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1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. The variational in-
clusion problem is a fundamental problem in optimization theory, it can be applied in
many areas of science and applied science, engineering, economics, and medicine [1-9],
in image processing, machine learning, modeling intensity modulated radiation theory
treatment planning [10-15]. It is to find x* € H such that

0 € Ax* + Bx*, (1.1)

where A : H— H is an operator and B: D(B) C H — 2! is a set-valued operator.
To solve the variational inclusion problem (1.1) via fixed point theory, we define the
mapping /42 : H — D(B) as follows:

JAB = (I +rB)™ (I - rA) = JB(I - rA),
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where J2 = (I + rB)™! is the resolvent operator of B for r > 0. For x € H, we see that

]f’B(x) =x <& x=+rB)Mx-rAx)
& x—rAxex+rBx
< 0e€eAx+ By,

which shows that the fixed point set of /48 coincides with the solutions set of (A + B)~%(0).
This suggests the following iteration process: x; € C and

%ne1 = (L +1,B) " (I = 1,A) %, = J1P (%), Vme€N,
—_————— —— —

backward step forward step

where {r,} C (0,00) and D(B) C C. This method is called a forward-backward splitting
algorithm [16, 17].

In applications, we always let A = VF and B = 9G such that F: H — R is a convex and
differentiable function and G : H — R U {+00} is a convex and lower semi-continuous
function, where VF is the gradient of F with L-Lipschitz continuous and 3G is the subd-
ifferential of G which defined by

IG(x) ={ze H: (y—x,2) + G(x) < G(y),Vy € H}.
Then problem (1.1) is reduced to the following convex minimization problem:
F(x*) + G(x*) = mi}r{l{F(x) +Gx)} & 0eVF(x")+0G(x"). (1.2)
XE.

Recall that the proximity operator prox of G is defined for all x € H as follows:

1
proxg(x) = Argmin{G(y) + §||y—x||§}.

yeH

For x € H and r > 0, we see that

z=prox,s(x) < 0€riGx)+z-«
& xe(+1rdG)(z)

& z=(1I+r3G)H(x) :]fG(x).
Therefore,

x* € Argmin{F(x) + G(x)} & 0€ VF(x*)+3G(x")
xeH

& &t =7 (")
& Xt = ]raG(I —rVF)x* = prox,;(I — rVF)x".
Many researchers have proposed and analyzed the iterative shrinkage thresholding algo-

rithms for solving the convex minimization problem (1.2) under a few specific conditions
as follows.
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In the weak convergence theorems, Lions and Mercier [16] first introduced forward-
backward splitting (FBS) algorithm:

Xne1 = Prox, ¢(xn — AuVF(x,)), VneN,

where x; € H and {A,} C (0,2/L). Later, Moudafi and Oliny [18] introduced the iterative
forward-backward splitting (IFBS) algorithm:

Yn=%nt en(xn - xn—l)r

Xns1 = Prox,, cn — A VFE(x,)), VneN,

where xo,x1 € H, {6,} C [0,a] C [0,1), {A,} C [b,c] C (0,2/L) such that Y o2, ,llx, —
%1/ < 00. In our research, we focus attention on the inertial parameter 8, which controls
the momentum of x,, — x,,_1 in the fast iterative shrinkage thresholding algorithm (FISTA)
of Beck and Teboulle [19] as follows:

Xp = PrOX%G()’n - %VF(yn))r
1+4/1+4¢3 g, = -l
2 ’

Lyl = n= 3 -

tni1’

Ynel =Xp + en(xn _xn—l)’ VneN,

where y; =%y € H and t; = 1. In FISTA, we observe that y, is known before x,, where
the sequence {x,} converges weakly to the solution of the convex minimization problem
(1.2). Recently, Hanjing and Suantai [20] introduced the forward-backward modified W-
algorithm (FBMWA) as follows:

Wy = X + On (% — Xn-1),

Zn = (1 = Y)Wy + yuProx;  (wn — 1, VE(wy)),

In = (1= Bu)prox; (W, — A, VE(Wy)) + Buprox; (2, — A, VF(zy)),
%pi1 = (1 = ay)prox; g(zn — 1, VF(24)) + @nprox; cOm —AnVE(ya)),

for all # € N, where xg,x; € H and {a,} C [0,a] C [0,1), {8,} C [0,1], {y.} C [b,c] C (0,1),
and {0,,} C [0,00) such that > - 6, < 00,and {,} C (0,2/L) such that 1, — A € (0,2/L) as
n — oo. In the same way, Padcharoen and Kuman [21] introduced the forward-backward
modified MM-algorithm (FBMMMA) as follows:

Wy = X + On (% — Xn1),

Zn = (1 = Yu)Wn + YuProx; g(wn — 1, VE(wy)),

Yn = (1= oty = Bu)zn + anprox; g(z, — 1, VF(z,))
+ Buprox,  c(Wu — A, VE(wy)),

Kpal = proxAnG(y,, —AVFE(y,), VYneN,

where xy,x; € H and {«,,}, {B.}, {vx} C [0,1] such that «,, + 8,, € [0,1] and {6,,} C (0, 1) such
that ) 7, 6, < 00, and {A,} C (0,2/L) such that A, — A € (0,2/L) as n — oo. Other weak
convergence theorems of all those algorithms are obtained.
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In the strong convergence theorems, Verma and Shukla [22] introduced a new acceler-

ated proximal gradient algorithm (NAGA) as follows:

Zyy = X + 0, (% — X21),
V=1 —ay)z, + (xnprox,\nG(zn - A VF(z,)),

Xne1 = ProX, cn — A VE(n)), VneN,

where x,%1 € H, {a,},{6,} C (0,1], and {A,} C (0,2/L). They proved that the sequence

