q(-)) dt,

where BV([0, T];R?) stands for the space of all functions of bounded variation from
[0, T] to R¥. More precisely, the second inclusion is taken in the Radon measure space
M0, T;R%), which is the dual space of the space of all continuous functions from [0, T']
to R?, denoted by C([0, T'],R%). For ¢ € C(I,R?) and for £(-) € -Ncy(g(),

dq: C(I,]Rd) —- R;
(i) - / odi,
I

g(q()dt: C(I,]Rd) - R;
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(g(q())dt, )= /1 (g(t.q(0)), (1)) dt,
£()dt: C(LRY) - R

(60t ) = [le.pt0)ae.

Since the relation (2) does not uniquely define g(¢*), we will follow [21] to impose the
following inealstic impact law

4(t") = Preqen (@(t)),

where P74 (g(t)) is the nearest point of 4(¢”) in T (¢,4(¢)). In fact, ].-]. Moreau intro-
duced the notion of inelastic shocks in 1983 in the paper [21] (see also [21, 22]).

To sum up, we are interested in investigating the following problem.

Problem (P). Let (qo, po) € C(0) x T(0,4o). Find g : [0, T] — R?, with T > 0, such that

(P1) g is absolutely continuous on [0, T], g € BV(0, T; R?);

(P2) ¢q(t) € C(¢t) for all £ € [0, T;

(P3) déj — g(q() dt € ~Neg(q() dts

(P4) (") = Prq)(@(t) for all ¢ € [0, T;

(P5) 4(0) = go and §(0) = po.

Under some appropriate regularity assumptions on the data, we will prove the existence
of at least one solution to problem (P). Namely, by using a time-discretization scheme, we
will construct a sequence of approximate solutions that has a subsequence converging to
a solution of (P).

There are many existence results for the vibroimpact problems with time-independent
constraints (i.e., when the set of admissible positions does not depend on time: C(¢) = C
for ¢ € [0, T]). In the single-constraint case, the results have been established by using the
position-based algorithm in [32—34] and by using the velocity-based algorithm in [15, 16,
18-20]. In the multiconstraint case, several results have been obtained in [6, 25, 26, 28].

For vibroimpact problems with time-dependent constraints (i.e., when the set of admis-
sible positions C(t) depends on time), there are few solution existence theorems. Let us
list some important results related to this case that are known in the literature:

Schatzman [35] established an existence result by considering a generalization of the
Yosida-type approximation proposed in [31].

Assuming that the set of admissible positions at any instant is defined as a finite in-
tersection of complements of convex sets, Bernicot and Lefebvre-Lepot [7] obtained an
existence theorem.

Paoli [27, 29] proposed a time-stepping approximation scheme for the problem and
proved its convergence, which gives as a byproduct a global existence result when the
set of admissible positions at any instant is defined by a finite family of C? functions.

Attouch, Cabot and Redont [3] studied the dynamics of elastic shocks via epigraphical
regularization of the nonsmooth convex potential and established an asymptotic analysis
of the solutions when time ¢t — +o0.

Cabot and Paoli [12] studied the convergence of trajectories and the exponential decay
of the energy function associated to a vibroimpact problem with a linear dissipation term.

Attouch, Manigé and Redont [4] studied a nonsmooth second-order differential inclu-
sion involving a Hessian-driven damping with applications to nonelastic shock laws.
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The existence of solutions for these second-order differential problems has been studied
by Bernicot and Venel [9] in a general and abstract framework. More precisely, the set
C(t) of admissible positions is assumed in [9] to be Lipschitz continuous in the Hausdorff
distance sense and satisfies an “admissibility” property (see Sect. 2.3 [9]). The authors also
considered a particular case, where the constraints are C? functions and have bounded
second-order derivatives (see Sect. 4 in [9]). The assumptions used in this paper require
less regularity on the data of the problem and could be seen as a complementary result of
Theorem 3.2 and an improvement of Theorem 4.6 in [9] (see Remark 4.2 for more details).

In this paper, we give explicit conditions for the constraints without requiring any
second-order differentiability information on the data involved in the constraints. We will
follow the time-stepping scheme of [27] to prove the convergence of the approximate so-
lutions. An illustrative example is given to clarify the applicability of the obtained result.

Our main result is an analog of the Peano solution existence theorem [17, Theorem 2.1,
p. 10] for ordinary differential equations. Among other things, the proof relies on the
Ascoli—Arzela theorem, and the Banach—Alaoglu theorem applied to the Radon measure
space M (0, T;R?), which is the dual space of the space of all continuous functions from
[0, T] to R¥. Note that, as shown by Bounkhel [10], one can obtain existence theorems for
first- and second-order nonconvex sweeping processes with perturbations by applying a
fixed-point theorem.

The paper is organized as follows. In Sect. 2, we recall some preliminaries. In Sect. 3,
we formulate our regularity assumptions and deduce several properties of the set of ad-
missible positions and its Clarke’s normal cone. Section 4 presents the time-discretization
scheme to construct a sequence of approximate solutions and establishes the main result
of the paper. The convergence of the sequence of approximate solutions is investigated in
Sect. 4.1. In Sects. 4.2 and 4.3, we prove that the limit trajectory is a solution of problem
(P). To check the applicability of our result and to compare them with the existing ones,

an example is presented in Sect. 5. Some concluding remarks are given in the final section.

2 Preliminaries

First, we recall some basic concepts and facts from nonsmooth analysis, which are widely
used in what follows. We mainly follow the references [5, 13, 14] and [20]. Our notation is
standard in variational analysis; see, e.g., [13].

Let the Euclidean space R? be equipped with a standard scalar product (-,-) and the
Euclidean norm || - ||. The open ball (resp., closed ball) in R? with center x and radius r
is denoted by B(x, r) (resp., B(x,7)). The open unit ball and closed unit ball are denoted,
respectively, by B and B.

The distance function d¢(-) : R? — R, where C is a nonempty subset of R?, is defined by
setting dc(x) = inf{|lx — y|| | y € C}. For p > 0, the set U, (C) = {x € R? | dc(x)<p} is called
the p-enlargement U,(C) of C. For x in RR¥, the set of the nearest points of x in C is called
the projection of x onto C and is defined by Pc(x) = {y € C | ||y — x| = dc(x)}.

A functionf : Y — R defined on Y C R is said to be Lipschitz continuous with modulus
L>0onYif|f(y)—f()| <L|y—y'|l forally,y €Y.

Definition 2.1 Let f be Lipschitz continuous near x in R? and let v be any vector in R,

Clarke’s generalized directional derivative of f at x in the direction v, denoted by fo(x; V),
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is defined by

fOx;v) := limsupw.

y—=x,t10 t
Let C be a closed subset of R and x € C.

Definition 2.2 The set T¢(x) := {v € R? | d2(x;v) = 0} is called the Clarke tangent cone to
C at x. The Clarke normal cone to C at x is defined by polarity with T¢(x):

Nex) = {x* eR?| (x*,v) <Oforallve 72;(96)}.

Definition 2.3 A vector v € R? is a proximal subgradient of a function f : R? — R at x if

there exist a real number o > 0 and a neighborhood U of x such that
(v —x) <f(x') = f(x) + o ||&’ —tz,
forallx’ € U.

Definition 2.4 A vector v € R? is a proximal normal vector to C at x € C when it is a
proximal subgradient of the indicator function of C, that is, when there exist a constant
o > 0and a neighborhood U of x such that (v,x' —x) < o |lx’ —x|? forallx’ € LI N C. The
set of such vectors, which is denoted by Ng (), is said to be the proximal normal cone of
Catwx.

Definition 2.5 The set C is said to be r-prox-regular (or uniformly prox-regular with
constant r > 0) whenever, for all x € C, for all £ € NZ(x) N B, and for all £ € (0,7), one has
x € Pc(x + t&).

Remark 2.1 If C is uniformly prox-regular, then NZ(x) = Nc(x).

