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Abstract

Rectangular cone b-metric spaces over a Banach algebra are introduced as a
generalization of metric space and many of its generalizations. Some fixed point
theorems are proved in this space and proper examples are provided to establish the
validity and superiority of our results. An application to solution of linear equations is
given which illustrates the proper application of the results in spaces over Banach
algebra.
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1 Introduction
Liu and Xu in [1] reported the concept of cone metric space over Banach algebra (in short
CMS-BA) and proved contraction principles in such space. They replaced the usual real
contraction constant with a vector constant and scalar multiplication with vector mul-
tiplication in their results and also furnished proper examples to show that their results
were different from those in cone metric space and metric space. The concept defined by
Liu and Xu [1] was further generalized by Huang and Radenovic [2] by the introduction
of a cone b-metric space over a Banach algebra (in short CbAMS-BA).

In this paper we have introduced the concept of a rectangular cone b-metric space over
a Banach algebra (in short RCbMS-BA) and proved the Banach contraction principle and
weak Kannan contraction principle in this space. Simple examples are given illustrating
the validity and superiority of our results. We have also given an application of our result
to a solution of a system of linear equations.

2 Preliminaries
A linear space A over K € {R, C} is an algebra if for each ordered pair of elements x,y € A,
a unique product xy € A is defined such that for all x,y,z € A and scalar a:
(i) ()2 =2(y2);

(ila) x(y +z) =xy + xz;

(iib) (x+y)z=xz+yz;

(i) er(xy) = (ax)y = x(ery).

A Banach algebra is a Banach space A over K € {R, C} such that, for all x,y € A, |lxy| <
NIyl
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For a given cone P C Aand x,y € A, we say that x < yif and only if y —x € P. Note that <
is a partial order relation defined on .A. For more details on the basic concepts of a Banach
algebra, solid cone, unit element e, zero element 6, invertible elements in Banach algebra
etc. the reader may refer to [1-3].

For basic properties of Banach algebra and spectral radius refer to [1, 4].

In what follows A will always denote a Banach algebra, P a solid cone in A and e the unit

element of A.

Definition 2.1 ([5]) Let P be a solid cone in a Banach space E. A sequence {u,} C P is said
to be a c-sequence if for each ¢ >> 6 there exists a natural number N such that u, < ¢ for
alln>N.

Remark 2.2 For more on c-sequences see [2, 3, 5, 6].

Lemma 2.3 ([5]) Let E be a Banach space.
(i) Ifa,b,ce Eanda<b <K c, then a < c.
(i) If6 <a <K cforeachc>6,thena=20.

3 Main results

In this section first we introduce the definition of a rectangular cone b-metric space over
a Banach algebra (in short RCbMS-BA) and furnish examples to show that this concept
is more general than that of CMS-BA and CbMS-BA. We then define convergence and a
Cauchy sequence in a RCbMS-BA and then prove fixed point results in this space.

Definition 3.1 Let x be anonemptysetand d,, : x x x — Abesuch thatforallx,y,u,ve
o XFU,VEY:

(RCbM1) 6 < d,p(x,y) and d,p(x, ¥) = 6 if and only if x = y;

(RCbM2) die(%,y) = dyen (¥, %);

(RCbM3) there exist s € P, e < s such that d, (%, y) < s[dyep(x, 1) + dyep (4, V) + dyep (v, ¥)].
Then d,, is called a rectangular cone b-metric on x and (x,d,) is called a rectangular
cone b-metric space over a Banach algebra (in short RCbMS-BA) with coefficient s. If s = e
we say that (x,d,) is a rectangular cone metric space over a Banach algebra (in short

RCMS-BA).

In the above definition if condition RCbM3 is replaced with

(CbM3) dyep(x,¥) < sldyep(%,2) + drep(z,y)] for all x, 9,z € x,
then (x,d,cp) is a CbMS-BA as defined in [2].

Note that every CMS-BA is a CbMS-BA and CbMS-BA isa RCbMS-BA but the converse
is not necessarily true. Inspired by [1, 2] we furnish the following examples, which will

establish our claim.

