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incompressible fluid flow subject to a nonslip boundary condition and a Clarke
subdifferential relation between the total pressure and the normal component of the
velocity. Auxiliary Stokes hemivariational inequalities that are useful in proving the
solution existence and uniqueness of the Navier-Stokes hemivariational inequality
are introduced and analyzed. This treatment naturally leads to a convergent iteration
method for solving the Navier-Stokes hemivariational inequality through a sequence
of Stokes hemivariational inequalities. Equivalent minimization principles are
presented for the auxiliary Stokes hemivariational inequalities which will be useful in
developing numerical algorithms.
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1 Introduction

Hemivariational inequalities (HVIs) were introduced by Panagiotopoulous in early 1980s,
responding to the need of modeling and study of engineering application problems involv-
ing non-smooth and non-monotone relations among certain physical quantities. Early
research results on hemivariational inequalities are summarized in several books, e.g.,
[12, 20, 21]. Recent research results on mathematical analysis and applications in contact
mechanics of hemivariational inequalities, and more generally variational-hemivariational
inequalities, can be found in [19, 22]. Recent advances on numerical analysis of variational-
hemivariational inequalities are summarized in [11].

Hemivariational inequalities also arise for applications in fluid mechanics. A station-
ary Navier—Stokes HVI is first studied in [16, 17], where the solution existence is proved
by employing a surjectivity result for a pseudomonotone coercive operator. Then an evo-
lutionary HVI is studied in [18], where the solution existence is proved by applying the
Galerkin method to regularized problems, and a solution is obtained as a limit of a se-
quence of solutions to a regularized problem. In [6], the solution existence is proved for a
nonstationary Navier—Stokes HVI through constructing a temporally semi-discrete ap-
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proximation whose solutions converge to a solution of the Navier—Stokes HVI. In [5],
well-posedness of a nonstationary Stokes HVI as well as an optimal control problem are
studied. Well-posedness of the stationary Stokes HVI is also studied in [14] through an
equivalent minimization principle. Recently, several papers have been published on the
numerical solution of hemivariational inequalities arising in fluid mechanics. In [4], the
mixed finite element method is analyzed for a stationary Stokes HVI with a nonlinear slip
boundary condition, and an optimal order error estimate is derived for the mini finite ele-
ment solution of the Stokes HVI. The nonconforming virtual element method for the same
problem is constructed later in [15], where an optimal order error estimate is derived for
the lowest-order element solution. A mixed finite element method is studied in [10] for
solving a stationary Navier—Stokes HVI with a nonlinear slip boundary condition, and an
optimal order error estimate is shown for the mini finite element method.

In this paper, we study the stationary Navier—Stokes HVI considered in [16, 17] from a
different perspective. We note that the HVI can be used, for example, to model an appli-
cation where the normal velocity of the fluid is regulated on the boundary to reduce the
total pressure. Unlike [16, 17] where abstract surjectivity result for pseudomonotone op-
erators is needed, we take an alternative approach using only basic notions and results in
functional analysis. We first establish an equivalent minimization principle for an auxiliary
problem and prove that there is a unique minimizer of the minimization problem. Under
smallness assumptions on the data, we show that the stationary Navier—Stokes HVI has
a unique solution by applying the Banach fixed point argument. Our approach naturally
leads to a convergent iteration algorithm so that the solution of the stationary Navier—
Stokes HVI can be approximated by a sequence of solutions of the simpler Stokes HVIs.
We also provide a Lipschitz continuous dependence result for the solution of the station-
ary Navier—Stokes HVI on the right-hand side function.

