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Abstract

In this paper, we study an interesting generalization of standard metric spaces,
b-metric spaces, dislocated metric spaces, and modular spaces due to the recent
work of Jleli and Samet. Here we modify the result for Ciri¢ quasi-contraction-type
mappings and also prove the same result by taking D-admissible mappings.
Moreover, we establish fixed point theorems for two well-known nonlinear
contractions like rational contraction mappings and Wardowski type contraction
mappings. Several important results in the literature can be derived from our results.
Suitable examples are presented to substantiate our obtained results.

1 Introduction
Metric fixed point theory plays a crucial role in the field of functional analysis. It was first
introduced by the great Polish mathematician Banach [1]. Over the years, due to its sig-
nificance and application in different fields of science, a lot of generalizations have been
done in different directions by several authors; see, for example, [2—-11] and references
therein. Recently, Jleli and Samet [12] introduced a very interesting generalization of met-
ric spaces from which we can easily derive different known structures, namely standard
metric spaces, b-metric spaces, dislocated metric spaces, et cetera. Also, they established
a new version of several well-known fixed point theorems. Before proceeding further, we
recall the definition of a generalized metric space.

Let X be a nonempty set, and D : X x X — [0,00] be a mapping. For every x € X, we
define the set C(D, X, x) as follows:

C(D, X, x) = {(xn) CX: lim D(x,,%) = o}. (L1)

Definition 1.1 [12] Let X be a nonempty set, and D : X x X — [0, 00] be a mapping. Then
(X, D) is said to be a generalized metric space if the following conditions are satisfied:
(D1) Vx,y € X, D(x,y) =0 = x =y;
(D2) Vx,y € X, D(x,y) = D(y, x);
(D3) there exists ¢ > 0 such that for all (x,y) € X x X and (x,,) € C(D, X, x),

D(x,y) < climsup D(xy,y). (1.2)

n—0o0
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Throughout this article, we call such a space (X, D) a D-generalized metric space. The
class of such metric spaces is always larger than the class of standard metric spaces, b-
metric spaces, dislocated metric spaces, dislocated b-metric spaces, et cetera. For details,
interested readers are referred to [12].

The purpose of this paper is to modify the Ciri¢ quasi-contractions. In this paper we
introduce D-admissible mappings and establish the fixed point theorem for Ciri¢ quasi-
contractions with the help of D-admissible mappings. This article includes an example of
a D-generalized metric space to show that a sequence in this setting may be convergent
without being a Cauchy sequence. We also investigate the existence and uniqueness of
a fixed point for the mappings satisfying nonlinear rational contraction and Wardowski
type F-contraction, where the function F is taken from a more general class of functions
than that known in the existing literature.

We organize the paper as follows. Section 2 contains some useful notions and impor-
tant results that will be needed in the paper. In Section 3, we exhibit an example to show
that the Theorem 4.3 in [12] does not give the guarantee of the existence of a fixed point
for any arbitrary value of k € (0,1). Accordingly, we present a modified version of Theo-
rem 4.3 in [12]. Also, we establish the same result for D-admissible Ciri¢ quasi-contraction
mappings. Moreover, we also prove a fixed point theorem for rational contraction type
mappings. Finally, in the last section, we present a new version of fixed point theorem due
to Wardowski [13].

2 Auxiliary notions and results
We use the standard notation and terminology of functional analysis. For the organization

of the paper, we recall the following:

Definition 2.1 [12] Let (X, D) be a D-generalized metric space. Then a sequence (x,) in
X is said to be:

(i) convergent tox < (x,) € C(D,X,x);

(i) Cauchy <= limy - o0 DX, Xyim) = 0.

Remark 2.2 In the D-generalized metric space (X, D), the following results hold:
(i) the limit of a convergent sequence is unique (see Jleli and Samet [12]);

(ii) a convergent sequence may not be Cauchy.

We construct an example of a D-generalized metric space and show that a convergent

sequence may not be Cauchy in this structure.
Example 2.3 Let X = R* U{0,00}, and let D: X x X — [0, 00] be defined as follows:

X+ if at least one of x or y is 0,
D(x,y) = 4 . Y
1+x+y otherwise.