Example 3.2 Let A = {a = (@)ax2 ¢ a;j € R}1 < 4j <2}, llall = X, 14,
P={aeA:a;;>0,1<ij<2}beaconein A Let =BUN,whereB={%:neN}.
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Letd, : x x x — Abe given by

oS o

g ) ifx =y
2
3

(
(

ISR )

) ifx,yeB;

Arep(%,y) = L1
" jjjj) ifx=1cBandye (234,56}
(i i) otherwise.

Then (x,d,cp) is a RCbMS-BA over A with coefficient s = (3 g) But it is not possible to
find s € P, e < s satisfying condition ChbM3 and so (x,d) is not a CbMS-BA over a Banach
algebra A.

Example 3.3 Let x = [0,2] and let A = Cpa(x). For o = (f,g) and 8 = (&, v) in A, we define
a.f = (fu,gv) and |la|| = max(|[f[l, llgll) where [f]| = sup,c, [f(x)|. Then A is a Banach
algebra with unit e = (1,1), zero element 6 = (0,0)and P = {(f,g) € A: f(t) > 0,g(¢) > 0,
t € x} aconein A. Consider d,;: x x x — A given by

drep(%, )(t) = (0,0) ifx=1y;

A (%, 9)(£) = (¢ + d.t,a + bt?) ifx,ye B=0, %) and
a, b, c,d are some fixed real
numbers;

Ayep(x,9)(2) = (n%(c +d.t), n%(a + bt?)) ifx = %(n >2)e Band
VS {1,2}

A%, 9)(€) = (Jx = y|*(c + d.t), |x — y|*(a + b.t?)) otherwise.

Clearly (x,dyp) is a RCbMS-BA over A with s = (2,2). Again it is not possible to find a real
number s € P, e < s satisfying condition ChbM3 and so (x,dy) is not a CbMS-BA over a
Banach algebra A.

For any a € x, the open sphere with center 4 and radius A > 6 is given by
By (a) = {b € x :dyep(a, b) < A}.

LetU ={Y C x :Vx € Y,3r > 0, such that B,(x) C Z}. Then U defines the rectangular b-
metric topology for the RCOMS-BA (X, dyep).

The definitions of convergent sequence, Cauchy sequence, c-sequence and complete-
ness in RCbMS-BA are along the same lines as for ChbMS-BA given in [2] and so we omit
these definitions.

Remark 3.4 We refer to Example 3.2 for the following:
(i) Open balls in RCbMS-BA need not be an open set. For example BA(%) with

A= ( % g) is not open because open balls with center 4 are not contained in BA(%).

(if) The li4m41t of a sequence in RCbMS-BA is not unique. For instance { %} converges to
2 and 3.

(ili) Every convergent sequence in RCbMS-BA need not be Cauchy. For

d(%, ﬁ) = (; ;) -6 asn— 00, SO {%} is not a Cauchy sequence.
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(iv) A RCbMS-BA need not be Hausdorff, as it is impossible to find ry, 7, > 0 such that
B,(4)NB,,(5) = .

Theorem 3.5 Let (x,d,) be a complete RCbMS-BA over Awith0 <sand T : x — x.If
there exist ). € P, r(\) < 1 such that

drcb(Tx’ Ty) = )\drcb(x:y) (31)
forallx,y € x, then T has a unique fixed point.

Proof Letxg € x be arbitrary. Consider the iterative sequence defined by x,,,; = Tx,, for all
n > 0. We divide the proof into three cases.

Case 1: Let r(A) € [0, %) (s >1). If x, = x,,1 then x,, is fixed point of T. Moreover, for any
x € X the iterative sequence {T"x} (n € N) converges to the fixed point. So, suppose that
%, # %41 for all n > 0. Setting d,.cp (%, %,11) = dy, it follows from (3.1) that

drcb(xnr xn+1) = drcb(Txn—b Txn)
=< )‘d(‘xn—ly xn):

dn f )Ldn—l < dn—ly

i.e. the sequence {d,,} is strictly decreasing and from this it follows that d,, # d,, whenever

n # m. Continuing this process we get
d, < \'d,. (3.2)
Again setting d; = d,p (%, %,12) for any n € N, using (3.1) we get

Arep Ky Xnr2) = Arep(Th-15 Thy11) = Adyep (X1, K1)

d, <\ ;.
Repeating this process we obtain
Areb (X Xna2) < )»"dg' (3.3)