WeOasnaoo.Howto
n

{x,} of NAGA converges strongly under the condition
choose the parameter 6,,? We leave it for the reader to verify. In their proof, we observe
that NAGA still holds under conditions ¢, — 0 and Z—Z |, —%,-1]] = 0as n — o0, and the

parameter 6, can be chosen as

min{m,an} if x, #x,_1,

oy, otherwise,

where {w,} is a positive sequence such that o, = o(w,,). Cholamjiak et al. 23] introduced
the strong convergence theorem for the inclusion problem (SCTIP) by letting S =1, A =
VF, and B = 9G as follows:

Zy =Xpy + Gn(xn _xn—l);
Vn = of () + (1 = @) prox,, g(zn — 1n VE(2,)),
Xnil = Puxn + (1= Bp)yn, VneEN,

where xp,x; € C and f is a contraction of C into itself, and {«,},{8,} C (0,1), {1} C
(0,2/L), and {6,} C [0,6] such that 8 € [0, 1). They proved that the sequence {x,} of SCTIP
converges strongly under the following conditions:

(C1) lim, o, =0and > o2 o, = 00,

(C2) liminf,_,  B,(1 - B,) >0,

(C3) 0<liminf,_, o A, <limsup,_, A, <2/L,

(C4) Timyy s G 1 = 21| = 0.

Moreover, many researchers have proposed and analyzed the iterative forward-back-
ward scheme with a variable step size, which does not depend on the Lipschitz constant
of the operator A = VF (see also [24, 25]).

In our research, we consider the forward-backward splitting method with an error as

follows: x; € C and

X1 =+ 2,B)7! ((1 — AA)x, + en) =]fn ((I — A A)x, + e,,), VneN,
——

backward step forward step with an error

where {A,} C (0,00), {e,} C H, D(B) C C, and ]fn = (I + »,B)"!. We introduce a new itera-

tive forward-backward splitting method with an error for solving the variational inclusion
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problem (1.1) as follows:

Zp =%Xn t en(xn _xn—l):
Vi = 0nf (2n) + (1= )]} (20 — AnAzy + €4),
Xn+l :])i ()/n - )\nAyn + en): Vn e N,

where xg,%; € C and f is a contraction of C into itself, and {«,,} C (0,1), {*,,} C (0,2/L),
{e,} C H, and {6,} C [0,60] such that 6 € [0,1). Moreover, it can be applied to improve
the fast iterative shrinkage thresholding algorithm (IFISTA) with an error for solving the
convex minimization problem (1.2) by letting A = VF and B = 9G as follows:

Zy = %Xy + 0, (% — %21),
Yn = Olnf(zn) +(1- a,,)proxMG(zn - A VE(z,) + €,),
Xne1 = Prox, c(vn — A, VE(y,) +e,), VmeN

which obtains a self-adaptive scheme with fast convergence properties under some mild
conditions when compared to the existing algorithms in the literature. The outline of our
research is as follows: in Sect. 2, we give some well-known definitions and lemmas which
are used in Sect. 3 to prove the strong convergence theorem of IFISTA for solving the
variational inclusion problem (1.1), and we also apply its result in Sect. 4 for solving the
image deblurring problem, which is a special case of convex minimization problem (1.2);
and in Sect. 5, we provide numerical experiments to illustrate the fast processing with high
performance and the fast convergence with good performance of IFISTA by the inertial
technique.

2 Preliminaries
Let C be a nonempty closed convex subset of a real Hilbert space H. We will use the
notation: — to denote the strong convergence, — to denote the weak convergence,

wy(x,) = {x :3{x,, } C {%} such that x,, — x}
to denote the weak limit set of {x,}, and Fix(T) = {x: x = Tx} to denote the fixed point set
of the mapping T.
Recall that the metric projection P¢ : H — C is defined as follows: for each x € H, Pcx
is the unique point in C satisfying

|l — Pcax|| = inf{|lx - y[| : y € C}.

The operator T : H — H is called:

(i) monotone if
x—y,Ix-Ty) >0, Vx,yeH,
(ii) L-Lipschitzian with L > 0 if

ITx—Tyll < Lllx-yll, Vx,ye€H,
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(ili) k-contraction if it is k-Lipschitzian with k € (0, 1),
(iv) nonexpansive if it is 1-Lipschitzian,

(v) firmly nonexpansive if
2

1T - Ty|* < lx -y - | - T)x - (I - T)y|", Vx,yeH,

(vi) a-strongly monotone with « > 0 if

(Tx - Ty,x—y) = allx—y|*, VayeH,
(vii) a-inverse strongly monotone with « > 0 if

(Tx — Ty, x —y) > || Tx — Ty||>, Vx,y€H.

Let B be a mapping of H into 2/. The domain and the range of B are denoted by D(B) =
{x € H:Bx ##} and R(B) = | J{Bx : x € D(B)}, respectively. The inverse of B, denoted by
B, is defined by x € B!y if and only if y € Bx. A multi-valued mapping B is said to be
a monotone operator on H if (x — y,u —v) > 0 for all x,y € D(B), u € Bx, and v € By. A
monotone operator B on H is said to be maximal if its graph is not strictly contained in
the graph of any other monotone operator on H. For a maximal monotone operator B on H
and r > 0, we define the single-valued resolvent operator /2 : H — D(B) by J® = (I + rB)™L.
It is well known that /2 is firmly nonexpansive and Fix(J%) = B71(0).

We collect together some known lemmas which are the main tools in proving our result.

Lemma 2.1 ([26]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Then:
() e 9017 = I1201% £ 2(x,9) + lyl1% Vx,y € H,
(i) 1A+ (1= A)yl12 = Allwl® + (L= Dyl = A1 - D) lx ~y]1%, Va,y € H, L €R,
(ili) z=Pcx & (x—2z,z2—-y)>0,Vx€H,ye€ C,
(iv) z=Pcx & |x—zl” < |lx=ylI* = lly - 2lI*>, Vx € H, y € C,
(V) IPcx = Pcyll* < (x =y, Pcx — Pcy), Vx,y € H.

