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Abstract

Recently, Wardowski (Fixed Point Theory Appl. 2012:94, 2012) introduced a new
concept of F-contraction and proved a fixed point theorem which generalizes the
Banach contraction principle. Following this direction of research, in this paper, we
present some new fixed point results for F-expanding mappings, especially on a
complete G-metric space.
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1 Introduction
Let (X, d) be a metric space. A mapping T : X — X is said to be expanding if

Veyex d(Tx, Ty) > Ad(x,y), where A>1 (1)

The condition X > 1 is important, the function 7 : R — R defined by Tx = x + ¢* satisfies
the condition |Tx — Ty| > |x — y| for all x,y € R, and T has no fixed point.
For an expanding map, the following result is well known.

Theorem 1.1 Let (X,d) be a complete metric space, and let T : X — X be surjective and
expanding. Then T is bijective and has a unique fixed point.

It follows from the Banach contraction principle and the following very simple observa-
tion.

Lemma 1.2 [f T : X — X is surjective, then there exists a mapping T* : X — X such that
T o T* is the identity map on X.

Proof For any point x € X, let y, € X be any point such that Ty, = x. Let T*x = y, for all
x€X. Then (T o T*)(x) = T(T*x) = Ty, =x for all x € X. O

In the present paper, we introduce a new type of expanding mappings.

Definition 1.3 Let F be the family of all function F : (0, +00) — R such that
(F1) F is strictly increasing, i.e., for all «, 8 € (0, +00), if « < B, then F(&) < F(B);
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(F2) for each sequence {a,} C (0, +00), the following holds:

lim o, =0 ifandonlyif lim F(x,) = —o0;

(F3) there exists k € (0,1) such that lim,_,, ofF() = 0.

Definition 1.4 Let (X, d) be a metric space. A mapping T : X — X is called F-expanding
if there exist F € F and ¢ > 0 such that for all x,y € X,

d(x,y)>0 = F(d(Tx,Ty)) = F(d(x,y)) + ¢. @)

When we consider in (2) the different types of the mapping F € F, then we obtain a
variety of expanding mappings.

Example 1.5 Let Fi(¢) = Ina. It is clear that F satisfies (F1), (F2), (F3) for any k € (0,1).
Each mapping T : X — X satisfying (2) is an F;-expanding map such that

d(Tx, Ty) > é'd(x,y) forall x,y€X, d(x,y)>0.
It is clear that for x,y € X such that x = y, the inequality d(Tx, Ty) > €'d(x, ) also holds.

Example 1.6 If Fr(«) = Ina + o, @ > 0, then Fj satisfies (F1), (F2) and (F3), and condition
(2) is of the form

d(Tx, Ty)e™ T -46) > ¢t(x,y)  forall x,yeX.

Example 1.7 Consider F3(a) = In(e? + ), o > 0. F satisfies (F1), (F2) and (F3), and for
F;-expanding T, the following condition holds:

d(Tx, Ty) + 1
w>etd(x,y) forall «x,y€X.

d(Tx, Ty) - Ay +1 =

Example 1.8 Consider Fy(x) = arctan(—é), a > 0. F, satisfies (F1), (F2) and (F3), and for
F,-expanding T, the following condition holds:

tan¢

d(x,y) b3
d(Ix, Ty) > | —————— |d(», f O<t<—.
(Tx y)_|:1—tant~d(x,y)] (x,y) forsome O<t< 5

Here, we have obtained a special type of nonlinear expanding map d(Tx, Ty) > ¢(d(x,
»)d(x,y).

Other functions belonging to F are, for example, F(a) = In(¢”), n € N, a > 0; F(a) =
In(arctana), o > 0.
Now we recall the following.

Definition 1.9 Let (X, d) be a metric space. A mapping T : X — X is an F-contraction on
X if there exist F € F and ¢ > 0 such that for all x,y € X,

d(Ix, Ty) >0 = ¢+ F(d(Tx, Ty)) < F(d(x,y)). (3)
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For such mappings, Wardowski [1] proved the following theorem.

Theorem 1.10 Let (X, d) be a complete metric space and T : X — X be an F-contraction.
Then T has a unique fixed point u € X and for every x € X, a sequence {x, = T"x} is con-
vergent to u.

2 Theresult
In this section, we give some fixed point theorem for F-expanding maps.

Theorem 2.1 Let (X,d) be a complete metric space and T : X — X be surjective and F-
expanding. Then T has a unique fixed point.