Since r(A) < 1, we have r(sA?) < sr(A?) < sr(%).r(A) < : <1and so e — sA? is invertible and

(e-522)7" = i(sﬂ)". (3.4)

i=0

We consider d(x,,%,.,) in two cases.
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If p is odd, say 2m + 1, then using (3.2) as well as the fact that d,, # d,, whenever n # m

we obtain

Arep(ns Knsome1) = S[dy + iy + Ayep(Knizs Xioman) |
< sldy + dpn] + 8 [ + dies + drep K Ko |
= sldy + dynl + 8 [dnss + duas] + 8 [daa + dis] + - + 8" dyiom
< s[M"do + M do ]| + 82 [M P dy + M dp ] + [ + AP dg | +
+ 8N

e+s)\2 skz +- do +sk"+1[e+s)»2 (sk2)2+---]d0

|:Z skz j|sk"do + |:Z skz :| A,
i=0 i=0

= (e~

NG

s)»z)) s\ "dy + (e — (s)»z))f A" d,

(e— (sk ))_ sdole + A

Since r(A) < % <1, using Lemma 2.7 of [6], it is easy to see that A" is a c-sequence. Again
using Proposition 2.2 of [5], (e — (sA2))Lsdo[1 + A] — 6 as n — o0, and so it follows that,
for any ¢ € A with 6 <« ¢, there exists a natural number N; such that, for any n > Nj, we

have
drcb(xn: xn+2m+1) <A\ (6 - (SAZ))_lst [1 + )\'] <Lec. (35)

If p is even say 2m, using (3.2) and (3.3) as well as the fact that d, # d,,, whenever n # m

we obtain

Ayt (% Xnsam) = [ Arep(Fns Xna1) + Brep(Ene1, Xns2) + drep (K2 Knsom) |
=<sldy + dyi1]
+ 8 [ e (K2 Xn13) + rep(Kr3s Xra) + Arch Ko Kmiom) |
< sldy + dya] + (o + dpis] + 5% [da + diis] +
+ 8" dopm-s + dom-3) + §" " dyep(Sns2m—2s Fnsam)
< s[)\"do + A”*ldo] + 5 [A"*zdo + A”*sdo] +s° [k"”do + k”*sdo] +
+8" Ay + A2 dg | + s
< s)\"[e +sA 2+ 2 4 -]do + sk"”[e +sA2+ 2 4 -]do

sm lkn+2m Zd*

[e¢] e ¢}
< [Z (s12) } sAd + [Z (s12) } sA Ly + A2 g

i=0 i=0
= (e ( ))‘ls)»”do + (e— (sk2))_ SAdy + Sm—lkn+2m—2d8

< (e— (s ))_lsk”do [e+A] + s At 2m=2gx
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IA

(e - (skz))_lsk”do [e+A] + " AP 20

IA

(e - (skz))_lskndo [e+A] + s2m 1) 2m=2 ) g

[o¢]
< (e - (skz))flsk”do [e+A] + Zs”%‘?»”dé

i=0

= (e~ (s3%)) "sdo[e + 10"

-1
+ (E - A) dagr” (smce r(A) < - by Lemma 1.6 of [6 ])

N

Note that r(A) < % <1land so using Lemma 2.7 of [6], it is easy to see that A" is a c-sequence.
Again using Proposition 2.2 of [5], (e — (sA%))'sdo[e + A]A" + (¢ = 1) 'd§A" — 6 as n — o0
and so it follows that, for any ¢ € A with 6 < ¢, there exists a natural number N, such that,
for any n > N,, we have

drep (X Xramsn) < (€= (s12)) sdole + A]A" + (g - x)ld;m <ec. (3.6)
Let Ny = Max{Nj, N,}. Then for all » > N we have

rey (X %) K C. 3.7)
Thus {x,} is a Cauchy sequence and since (), dp) is complete, we can find u € x such that

lim x, = u. (3.8)

n—00

Since d,, # d,,, whenever n # m there exists k € N such that d,.;(u, Tu) # {dx, dis1,...}. Then
forany n > k

rch M: Tu) =<s rcb(u xn) + drcb(xnrxnﬂ) + drcb(xnﬂy Tu)]