Lemma 2.2 ([27]) Let H and K be two real Hilbert spaces, and let T : K — K be a firmly
nonexpansive mapping such that ||(I - T)x|| is a convex function from K to R = [-00, +00].
Let A: H — K be a bounded linear operator and f(x) = %ll([— T)Ax|*for all x € H. Then:
(i) f is convex and differential,
(i) Vf(x)=A*(I - T)Ax for all x € H such that A* denotes the adjoint of A,
(ili) f is weakly lower semi-continuous on H,

(iv) Vf is |A||>-Lipschitzian.

Lemma 2.3 ([27]) Let H be a real Hilbert space and T : H — H be an operator. The fol-
lowing statements are equivalent:

(i) T is firmly nonexpansive,

(i) 1T~ Ty|* < (x~y, Tx — Ty), Yx,y € H,

(ili) I—T is firmly nonexpansive.
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Lemma 2.4 ([28]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
the mapping A : C — H be a-inverse strongly monotone and r > 0 be a constant. Then we
have

2
| =rA)x = (I = rA)y | < lx = yI* - (2 = 1) Ax — Ay|?
or all x,y € C. In particular, if 0 < r < 2, then I — rA is nonexpansive.
fi y p p

Lemma 2.5 ([29] (Demiclosedness principle)) Let C be a nonempty closed convex subset
of a real Hilbert space H, and let S : C — C be a nonexpansive mapping with Fix(S) # 0. If
the sequence {x,} C C converges weakly to x and the sequence {(I — S)x,} converges strongly
toy, then (I — S)x = y; in particular, if y = 0, then x € Fix(S).

Lemma 2.6 ([30]) Let {a,} and {c,} be sequences of nonnegative real numbers such that
anHS(l_an)an"’bn"’cm VVIZO,I,Z,...,

where {8,} is a sequence in (0,1) and {b,} is a real sequence. Assume that y . c, < 00.
Then the following results hold:

(i) if b, <8,M for some M > 0, then {a,} is a bounded sequence,

(ii) if > oo 8n =00 and limsup,_, . b,/8, <0, then lim,_, o a, = 0.

Lemma 2.7 ([31]) Assume that {s,} is a sequence of nonnegative real numbers such that
Sui1 < (1 = y)8u + Vuby, Vn=0,1,2,...

and
Sus1 <Sp—Np+pu, Yn=0,1,2,...,

where {y,} is a sequence in (0,1), {n,} is a sequence of nonnegative real numbers, and {3,},
{p,} are real sequences such that
(i) Yo vn =00,
(ii) lim,_0 04 =0,
(iif) i limg_ oo Ny = O, then limsupy_, . 8, < O for any subsequence {ny} of {n}.
Then lim,_, o, s, = 0.

3 Main result

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let A
be an a-inverse strongly monotone mapping of H into itself and B be a maximal monotone
operator on H such that the domain of B is included in C, and assume that (A + B)™1(0)
is nonempty. Let J® = (I + »B)™! be the resolvent of B for ). > 0 and f be a k-contraction
mapping of C into itself. Let xo,x1 € C and {x,,} C C be a sequence generated by

Zn =% + 0% — Xu_1),
Y= f (2) + (1 = )2 (20 — AnAzy + €4),
X+l :]fn (yn - )\nAyn + en);
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for all n € N, where {o,} C (0,1), {™,} C (0,2w), {e,} C H, and {6,} C [0,0] such that 6 €
[0,1) satisfy the following conditions:

(C1) lim,y o, =0andy 2\ o, =00,

(C2) 0<a<ir, <b<2uforsomea,b>0,

(C3) lim,, o 2l = 0,

(C4) Y02, llewll < 00 and lim, o 2 lx, — %, 11| = 0.
Then the sequence {x,} converges strongly to a point x* € (A + B)™}(0) where x* =

Piipy1of (7).

Proof Picking z € (A + B)~'(0) and fixing 1 € N, it follows that z = J? (z - 1,Az). Firstly, we
will show that {x,}, {y,}, and {z,} are bounded. Since

lzw =zl < llxn — 2|l + Onllxn —xu-1l,
therefore, by nonexpansiveness of ]fn and I — A,A, we have

lyn =2l = len(f(@n) — 2) + (1= ) J7 (20 — AnAzu + €4) = 2) |
< an(|f @) -f@| + |f@) - 2])
+ (1= )| (2 = AnAzy + €4) = (2 = 1,A2) ||
< ay(kllzn = zll + |[f(2) — 2])) + (1 = ) (Il2s — 2]l + llenll)
< (1-a(1=K)lzn -zl + | f(2) — 2| + llenl

< (1= (1= K)) 1%, = 2Il + Oullxw — xu1 | + @ [f(2) — 2| + llenll.
It follows by the same arguments again that

%1 = 2l = T2, n = AnAyn + €4) = T3 (2 = 2uA2) ||
= H On = 2nAyn + €1) — (2 = A, AZ) ”
< llyn =zl + llexll

< (1-au(1=K) 1, - zll

1 6, zZ)—z
+a,(l- k)<1 k « ”xn = X1l + ”f(l)T”> + 2| eull.