Proof From Lemma 1.2, there exists a mapping T* : X — X such that T o T* is the identity
mapping on X. Let x,y € X be arbitrary points such thatx #y,and let z = T*x and w = T*y
(obviously, z # w). By using (2) applied to z and w, we have

F(d(Tz, Tw)) = F(d(z,w)) +¢.
Since Tz = T(T*x) = x and Tw = T(T*y) = y, then
F(d(x,y)) = F(d(T*x, T*y)) + ¢,

so T*: X — X is an F-contraction. By Theorem 1.10, 7* has a unique fixed point u € X.
In particular, u is also a fixed point of T because T*u = u implies that Tu = T(T*u) = u.

Let us observe that T has at most one fixed point. If u,v € X and Tu = u # v = Tv, then
we would get the contradiction

F(d(Tu, Tv)) = F(d(u,v)) + ¢,

0 = F(d(Tu, Tv)) - F(d(u,v)) > t > 0,
so the fixed point of T is unique. O

Remark 2.2 If T is not surjective, the previous result is false. For example, let X = [0, 00)
endowed with the metric d(x,y) = |x — y| for all x,y € X, and let T : X — X be defined by
Tx =2x + 1 for all x € X. Then T satisfies the condition d(Tx, Ty) > 2d(x,y) for all x,y € X
and T is fixed point free.

3 Applications to G-metric spaces

In 2006 Mustafa and Sims (see [2] and the references therein) introduced the notion of
a G-metric space and investigated the topology of such spaces. The G-metric space is as
follows.

Definition 3.1 Let X be a nonempty set. A function G: X x X x X — [0, 00) satisfying
the following axioms:

(Gl) G(x¢y¢z) = 0 lfx :y =2z,
(G2) G(x,x,y) >0 forallx,y € X withx #y,
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(Gs) G(x,x,9) < G(x,9,2) for all x,y,z € X with z #y,
(Ga) G(x,9,2) = G(x,2,9) = G(y,z,x) = - - - (symmetry in all three variables),
(Gs) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X,

is called a G-metric on X, and the pair (X, G) is called a G-metric space.

Recently, Samet et al. [3] observed that some fixed point theorems in the context of
G-metric spaces can be concluded from existence results in the setting of quasi-metric
spaces. Especially, the following theorem is a simple consequence of Theorem 1.10.

Theorem 3.2 Let (X, G) be a complete G-metric space, and let T : X — X satisfy one of
the following conditions:
(@) T is an F-contraction of type I on a G-metric space X, i.e., there exist F € F and
t > 0 such that for all x,y € X,

G(Tx, Ty, ) >0 = ¢+ F(G(Tx, Ty, Ty)) < F(G(x,y,y)); (4)

(b) T is an F-contraction of type Il on a G-metric space X, i.e., there exist F € F and
t > 0 such that for all x,y,z € X,

G(Tx, Ty, 12) >0 = t+ F(G(Tx, Ty, Tz)) < F(G(x,y, z)). (5)

Then T has a unique fixed point u € X, and for any x € X, a sequence {x,, = T"x} is G-
convergent to u.

The previous ideas lead also to analogous fixed point theorems for F-expanding map-
pings on G-metric spaces.

Definition 3.3 A mapping 7 : X — X from a G-metric space (X, G) into itself is said to
be
(a) F-expanding of type I on a G-metric space X if there exist F € F and ¢ > 0 such that
forall x,y € X,

G5y >0 = F(G(Tx, Ty, Ty)) = F(G(x,5,9) + &; (6)

(b) F-expanding of type I on a G-metric space X if there exist F € F and ¢ > 0 such
that for all x,y,z € X,

Gx,9,2)>0 = F(G(Tx, Ty, Tz)) > F(G(x,y, z)) +t. 7)

Theorem 3.4 Let (X, G) be a complete G-metric space and T : X — X be a surjective and
F-expanding mapping of type I (or type II). Then T has a unique fixed point.

Proof Let T be an F-expanding mapping of type I. From Lemma 1.2, there exists a mapping
T*: X — X such that T o T* is the identity mapping on X. Let x,y € X be arbitrary points
such that x #y, and let £ = T*x and n = T*y. Obviously, £ #  and G(&,7,n) > 0. By using
(6) applied to & and n, we have

F(G(T%', Tn, TT))) > F(G@’ m '7)) +t
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Since T¢ = T(T*x) =x and Tn = T(T*y) = y, then

F(Gx,9,9) = F(G(T*x, Ty, T*y)) + t,
so T* is an F-contraction of type I on a G-metric space (X, G). Theorem 3.2 guarantees
that 7* has a unique fixed point # € X. The point u is also a fixed point of T because
Tu=T(T*u) = u.

Now, we prove the uniqueness of the fixed point. Assume that v is another fixed point
of T different from u: Tu = u # v = Tv. This means G(&,v,v) > 0, so by (6)

0<t< F(G(Tu, Tv, Tv)) - F(G(u, v, v)) =0,
which is a contradiction, and hence u = v.
For F-expanding mappings of type 11, it is necessary to take z = y and apply the proof for
F-expanding mappings of type L. d

As a corollary of Theorem 3.4, taking F; € F, see Examples 1.5, we obtain the following.