S| et 20) + dyy + yep (T, T |

IA

s
[
8| e (14 2n) + s + Ay (0, 1) |
[

< s[(e+ Ndyep (%, 1) + M'do] — 6 asn— oo,

i.e. Tu =u. Now if Tv = v and d,e(1,v) # 0 then using (3.1) one can easily deduce that
dyep(u,v) = 0, and so the fixed point is unique.
Case 2: Let r(A) € [%, 1) (s > 1). In this case, we have r(1)” — 0 as n — 00, and so there
exists ny € N such that r(1)" < % Note that r(A") < r(A)" < % Also by (3.1),
Ay (T"%, T™y) = dyey (T (T ), T(T"'y)
< )»d,cb(T"O’lx), T”O’ly)
= Ay (T (T702x), T(T™%y)
= kzdrch(Tno_zx), T"O_zy)

= At drcb (x; y)
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Thus by case 1, 7" has a unique fixed point #* € X. Now we have
T"(Tu*) = T (u*) = T(T™u*) = Tu*, (3.9)

i.e. Tu* is also a fixed point of 7"0. Hence, by the uniqueness of the fixed point of 7" we get
Tu* = u*. Now suppose Tu = u and Tv = v. Then Ty = TV (Tu) = Ty =--.=Tu=u
and Ty = T"Y(Ty) = T" 1y = ... = Tv = v. By the uniqueness of the fixed point of T"0
we get u =v.

Case 3: s = 1. The proof follows from case 1. g

Remark 3.6 In an open problem in [7] the authors have asked whether it is possible to
increase the range of A in Theorem 2.1 of [7] from (0, %) to (0,1). Since every rectangular
b-metric space is a RCbMS-BA, Theorem 3.5 gives a positive answer to the question posed
by the authors.

Definition 3.7 Let (x,d,») be a RCbMS-BA, 6§ <sand T : x — x. Then T is called a
weak Kannan contraction iff there exist L, A € P such that 0 <r(\) < ﬁ, and

dyep(Tu, Tv) < k[dmb(u, Tu) + dyep (v, TV)] +L.a(u,v) Yu,vey (3.10)
and a(u,v) = dyep(u, TV) or d,ep (v, Tis).

Theorem 3.8 Let (x,d, ) be a complete RCOMS-BA with 0 <s,and T : x — x be a map-
ping. If T is a weak Kannan contraction mapping then T has a fixed point. Further if

L<1 or dw(Tx, Ty) < L*.[dmb(x, Tx) + d(y, Ty)] (3.11)
for some L* € P, then the fixed point is unique.

Proof Letxg € x be arbitrary. Consider the iterative sequence defined by x,,,1 = Tx,, for all
n> 0. Let dyep(x, %141) = d, and suppose a(x,y) = dyep(x, Ty). It follows from (3.10) that

drcb(xnr xn+1) = drcb(Txn—lx Txn);

dp 2 Mdy_1 +dy).
If o (x, y) = dyep (%, Ty)

Arep(Kns Xn1) = Arep(Txn-1, Tx),

dn = )\[dn—l + dn]
Thus in both cases

dn = )‘-[dn—l + dn]r
dn = (6 - A)ilkdn—l = ,Bdn—l:

where 8 = (e — A)"'A. Repeating this process we obtain

d, < B"dy. (3.12)
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Also, for a(x, y) = d,ep(x, Ty)

drcb(xm xn+2) = drcb(Txn—lj Tx}’H—l) = drcb(Tan: Txn—l)
= )M[dn—l + dVl+1] + Ldn
= )\[dn—l + dn+1] + L'dn;

for a(x,y) = d,ep(y, Tx)

drcb(xnr xn+2) = drcb(Txn—l; Txn+1)
= )\[dn—l + dn+1] + Ldn
= )‘[dn—l + drH—l] + Ldn

Thus we have

drcb(xnrxn+2) = K[ﬁn_ldo + ,Bn+1d0] + L[ﬁndo]
<" e+ B*]do + L.B"" By

<np",
where 1 = (A(e + 82) + LB)d, € P. Thus we have
drcb(xmerZ) = nﬁn—l. (313)

Note that (1) <1 and so (e — )7 is invertible and (e — A)™! = "<, A’. Therefore r(f) =
r(le=A)7h) = (X5 A) < Y2 r(A) = 153(/)\) (as (1) <1). Thus we have r(B) < 1. Therefore

r(sB?) = sr(B?) <sr(B)r(B) = -

so e — sB2 is invertible and

o]