The following proposition provides a representation for the Clarke normal cone to a set,

given by inequalities constraints, under some suitable assumptions.

Proposition 2.1 (See [13] Corollary 2 of Theorem 2.4.7) Let C be given as follows:

{yeR1£i() <0,....1(0) <0},

and let x be such that fi(x) =0 for i = 1,...,m. Then, if each f; is differentiable at x and if
the gradients Vfi(x),i = 1,...,m, are positively linearly independent, we have

Ne@) =1 aVfi®) [ 2= 0,i=1,...,m¢.

i=1

Lemma 2.1 (See [2, Lemma 3.2]) Let C C R? and x,y € C with ||x — y|| < 2p, where p €
(0, +00). Then, for any T € [0,1] one has x + t(y —x) € U,(C).
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Definition 2.6 Let f : [a,b] — R? be a function. The total variation of f on [a,b] is the

nonnegative extended real number

Var(f, [a,b]) =sup Y _|[f(x:) —f (xi-1)

i=1

)

where the supremum is taken over all finite partitions a = xg <x; < --- <x, = b of [a, D].
If Var(f, [a, b]) < +00, then one says that f is a function of bounded variation on [a, b] and
writes f € BV ([a, b], RY).

The next proposition is a consequence of the Ascoli—Arzela Theorem and the Banach—
Alaoglu Theorem, which gives sufficient conditions for the existence of a convergence

subsequence of a sequence of absolutely continuous functions.

Proposition 2.2 (See [5, Theorem 4, p. 13]) Let {xx(-)} be a sequence of absolutely contin-
uous functions from an interval I C R to a Banach space X satisfying

(i) Foralltel, {xx(t)}k is a relatively compact subset of X;

(i) There exists a positive function c(-) € LY(I,R) such that ||x(t)|| < c(-) for almost all

tel

Then, there exists a subsequence, still denoted by {xi(-)}, converging to an absolutely con-
tinuous function x(-) from I to X in the sense that

(@) xx(-) converges uniformly to x(-) over compact subsets of I;

(b) xx(-) converges weakly to x(-) in L(I, X).

3 The framework

We now propose some regularity assumptions. In the notation of Sect. 1, let
C={tq) el0, TI xR |qe C@t)}.
Assumption A1 There exists an extended real p € (0, +00] such that
(i) forallie{1,...,m},f is differentiable on U,(C) and its derivative

Vfi(-,-) : U,(C) — Ris Lipschitz continuous with rank L;
(ii) thereisy >0 such thatforallz€[0,T]and i€ {1,...,m}, forall q1,q, € U,(C(2)),

(Vfit, )q1) = Vit Na@)r a1 — @2) = ¥ llar — g2

(iii) forallz e [0,T] and forallie{1,...,m}, one has ||Vfi(t,-)(g)|| <L for all
q € U,(C(2)).

Assumption A2 There is © > 0 with the property that for all ¢ € [0, T'] and g € C(¢) there
exists v = v(t,q) € R with ||v|| = 1 such that for all i € {1,...,m}, one has

(Vfi(t: )(61): V> = U (3)

Remark 3.1 From Assumption A1(i), it follows that
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(i) Foreachie{l,...,m}, forallt,t € [0,T] and ¢,4' € R,

|0fi @) = 3fi (- ) (¢)| < L(|t -]+ |g-4

);
(ii) foreachie({l,...,m}, forallt,t' €[0,T],q,q € U,(C(t)),
|Vt Y = VA ) @) <L(je =+ [a-a])-

Remark 3.2 From Assumptions Al and A2, it follows that for all i € {1,...,m}, u <
IVfit, Y@l < L for all ¢t € [0, T] and |3f;(-,q)(¢)| < L for all g € U,(C(¢)). In particular,
Vfi(t,-)(q) #0foralli e {1,...,m}.

We are going to present some characterizations of the set of admissible positions C(t)
and the Clarke’s normal cone N¢((g). Thanks to Assumptions Al and A2, the following
proposition is valid.

Proposition 3.1 (See [2, Theorem 3.1]) Suppose that Assumptions A1(i)—(ii) and A2 hold,
then, for all t € [0, T, the set C(t) is r-prox-regular with r = min{p, %}.

Following the technique used in [1], we obtain the following proposition, which gives
sufficient conditions to obtain Lipschitz continuity of the moving constraint set with re-
spect to the Hausdorff distance.

Proposition 3.2 Under Assumptions A1(i) and A2, C(-) is O -Lipschitzian on [0, T], with
9> L
= u

Proof Fix a real number ¢ such that 9 > w L. Choose a subdivision
0<Ty<---<T,=T

of [0, T] such that T — Tj_; < %p. Fix any k and select s, t € Iy := [T_1, Tx]. Then, take any

i€{l,...,m}. Put u(s,t) = ¥|s — t|. For any x € C(t), define y := x + u(s, t)v. Since t,s € I,

we have ||y — x|| = &|s — | < p. This proves that y € int(U,(C(¢))). By Lemma 2.1, for all

A € [0,1] we have

x(A)=x+A(ly—x) € intUp(C(t)).

Now, we consider the expression f;(t,x + u(s, t)v) — fi(t, x). Since f;(s, -) is differentiable on
U,(C(2)), by the mean-value theorem there exists A € (0,1) such that

Si(t,x + uls, 0)v) = £i(t, %) = (Vfilt, ) x2), uls, £)v),
with x; = Ax + (1 — A)(x + u(s, £)v). Hence, by Remark 3.1, we have

Si(sx+uls,t)v) = [fi(s,x + uls, O)v) —fi(t, x + uls, t)v) ] + fi(t, %)
+ [ﬁ(t,x +u(s, t)v) —fi(¢, x)]
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< Lis— 1] + £t ) + (V& )2, (s, D).
By (3) and the inclusion x € C(£) we obtain
Si(sx+uls,t)v) <Lls—t] —uls,t)u = (L -9 p)ls—t| <0,

where the inequality is valid due to the choice of . Since i € {1,...,m} can be chosen
arbitrarily, this implies that the vector x + u(s,t)v = x + #|s — t|v belongs to C(s). Hence,
x € C(s) + ?|s — t|(—v). It follows that

C(t) C C(s) + O|s = t|(-=v) C C(s) + ¥|s — t|B.

Thus, C(-) is ©-Lipschitzian on [Ty_;, Tx]. Hence, we can infer that C(-) is ¥ -Lipschitzian
on [0, T]. O

4 An existence result for the vibroimpact problem
The approximate solutions will be constructed by the following time-discretization
scheme. Let N be a positive natural number and % = T/N, we define t, = nh for all
0<n<N and

1. Q.1 =40 — hpo, Qo = qo,

2. foralln e {0,...,N},

tnsl
Gu= [ gts. Qs
tn
and

V,=2Q, — Qu_1 + H*G,, Q1 € argmin ||V, — x| (4)

x€C(tyns1)

Here, argmin yIVa — || denotes the solution set of the minimization problem

x€C(ty+1)
miNgec(s,,q) I Vi — |-

In this scheme, we use the approximation

qx +h) —2q(0) + qx —h)
)

g(x) ~
Clearly, this leads to (4). We define the discrete velocities as

p,= Qn+lh Qu foralln e {-1,...,N}.

The sequence of approximate solutions gy is given by

Qn+1 Qn

gn(t) = Qu+ (t—ty)———— ; . t€[tytnl,¥Vnef0,...,N -1}

and

pn(®) =P, = Q”“h Q. t € [ty tas1), Y € {0,...,N - 1}.

For the existence of a solution to our problem we will need the following assumptions:



Adly and Thieu Fixed Point Theory Algorithms Sci Eng (2022) 2022:3 Page 9 of 32

Assumption A3 For all ¢ € R?, g(-,g) is measurable on [0, T] and for all ¢ € [0, T], g(¢, )
is continuous on R?. Moreover, there exist L,>0and F € L'(0, T;R) such that for almost
every t € [0, T] one has

let.q) -2t @) <Lgla-al Y@ € (RY)’ st. (t,q) € U,(C), (t,3) € U,(O),
”g(t, q) || <F({t) VgeR%st. (t,q) e U, (C).