Corollary 3.5 ([2], Corollary 9.1.4) Let (X, G) be a complete G-metricspaceand T : X — X

be surjective, and let there exist . > 1 such that
G(Tx, Ty, Ty) > AG(x,y,y) forall =x,yeX,
or
G(Tx, Ty, Tz) > AG(x,y,z) forall x,y,z€ X.

Then T has a unique fixed point.

Remark 3.6 If T is not surjective, the previous results are false. Consider X = (—o0,-1] U
[1,00) endowed with the G-metric G(x,y,z) = |[x —y| + |x —z| + |y — 2| for all x,y,z € X
and the mapping 7' : X — X defined by Tx = —2x. Then G(Tx, Ty, Tz) > 2G(x,y,z) for all
x,9,z € X and T has no fixed point.

Now, we will improve some results contained in the book [2]. We will use the following
observation: if T : X — X is a surjective mapping, based on each x € X, there exists a
sequence {x,} such that Tx,,; = x, for all n > 0. Generally, a sequence {x,} verifying the

above condition is not necessarily unique.

Theorem 3.7 Let (X, G) be a complete G-metric space, and let T : X — X be a surjective
mapping. Suppose that there exist F € F and t > 0 such that for all x,y € X,

G(x, Tr,y) >0 = F(G(Tx, T?x, Ty)) = F(G(x, Tx,y)) + ¢. (8)

Then T has a unique fixed point.
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Proof Let xy € X be arbitrary. Since T is surjective, there exists x; € X such that Tx; = x,.

By continuing this process, we can find a sequence {x, = Tx,,1} for all n =0,1,2,.... If

there exists 7y € N U {0} such that x,,, = x,,.1, then %, is a fixed point of T

Now assume that x,, # x,,,1 for all # > 0. Then G(x,,,1,%,,%,) >0 for all 7 > 0, and from

(8) with x = x,,,; and y = x,,, we have, for all n > 1,

F(G(xnrxn—lixn—l)) = F(G(Txn+1’ szn+17 Txn))

> F(G(tna1, Toni1,%4)) + £ = F(G (a1, %s %)) + 2,
and hence
t+ F(G(n115 % %)) < F(G (s X1, %-1))-
Using (9), the following holds for every n > 1:

F(G(xnﬂrxmxn)) =< F(G(xmxn—bxn—l)) -t

< F(G(%p1, Xn2,%4-2)) — 2t < -+ < F(G(x1, %0, %0)) — t.

From (10) we obtain

lim F(G(%41, %, %)) = =00,
n— o0

which together with (F2) gives

lim G(xnﬂ;xmxn) =0.

n—00

From (F3) there exists k € (0,1) such that

lim [Gns1, % %) | F(GEors1, %)) = 0.

n—00

By (10), the following holds for all n > 1:

[G(xrﬁ-l: xnrxn)]kF(G(xn+l:xn: xn)) - [G(xn+1:xn: xn)]kF(G(xbe:xO))
S [G(xn+1:xn: xn)]k(F(G(xlerer)) - }’lt)
- [G(xn+17xn,xn)]kF(G(xbe;xO)) = _[G(xn+l:xmxn)]k -nt S 0.
Letting n — oo in (13) and using (11), (12), we obtain
lim [G(x,,+1,x,,,x,,)]k -n=0.

Now, let us observe that from (14) there exists #; > 1 such that

[G(x,,+1,x,,,xn)]k -n<1 forall n>m.

)

(10)

(11)

(12)

(13)

(14)
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Consequently, we have

1
G(Xpa1s X0y %) < —r forall n>mn;.
n 1k

Since the series Z,O:olﬁ converges, for any & > 0, there exists ny > 1 such that
> A <e. In order to show that {x,} is a Cauchy sequence, we consider m > n >
i=ny 1k

max{n, ny}. From [2], Lemma 3.1.2(4), we get

m-1 00
G Xy X %) < Z G(xj+1:xjyxj) = Z G(xjﬂyxj,xj)

J=n J=n
< 3 —1 < 3 —1
—Zjllk —Z]'I/k <€

j=n j=na

Therefore by [2], Lemma 3.2.2 and axiom (G4), {x,} is a Cauchy in a G-metric space (X, G).
From the completeness of (X, G), there exists u# € X such that {x,} — u. As T is surjective,

there exists w € X such that u = Tw. From (8) with x = x,,,; and y = w, we have, for all n > 1,

F(G (s x0-1, 1)) = F(G(Tps1, T* %11, Tw))

> F(G(us1, Tns1, W) + t = F(G(Xs1, %0, W) + £,
and hence
F(G(xn,xn_l, u)) > F(G(xml,xn, w)). (15)
By (F1) from (15), we have
G(xyy %01, 1) > G(xp41,%,,w) forall n>1. (16)