So, by condition (C4) and putting M = ﬁ(”f(z) — z|| + sup,cy %llxn —%,-1])) = 0 in
Lemma 2.6 (i), we conclude that the sequence {||x, — z||} is bounded. That is the sequence
{x,} is bounded, and so is {z,}. Moreover, by condition (C4), > -, lle,|l < oo implies
lim,_, « |lex|l =0, that is, lim,_,» e, = 0, it follows that the sequence {y,} is also bounded.
Since Py, p)-1()f is k-contraction on C, by Banach’s contraction principle there exists a
unique element x* € C such that x* = Py, p-1(0)f (x*), that is, x* € (A + B)7(0), it follows
that x* = ]fn (x* — X,Ax*). Now, we will show that x, — x* as # — 00. On the other hand,

we have

|z — x* Hz = (za — &", 2, — &%)

= <xn + Qn(xn _xn—l) _x*; Zn _x*>

Page 8 of 25
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= <x,, —x*,z, —x*> + Q,q(x,q — X_1,2n —x*)

< [Jan =20 =7 + Gullen = n-v 20 = "]

< 5= 1+ o =2 ) 8l = -
This implies that
|20 = 2||” < |20 =% + 26190 — 2011l 2 — 27 (3.1)
It follows by (3.1), Lemma 2.4, and the firm nonexpansiveness of /{ that

172 (zn = AuAzy + €,) — &* “2

< H (20 — MiAzy + €) — (x* - MAx”) ”2

JE (20— huAAzy + €)= JE, (x* = MAa) |

(T =I2) @n = Az + €)= (1= T2 (" = 2aAx") |

< (|an = nAzy) = (5" = 2nAx") | + lleall)*
(T =I2) @ = Az + €)= (1= J2) (" = 2adx”) |

= (I = )z — (I = 2,05 |* + 2] (2 = AnAz) — (%" = 2,A%") | ll e
b llenl® = | (1= T2 )2~ hnAAzy + e) — (I - JE ) (3 - Apdac”) |

< ||2n = 2||* = A2 — 1) | Az, — Ax* |
+2]|(on — AnAzy) — (8 = ApAx") [ leall + lleall?
=T ) = Rtz 4 )= (112 ) 5"~ )|

< [t = 2| + 260120 = %1 11|20 = 2| = An(20 = 1) | Az, — Ax*|?
+ 2/ (20 — MnAzy) = (2" = 1, Ax") | lenll + Nl

— (1= T2 ) (2 = AnAz + €)= (1= T2 ) (5" = 2nAx™) | . (3.2)
We also have

[y =51 = =%, 30 = 2°)
= (anf (zn) + (L= )7 (20 — MnAzy + €) — %, 3 — &%)
= (an(f(zn) = &) + (1= ) U7 (21 — AnA2y + €4) — %),y — %)
= anlfe) —f(5) 9 — )+ alf () — 30— )

+(1- an)(])i (zn = MnAzy + €4) = X", Y — x*>

< k] 20 = [y =27 + cnlf () = 27, 3 = #7)

(1= a)||J (zn = AnAz + €2) = 5" || |y — ¥

+
1
< =
2

ank(llzn =" + =27 + el (%) = 2,3 = 27)

Page 9 of 25
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1
+ 5(1 —an) (V2 (20 = MnAzy + €4) — 5" ||2 + ||y — x* ||2)

This implies that
%2 a”lk x]|2 20[” ¥\ _ Lk X
”y”‘_x ” Smnz"’_x ” +1+O[n(1—k)<f(x) X Yn x)
1-a, B |2
+ m | ])\n (Zn - )\.nAZn + en) —-X ” . (33)

Hence, by (3.1), (3.2), (3.3), the nonexpansiveness of]fn, and I — 1,A, we obtain

”xml - x* ”2 = i])ﬁ, (yn — Ay, + en) —];li, (x* - )“"Ax*) ”2

< H W = AnAyy + €,) — (x* - )»,,Ax*) ||2

< (| = "] + lleal)”

= om =7 + 2] m = %" [ lewll + lewll?
k
< o =g =21+ 260l =l =7

20

o))

+ 2]y — x| llewll + lleall®

1-o,
(I

+ 1+a,(1-k) n—x*||2+29n||x,,—xml”“Zn_x*”

— 2,2 = Ay) ||Az,, — Ax* ||2 + 2|| (zy — AyAz,) — (x* - AnAx*) || lex |l

tlleall® = [ (I -T2 ) (@ = hnAzy + €n) = (I -T2 ) (x* = 1, Ax") ).

It follows that
. o,(1-k) .
el 2
o (- o]
T Trad—k)\1—ka, " FntlZn =%
4 el . 2 leall N s .
+ﬁ< o, ||yn—x ||+1— lleqll + 1 k ( )—x,yn—x>
2 eyl " .
+1—k H(,, AMiAzy,) — (x —A,,Ax)”)
and

Jtwer = [” < a0 = 2% | = (20 = 1) | A2y - Ax"
+ || (1 —]fn)(z,, —MAz, +ey) — (I—]i3 ) (%" = 1,Ax") ||2)

Ienll

0
(20wl = 20, 2L =) 20
n

+ 2, [ () = |3 = 7 + 2] on = AnAAz) = (3 = Andx”) | ||en||>,
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which are of the forms
Spsl = (1 - Vn)Sn + Vb
and

Sp+1 =Sp— Nn + Pn>

. 1-k 2 6
respectively, where s, = I, = &*1|%, yu = 1250, 80 = T 2%y — X llllzn — 27| +

4 2 2 2
eledy, — a )+ el e, + 20 06) - a5y, — &%) + Zelelli@z, - 1Az, - (6 -

MnAX) |, 1 = hn(200 = An) Az = Ax* |1 + 1 =T )20 = AnAzy + ) = (L =T ) (%" = XnAx™)|1?
I

6,
and p,, = 20, 2 {156, =1 |12 =" || + 200, 2L |y, — %[ + 2l | + 200, [ () =[] — %[ +

2|[(zy — AuAz,) — (x* — A, Ax*)|||le,]l. Therefore, using conditions (C1), (C3), and (C4), we
can check that all those sequences satisfy conditions (i) and (ii) in Lemma 2.7. To complete
the proof, we verify that condition (iii) in Lemma 2.7 is satisfied. Let lim;_, o 7, = 0. Then,
by condition (C2), we have

lim |Az,, — Ax*| =0 (3.4)
11— 00

and
llggl@” (I —]fni)(z,,i — A Az +e4;) — (1—]fni)(x* - )»,,l.Ax*) H =0.