(e- sﬂz)f1 = Z(sﬂz)i. (3.14)

i=0
We will analyze d,; (%, X4.) as follows: For some odd p say 2m + 1

AyepFns nr2msr) =X S[dn + dpat + dyep(Fpazs Xnsam1) |

<sldy + dpa] +5° [dn+2 +dpsz + drcb(xn+4;xn+2m+1)]

< sldy + dya] + 8 [dss + dyas) + 8 [dpea + dpas) + -+ + " o
s[B"do + B do | + [ B2 do + B do| + [ B do + B do | +

+ Smﬁn+2md0

IA

5sﬁ”[1+sﬂ2 +s2,84 +~~-]d0 +s,8”*1[1+3/32 +s2/34 +- --]do

[pee (B

i=0 i=0

= (e~ (sp? ))_ sB"do + (e — (sB> ))_ sp™d,.
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Note that r(8) < % <1and using Lemma 2.7 of [6], 8" is a c-sequence. Again using Propo-
sition 2.2 of [5], (e — (s2))1sB"dy + (e — (sB?)) LB dy — 6 as n — oo. It follows that, for
any ¢ € A with 6 < ¢, there exists N; € N such that, for any n > Nj, we have

drcb(xmxn+2m+l) = (3 - (Sﬁz))_lsﬂndo + (e - (sﬁz))_lsﬂanO Lec. (315)
For some even b, say 2m,

Arep (s Xnvom) = S[d + At + dyep(Fnrzs Knsam) |
< 8[dy + dpir] + 8 [dnsz + Az + drep(Knias Xniom) |
< sldy + dya] + 5 [dsr + das] + 8 [dypa + dipas] + -+
+ 8" dom-g + dom-3) + 8" Ay Kns2m—20 Xnrom)
<s[B"do + ﬁ"+ldo] +s2[ﬁ”+2d0 + 5n+3d0] +53[ﬁ”+4d0 + ,3"*5610] e
"By + B2 3dg] + s dy
<sp'[1+sB>+ B+ |do +sp" 1 +sB> +s°B* + - |do
+ g Ny
o0 . o0 ‘ o0
= [Z(sﬁ2)l:|sﬁ”d0 + [Z(sﬂ2)1:|s,3”*1d0 +n |:Z si*lﬁi:| B d,
i=0 i=0 i=0

= (e~ (s8%)) "'spp"do + (e~ (s8%)) s> B"do

-1
+ n(? - ,3> 8" Ld, (since r(B) < %)

Note that 7(8) < % < 1and using Lemma 2.7 of [6], 8"~} is a c-sequence. Again using Propo-
sition 2.2 of [5] (e — (sB2))'sBp" 'do + (e — (s*)'sB>B"'do + n(¢ - B)'B"'dy — 0 as
n — oo. It follows that, for any ¢ € A with 6 < ¢, there exists N € N such that, for any
n>N,
Arep (K Xnvam) =< (6 - (SﬁZ))_lsﬁﬂn_ldO + (e - (Sﬂz))_lsﬂzﬁn_ldo
. -1
+ '7(‘ - ,3> B"dy
s
<c. (3.16)

Let Ny = Max{Nj, N, }. Then for all n > N, we have

A%y, Xpip) L C. (3.17)

Thus {x,} is a Cauchy sequence and by completeness of (), d,.) there exists u € x such
that

lim x, = u. (3.18)

n—00
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Since d,, # d,, whenever n # m there exists k € N such that d(u, Tu) # {d, di:1,...}. Then
forany n > k
yep (1, Th) < 8[ ey (1 %) + Ayt Xn41) + rep (K, Tid)]
= s[d,cb(u,x,,) +d, + dyep (T, Tu)]
=< s[dyep (1, %) + iy + M dyep (% Tn) + dyep (1, Tir) } + Lo, 1) |
= s[d,cb(u,x,,) +dy+ )\{drcb(x,,,xml) + dyep(U, Tu)}] + Lodyep (44, %41)
< 8[drp (t,20) + oy + M Ay (05 X111) + yep(h, T) } | + Ly (1, X11),s