Assumption A4 Forall ¢ €[0,T], g € U,(C(2)), and for all j, k € J(¢,q) and j # k, one has

(VA(t, )@, VAt ) (@) = 0.

Proposition 4.1 Under Assumptions A1(i) and A2, for any t € I and q € C(t), the Clarke
normal cone to C(t) at q can be computed by the formula

{0} if q € int(C(2)),

New(q) = . ,
(weR? |w= Zl.e](t,q) AVt )(g), i =0} ifqgedC(¢).

Proof 1f q € int(C(¢)), then the Clarke tangent cone is equal to the whole space R?. There-
fore, N¢)(g) = {0}. Now, we consider the case when ¢ is on the boundary dC(z) of C(z).
Then, J(t,q) # @. From Assumption A2 it follows that {Vfi(¢,-)(q) | i € J(t,q)} is posi-
tively linearly independent. Hence, by Proposition 2.1 we obtain the desired formula for
N cw(q)- 0

From Proposition 4.1 we can deduce the next formula for computing the corresponding
Clarke tangent cone:

Tew(@) = {v e R [ (VA(t,)(q),v) <0,¥i € J(t,q)}. (5)

Lemma 4.1 Let t € [0,T], g € C(t) and v = v(t,q) be the vector that exists by Assump-
tion A2. There exist p' >0, t € (0, p'] and 0 € (0, p'] such that forallt €I, |t' —t| <t, and
for all q' from the open ball B(q,0) centered at q with radius 0,

(Vi) (d)v) < —%, Vie(l,...,m).

Proof Let q € C(t), vbe defined in A2. Forall ¢’ € I, g € R? such that ||g' —¢q|| < p, and for
any i € {1,...,m}, by Remark 3.1(ii) we have

(VA(t,)(d) = Vit ) @).v) < V(¢ ) () - V&)@ IV
<L([t-t]+]q-4])

Hence,
(VAit,) (@) v) < —u+ L(|t =2 + [~ 4'])-
Choose t =6 = min{u/3L, p}. Then, we have (Vfi(¢,)(q'),v) < —%. O

Our main result is the next theorem.
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Theorem 4.1 Suppose that Assumptions A1-A3 hold. Let (qo, po) € C(0) x T (0, qo). Then,
there is a subsequence of {qn}, still denoted by {qn}, of the approximate solutions that con-
verges uniformly on [0, T] to a limit q satisfying (P1)—(P3). Furthermore, if Assumption A4
holds, then q also satisfies (P4) and (P5), and it is a solution of problem (P) on [0, T].

To make the proof of this theorem easier to understand, we present it in the forthcoming

three subsections.

4.1 Convergence of the approximate solutions

In this subsection, we shall prove that the discrete sequence {gn} constructed in the latter
section converges to a limit, which will later be verified to be a solution of problem (P).
More precisely, we will prove that {py} is uniformly bounded and it has bounded variation

in Propositions 4.2 and 4.3.

Lemma 4.2 Foralln€{0,...,N -1}, one has
Pn—l - Pn + hGn € NC(t,,+1)(Qn+1)~ (6)
Proof By definition of the scheme, for all x € C(¢,,1), we have

2 2
Vi = Quarll” = IV — %Il

= 1V = Quatll? + 2(V3y = Qus1, Quar = %) + [|Quir — I,

Hence,

2(Vy = Qui1,x — Qui1) < 1Qpi1 _x||2'

By definition, V,, — Q41 = k(P — P, + hG,;), hence

1

=< ﬂ ||Qn+1 _x||2’ Vx € C(tn+1)' (7)

(Pn—l _Pn + hGn:x_ Qn+1>

If Q41 € int(C(2,41)), we can choose ¢ > 0 sufficiently small such that x; = Q1 + ¢E and
%y = Quu1 — eE belong to C(t,,,1), where E = (1,...,1) € R%. Then, we have

P, 1-P,+hG,=0.

Otherwise J(£,,1, Qu+1) # 9. We know that by (5), the Clarke’s tangent cone of C(¢,,;) at

Qus1 is
7—C(t,,+1)(Qn+1) = {W € Rd | (Vﬁ(t}’l+17 ')(Qn+1); W) =< 07 Vi el(tn+1¢ Qn+1)}'
Hence, we need to show that

(Pn—l - Pn + hGn; W) = 0, VYwe ,TC(tml)(QnJrl)'
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Indeed, by Assumption A2, int(7c(,,,)(Qus1)) # 9. Note that

int(7—C(tn+1)(Qn+1)) = {W eR? | <Vﬁ(t,,+1, ) Qns1), W> <0,Vi€J(tu1, Qn+1)}'

Take any w € int(T¢y,,,)(Qu+1)). We will prove that Q.1 + sw € C(£,,41) for s > 0 sufficiently
small. For any s > 0, there exists g := Q.41 + Asw with A € (0, 1), such that

Siltuer, Quar +5W) = fi(tns1, Quer) = (Vfiltur1, N Quar + AsW), sW).
For s small enough such that ||sw| < p, we have Q.41 +sw € U,(C(t,+1)). By Remark 3.1(ii),
[ VAiCtn1, )(Quar + A5) = Vfillrer, N Quen) || < ASLWI).
Then, (Vfi(tsi1, ) (Que1 + AsW) = Vfi(ti1,-)(Quen), sW) < ALs*||w||*. Hence,
(VSiltrt, NQuer + Asi), s8) < ALS|#]] + $(Vfi(tur1, ) (Quet), W)
Since (Vfi(tu+1,-)(Qus1), W) < 0, we can choose s small enough such that
Jiltui1, Quir +sw) <0.

This implies that Q,.;1 + sw € C(¢,,1). Now, we choose x = Q,,,1 + sw satisfying x € C(¢,41),
by (7) we obtain

Py = Py + Gy 5) < — [59]
1-P,+ , — .
-1 — Py 1> SW = swW
Letting s — 0, one has
(Pn—l_Pn+hGn;w>§0c

By Assumption A2, there exits a unit vector v(£,41, Qus1) € int(T¢,,,,)(Qus1)). Therefore,
for all v e Tcq,,,)(Qus1), the sequence {vg}ren+, which is defined by

1
Vik=V+ zv(tn-*—l: Qn+l)

for all k > 1, converges to v. We also see that vy € int(7¢(,,,)(Qu+1)) for all k > 1. Hence,
int(7c,,1)(Qusi1)) is dense in Tey, . ,)(Qyuq1). This leads to

(Pn—l - Pn + hGn: W) <0,Vwe 7—C(t,,+1)(Qn+1):
which implies that P,,_1 — P, + hG,, € Nc(,,,)(Qns1)- O

Remark 4.1 One can reformulate (6) as follows: For all n € {0,..., N — 1}, there exist non-
negative real numbers A”, i = 1,...,m such that A = 0 for all i ¢ J(¢,+1, Qu+1), and

Pn_Pn—l _hGn :_Z)"?Vﬁ(tn+l:')(Qn+l)' (8)

i=1
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Lemma 4.3 Foreach i € J(t,,1, Qui1) and ||P,| < 2 2T’ one has
L+ <Vfi(tn+lx ')(Qn+l)rpn) > _yh”Pn”2 (9)
Proof For all i € J(£,11, Que1), we have fi(£,41, Qui1) = 0 = fi(£4, Qu). Thus,