Let us recall the stationary Navier—Stokes HVIL. Let @ C R? (d = 2,3) be a bounded
simply connected set with a smooth boundary I' = 9Q2. Denote by n the unit outward
normal to I'. For a vector-valued function u on the boundary, let #,, =u-nand u, =u—u,n
be the normal component and the tangential component, respectively. The standard form
of the Navier—Stokes equations is

—vAu+ (u-Viu+Vp=f, divu=0 1in €, (1.1)
where v and f are given, v > 0 being the kinematic viscosity of the fluid and f the density
of volume forces. The unknown variables are the fluid velocity field u = (g, ..., ug)T and
the pressure p. The incompressibility property is reflected in the divergence free condi-
tion divu = 0. In relation to the boundary condition considered in this paper, we use the
identities (cf. [7])

1 2

(u-V)u =curlu x u+ §V|u| ,

—Au = curlcurlu - Vdivu

and rewrite the Navier—Stokes equations with the Lamb formulation [13] as

veurlcurlu + curlu x u+Vp=f in, (1.2)
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divu=0 inQ. (1.3)

Here, curl is the curl operator, and p = p + |u|%/2 is the total pressure. For d = 3, the curl
operator is defined by the formula

(abtg aug 8u1 8%3 Buz 8u1)T
crly={ ———, —— — —— — .

The curl operator for a two-dimensional vector can be converted to that for a three-
dimensional vector through the following procedure: we extend vector u(xj,x;) =

(1 (1, %2), ua(x1,%2)) T by U(x1, %9, %3) = (u1 (%1, %2), ua(x1,%2),0) 7. Then,

T
curlu = 0,0,% - % .
8x1 8x2

The Navier—Stokes equations (1.2)—(1.3) are supplemented with the following boundary
conditions:

u, =0, p€dy(u,) onT. (1.4)

Here the super-potential ¥ : I' x R — R is locally Lipschitz continuous with respect to
its second argument. To simplify the notation, we write v (u,,) for ¥ (x, u,), and 3 is the
subdifferential of ¥ in the sense of Clarke with respect to its second argument. The first
part of condition (1.4), i.e., u; = 0, is known as a nonslip boundary condition. The second
part is to regulate the normal velocity u,, to reduce the total pressure p on T'.

The rest of the paper is organized as follows. In Sect. 2, we review the notions of the
generalized directional derivative and the subdifferential in the sense of Clarke, and some
of their basic properties. We also introduce the Navier—Stokes hemivariational inequal-
ity formulation for problem (1.2)-(1.4). In Sect. 3, we show the well-posedness of the
Navier—Stokes hemivariational inequality. To prove the solution existence and uniqueness
of the Navier—Stokes HVI, we adopt arguments of the minimization principle for auxil-
iary Stokes hemivariational inequalities and apply the Banach fixed point theorem. This
naturally leads to a convergent iteration algorithm for the Navier—Stokes HVI through
solving Stokes hemivariational inequalities. We further show the Lipschitz continuous de-
pendence of the solution of the Navier—Stokes HVI on the right-hand side.

2 Navier-Stokes hemivariational inequality

In this section, we present the hemivariational inequality formulation for problem (1.2)—
(1.4). We first recall the definitions of the generalized directional derivative and general-
ized subdifferential in the sense of Clarke for a locally Lipschitz function and review some
basic properties.

Definition 2.1 Let V' be a Banach space and denote by V* its dual. Let ¥ : V — R be a
locally Lipschitz functional. The generalized (Clarke) directional derivative of W at u € V'
in the direction v € V is defined by

v Av) — W
\Ijo(u; V) = limsup M‘
w—u,A 0 A
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The generalized gradient (subdifferential) of W at  is defined by
oW (u) = {§ eV U0 > (L) Vv e V}.

Given the generalized subdifferential, we can compute the generalized directional
derivative through the formula [2, Proposition 2.1.2]

WO(u;v) = max{(€,v) : £ €dV(w)} VYu,veV. (2.1)
If U3, Wy: V — R are locally Lipschitz continuous, then [2, Proposition 2.3.3]

(W + W) () C 0V (1) + Wy (u) YueV, (2.2)
or equivalently,

(W + W) (5v) < \Ilf(u; V) + lllg(u; v) VYu,veV. (2.3)

In the analysis of the Navier—Stokes hemivariational inequality, we will need the follow-
ing result [3, Theorem 3.4].

Lemma 2.2 Let V be a real Banach space, and let g: V — R be locally Lipschitz continu-

ous. Then g is strongly convex on V with a constant o > 0, i.e.,
g(ru+ (1 =1)v) <2agw) + (1 -N)g(v) —ar(l -Mu-vl}, VYu,veV,Vrel0,1],
if and only if g is strongly monotone on V with a constant 2a, i.e.,
(E-nu-v)>2allu-v|}, YuveV,Eecdgu),neigy).
A proof of the next result can be found in [8, Proposition 2.5].