It follows by conditions (C2), (C4) and (3.4) that

. B
im || (2, = Az, + €)= I (2n; = A A2, + €1;)
i—00 i

(= h ) I (6 <2 | =0

1im ||z, = J7 (zu, — AyAzy)| = 0. (3.5)
i—00 i

Consider a subsequence {x,,} of {x,}. As {x,} is bounded, so is {x,,}, there exists a subse-
quence {x,,l./_} of {x,,} which converges weakly to x € C. Without loss of generality, we can

assume that x,;, — x as i — 00. On the other hand, by conditions (C1) and (C4), we have

. . [
lim |z, — %, || = lim o, — |2, — %y, 11l = 0.
i—00 i—00 Uy,

It follows that z,, — x as i — 0o. Hence, by (3.5) and the demiclosedness at zero in Lemma
2.5, we obtain x € Fix(J{ (I - A,,A)), that is, x € (A + B)~*(0). Since

”yrl,‘ - Zn,' ” S ani )

If(zn,') - Zn,' || + (1 - arl,’) H]fn, (Zn,' - )‘-rll'AZn,' + eni) - Zni
then, by (3.5) and conditions (C1) and (C4), we obtain

hm ”yﬂi - an' ” =0.
11— 00
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It implies that y,, — x as i — 0o. Therefore, by Lemma 2.1(iii), we obtain

fimsupl () '3, ~ ) = () - 2 x°) <0

i—o00

It follows by conditions (C1), (C3), and (C4) that limsup;_, ., §,, < 0. So, by Lemma 2.7, we
conclude that x,, — x* as # — c0. This completes the proof. O

Remark 3.2 Indeed, the parameter 6, can be chosen as follows:

. O )
6, - mln{i“xn_xml“,an} if x, # %1, YneN

oy, otherwise,

or

0, € [0,1) such that 6, — 0 as n — 00 or
o, € [0,1) such that 6,, — 1 as # — oo or ifn <N,
0, = oy € [0,1) to be chosen arbitrarily VneN,

. ® ,
min{—=—, a,,} ifw, #x,_1,
llo¢n -1 | otherwise,

oy, otherwise,
where N € N and {w,} is a positive sequence such that w, = o(a,,).

4 IFISTA

Let F: H — R be a convex and differentiable function and G : H — R U {+00} be a convex
and lower semi-continuous function such that the gradient VF is L-Lipschitz continuous
and 0G is the subdifferential of G. It is well known that if VF is L-Lipschitz continuous,
then it is %-
Putting A = VF, B=0G, and o = % into Theorem 3.1, we obtain the following result.

inverse strongly monotone [32]. Moreover, G is maximal monotone [33].

Theorem 4.1 Let H be a real Hilbert space. Let F : H — R be a convex and differentiable
function with L-Lipschitz continuous gradient VF and G : H — R be a convex and lower
semi-continuous function. Let f be a k-contraction mapping of H into itself, and assume
that (VF + 3G)™1(0) is nonempty. Let xo,x1 € H and {x,} C H be a sequence generated by

Zp=%Xn t Gn(xn _xn—l):
Vn = ouf (2a) + (1 = ap)prox; (2, — 2uVE(z,) + e,),
Xns1 = prox; cn — 2 VE(©Y,) + en),

for all n € N, where {o,} C (0,1), {%,} C (0, %), {e,} C H, and {6,} C [0,0] such that 0 €
[0, 1) satisfy the following conditions:

(C1) limy ooy =0andy o ay =00,

(C2) 0<a<Ar,<bc< %forsomea,b> 0,

(CS) hmn—>oo % =0,

(C4) 302 llenll < 00 and limy, .o 221y — %n-1 | = O,
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then the sequence {x,} converges strongly to a point x* € (VF + 3G)™1(0), where x* =
Pyrsocy10f (x%).

We focus on the image restoration using the fixed point optimization algorithm in The-
orem 4.1. The image deblurring problem is in the form

Ax=b+s, (4.1)

where A € R"*" represents a known blurring operator (which is called the point spread
function: PSF), b € R™ is a known observed blurred (and additive noisy) image, ¢ € R™
is an unknown additive white Gaussian noise, and x € R” is an unknown signal/image to
be restored (estimated). Both b and x are formed by stacking the columns of their corre-
sponding two-dimensional images.

In order to solve problem (4.1), we introduce the least absolute shrinkage and selection
operator (LASSO) of Tibshirani [34] for solving the following minimization problem:

min{[|Ax - b|13 + Al Wal|, }, (4.2)
xeR”

where X > 0 is a regularization parameter and W : R” — R” represents the orthogonal or
tight frame wavelet synthesis, which is a special case of the convex minimization problem
(1.2) when F(x) = |Ax — b||3 and G(x) = A||Wx||; such that ||lx||; = > ", |x;| and ||x[2 =
2o |xi]? for all x = (x1,%, . .., %,)T € R". It is well known from Lemma 2.2 by putting
T(Ax) = PrmAx = b that VF(x) = 2AT(Ax — b) and VF is L-Lipschitzian with L = 2||A||?
such that A7 stands the transpose of A, and ||A|| is the largest singular value of A (i.e., the
square root of the largest eigenvalue of the matrix AT A) or the spectral norm ||A|,.