0 Zfi(tn: Qn) _fi(tn+1: Qn+l)
zﬁ(tn: Qn) _fi(tn+1r Qn) +fi(tn+lr Qn) _fi(tn+1: Qu+1)
= ~hL - h(vﬁ(tVH-l! ')(q(n)ti)’PVl>;

where qgi =o;Qy, + (1 — @;)Qy41 for some «; € (0,1). It follows that

©:=L+ (Vf(twrlr )(Qn+1) )
(Vf(thr : Qn+1) - Vﬁ(tt’Hl’ ')(qg.)rpn>

Qi’l+1 qoz, >

sz( n+ls " )(Qn+1) Vﬁ(tnﬂ;')(qal) o h

—_—

—

_<vf(tn+1: )(Qn+1) - vf(tn+1: ( Zl.)¢ Qn+1 - qgi>-

N‘

Since ||P,| < ZT » by Lemma 2.1 we know that q;, € U,(C(¢4:1)). By Assumption Al(ii),
we obtain (9). O

Lemma 4.4 Let N > N°, where N° = max{% 6}?} Then, for all n € {0,...,N — 1}, we have
6L
1Pull < 2[|Py-rll + 2R11GL |l + e

Proof Letw = %v(t,,, Q,.), where v(t,, Q,) is the unit vector defined in Assumption A2 for
(&%) = (¢, Qy), ie., forall i € {1,...,m}, one has (Vf(£,, - )(Q,), (¢, Q,)) < —. Then,

Qn + hW € C(tn+1)-
Indeed, by Remark 3.2 and the mean-value theorem, we have
fi(tn+lr Qn + hW) Sfi(tm Qn + hW) + L|tn+1 - tn|-

By the mean-value theorem, there exists g/, = «Q, + (1 — «)(Q, + hw) with « € (0, 1), such
that

fi(tn’ Q, + hw) _fi(tm Qn) = (Vfi(tm )(612), hW)

Since N > 6TL, q% € B(Qy,0). By Lemma 4.1, we have

(Vfiltw ) (q2), w )5?“ = 2L,

:m

Page 12 of 32
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Therefore, forall i € {1,...,m},

fi(tn+1r Qn + hW) Sfi(tm Qn) + (Vfi(tm )(612)» hW> + hL E 0.

We have proved that Q, + hw € C(£41). As Quy1 € argmin, ) |V — x|, it follows that

tnsl
”2Qn - Qn—l + thn - Qn+1 H =< ”2Qn - Qn—l + thn - Qn - hW”

Thus, ||P,-1 — P, + hG,|| < ||P,—-1 —w+ hG,||. Hence, we obtain || P, || < 2||P,_1]| +2k|G,.|| +
[lwll, which yields the conclusion. a

Proposition 4.2 There exist N' > N° and « > 0 such that
1Pl <k Vnel0,...,N-1},VN >N

Proof We now define two real sequences {kx}ren and {ti}ken+ by setting ko = ||poll + 1,
12L
Kk = Ki-1 + —— + [|Fll 10, 7;rd)
W
12L
=ko+k| — +IFllorrey ) Vk=1
“w

and

_ min{r,0} min{z, 0}
2k 260 + 2k(21—f + Il 12 0,7;me))

Vk > 1.

7

It is easy to see that the series ) -, 7 is a divergent sum, hence, there exists ko > 1 such
that Zi‘il 7 > T. Let k = k4,. Define

. 6L
€ =2k + 2||Fl 10 7.r4) + m

and

N o 2Tk 2Tk 2T 22T
=max Ty T oy T .
P 0 T L

We now prove that for all N > N! and we can construct a finite family of real numbers
(t,ﬁv)lsksko suchthat ¥ =0<t]N <. < Tkl\{)[\’ = Twith1 <k <koandforallk € {1,...,k)},

in each interval [t,f‘fl, r,f‘l), one has
1Poll <kx Vme{0,...,N -1}

Consider the interval [0, 71] instead of [0, T]. From Assumption A2, we can define a vector

Wo = %V(to, Qo). Note that ||P_; || = ||poll < ko < &, by Lemma 4.4 we have ||P;|| < k. Since
0<h=L<2t,

0
Q1 = Qoll = AllPol < 3 <.
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Moreover, |t; — ty| < h < 7/2 < T, we have (£, Q1) € B(¢y, t) x B(Qo, ). We will prove that
wo — Py € Tey)(Q1). Indeed, for all i € J(#1, Q1), by Lemma 4.3 one has

(Vfilt1, )(Q1), wo — Po) = (Vfilt1, ) (Q1), wo) + L — (L + (Vfi(t1,)(Q1), Po))

_ —niwol
- 3

+L+yhl|Po)?
., L
<-2L+L+yhk” < -5

From the latter inequality, it follows that wy — Py € T¢(,)(Q1). Since P_; — Py + hGy €
Nc)(Q(0)), we obtain

((P_y = wo) = (Po = wo) + hGy, wo — Po) < 0.

This yields (P_; — wgy + hGo, wo — Po) < —||Py — wo||?, which implies that
1Po = woll < |P-1 —woll + h[Goll-

Hence,
IPoll < 121l + = + hlGoll < 1 <.

Next, we will prove by induction that
n
1Py = woll < IPy = woll +h Y Gl ¥mefo,...,N-1}.
=0
Indeed, let n € {0,...,N — 1}. Suppose that
k
1P = woll < 1Py —woll + 1Y [IGell - Vk€0,...,n—1).
=0
Then,
k

I1Pell < 2llwoll + 1Pyl +hz 1Gell <xy forallk€{0,...,n -1}
£=0

and by Lemma 4.4 we infer that ||P,|| < k. Since 0 </ < %,

0
1Qui1 = Qull = APyl < 3 < 6.

Moreover, as |t,.1 — t,| < h < 7, we have (t,,1, Q1) € B(ty, ) x B(Q,,0). For all i €
J(tu+1, Qus1), by Lemma 4.3 one has

Qg := (Vﬁ(twrlr N Qus1), Wo _Pn>

= (Vﬁ(t}’l+17 ')(Qn+1)7 W0> +L- (L + (Vf;’(trﬁly ')(Qn+1)¢Pn>)

Page 14 of 32
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- W
_ —lwol

+L+yh|P,?
L, L
<-2L+L+yhk* < -3
It follows that wy — P, € Tc(t,,1)(Qus1)- Therefore,
((Puer = wo) = (P = wo) + WGy wo — Py) < 0.

This yields

n
1Py = woll < [1Pucy = woll + Bl Gull < IP_y = woll + B Y |Gell.
=0

Hence,

12L -
1Pall < 1Pt + == + By NG < .
=0

We have shown that ||P,|| < «; for all » € {0,..., N} on the interval [0, 7;1]. Putting 'Cé\[ =
we define tI¥ = min{t\ + 71, T}. If 1 + 71 < T, we have tl¥ — ) = 7;. If T > =¥, then ko > 1,
(tn+1,Qn+1) € Cand [|[Pyy |l < k1 <.

Assume now that 7}’ + 7; < 7. By Lemma 4.1 and Assumption A2, we can define a vector
wy = %v(tN+1, Qn+1). For the sake of simplicity, we will recount the index from 0 instead
of N + 1. By the same argument, we can prove that | P,|| <, forall n € {0,...,N — 1} on
the interval [I{V , T{V + T2]. We now can divide the interval [0, 7] into subintervals [t; N rN +
7;41] fori € {1,...,ko}. Repeating the same argument for finitely many steps, we obtain the

desired result. O

Proposition 4.3 There exists k' > 0 such that, for all N > N 1 we have

N-1
D Py =Pl <.
n=0

Proof We decompose [0, T into the subintervals [r,f\’ , r,ﬁl] ke{o,.. h — 1}, which were
defined in the proof of Proposition 4.2. Consider the interval [1:0 ,TH ] We have shown
that

Wo — Pn € %(tn+1)(Qn+l)

for all # € {0,...,N — 1}. We now prove that the closed ball B(w, — P,, %) C Tt (Qus1)-
Indeed, let @ € B(wg — P, %). Then, ||la - (wo -P,))| < 1 . As in the proof of Proposition 4.2,
one has (Vfi(t,.1,-)(Qus1), wo — Py) < -5 for alln e {O .,N —1}. Then,

O := (Vﬁ(twrl: )(Qus1), a>
= (Vfi(trHl» ')(Qn+1)va - (WO _Pn)> ( f n+ls ')(Qn+l)r Wo _Pn)