Proposition 2.3 Let V be a real Hilbert space, and let g: V — R be a locally Lipschitz
continuous and strongly convex functional on V with a constant o > 0. Then there exist
two constants ¢y and ¢, such that
g = allvly +G +allvily YveV. (2.4)
Consequently, g(-) is coercive on V.
We will make use of the function space
V={veH(Q):divv=0inQ,v, =0onT}.

The following inequality holds [7, Proposition 3.1]:

IviLe <cllcurlv|oe VveV,
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where the constant ¢ > 0 depends on Q and I'. Thus || curl-|oq defines a norm and is
equivalent to the standard H*(2)-norm on V. We use || - |ly = || curl-|¢q for the norm
on V. By the Sobolev trace theorem, we have the inequality

vy vvev, (2.5)

[Vallor < 2o

where A > 0 is the smallest eigenvalue of the eigenvalue problem

ueV, f curlu - curlvdx = A/ U,vpds Vvev. (2.6)
Q r

Define
a(u,v):v/ﬂcurlwcurlvdx Yu,veV,
b(u,v,w):/ﬂ(curluxv)~wdx Yu,v,weV,
(f,v):/Qf'vdx YveV.

Then the following hemivariational inequality formulation can be derived for problem
(1.2)—(1.4) [17].

Problem 2.4 Find u € V such that

a(u,v) + b(u,u,v) +/ YO v, ds > (Fv) YvelV. (2.7)
r

We note that the bilinear form a(-, -) is continuous and coercive on V:
a(u,v) <v|uly|vily and a(v,v)=v|vly Vu,veV.
The trilinear form b(., -, -) is continuous on V:
b(u,v,w) < cpllullviivilviwly Vuv,weV,
and satisfies
b(u,v,w)=-b(u,w,v) and b(u,v,v)=0 Vuv,welV.
Concerning the superpotential 1, we assume the following properties:
Hr). ¥ : T x R — R is such that
(i) ¥(-,&) is measurable on T for all £ € R and y(-,0) € L}(I");
(ii) ¥ (x,-) is locally Lipschitz on R for a.e. x € T';
(iii) [n]| < co + c1|&| VE € R, n € 9y (x,&) a.e. x € T with ¢, ¢; > 0;
(iv) YO0x, &6 — &1) + YOX, 62561 — &) < m|&1 — &° V&, & e Rae. x e T withm > 0.

By (2.1), H(v) (iii) implies

[W0E6)| < (co +c1l&nl) 1] VE1LE €R. (2.8)
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Define a functional ¥ : V — R by

\D(V)zfrl//(v,,)ds YveV.

Then, by [17, Lemma 13], under assumption H(y), ¥ is well-defined and locally Lipschitz
continuous on V, and

Uo(u;v) < / Vo v)ds YuvelV. (2.9)
r
Combining H(v) (iv), (2.5), and (2.9), we have, for vi,v, € V,

WOV vy —vy) + WO(vosvy —v) < / [¥°W1n van = Vin) + ¥ (Vans Vin — van) | ds
r
SfMIvln—VznlzdSSrnkalllvl - Vally. (2.10)

r

It is known that (2.10) is equivalent to [19]

My =Ny Vi = Vo) > —mAg v —vally Vv, eV,y, € 0W(v)),i=1,2. (2.11)

3 Well-posedness analysis
This section is devoted to a study of the well-posedness of Problem 2.4.

3.1 Study of auxiliary problems
We first introduce and study an auxiliary problem. Let w € V be given.

Problem 3.1 Find u € V such that
a(u,v) + ¥o(u;v) > (f,v) — b(w,w,v) VYveV. (3.1)

We adopt the idea presented in [8, 9] and study the solution existence of Problem 3.1
through an equivalent minimization problem. Define a linear operator A : V — V* by

(Au,v) =a(u,v) Vu,velV. (3.2)
Then A € L(V, V™). Define a functional I € V* by

(Lv)=(f,v)—bw,w,v) VveV.
We introduce an energy functional

E(v) = %a(v, v)+¥(v)-(lLv) Vvev, (3.3)
and consider a corresponding minimization problem:
Problem 3.2 Find u € V such that

E(u) = inf{E(v):v e V}.
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The next result shows that Problem 3.1 and Problem 3.2 are equivalent.