In this image deblurring case using Theorem 4.1, if the blurring operator A is smaller
than the observed blurred image b and the restored image x, then it is changed by padPSF
in MATLAB to embed its array to the matrix Ap; € R”*”, and followed by a transfor-
mation to the signal matrix A, € R™*" for calculating the matrix A.i; = (a;ig) € R"™*" of
eigenvalues of the signal matrix A, using the discrete fast Fourier transformation (FFT)
or the discrete cosine transformation (DCT). That is,

N2
L = 20 Al = 2(maxa5|)

We set m = n and the process of gradient VF always maps the signal x to 2 times of the
signal AT (Ax — b), where x, AT, A, and b are in the form of the signal transformation FFT
or DCT. That is,

VE(x) := VF(xsg) = 2AL,

eig

(Aeigisig — bsig) =2 AT(Ax —b) ,
N ———

signal form in R”

T _ 4-1 T
where A, = Ag, such that A,

transform of the eigenvalues matrix A.g, respectively.

and A;ilg stand for the transpose and the inverse signal

By [35] and the reference therein, for all u = (11, uy, ..., u,)T € R" and for each n € N,

we have

prox; (u) = prox; ; ), () =v
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Algorithm 1 Improved fast iterative shrinkage thresholding algorithm (IFISTA).
procedure IFISTA
Choose the initials x,x; € R™ arbitrarily.

Set M is the maximum loops to stop and tol is a prescribed tolerance value.
Set the operator A and the mapping f in backing tracks.
n<0
repeat
n<n+l

Update the parameters o, A,,, and 6,, and the error data e, € R™.

Zy <~ Xp t gn(xn - xn—l):

Y < pf (z,) + (1 —a, ) W! (Prox;, ,jwiyy, (2n = 22n AT(Az, - b) +e,)),
—_———

signal form in R”

KXps1 < \)V’l(proxknww(,)Hl (yn = 20n AT(Ay, - ) +ey,))
_\f_/

signal form in R””

until (7 = M or 12z1=ll2 < ¢4])
1% ll2

return x|

end procedure

such that v = (v, vy,..., V)T € R™, where v; = sign((W);) max{|(Wu);| — A,A,0} for all i =
1,2,...,m. When the process of prox, ; hasbeen finished, it returns to W' (prox, (u)),
where W1 stands for the inverse wavelet synthesis such that W~1(-) = WZ() before con-
tinuing other processes. That is,

prox,\nG(z,, — A VF(z,) + e,,) = W‘l(prox,\n,\wﬂ_)u1 (zn -2, AT(Az, - b) +e,,))

signal form in R”

and

proxknG(yn — A VE(y,) + en) = Wﬁl(PFOXAM”W(.)”l (y,, -2\, AT(Ayn -b) +e,,))

signal form in R”

forallm e N.
In the next section, we present IFISTA in Algorithm 1 to the improved fast iterative
shrinkage thresholding algorithm [19] in the same programming techniques [36].

5 Applications and numerical examples
In this section, we illustrate the performance of IFISTA compared with IFBS, FISTA,
FBMWA, FBMMMA, NAGA, and SCTIP for solving the image deblurring problem (4.1)
through LASSO problem (4.2) with A = 107, We implemented them in MATLAB R2019a
to solve and run on personal laptop Intel(R) Core(TM) i5-8250U CPU @1.80 GHz 8 GB
RAM. We use the quality measures (it is better if it is larger value) of the image restoration
as follows.

Let x,x, € RM*N represent the original image and the estimated image at 7" iteration(s),
respectively.
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Cameraman Living room

Figure 1 Original images and their 2D three-stage Haar wavelet transform

(1) For looking at how strong the signal is and how strong the noise is, the measure is
the signal-to-noise ratio (SNR) of the images x and x;,,, which is defined (measured in
decibels: dB) by

2
1% 15

SNR(x,x,) = 10log;, TP
— %12

(2) For looking at how signal peak is, the measure is the peak signal-to-noise ratio
(PSNR) of the images x and x,,, which is defined (measured in decibels: dB) by

AX? MAX?

—— =101
MSE(x, x,,) 810 CNIIN

PSNR(x, x,,) = 101logy,

I = %13

where MAX is the maximum possible pixel value of the m-unit class (m-bit) image
such that MAX = 2™ — 1 (for instance, MAX = 255 for 8-bits image and MAX =

65535 for 16-bits image), and MSE(x, x,,) is the mean squared error (MSE) of the

images x and x,,, which is defined by MSE(x, x,,) = cA/lIN llx — x,]13 such that the images

x and x,, are c-multichannel image (for instance, ¢ = 1 for gray or monochrome image,
¢ = 3 for RGB color image, and ¢ = 4 for CMYK color image).

Similarly, this measure is the improvement in signal-to-noise ratio (ISNR) of the
images x, x,,, and b where the image b € RM*N represents the observed blurred (and
additive noisy) c-multichannel image, which is defined (measured in decibels: dB) by

ISNR(x, x,,, b) = PSNR(x, x,,) — PSNR(x, b)

101 MAX? MAX?
= ogyp— 5 — ogio— >
10 Lo — 13 1 - b3
llx - blI3
= 1010g10 m

For comparison, we consider the standard test images downloaded from [37] for Cam-
eraman, Woman, Pirate, and Living room, with each monochrome images consisting of

512 x 512 pixels, which represent the original images x € R>2*°12, and we converted them
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Cameraman Pirate

Living room

Figure 2 Observed blurred and noisy images

Table 1 The best choice types of testing the parameter A, for the fast convergence

Type Al A2 A3 A4 A5 B1 B2 1 2
M M M M M M(n+2) =DM )M Tm
An T M- M M+g M- gE TR Me SR My R

to the double class type by im2double(imread(‘image_name’)) in MATLAB, and also its 2D

three-stage Haar wavelet transform Wx € R>12x512

as in Fig. 1.