Using the fact that the function G is continuous on each variable ([2], Theorem 3.2.2),

taking the limit as # — oo in the above inequality, we get

G(u,u,w) = lim G(x,,%,-1,u) = 0,
n— 00

that is, u = w. Then u is a fixed point of T because u = Tw = Tu.
To prove uniqueness, suppose that u,v € X are two fixed points. If Tu = u # v = Tv, then
G(u,u,v) > 0. So, by (8),

F(G(u,u,v)) = F(G(Tu, T*u, Tv))

> F(G(u, Tu,v)) + t = F(G(u,u,v)) + 1,
which is a contradiction, because ¢ > 0. Hence, u = v. O

Taking F) € F, see Example 1.5, we obtain the following.
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Corollary 3.8 ([2], Theorem 9.1.2) Let (X, G) be a complete G-metric spaceand T : X — X
be a surjective mapping. Suppose that there exists ). > 1 such that

G(Tx, T°x, Ty) = AG(x, Tx,y) forall x,y€X.
Then T has a unique fixed point.
Next result does not guarantee the uniqueness of the fixed point.

Theorem 3.9 Let (X, G) be a complete G-metric space, and let T : X — X be a surjective
mapping. Suppose that there exist F € F and t > 0 such that for all x,y € X,

G(x Tx, T°%) >0 = F(G(Tx, Ty, T%y)) = F(G(x, Tx, T?x)) + ¢. (17)
Then T has a fixed point.

Proof Let xo € X be arbitrary. Since T is surjective, there exists x; € X such that xy = Tx;.
By continuing this process, we can find a sequence {x,, = Tx,,;} for all » > 0. If there exists
no > 0 such that x,,, = x,,,41, then x,,,,1 is a fixed point of T'.

Now, assume that x,, # x,,; for all # > 0. From (17) with x = x,,; and y = x,,, we have
G(%ns1, a1, T*%11) = G415 %0, %5-1) > 0 and

F(G(xn)xn—l,xn—Z)) = F(G(Txn+1’ Txrn Tan))

= F(G(xnﬂ; X415 szrul)) +t= F(G(xnﬂ; xn:xn—l)) +1
and hence

F(G(xrﬁlrxn)xn—l)) = (G(x”’x"_l’xn_Z)) -t
< (G(xn_lyxn—Z:xn—B)) -2t

< < F(Glaya1,30)) — (n ). (18)
From (18), we obtain

lim F(G(xnd:xmxn—l)) = —00,
n—00

which together with (F2) gives

lim G(x,41, %, %,-1) = 0.
n—0o0

Mimicking the proof of Theorem 3.7, we obtain

lim [G(xn+1;xnrxn—1)]k . (Vl - 1) =0;

n—00

and consequently, there exists n; > 1 such that

G(X41, % K1) < PR forall n>mn.
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Since the series Zf’ol%/k converges, for any ¢ > 0, there exists ny, > 1 such that
Zloonz +z < &. In order to show that {x,} is a Cauchy sequence, we consider m > n >

max{ny, ny}. From [2], Lemma 3.1.2(4) and axioms (Gs), (G4), we get

m-1 0
G(xmv Xn» xn) =< E G(xj+1v X xj) = E G(xj+1’x/’xj)
j=n j=n
) 00 00
1
< Glganpa) <D < = i <
j=n j=n J= nz

Therefore, by [2], Lemma 3.2.2, {x,} is a Cauchy in a G-metric space (X, G). From the
completeness of (X, G), there exists u € X such that {x,} — u. As T is surjective, there

exists w € X such that & = Tw. From (17) with x = w and y = x,,,1, we have
F(G(tty %y %n-1)) = F(G(TW, Ttnar, T*%n1)) > F(G(w, Tw, T?w)) + ¢
s0
E(G(w, Tw, T*w)) < F(G(tt, %, %p-1)) — t < F(G(th %1, %1))-
Using (F1), we have
G(w, Tw, T?w) < G(st, %, %,1) forall n>1.

Using the fact that the function G is continuous on each variable ([2], Theorem 3.2.2),

taking the limit as 7 — oo in the above inequality, we get
G(w, Tw, Tzw) = lim G(u,x,,%,-1) =0,
n—00

that is, w = Tw = T?w. Hence, u = Tu. O
Taking F; € F, see Examples 1.5, we obtain the following.

Corollary 3.10 ([2], Theorem 9.1.3) Let (X, G) be a complete G-metric space and T : X —
X be a surjective mapping. Suppose that there exists A > 1 such that

G(Tx, Ty, T?y) = AG(x, Tx, T?x)  forall x,y€X.

Then T has, at least, a fixed point.
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