Theorem 3.3 Assume H(yr), f € V*, and
m < VAg. (3.4)

Then, for any w € V, Problem 3.1 and Problem 3.2 have the same unique solutionu € V.
Proof Obviously, E: V — R is locally Lipschitz continuous. By (2.2),

dE(v) CAv + 0¥ (v) -1 (3.5)
Fori=1,2, withv; € V and ¢, € 9E(v;), we have

Si=Avi+n; =1 n;€9¥(vy).

By (2.11),

(£1 =80 V1 —Va) =a(vy — Vo, Vi — V2) + () — 0y, v1 — V2) > (v — mdg!) v — va .
Since m < vAo, by Lemma 2.2, the energy functional E is strongly convex on V. Moreover,
by Proposition 2.3, E is coercive on V. Then the minimization Problem 3.2 has a unique
solution u € V [1, Sect. 3.3.2], which satisfies the relation

Eu;v)>0 VYvel.

By (2.3),

Eu;v) < a(u,v) + Vo(u;v) — (,v).
Thus,

a(u,v) + ¥o(u;v) > (Lv) VvelV,
and u € V is a solution of Problem 3.1.

Let us prove the solution uniqueness for Problem 3.1. Suppose that & € V is another
solution of Problem 3.1. Then

a(i,v) + V(i v) > (Lv) VvelV. (3.6)
We take v = u—u in (3.1), take v = u — & in (3.6), and add the two inequalities to obtain

a(i—u,t—u) < V(i u—a)+ Vo(u; i — u).

By (2.10),

~ 2 -1y 2
vlli - ully < mig 1@ - ull}.
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By the smallness condition (3.4), we conclude that & = u, i.e., a solution of Problem 3.1.
Therefore, u € V is a solution of Problem 3.1 if and only if it is a solution of Problem 3.2,
and both problems admit a unique solution. O

Then, we consider a variant of Problem 3.1.

Problem 3.4 Find u € V such that
a(u,v) + / YO va) ds > (f,v) — b(w,w,v) VYveV. (3.7)
r

Theorem 3.5 Assume H(y), f € V*, and (3.4). Then, for any w € V, Problem 3.4 has a
unique solution u € V, which is also the unique solution of Problem 3.1 and Problem 3.2.

Proof From Theorem 3.3, we know that under the stated assumptions, Problem 3.1 has a
unique solution u € V, which is the unique solution of Problem 3.2. Since

WO(u;v) < / WOy vy) ds,
T

we see that the solution u satisfies inequality (3.7). In other words, u € V is also a solution
of Problem 3.4.

The uniqueness of a solution to Problem 3.4 can be proved similarly as in the proof of
Theorem 3.3, and is hence omitted. Thus, the statement of Theorem 3.5 is valid. O

3.2 Solution existence and uniqueness
In this subsection, we show the solution existence and uniqueness for Problem 2.4 based
on the result from previous subsection, through a Banach fixed point argument.

For given w € V, let us first bound ||u||y for the solution of Problem 3.4. We take v = —u
in (3.7) to obtain

a(u,u) < / VOt —ut,) ds + (F,u) — b(w, w, u). (3.8)
r

By H(y) (iv) and (2.8),

/ Ot —tty) ds < / i s - / 003 14,) ds
r I r
§/m|un|2ds+/c0|u,,|ds
I r
<mrgtlully + corg™T1M2[ully.
We derive from (3.8) that
(v —mag ) llully < corg T ully + I lv+llully + Il llully.