The original images went through a Gaussian blur of size 9 x 9 and standard deviation
4 as a point spread function (PSF) which represents the blurring operator A by fspecial
or psfGauss in MATLAB, and went through imfilter in MATLAB (computed by mirror-
reflecting as the array across-the array border or symmetric) and followed by an addi-
tive zero-mean white Gaussian noise with standard deviation 10~3, which represents the
observed blurred and noisy image b € R512%512 a5 in Fig. 2. The PSF A was changed by
padPSF in MATLAB to embed its array to the matrix Ay € R*'#**!2, and it transformed
to a signal matrix Ay € R>2*512 for calculating the matrix Aig = (a;ig) € RP12X512 of eigen-
values of the signal matrix Ay using the discrete cosine transformation (DCT). That is,
L =2||Acigl, = 2(max; |a)2.

In compared algorithms, all parameters have been set to their high performance. For

each n € N, we set

102 for FBMWA, NAGA, SCTIP, IFISTA,
o, =
a2 for FEBMMMA,
2n
for SCTIP, _
ol 1-10°- 197 for FBMWA,
Bn=1q for FBMWA, ¥ = .
» 1- 10 for FBMMMA,
3(1-12)  for FBMMMA,

and by [35], we introduced the best choice types of testing the parameter A, for the fast
convergence as in Table 1 (see also, Tables 1-4 of Examples 4.3, 4.5, 4.8, and 4.10 in [35],
respectively) such that M = % of A—14—Lipschitzian continuous gradient VF, it follows the

setting to its high performance that

. _|2M-1 for IFBS, FEMWA, FEMMMA, SCTIP, IFISTA (A5 type),
T M2 NAGA (B2 type),

n+l
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Table 2 The maximum of SNR and ISNR values in first 15 to 100™ iteration(s) for image deblurring

Algorithm n SNR ISNR CPU (s) n SNR ISNR CPU (s)
Cameraman Woman
IFBS 80 27.8726 84019 762 81 24.9248 46721 771
FISTA 100 27.8425 8.3726 9.44 100 24.9091 4.6573 940
FBMWA 56 27.8789 84082 14.56 56 24.9239 46713 14.58
FBMMMA 49 27.8802 8.4096 11.55 50 24.9239 4.6712 11.72
NAGA 100 27.8549 8.3850 1544 100 249142 46623 1544
SCTIP 71 25.1638 56916 8.62 73 234103 3.1676 872
IFISTA 56 27.8959 84252 8.63 56 24.9251 46725 872
Processing mean 74 274841 8.0134 10.84 74 24.7045 44535 10.90
Algorithm n SNR ISNR CPU (s) n SNR ISNR CPU (s)
Pirate Living room
IFBS 77 23.7652 50117 740 80 247236 6.7632 7.63
FISTA 100 23.7587 5.0060 9.50 100 247026 6.7432 9.30
FBMWA 54 23.7636 50101 14.02 55 24.7209 6.7606 14.14
FBMMMA 47 23.7637 5.0104 11.15 49 24.7206 6.7603 11.65
NAGA 100 23.7620 5.0091 15.34 100 24.7097 6.7502 1535
SCTIP 71 221920 34440 851 75 22.3615 44151 8.94
IFISTA 54 23.7607 5.0073 834 56 24.7130 6.7526 879
Processing mean 72 23.5380 4.7855 10.61 74 24.3788 6.4207 10.83

2
Lo/ 1vdty if n < 100,

0, = % such thatt; =1and ¢,,1 = 5

(except FISTA, for all n e N)

57 for FBMWA, FBMMMA,
_ . 1/(n+1)% .
0, = mln{i”’fn—xn—lng’o.S} ifx, # %1, for IFBS
0 otherwise, otherwise,
. 1/(n+1)3 .
min{ iy @) %0 7 -1, otherwise,
oy, otherwise,

and the error sequence {e,} C R>12%%12 gych that

b if n < 100,
e,=1"

ﬁ otherwise.

We also set f(x) = £ for all x € R°"2*5'? and choose the initials xo = x; = b for all algo-
rithms (except for FISTA, y; = x9 = b). Quoting from [38], we can use max-norm regular-
ization, this constrains the norm of the vector of incoming weights at each hidden unit to
be bound by a constant c. Max-norm regularization was used for weights in both convolu-
tional and fully connected layers. Since L = 2| Aig||2,,,, S0 we can use SNR and ISNR that
both are two quality measures of the image restoration (it is better if it is larger value) to
find each hidden estimated image before its convergence in first 1% to 100" iteration(s) to
show high performance of each compared algorithm. That is, we find the hidden estimated
images x* and y* such that

SNR(x,x*): max SNR(x,x,) and ISNR(x,y*,b) max ISNR(x, x,, b),
1<n<100 <n<100

1

Page 17 of 25
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Table 3 The SNR and ISNR values at first 1000™ iterations for image deblurring

Algorithm SNR ISNR CPU (s) tol SNR ISNR CPU(s)  tol
Cameraman Woman

IFBS 273690  7.8949  94.08 752100 247271 44717 9394  670x% 1070
FISTA 25.1667 56856  90.29 160 x 10 237183 34576 90.52 152 %107
FBMWA 268948 74189 24748 665x 1070 245520 42953 25039 581 x107°
FBMMMA 266595  7.1828 22737 647 x 1070 244583 42011 22731 560 x 1070
NAGA 27.8742 84032 151.89 720%x 10 249137 46609 15108 649 x 107°
SCTIP 263036  6.8349 118.22 164 %10 239936 37433 11825 139 % 107
IFISTA 268945 74186 151.80 666 x 100 245520 42953 15243 583x107°

Processing mean 267375  7.2633 15445 956 x 1070 244164 41607 15485 850 x 107

Algorithm SNR ISNR CPU(s)  tol SNR ISNR CPU(s)  tol
Pirate Living room

IFBS 234923 47342 9361 829 x 100 243377 63731 9402 843 x10°
FISTA 224952 37298  89.79 158 x 107 225101 45352 9006 201 x 107
FBMWA 232622 45020 250.55 714x 1070 239751 60082 24741 790 x 1076
FBMMMA 231511 43900 22598 683 x 10° 237977 58298 22678  7.76x 107
NAGA 237434 49891 15045 810x 100 246826 67220 15147  819x10°
SCTIP 226546 39038 11791 171x 107 233803 54341 11667 176x107
IFISTA 232625 45022 15151 717 x 10 239766 60097 15214 794 x 107°

Processingmean 231516 43930 154.26 101 x 107 238099 58446 15408 111 %107

Table 4 The effectiveness comparison of image deblurring

Algorithm CPU SNR ISNR n Algorithm CPU SNR ISNR n tol
In the fast processing with high performance in first In the fast convergence with good performance at first
15010 100t iteration(s) for image deblurring. 1000™ iterations for image deblurring.