(¢
L
< || Vf n+ls* )(Qn+1)” ||a (WO_P )” 5
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This proves that a € T¢y,,,)(Qu+1). Since the tangent cone T¢y,,, ,)(Qus1) is closed and con-
vex [13, p. 51], for every x € R¢, by [20, Lemma 4.3, p. 22] we have

- P71 (@uen) %) | < llx = wo + Pall” - ||PTC<zm>(Qn+1)(x) —Wwo+ Py ”2
Applying this with x = P, ; — P, + hG,, we obtain

1Pat = Py + hGyy = Pl < [|Puoy = P + hGy = wo + Pyl* = | P = wo + Pu?,
where P = PTety0)@uet) Pt = P + hGy). It follows that

|Py1 — Py + hG, — P||
<Pyt + hGy = woll> = [P = wo + Py

Recall that P,y — P, + hG,, € N¢(,,,)(Qui1) (see Lemma 4.2). Since N, ,)(Que1) is the
dual cone of Tc(,,1)(Qu+1), P =0. We obtain

Oy := [|[Py1 — Pyl
= [Pyt = Pu + hG, = hG, |
< h|Gyull + |1Pact = Py + hGy|
= |Gyl + |(Py_1 = Py + hG,) - P|
< hlGyll + IPu-1 = Py + hGy 1 = |P = o>
< Gull + 1Py = woll*> = 1Py = wol|* + B2 Gull® + 25(Gy Py — wo)
< H|Gull + [Paey = woll* = 1Py = woll* + I (|Gl + 2] Gy || | Py — wol
= (1+ )Gyl + 20Pucs = woll )| Gull + 1Py = woll* = 1Py = wo >
< (1+ M Gull + 20 Pucs || + 2woll) Al Gull + 1Py = woll> = 1Py = wo 1>

It follows that || P,y = Pyll < h(1+IIF || 1, ripa) + 26 + ZE)|Gull + 1 Pacy = woll> = 1P = wo >
forn=0,...,N — 1. Adding these inequalities, we obtain

N-1
O3:= ) IPs1 = Pyl
n=0
120\ "\
< <1 + Fll 1o, rimay + 26 + 7) Zh”Gn” + 1Py — woll* = I|1Py — woll?
n=0

121 6L\>
< TI1+ ”F”Ll(O,T;Rd) + 2K + 7 ”F”LI(O,T;]Rd) +2{ Kk + ; .

Similarly, we can obtain the same result for all the subintervals [t¥, 7], where i €

{1,...,ko}. Since the number of the subintervals [z, z/Y, ] is finite, the proof is complete. [J

From Propositions 4.2 and 4.3 we can infer that the sequence {gx} is uniformly Lips-
chitz continuous and that the sequence {py} is uniformly bounded in L>(0, T;R¢) and
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in BV([0, T);R%). For any ¢ € [0, T, it is clear that gx(¢) is bounded for all N. Moreover,
since py is the derivative of gy, by Proposition 2.2, there exists a subsequence of {gy}, still
denoted by {gn/}, converging uniformly to an absolutely continuous function g over [0, T.
In addition, by [20, Theorem 2.1], we can extract subsequences of {py}, still denoted by
{pn} and find p € BV([0, T]; R?) such that

PN — p pointwise in [0, T,
dpn — dp weakly* in M(O, T; ]Rd).
4.2 Properties of the limit trajectory
In this subsection, we will prove that the limit trajectory ¢ satisfies the properties (P1)—

(P3).
The definitions of gy and py imply that

t

qN(t):q0+/pN(s)ds V¢ e [0, T] Vn> N
0

Passing to the limitas N — +00, by the dominated convergence theorem [11, Theorem 4.2,
p- 90] we obtain

q(t) =qo + / pls)ds Yte[0,T]. (10)
0

Hence, g = p € BV([0, T];R%), which implies that ¢ is Lipschitz continuous with rank « on
[0, T].

Proposition 4.4 Forallt € [0,T], q(t) € C(¢).

Proof Indeed, for all ¢ € [0, T] and for all N > N1, there exists n € {0,...N — 1} such that
t € [ty,tue1]. Then, foralli e {1,...,m},

fi(t:a(®) = fi(tw an (&) = £i(t,q(0)) = fi (£, an () + fi (6 an () = i (Ens AN (80))
< L||q(®) - qn ()| + Lltn - |
<L|q(®) - qn(ta)| + AL

<L([a@® - a)| + [ (&) - an(s)[) + AL
Since ¢ is Lipschitz continuous with modulus «, we have

fi(ta®)) = fi(tn an (&)
< L(K(t — b)) + sup{ ”q(s) —gn(s) HRd | s €0, T]}) +hL (11)
= L(Kh + g - QN”c([o,T];Rd)) +hL.
Since {gn} converges uniformly to g on [0, T, fi(¢,, gn(ts)) = fi(ts, Qu) <0, and (11) holds

for all N > N, we can conclude that f;(¢,q(¢)) < 0.
The proof is complete. d
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We are now going to show that the limit trajectory satisfies property (P3). By the defini-
tion of py, the Stieltjes measure dgy = dpy is a sum of Dirac’s measures

N-1

de(t) = Z(Pn _Pn—l)s(t - tn)'
n=0
Define
N-1 N-1 m
en(t) = Zhe 8t =t) = Y > M (Vfiltusr, N Quar) = VSiltn, )(q(tn))8(E — 1),
= n=0 i=1
and
N-1 m
Un() =) > 8t - t)A! V(L) (q®),
n=0 i=1

where the constants A} are given in Remark 4.1. Then, (8) can be rewritten as

dpn(t) = —Un(t) + gn(2). (12)

Lemma 4.5 Forallie {1,...,m} and for all N > N' we have
N-1 1

I = = (K + I Fllorm)-

n=0 H

Proof Letie{l,...,m},ne€{0,...,N — 1}. By (8) we have

Z )"?Vfi(tnﬂr ')(Qn+1)

i=1

= ”Pn_Pn—l” +h||Gn||

By Assumption Al(ii), for fixed n, there exists v such that (Vfi(ty.1, )(Qus1), V) < —pL.
Hence,

(Py — Pyt + WGy, v) = < }\nvf(tm-l: (Que1)s V>

>_.

)‘?(Vfi(tnﬂr ‘)(Qn+1)’ V)

™M= IMs -

1l
—_

IA

A (=)

For every fixed i, we have

m
1
M <Y 28 < =(I1Py = Pactll + 1hGll).
i=1

7;
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Hence,

(<" + IF 2 0,75m))-

N—
Z|k”| ‘Z”<—Z 1Py = Pusll + HIGl) <
n=0

T~

The proof is complete. 0

Let AN(¢) = N A78(¢ — t,). By the above lemma, AN is uniformly bounded, then
there exists a subsequence of {AN} converging weakly* to nonnegative measure A; in
M(0, T;R). Therefore, Uy has a subsequence that converges weakly* to U in M (0, T; R%)
with U(t) = Y7 A®)Vfi(t,-)(g(#)). Since Vfi(t,-)(gq(t)) € New(q(t)), we obtain U €
Ne(q(-))dt.

Lemma 4.6 The sequence {gy} converges weakly* to g(-,q)dt in M(0, T;R?), where
g(-,q) dt is the measure of density g(-,q) with respect to Lebesgue’s measure on [0, T'].