Hence,

-1/2
corg PITIM + Ifllv cpllwlly

-1 —1°
v —mhy v —m

lully < (3.9)
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Introduce a bounded set of V by
Ke={veV:|viy <o}, (3.10)

where

el V2T 12 4 1l
o - (corg *IT| _1 l ”V)' (3.11)
vV —mhg

Proposition 3.6 Assume H({r), f € V*, and the smallness condition
0 < 2cpaf < v —mhyt. (3.12)
Then, for any w € K¢, the solution u of Problem 3.4 also belongs to the set K.
Proof For w € K¢, from (3.9) we have
af Cp

lully < -+ ——
2 v—mrg

of of
— + — =0
2 2

2
oy <
Hence, u € K;. O

Theorem 3.7 Assume H(Y), f € V*, and (3.12). Then Problem 2.4 has a unique solution
uelV.

Proof Define an operator A: Kf — K¢ by

Aw =u,
where u € K¢ denotes the unique solution of Problem 3.4. Let us prove that the operator
A: K¢ — Ky is a contraction.

Let wy,w; € K¢ and u; = Awy, Uy = Aw, be the unique solutions of Problem 3.4 corre-

sponding to wy, w,, respectively. Then, for any v e V,
s =)+ [ [%0500) + 9] ds = b, W) b, wi ). (313
r
Take v = u — u; in (3.13), we obtain

2
viuy —usly = aluy — uy, Uy — uy)
< [ [¥° ©(t2 d
= 1ns Uan — uln) + 1// (u2rn Uln — M2n)] S
r

+ b(Wo, Wo, Uy — Uy) — b(wy, Wy, Uy — Uy).
Note that

/[wo(uln;uzn = tt1) + YO (tos iy — ) | ds < g Uy — ua |,
r

Page 9 of 14
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and
b(wa, wy,uy — up) — b(wy, Wy, u; — up)
= b(wy — w1, Wo, Uy — Uy) — bWy, Wy — Wy, Uy — Uy)
<c(lwilly + Iwzllv)lur — s llvwy —waly.
Thus,

co([lwillv + lwallv)
V- mkal

[Aw; — Aws|ly = luy — ua]ly < lwi —ws|ly
< Brllwi —ws|ly,

where

2cpof
Br =

=—. 3.14
v —mhgt (3.14)

By the smallness condition (3.12),

Br< 1.
Hence, the operator A: K¢ — Ky is contractive. Applying the Banach fixed point theorem

(cf. [1, Theorem 5.1.3]), we deduce that there exists a unique u* € K¢ such that Au* = u*.
By the definition of A, u* € K¢ satisfies

a(u*,v) + b(u*,u*,v) + / wo(u’;; v,,) ds> (f,v) VYveV.
r
That is, u* € Ky is a solution of Problem 2.4.

We now prove the uniqueness of the solution to Problem 2.4. Let u; € K¢ and u, € K¢
be two solutions to Problem 2.4. Then, for any v e V,

a(uy — U, v) + b(uy, Uy, v) — b(us, Us, v) + / [ @15 Vi) + ¥ (s =) | ds > 0. (3.15)
r
Taking v = u; — u; in (3.15), we obtain

2
viuy —usly = aluy — uy,up — uy)
< [ [¥ s (3 d
= 1ns Uan — uln) + 1// (u2rn Uln — M2n)] S
r

+ b(Uy, Uy, Uy — Uy) — b(uy, Uy, Uy — Up)
-1 2
<mhiy luy — sy + b(uy — Uy, us, Uy — uy)

-1 2 2
<miqy Uy = Ua|ly + cpllua|lvlur — Uz |ly.
Hence,

2 Bt 2
luy —us|ly < 7“"1 —usly.
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Since Bf < 1, we deduce from the above inequality that u; = u,. This completes the proof
of the theorem. O

3.3 A convergent iteration algorithm

In addition to the existence of a unique fixed point for a contractive mapping over a closed
set of a complete space, the Banach fixed point theorem also provides the convergence of
a fixed point iteration algorithm. Consider the following iteration algorithm.

Algorithm 3.8 [nitialization: Choose an initial guess ug € K¢, e.g., up = 0.
Iteration: For k > 1, find uy € V such that

a(ug, v) +f VO (ks Vi) ds > (F,V) — b1, ux_1,v) Vv eV, (3.16)
r

As an application of [1, Theorem 5.1.3], we have the following result.