(6 - S)‘-)drcb(uv TM) = S[drnb(ur xn) + (e + )\),Bndo] + L-drnb(u;xn+l)~

Note that r(sA) < sr(A) < % <1 and so e — s\ is invertible. Also, r(8) < % < 1. Hence

using Lemma 2.7 of [6], 8" is a c-sequence and use of Proposition 2.2 of [5] gives
s(e = 1) Mdyep (1, %) + (e + M) B"dy] + L.Ayup(th;%01) — 0 as n — oo. It follows that, for
c € Aand 0 < c, there exists N3 € N, such that, for any n > N3,

drcb(u! T”) = S(e - As)_l [drcb(ur xn) + (1 + )‘);Bnd() + L'drcb(u: xn+l)] <L (319)
i.e. Tu = u. Uniqueness follows easily from (3.11). |

Theorem 3.9 Let (x,d,.») be a complete RCbMS-BA withs >1and T : x — x be a map-
ping. If there exists A € P such that 0 < r(A) < ﬁ, and

drcb(Tx: T}’) = A[drcb(x7 Tx) + drcb(y’ TJ/)], (320)
forallx,y € x then T has a unique fixed point.

Proof Note that (3.20) implies (3.10) and (3.11). Hence the result follows from Theo-
rem 3.8. 0

Corollary 3.10 Theorem 3.2 of [5] and Theorem 2.2 of [1].

Proof Note that, for k € P with r(k) < %,
drcb(Tx; Ty) =< k{drcb(x: Ty) + drcb(y: Tx)}
implies

drch(Txr TJ/) {drcb(x, Tx) + drch(Tx;y) + drsh(yr Ty) + drcb(y: Tx)}

<k
=< k{drcb(x: Tx) + drcb(yy T)/)} + dercb(yr Tx),

where r(k) < % and r(2k) < 1. Thus T satisfies conditions (3.10) and (3.11) of Theorem
3.8, with s = 1. Since every CMS-BA is a RCbMS-BA with s =1, the proof follows from
Theorem 3.8. O

Corollary 3.11 Theorem 3.3 of [5] and Theorem 2.3 of [1].
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Proof Since every CMS-BA is a RCbMS-BA with s = 1, the proof follows from Theo-
rem 3.9. m

Example 3.12 Let A = {a = (a;))2x2 : 4;j € R,1 < i,j < 2}, |||l = max; Z}.Zzl laijl, P={a €
A:a;j>0,1<1ij<2}beaconein A Let x =AU B, where A = [0, %] and B = [1,2]. Let
drep : X X x — A be given by

40,2 = sl D) = dra], ) = (2505

da0,5) = a3, 1) = a3, ) = (0202)

40, 1) = dr(h, 1) = (1) = (0202

40,2) = (b, ) = drs(d, 1) = (03.02)

40, 2) = (1) =drs(h, 1) = (0303)

drep(u,v) = (3 ) if u = v;
dyep(,v) = (1) ifuved—{0,1,1,1 11y
dyep(u,v) = fi”) ifu:%(nEZ) cAandve{l,2};
drep(,v) = (:Z:::z “:::‘E ) otherwise.

Then (x, d,c) is a RCbMS-BA over A with s = (2 0) However, for u = % andv = % itis im-
possible to find s € P, e < s such that d,c;,( ) =< s(d,cb( 2) + dyep(2, %)) for all n,m e N,
and so (x,d,) is not a CbMS-BA over A. Also (x,d,e) is not a CMS-BA over A as
af,cb(1 e (0‘6 0'6) - drcb( —) + d( ) (0'5 0'5). Define T by

4 0.6 0.6 0505
=, ueBU{i};
Tu = %—u, ueD:{%:nz?:,n#6};
1 1
T ueA-{DU¢}.

Then T satisfies condition (3.10) For a(x,y) # 6 then it is enough if we take L sufficiently
large. If a(u,v) = 6, we proceed as follows.
Case ( ) ueBU { } veD, drcb(ux TV) drcb(uy % - V)' drcb(V: Tu) = rcb(V; %) Ol(u, V) =0

ifu+v==Lorv=2 SmceveD,v—%.u+v= nlyatu—landv— 3. Then

2 20 6

91 0.080278 0.080278 . 9\ _ (0.080278 $080278 .

drep (T, TV) = dyep(55,5) = (0080278 0‘080278)’ ey (4, Tu ’Cb(E' 30) = (0‘080278 0‘080278)’

Ay (v, Tv) = d,cb(%, 1y = (gg gg) Clearly we can find A = (0 k) with k € (0, %) satisfying
(3.10).