IFBS VA Vv Vv X IFBS VA N VA i Vv
FISTA v Vv v X FISTA v X X Vv X
FBMWA X v Vv Vv FBMWA X VA v VA Vv
FBMMMA x W J v FBMMMA x x x J
NAGA X Vv Vv X NAGA N VA v Vv Vv
SCTIP v X X Vv SCTIP v X X Vv X
IFISTA N v Vv Vv IFISTA N N Vv v v

/: satisfy and x: unsatisfy (compared with processing mean) (Evaluation order: CPU, SNR, ISNR, n, tol.)

it is better if x* = y* (which means that both hidden estimated images are in the process of
the same iteration), which is shown in Table 2. Moreover, we also show the relative error
which is defined by

141 = % ll2

< tol,
I 1l2

where tol denotes a prescribed tolerance value of each compared algorithm at first 1000t
iterations by the constants SNR and ISNR as in Table 3, and their convergence behavior
are shown in Fig. 3 and Fig. 4.

In evaluation of each algorithm, we use the image processing mean to assess them such
that 72, SNR, ISNR, CPU, and tol are the compared image processing arithmetic mean of
n, SNR, ISNR, CPU times, and tol, respectively.

On the results of each algorithms in first 15 to 100" iteration(s) as in Table 2, we see
that IFBS, FISTA, and IFISTA have the quantities of SNR and ISNR near to others (except
for SCTIP) and their quantities of » and CPU times are vastly different from others. We
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Cameraman Woman

Algorithm

——IFISTA

Pirate Living room
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Figure 3 The SNR convergence behavior of image deblurring
Cameraman Woman
ey —
I —
_————————
Agortom Agortom
res o5
Fm Fiora
Fomin Fomia
— P —Fannn
scrp scrp
T it
Pirate Living room

—FBMMMA § —FBMMMA
NAGA NAGA

scTP |
——IFISTA —IFISTA

Figure 4 The ISNR convergence behavior of image deblurring

give an evaluation order for those algorithms as in Table 4 as follows: CPU < CPU, SNR >
SNR, ISNR > ISNR, and 7 < 7, respectively. We see that all evaluations of IFISTA are
satisfied, while only CPU times, SNR, and ISNR evaluations of both IFBS and FISTA are
satisfied, where SNR and ISNR of IFBS are greater than FISTA, and then, we conclude that
IFISTA, IFBS, and FISTA are in the 1%, 2™, and 3¢ place, respectively, of the top three fast
processing with high performance for compared image deblurring as Fig. 5, Fig. 6, Fig. 7,
and Fig. 8.

From results of each algorithms at first 1000™ iterations as in Table 3, we see that the
quantities of SNR and ISNR of all algorithms are vastly different. We give an evaluation or-
der for those algorithms as in Table 4 as follows: CPU < CPU, SNR > SNR, ISNR > ISNR,
n <7, and tol < tol, respectively. We see that all evaluations of IFBS, NAGA, and IFISTA



Tianchai Fixed Point Theory Algorithms Sci Eng (2021) 2021:18 Page 20 of 25

Original Blurred and noisy

3rd . FISTA

Figure 5 Top three fast processing with high performance for deblurring of Cameraman

Original Blurred and noisy

Figure 6 Top three fast processing with high performance for deblurring of Woman

are satisfied, where SNR and ISNR of NAGA are greater than both IFBS and IFISTA, and
also which of IFBS are greater than IFISTA, and then, we conclude that NAGA, IFBS, and
IFISTA are in the 1%, 2"4, and 3¢ place, respectively, of the top three fast convergence with
good performance for compared image deblurring as Fig. 9, Fig. 10, Fig. 11, and Fig. 12.
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Original Blurred and noisy

Figure 7 Top three fast processing with high performance for deblurring of Pirate

Original Blurred and noisy

Figure 8 Top three fast processing with high performance for deblurring of Living room

6 Conclusion
A new iterative forward-backward splitting method with an error is obtained in our main
result. It can be applied to improve the fast iterative shrinkage thresholding algorithm

(IFISTA) with an error for solving the image deblurring problem. Under the same pro-
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Original Blurred and noisy

3rd ;. [FISTA

15¢ : NAGA

Figure 9 Top three fast convergence with good performance for deblurring of Cameraman

Original Blurred and noisy

ond . TFBS 3rd ;. [FISTA
ol F e ™

Figure 10 Top three fast convergence with good performance for deblurring of Woman

gramming techniques [36] and setting all parameters to their high performance, we obtain

the following results.
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Original Blurred and noisy

Figure 11 Top three fast convergence with good performance for deblurring of Pirate

Original Blurred and noisy

Figure 12 Top three fast convergence with good performance for deblurring of Living room

1. For looking at the fast processing with high performance for compared image
deblurring, IFISTA, IFBS, and FISTA are in the 1%, 2", and 3™ place, respectively, and
all are better than FBMWA, FBMMMA, NAGA, and SCTIP.
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2. For looking at the fast convergence with good performance for compared image
deblurring, NAGA, IFBS, and IFISTA are in the 1%, 2"¢, and 3™ place, respectively,
and all are better than FISTA, FBMWA, FBMMMA, and SCTIP.
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