Theorem 3.9 Assume H(Yr), f € V* and (3.12). Let u € V be the unique solution of Prob-
lem 2.4. Then the sequence {ui} C K¢ defined by (3.16) converges to u:

lug —ully > 0 ask— oc.

The following error estimates are valid:

llux — ully < Brllug-1 —ullv, (3.17)
Br
llugy —ully < lux-1 — ugllv, (3.18)
1- B¢
Bt
lux —ully < luo —u1|lv. (3.19)
1-pBf

Remark 3.10 Under the smallness condition (3.12), the constant B¢ defined by (3.14) sat-
isfies B¢ < 1. The first error estimate (3.17) shows that the iteration algorithm converges
linearly with the convergence rate f¢. The second bound (3.18) is an a-posteriori error esti-
mate: once the iterates U;_; and uy are available, they can be used to provide a computable
upper bound of the error ||ux — u||y. The third bound (3.19) is an a-priori error estimate:
once U is chosen and u; is calculated, it allows one to find the number of iterations needed
to guarantee the error ||ug — u||y to be in a given range.

Problem (3.16) is a Stokes-type hemivariational inequality in which the differential op-
erator for the unknown variable uy is linear. Obviously, it is easier to solve (3.16) than
Problem 2.4 in which the differential operator for the unknown variable uy is nonlinear.
When Problem 2.4 is solved by a numerical method, e.g., the finite element, the discretized
Navier—Stokes hemivariational inequality can be similarly approximated by Algorithm 3.8
at the discrete level. Under the stated assumptions, we again have convergence and the
three error estimates, all for the discrete solutions.

3.4 Lipschitz continuous dependence on the right-hand side
Finally, we provide a Lipschitz continuous dependence result for the solution u of Prob-
lem 2.4 on the right-hand side f.
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For mg > 0, define a subset V;, C V* by
Vi, = {FeV :|fly <mo}.

To derive the Lipschitz continuous dependence result, we assume f € V;, ' from now on.
Similar to (3.11), define

_ 2corg"*IT1M + mo)

mo = g (3.20)
Theorem 3.11 Assume H(y), f eV, ,and
0 < 2cptty <V — mkal. (3.21)

Then the solution u of Problem 2.4 depends Lipschitz continuously on f.

Proof Letfy,f, € V;‘no and uy, U, € V be the unique solutions of Problem 2.4 corresponding
to fy, fy, respectively. Then, forany v e V,

ﬂ(ul — Uy, V) + b(ub ui, V) - b(u27 us, V)
+ / [wo(uln;vn) + 17[/0(M2r1; _Vn)] ds = (fl - f2; V>- (322)
r
Take v = u; — u; in (3.22), we obtain

vu; - "2|||2/ =a(u; —uy, u; — uy)
< 0 . 0 . d
= [W (ulnr Uy — Mln) + w (MZm Uln — MZ}’I)] S
r

+ b(uy, uy, uy — uy) — b(uy, uy, Uy —uy) + (Fy — Fy,u; —uy)
< migtlug — us|y + buy — Uy, Uz, uy —uy) + [|[fy — Follys[lup —ualy

<mig' lur — wolly + cplluallvliur — wally + |f1 — Follv<lur — ua]ly.
From Theorem 3.7,
luzlly < cymy-
Applying condition (3.21), we derive the inequality
2
lur —wslly < ——— lIf1 —Fallvs,
v —mlg

which shows the Lipschitz continuity of the solution u with respect to f. O

4 Conclusions
We analyze a stationary Navier—Stokes HVI through convex minimization and Banach
fixed-point argument. In the existing literature, the solution existence of the Navier—
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Stokes HVI is proved through an application of an abstract surjectivity result for pseu-
domonotone operators. In this paper, we establish a minimization principle for an auxil-
iary Stokes HVI, and prove the solution existence and uniqueness of the Navier—Stokes
HVI by applying the Banach fixed point theorem. This treatment naturally leads to a con-
vergent iteration algorithm, where the unique solution of the stationary Navier—Stokes
HVI can be obtained as the limit of a sequence of solutions to the Stokes HVIs.
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