Proof Let ¢ € C([0, T];R%). By the definition of gy, we have

N-1 N-1 m
(@) = Y MGro(t) + > Y M{(Vfiltwr, ) Quit)

n=0 n=0 i=1

- Vfi(tm )(q(tn))’ (P(L,))
N-1 m

= Z/ g(S, Qn) (p(tn dS+ ZZAH Vf(t}’l+1! )(Qn+1)

n=0 i=1

- vﬁ(tn: ')(Q(tn))r Qp(tn» (13)

T N-1 Lyl
= /0 (¢(s.q(s)), () ds+ > (g(s, Qu) —g(5,4(5)), 0(s)) ds
n=0 In

tn+1 N-1 m
/ S; Qn) <P dS + ZZ)‘H Vf n+ls " Qn+l)
tn n=0 i=1

- Vfi(tm )(q(tn))r (p(tn))

Moreover, for all n € {0,...,N — 1}, we have (¢,,4(t,)) € C and

”Qn+1 - q(tn) ” = ||Qn+1 - Qn” + HqN(tn) - q(tn) ”

<«h+|lq-aqnllcqo,rre)-

Let &, := ||Qyu+1 — q(%,)||- From Remark 3.1 and Lemma 4.5 it follows that

®4 = ZZ Vf(twrl’ )(Qn+1 Vﬁ(tnr')(q(tn))x(p(tn)>

ZZ Lh+¢,) Hgo(t H

Page 19 of 32



Adly and Thieu Fixed Point Theory Algorithms Sci Eng (2022) 2022:3

2

'M§

Il
—

ML((c + Vi + g = anlleqo, rimey) 19l o, 7smey

4

=

IA
SHY

(G + Dk + g = anll cqo ey 19l o, i)

x (Var(px, 10, T1) + IFll 1 o 70

In addition,

/ " (a5, Q) — g(5,4(5)), 0(5)) ds <Z / Le|Qu -] 0] ds

< Ly(kh+ 14 - ax o a0) / ()] s

We also have

tnsl

(g(s, Qu), (ta) — @(s)) ds

N-1 tnsl
<Y [ lets ot - o] ds
n=0 v tn

< @, (MIIF 11 o,11,r4)

where w,, denotes the modulus of continuity of ¢. Therefore, letting N go to oo in (13) we

obtain

T
oo > [ lels.a0).p(0) s
0
The proof is complete. O
Passing (12) to the limit yields dp — g(-, q) dt € —~N¢()(q(")) dt.

4.3 Checking the impact law and the initial data
In this subsection, we will prove that the limit trajectory satisfies the impact law (P4) and
the initial data (P5).

Lemma 4.7 If](t,q) # 0, then q(¢*) € T (¢, q(¢)).

Proof Let t € I be chosen arbitrarily. Consider an index i such that fi(t, g(t)) = 0. We have

0> fi(t+e,q(t+¢) - fi(t,q(0))
= edfi(- q(0)) @) + (Vfilt, ) (q(0)), a(t + €) — q(2)) + o(e).

Dividing both sides by ¢ and letting ¢ — 0, we obtain
ofi(~ a(0)() + (VAi(t, ) (q(8),4(£7)) < ©.

We have shown that g(t+) € T (¢, q(¢)).
Similarly, we can prove that g(¢™) € =T (¢, g(2)). O

Page 20 of 32
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Lemma 4.8 For each i € J(t,.1, Qus1) and || Py,]| < %,

one has
aﬁ(’ Qn+1)(tn+1) + (Vﬁ(t}’l+1’ ')(Qn+1): Pn) = —h(L + L”Pn” TV ||Pn”2)~
Proof For all i € J (411, Qus1)s fi(tns1, Qui1) = 0 = fi(ts, Qu)- Thus,

0 Zfi(tnv Qn) _fi(tn+17 Qn+l)
zﬁ(tn: Qn) _fi(tn+lr Qn) +fi(tn+lr Qn) _fi(tml: Qu+1)
= _hafi('r Qn) (tg) - h(vﬁ(tml: ')(qg)’Pn>,

where £} = at,, + (1 — o)t,.41 and g5 =BQu + (1 - B)Qyq41 for some «, S € (0, 1), satisfying
(3ﬁ(, Qn)(tg); by — tn+1> =ﬁ(t,,, Qn) _fi(tn+1r Qn),

and

(Vfi(trwly )(612), Qn - Qn+1> =ﬁ(tn+l7 Qn) _ﬁ(tn+1: Qn+1)~

Hence,

(Vﬁ(t}’l+1’ ')(Qn+1);Pn> = —aﬁ('¢ Qn)(tg) + <Vﬁ(tn+1, ')(Qn+1)
- Vﬁ(tn+l¢ )(qg)’P”>

> _0fi(, Q) + ﬁ(vji(tm, Qo)
- Vfi(tml: )(qg)! Qn+1 - qg)

Since h||P,|| < 4, by Lemma 2.1 we know that qs € Uy(C(ty11)). Therefore, by Re-

mark 3.1(i),

”3_ﬁ(, Qn+1)(tn+1) - afl(: Qn)(tg) ” = _L(|tn+1 — | + | Que1 = Qn”)
=—Lh(a +||P4]l)
> —Lh(l + ||Pn||).

Then, by Assumption A1(ii), one has

1
E<vfi(tn+l; NQus1) - vfi(twrl’ )(qZ): Qui1— qg) > —ﬁ ||Qn+1 - qZ ||2

= —yBh|P,|*
> —yh|P,*.
Hence,

8fl(: Qn+1)(tn+1) + <Vﬁ(tn+l’ ')(Qn+1): Pn) = _h(L + L”Pn” TV ||Pn”2)

The proof is complete. O
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Proposition 4.5 Forallt € (0,T), one has q(t*) = Pr,5(g(t™)).

Proof Step 1: We consider the case that J(¢,q(£)) = #. Since f; are continuous for all i €
{1,...,m}, we may define p; € (0, min(p, ¢, T —t)) such that, for all i € {1,...,m} we have

f6) = 2fi6:a(0) <0 Vs elt—put+ply < Bla(0),p)

and we define N; > max{N', %} such that [|g — g |l (o, 73,re) < % for all N > N;. Then,
for all p € (0, p;] and for all N > N;, we define

t— L P
4(k+1) 4ic+1)
_=| — 1, = ——1.
o e R
It follows that

2h<(n_-1h<t-

<hn_<---<hn,
4k +1)

L P
4k +1)

<(my+1)h<T-2h

and

o o

By relation (8) we have

Pn+ _Pn,—l = Z+ hGn - Z+ Z)"?Vfi(tn+l’ ')(Qn+1)'

n=n_ n=n- i=1

Moreover, foralln € {n_,...,n,} we have t, = nh € [t — —£—1and

b
4(K+1) K+1

[L41 — £ < < Pty

14 Pt
4(k + 1) ths 2k +1)
|| QVH—I - q(t) || = || Qn+1 - qN(t) || + HqN(t) - Q(t) ||

< kl|tur1 =t + g — gnll cqo,7y,r4) < P

It follows that fi(t,.1, Qus1) <Oand A7 =0 forallie {1,...,m} and forall m € {n_,...,n.}.

Thus,
N (t : ) PN ( 4k + ) H
4k +1) (k+1)

tny+1
< / F(s)ds
In

HW +h
5/ ) F(s)ds.
t_

_p
4(k+1)



Adly and Thieu Fixed Point Theory Algorithms Sci Eng (2022) 2022:3

Letting N go to infinity, we obtain that ||p(¢*) — p(¢7)|| = 0. This means that

Step 2: Now, let t € (0, T) be such that J(¢,g(t)) # 9. Consider the case if J(¢,4(t)) =
{1,...,m}, welet p;, = 5 mm(p, t, T — t). Otherwise, using the continuity of the mappings
fii €{1,...,m} we may define p, in (0,min(p,t, T — t)) such that, for all i € {1,...,m} \
J(t,q(t)) we have

[a—

fils,y) < Ef(t’ q() <0 Vselt-put+pd,yeB(q)p).