Case (11) ueBU {%}, Ve A - {D U %}ﬁ drcb(u, TV) = drcb(u; %)r drcb(Vr TM) = dVCb(V’ %)’

a(u,v) =0 only at u = % or v = %. Butu;:’i. Let v = 2 andueBU{é}. Then

drcb(Tu’ TV) = rcb(zo; 1) = (ggi 88:)’ drcb(Vr TV) = rcb( 90’ 411,) = (881 882): drcb(ur TL{) =

[~ ﬂ;\ Joe— 2—(5| 1 0.0802777 0.0802777
dyep(x, 20) ( 21 s IZ) when u = ¢, dyep(u, Tu) = (0‘0802777 0‘0802777). Clearly there ex-

O

1
2
) =

ist k € (0, 5) such that A = (l(; /?) satisfying (3.10).

Case (111) ueD, veA- {D U %}: drcb(u: TV) = rcb( i) d b(Vr TM) = drcb(Vy% - M);

1

a(w,v)=0atu=zandu+vs= % At u = 1, dyep(Tu, Tv) (i i) = 0. Hence condition

L 12,1 102
n 4 n

. . 1 11 1 1 Iz
(3.10) is satisfied. At u = - and v = 5 — -, dyep(Tu, TV) = dyep(5 — %, 7) = (‘;_1‘2 oip ;
n n
L1 1y (lamaP iEesP 11y (limal ireE?
drcb(”; TM) = drcb(;:i ;) (|2 l| 2 ll ); drcb(Vr TV) = rcb( ] Z) = (‘1_1‘2 |l—l|2);
n 2 no 2 4 n 4 n
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Note that dye (1, Tue) + dyep(v, Tv) = |12 = 112 + |2 — 112 = 5|12 — 1|2 = 54,,(Tu, Tv). Hence

(3.10) is satisfied with 2 = ( i D)

Other cases follow similarl; Indeed condition (3.10) is satisfied. Note that d,.; (¢, Tu) +

dyep(v, Tv) # 0 for any u, v € x and so T satisfies (3.11) for sufficiently large L*. Theorem 3.8
is thus applicable and Fix(T) = {i}. However, condition (3.20) is not satisfied at u = é and
v =L as dry (Tit, T) = dyen( 5, 1) = (02 %) = Lo, Tt) + dyep (v, TV)] = L2, 35) +
drep(, 1)) = (8:832;2 g:gﬁg;g). Hence Theorem 3.9 is not applicable.
Example 3.13 Let x = [0, %] and d,(%,y) = |x — y|. Let Tx = % for all x,y € x. Then The-
orem 3.8 is applicable on T and Fix(T) = {0}. However, Corollary 3.11 is not applicable
on T. If we take X = [0,1] then T satisfies (3.10) but neither L <1 nor T satisfy (3.11). 0
and 1 are two fixed points of T

Now, we will apply Theorem 3.5 to study the existence and uniqueness of solutions of a
system of linear equations.

Consider the following system of linear equations:

auX| + apXy + - + dx, = by,

A2X1 + ApaXo + -+ + Aoy = b, (3.21)

AmX1 + A%y + -+ + AypXy = by,
Withﬂij,bi (l=11’1,]=11’1) eC.
Theorem 3.14 IfZ?:U# la;| + 11— ay| <1, then (3.21) has a unique solution.

Proof Consider the Banach algebra A = {a = (a)),x» : a; € C,1 < i,j < n}, with e being the
identity matrix of order n, multiplication defined as ordinary matrix multiplication and
lall = Y% lajl. Let P={a € A:a;j > 0,1 <i,j <2} be aconein A. Let x = C*. Define
drep: x X x > Aby

X1-Y1 ¥17)1 - X101
X2=Y2 X2=Y2 - X272

2% S : ifx,ye X,
: : : x-ye[Z %[, x---x [, 1]
Xn=Yn Bn=Yn - ¥n=Yn Yelzs 2732 7720

«a is the largest integer such that
a€{2,3,4,5,6,7,8,9,10} and
max; [x; — yi| < %;

dyep(%,y) = @m—m @\xl—yl\ @le—yl\
ﬁ\x'z—yz\ 0P 292l - o X202l = (215000 2) € X
ol oyl . gyl ¥ FF2H e+ =p ENand
y=0nY2--¥n) ENXNx .- xN;

X1=)1 X1=)1 - X171
X2=Y2 X2—=Y2 - X2-Y2
. . . otherwise.

Xn=Yn Xn=Yn - Xn—Yn

Then (x,d,ep) is a RCOMS-BA over A with s =10. Let T : x — X be defined by

Tx=(I-A)x+B forallxe y,

where A, Xs,,, and B,y are the coefficient matrices of (3.21).
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Then the system of linear equation (3.21) is equivalent to x = Tx. We will show that T

satisfies (3.1). Let x,y € .

max;{|x; — y;| : i =12,...,n} <

Casel.x—ye€ [‘71,%] X [‘71,%] X een

1 «€{2,34,56,7,8,910}. Then Tx = (¥, V2:-.., Vu);

Vi= 2+ (L= aw)xi, Ty = (oo m)s i = 2000 4 ag% + (1= ag)x; and Tx —
Ty = (ki Az,..0shy) Where & = 307, ay(x; — 9j) + (1= @) — y:) and [Ai] = y; = n;

]

X [‘71, %] and « is the largest integer such that

1
27:1,;';1;‘ lal % — y;1 + 11— ayllx; — yil < 5 B > . Thus we have

A M A
12 A2 A2
drcb(Tx’ TJ’) = 2_/3 . .
An Ay Au
(I1-an) ap
1 an (1-as)
T2
an an2
X1—=)1 X1—)N
X2 —Y2 X2—Y2
X
Xn—=Yn Xnu—Yn
(1-an) a2
an (1—a)
=
an an2
X1—Y1 X1—)
1 | *2—)2 X2—)2
X _
20 .
Xn — yn Xn — yn

Case2.x-y¢[3, 2] x [F, 4] x - x [,

(I-an) ap

an (1-a)
drcb(Txr Ty) =
anl an2
X1—)1 X1—)N
Xy —Y2 X2—Y2
X

Xn—=Yn Xn—Yn

ain

Aon
(1 - aum)
X1—N
X2 — )2
Xn —Yn
Aon
(1-aum)
X1 =1
X2 — Y2

Xn _yn

]. Then we have

arn

(1-aun)

X1—)1
X2 =2

Xn —Yn



George et al. Fixed Point Theory and Applications (2017) 2017:14 Page 14 of 15

Thus in both cases we have d(Tx, Ty) < y.d(x,y), where

(1-an) an e aiy
an 1-axn) ... Ao
y =
an ap2 v (1 - ﬂnn)

and r(y) < |yl = Z:':Li# la;j| + |1 — aj| <1. Thus T satisfies (3.1) and so by Theorem 3.5
the system of linear equations (3.21) has a unique solution. O

Theorem 3.15 Ifz;‘il,j;!i laj| + 11— ay| <1, then the conclusion of Theorem 3.14 still holds.

Proof Let A and P be as in the proof of Theorem 3.14 and ||a|| = 27:1 |aj|. Let x = C™.
Let d,p: x X x — Abe given by

lx1=y1l ler=y1l .. ler-y1l
[x2=y2l lx2=y2l ... lx2=y2]

drep(%,y) = : : : Vx,y € X.

|xn;yn\ |xn;}’n| \xn—.yn|
Then (x,d,p) is a RCbMS-BA over A with s = 1. Define the self map T of x by
Tx=(I-A)x+B forallxelX,
where A,,5,,, X,x1 and B,,1 are the coefficient matrices of (3.21).

Then the system of linear equations (3.13) is the problem x = Tx. We will show that T
satisfies (3.1). Let x,y € x. Then

(1-an) an ... 1n
an (I-axn) ... Aan
drcb(Tx’ Ty) = . . . drcb(x’y) = y'drcb(x:y)
anl aAn2 vo (I—aum)

withy =I-Aand r(y) < |yl = Z?:l,i;lj |a;| + |11 — aj| <1. Thus T satisfies (3.1) and so by
Theorem 3.5 the system of linear equations (3.21) has a unique solution. O
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