Then, by the uniform convergence of (gx) to g on [0, T'], we can define

1 4T (k +1)
Ny >max(N', ——
Pt
such that ||g — gn ”C([O ryrdy < G for all N > N;. We will show that for all N > N; and for all
ty € [t_ (K+1))t+ K+1 ] ](tn+lr Qn+1) C](t Q(t)) Indeed letN>Nt and tn € [ - (K+1)’t+
K+1 —LL 1, We have
Pt Pt
te1 — t < h< X
b1 |_4(/<+1)+ T 2k +1) <P

|| Qn+l - q(t) || = || Qn+1 - qN(t) || + “qN(t) - Q(t) ||

< kltyr —tl + 19 = gnll o, ryma) < P2

In addition, we have
fi(tn+1’ Qn+1) <0 Vi é](t;q(t))

Therefore, J(¢,,1, Qui1) C J(¢ q(t)). Represent J(¢,q(t)) as J(¢,q(t)) = J1(¢, q(t)) U J2(¢,q(¢))
with

Ji(t:q(0) = {i €J(tq®) | pi € (0,0],AN; > N, VN > N,

Pi Pi
Vty, S |:t— 4(K + 1),t+ 4-(/( . 1)] N [0: T]lﬁ(trH-l! Qn+1) < 0}

and

fz(t:CI(t)) = {l G/(t,Q(t)) | Vpl S (01 Pt];VNi >Nt’ EIN>NZ'!

Pi Pi
dt, I:t— 4(c + 1);t+ 4k + 1):| n[o, T]rﬁ(twrl’ Qn+1) = 0}

Since J1(¢,¢(t)) is a finite set, we may define

. =min{p; | i € Ji(t,q(1)}, Ny = max{N; | i € /(¢,q(t))} it i(t,q(t) #9,
pr = P Ny = N; if J1(¢,q(t)) = 0.
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Now, let 5 € (0, 5,] and N > N,. As before, we define

P— £+
4(kc+1) (K+1)
n=|——=|+1, n, = ,
{ h J ! { h J

which implies that

F;

< —Dh<t-
<h-Dh=t-070

<n_h<---<n.h

1Y
m((}’l++l)h<T—2h

and

5 5
P, 1= t— , P, = t .
- p”( 4(K+1)> : ”N<+4(K+1))

Thus,

Pn+ _Pn,—l = Z+ hGn - Z+ Z)"?Vfi(tn+l’ ')(Qn+1)'

n=n_ n=n_- i=1

Since ](tn+1’ Qn+1) C ](t: q(t))r i¢ ](tn+1, Qn+1) lmphes thatie ]1 (tr Q(t)) Thus;

= ZhG -y ZA Vi1, ) Qui). (14)

n=n-— i€l (t,q(t)) n=n-

If J,(t,q(t)) = ¥ using the same arguments as in Step 1, we can obtain that g(¢*) = g(¢7).
Moreover, since g(s) € C(s) for all s € [0,T], g(t*) € T (¢, q(¢)). It follows that g(¢t*) =
q(t™) € T(t,q(t)) and therefore we have §(¢t™) = g(t*) = P7(40))(¢(¢7)). For the case where
Jo(t,q(t)) # @, we rewrite (14) as follows

. o _ P
®5'_pN<t+4(K+1)> pN(t 4-(K+1))

=- > ZA”Vft)q(t) ZhG (15)

i€/a(6,q(t)) n=n- H=n_

Z Z )\n Vf(’fn+1y )(Qn+1 Vﬁ(tr)(q(t)))

i€fa(t,q(t)) n=n—

Before continuing the proof, we prove the following two technical lemmas.

Lemma 4.9 We have

p(t)-p(t)e- Y R.VAE)(0).

i€/ (t,q(t)
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Proof We can estimate the last two terms of (15) as follows

by +1 t+4(+a1)+h
/ F(s)dsf/ i F(s)ds
_ t—L

4(k+1)

ZhG

n=n_

and, let AF(t) = A/ (Vfi(tui1, - )(Qus1) — V£i(t,-)(g(2))), using Lemma 4.5 and Remark 3.1(ii)

we have
®6 = Z Z An(t)
ie]Z(trq() ) n=n-
ny

= > Ylare|
ieh(tq(t) n=n-

< > ZA”L It — £ + || Quar — q(0)])
i€/ (t.q(t) n=n-

5 Bl ) o-ston)

ieh(tq(t) n=n-

K

M (Var(pN, , ) +1F 1o, TRd))

From (15), it follows that

pN<t+ p )—m(t— p )
40k +1) Ak + 1)
2 ZA?Vﬁ(t,-)(q(t))‘:

i€/ (t.q(t)) n=n-
We now will prove that the set S := Zleb ) 0 R+ Vfi(£,-)(g(2)) is a closed subset of R. In-
deed, let {x,}, with x,, = Zlelz(t 20) % 2 Vfi(t,-)(g(t)), be a sequence in S converging to some
x*. By Assumption A2, there ex1sts v =(t,q(t)) such that ||v|| =1 and

lim lim
p—0t N—>oo

(16)

<me>:< > xi,nVﬁ(t,-)(q(t)),V>= > xiu(VAE ) (q(0),v)

i€l (tq(8) i€f (t,q(t)

E Xine

i€/ (t,q(8)

From this it follows that

0<xl}’l§ Z xln_ xn: V) _”xn”
i€/ (t.q(t)

Since {x,} is a convergent sequence, there exists / > 0 such that for each i € J,(¢, q(¢)) we
have 0 < «;, </ for all n. Hence, there exists a subsequence of {x;,}, denoted by {x;,/} and
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a nonnegative number x} such that for all i € /»(t, g(£))

n'—+00
Xin —> X;.

Since the sequence {x,} converges to x*, the sequence {x,/} also converges to x*. We have

%= Y ®VAG)(q()

ieh(tq(t)

< D b=l VA (@®)]-

ieh(tq(t)

From this we obtain the limit

= Y KV (@) €S

ieh(tq(t)

We have shown that )", Jitq) R+ Vfi(t,-)(q) is closed. Hence, by (16) we obtain the desired
result. 0

Lemma 4.10 For all i € J,(t,¢(t)), one has
ofi(-q®) (@) + (Vfi(t, ) (a(®)), 4(¢")) = 0.

Proof By Lemma 4.7, g(t*) € T (t,4(t)). Hence, for each i € J5(¢, g(¢)),
3fi(a(®))(®) + (VAL ) (), 4(¢7)) <.

We only need to prove that

fi(a®))(®) + (VA ) (a®),q(c7) = 0; Vieh(tq().

Let i € /»(t,4(t)) and § € (0, p¢]. By the definition of J5(¢, g(¢)), there exists a subsequence
{Ny}aen strictly increasing to infinity such that, for all « € N we have N, > N,. Let
h, = T/N,, then there exists nh, € [t - 4(+~+1)’t + 4(%1)] such that fi(¢,:1, Qus1) = 0, i€,
i € J(tns15, Que1). We define

o - o
4k +1) 4k +1)

na:max{neNlnha € [t— i| andie](tnﬂ,le)}.

By Lemma 4.8 we have

afz(: Qn+1)(tn+l) + (Vfi(trulr ')(Qn+1)’Pn> > _h(L + L”Prl” +y ”Pn”2)
It follows that
©7:= 3fi(- q())(0) + (VAilt, ) (4(9)), P, )
= _ha(l +K+ VKZ) + (afl(’ Q(t))(t) - Vﬁ(tna+l’ ')(Qna+l))
+ (Vfl(t: ')(q(t))’Pm - Pno,)

+ (Vfi(t: )(q(t)) - vfi(tnaﬂ: ')(Qnaﬂ)rpna)'

(17)
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We can estimate the second and fourth terms of the right-hand side of (17) as follows

Bg: 3fl(7 Q(t))(t) - Vfi(tnadi ')(Qnm—l)

= _L(|t_ tna+1| + ” Qna+1 - q(t) ”)

5
>-L +hy + g - .
> (4(/< ) g —gn, ”C([O,T],Rd))

and

O := (V£ilt, ) (4()) = Vfiltuys1, ) (Qug1), Pry)
= _L(|t_ tna+1| + ” Qna+1 - q(t) ”)”Pna ”

F
>-L +hy + |l - : .
> -Lk <4(K ) lg - qn, ”C([O,T],Rd)>

If ny = n,, the third term of the right-hand side of (17) vanishes. Otherwise, we rewrite it

as follows
W = (Vfi(t, ) (q(®)), Pu, - Py,

= <Vﬁ(tr )(Q(t))» Z+ hGrl> + <vfl(t’ )(q(t))’ el)

n=ng+1

= [ EQ ds e (946 ) a(0) ea) + [V ) 0(0) 1 - ),

4(k+1)
where

e = Z Z )\;lvﬁ(tnﬂ:')(Qm-l)r

n=ng+1j€J(t;+1,Qns1)

€y = Z Z Kfvﬁ(tx)(Q(t))

n=ng+1j€J(t;+1,Qn+1)

Since i € J(t,41, Quy1) for all m € {n, + 1,...,n,} by the definition of n, and the inclusion
J(tu1, Qus1) C J (L q(t)), Assumption A4 implies that the second term of the right-hand
side of this last inequality is nonnegative. Furthermore, the last term can be estimated as

(VAL qO)er—e)== Y Y L (It = tual + [ Qua —q()])

n=ng+1j€J(ty+1,Qu+1)

2 7
>-L m(4(/< D +he + 1l —qn, ||c([o,T];]Rd)>

x (Var(px, [0, T1) + I Fll 1 o700

Then, passing the right-hand side of (17) to the limit and recalling that P,,, = pn(¢ + ﬁ),

(ke

we obtain

Wo:= lim lim 9fi(-q(0)) (@) + (Vfi(t, ) (q(t)), Pn,)

p—0* Ny—00
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= 0fi(- q(0)) @) + (Vfit, ) (a(®)), p(t"))
> 0.

This means that 3f;(-, g())(¢) + (V£(t, )(q(t)),4(t*)) = 0. O

We now continue the proof of Proposition 4.5. We have g(¢*) € T (¢, q(t)) and

() - - > RVAE)(q®).

i€l (tq(t)

Hence, there exist nonnegative real numbers A;, for i € /5(t,q(t)), such that

qt)-q(t) == Y MVfilt,)(q®)

ieh(tq(8)

for all w € T (¢,4(t))

[a(e)-ae)w-a()= D (Ve )(a®) w-q(t))
ie/a(

£,q(t))

However, using the previous proposition, for all w € T (t,¢(¢)) and for all i € (¢, q(¢)), we
have

(VA (@), w=a(¢")) = (3 (- a@®) ©) + Ve, ) (g®), w) - (8fi(- q(®)) (2)
+(Vfilt, ) (a(®),4(t")))
= 3fi (- a®) (@) + (Vfi(t, ) (q(0)), W)
<O0.

Hence,
@) -aq@),w-4(t))<0 YweT(tq@®).

As T (t,q(t)) is a closed convex subset of R?, the above is equivalent to
q(t") = Priqe(@(t))-

The proof is complete. O

Finally, we observe that the limit trajectory satisfies the initial data. Indeed, with (10)
we have immediately ¢(0) = go. Moreover, po € T(0,g0) we can prove that (0*) = po =
P7(0,40)(®0) by the same kind of computations. Indeed, if ¢ = £, = 0, we may define p;, €
(0, min(p, T)) such that

J(5,5) CJ (to, q(to))V¥s € [to — pro to + i ] N[0, T ¥y € B(q(to), o)

and we define Ny, (respectively, p;, and Nto if J(to, q(t0)) # ¥). in the same way as previously.
Then, for all p € (0, o] and for all N > &, (respectively, for all p € (0, o] and for all
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N> Nto if J(to, q(to)) # @) we define

t0+L~
n_=0, n+=[#:|.

We obtain

0
P, _1=P_1 =py, P, = t h.
n_-1 1=Po e PN(0+4(K+1))

Using the same computation as above, we obtain §(0%) = py.

Remark 4.2 A similar existence result was proved in [9, Theorem 4.6]. Let us mention
that our proof does not require any second-order information or boundedness on the
constraints f; such as (A3) and (44) used in [9]. In fact, the boundedness conditions on
IV2£(t, )(q)| and [3%£(-, q)(®)| + 10(V£(-, -)(@)(t)| used in [9] are not necessary in our anal-
ysis. Moreover, the condition (R,;) used in [9] is replaced here by the weak uniform Slater
condition A2. Our existence result is more specific to constraints inequalities, uses less
regularity assumptions on the constraints f; and could be seen as complementary to [9,
Theorem 3.2]. In fact, Theorem 3.2 in [9] gives a global existence result for second-order
differential inclusions involving a general abstract prox-regular and Lipschitz continuous

set C(£). When applying this result to the particular case of finite inequality constraints
C)={qeR?|fi(t,q) <OVie(l,...,m}}, (18)

two main questions arise: under which conditions on the data f; the set C(t) is Lipschitz
continuous? and is prox-regular? It is well known that the sublevel of prox-regular func-
tions may fail to be prox-regular and also the prox-regularity of sets is not stable under
intersection (see [2] for more details). Our aim here is to give some verifiable and prac-
tical conditions on the data f; to satisfy both the prox-regularity and Lipschitz continuity
properties of the set C(£) in (18). Another way to obtain Theorem 4.1 is to assume A1-A3
to prove via Propositions 3.1 and 3.2 the prox-regularity and the Lipschitz continuity of the
set C(t) given in (18) and then apply the general Theorem 3.2 in [9]. For the convenience
of the reader, we prefer to give a direct and self-contained proof specific to constraints
inequalities based on the time-stepping algorithm. We mention that this technique for
proving the existence result for nonsmooth second-order differential inclusion problems
was also used in [7, 8, 27]. The following example shows that the Assumptions (A3) and
(A4) in [9] could not be satisfied.

5 Example
Lett € [0,1] and for i € {1,2}, f;: [0, T] x R? — R be defined by

—y—t ifx <0,

Al @y)=1-1x2-y-t ifo<x<]l,

1 1 .
—sx+g-y—t ifx>1,
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and

-y—t if x >4,
flty)=1-1a-x2-y-t if3<x<4,
%(x—4)+i—y—t ifx <3.

Consider the problem P with the set C(t) = {g = (x,y) € R? | fi(t,q) < 0,i € {1,2}} and
g(t,q)=0.

Observe that f;(-, -), i € {1,2} are differentiable and their derivatives are Lipschitz contin-
uous with rank L = g This shows that the Assumption A1(i) holds. Note that 9f; (-, ¢)(¢) =

af2(-,q)(t) = -1 and

0,-1) ifx <0,
vﬁ(tr)(x,y) = (—%x,—l) 1f0§x§ 1,

(_%1_1) lfxi 1)

and

(0,-1) if x > 4,
VAR ((x9) =1 (3(@-%),-1) if3<x<4,
(4,-1) ifx <3.

Assumption A1(ii) is always true for v = (0,1) and p = 1. We also have [[fi(t,-)(x, y)I| < L
and therefore, Assumption Al(iii) holds. Assumption A2 is satisfied with the choice of
y = 35.1fJ(t,q) = {1,2} we have

> 0.

=W

(VA Ya) V(6 @) =5 5 + (DD =

Hence, Assumption A4 holds. We have shown that Assumptions A1-A4 are satisfied for
the above problem. By Theorem 4.1, the problem has a solution.

Note that the second-order derivative with respect to the second variable g of f; (of f3)
does not existat ¢ = (0,7) (at g = (4, y), respectively) for any y € R. Hence, f1,f» ¢ C2([0,1] x
RZ%; R). This shows that the assumptions proposed in [7, 9, 27] cannot be applied to ensure

the existence solution for this example.

6 Conclusions

In this paper, we have presented some regularity conditions for the data to ensure the ex-
istence of solutions for a class of vibroimpact problems. These conditions require neither
the second-order differentiability nor convexity of the constraint functions. Some assump-
tions relate to the uniformly prox-regularity of the set of admissible positions. We also give
an example to illustrate the applicability of the provided assumptions.
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