Now we check the axioms of a D-generalized metric space:
(i) D(x,9)=0= eitherx+y=00rl+x+y=0.Nowx+y=0=x=y=0and
1+x+y=0=x=-1-y, which is impossible. So D(x,y) =0 = x = y.
(ii) Itis clear that for all x,y € X, D(x,y) = D(y, x).
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(iii) If (x,) is a sequence converging to a point x € X, then for every x,y € X, we can
always find a number ¢ > 0 such that D(x,y) < climsup,,_, ., D(x,,y). Note that for
allx € X, C(D, X, x) = ¥ except the point 0. So for any sequence (x,) converging to 0
and y € X, we can find ¢ > 0 such that

D(y,0) =y < ¢y = climsup D(x,,y).
n— o0
Therefore, all conditions (D1)-(D3) are satisfied. So (X, D) is a D-generalized metric space.
Now, in this structure, we show that every convergent sequence may not be a Cauchy
sequence. Let us consider the sequence (x,) where x,, = * for all # € N. Then,

~n
. . 1
lim D(x,,0) = lim (— + 0> =0 = (x,) converges to 0.
n—o0 n—oo\ 71

But,

1 1
lim D(x,,%,.m) = lim (1 +— + ) Z0.
n,m—> 00 n,m— 00 n n+m

This shows that (x;,,) is a convergent sequence but not a Cauchy sequence.

Note 2.4 The authors of [12] show that every metric space, dislocated metric space, b-
metric space, or modular metric space is a D-generalized metric space. Here, our example
establishes that D-generalization is a proper generalization of all these spaces since every
convergent sequence in a metric space, dislocated metric space, or b-metric space must
be a Cauchy sequence, and every modular convergent sequence is a modular Cauchy se-

quence in a modular metric space.

Definition 2.5 [12] Let (X, D) be a D-generalized metric space, and T : X — X be a map-
ping. For any k € (0,1), T is said to be a k-contraction if

D(T(x), T(y)) <kD(x,y) Vax,y€X. (2.1)
Definition 2.6 [12] For every x, € X, we define
8(D, T,x0) = sup{D(Tixo, zjo) 1i,j € N}.
The following theorem is an extension of the Banach contraction principle.

Theorem 2.7 [12] Suppose that (X, D) is a complete D-generalized metric space and T is
a self mapping defined on X. If

(i) T isa k-contraction for some k € (0,1),

(if) Ixo € X such that §(D, T, xy) < 00,
then {T"(xo)} converges to some w € X, a fixed point of T. If W' is another fixed point of T
with Dw,w') < 0o, then w=w'.

They also proved that the Banach contraction principle in the setting of different
abstract spaces is nothing but an immediate consequence of this theorem in the cor-
responding structure. Continuing in this way, they extended another important fixed
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point theorem for Ciri¢ quasi-contraction type mappings in D-generalized metric spaces,
which again, generalizes the theorems concerning the Ciri¢ quasi-contraction type map-
pings in different topological spaces. In this regard, we recall the definition of a k-quasi-

contraction.

Definition 2.8 [12] Let (X, D) be a D-generalized metric space, and T : X — X be a self-
mapping. For any k € (0,1), T is a k-quasi-contraction if for all x,y € X,

D(Tx, Ty) < kM(x,y),
where M(x,y) = max{D(x, y), D(x, Tx), D(y, Ty), D(x, Ty), D(y, Tx)}.

Proposition 2.9 [12] Suppose that T is a k-quasi-contraction for some k € (0,1). Then any
fixed point w € X of T satisfies

Dw,w)<oo = Dw,w)=0.

Theorem 2.10 [12] Suppose that (X, D) is a complete D-generalized metric space and T is
a self-mapping defined on X. If

(i) T isa k-quasicontraction for some k € (0,1),

(if) Fxg € X such that §(D, T, xq) < 00,
then {T"(x¢)} converges to some w € X. If D(xy, T(w)) < 0o and D(w, T (w)) < 0o, then w is a
fixed point of T. If W' is another fixed point of T with D(w,w') < 0o and D(w',w') < 0o, then

w=w.

Observe that this theorem does not give the guarantee of the existence of a fixed point
of the mapping T for any arbitrary value of k € (0,1). Indeed, the existence of a fixed point
is guaranteed only when k € (0,1) N (0, %), where, ¢ > 0 is the least number for which (D3)-
property is satisfied in Definition 1.1. We illustrate this by presenting an example in the
next section.

On the other hand, in 2012, Wardowski [13] introduced the notion of an F-contraction,
which is perceived to be one of the most general nonlinear contractions in the literature.
After that, a lot of research works have been done concerning F-contractions; see, for
example, [14—17]. Wardowski introduced the F-contractions as follows.

Definition 2.11 [13] Let (X,d) be a metric space, and T : X — X be a self-mapping. The
function T is said to be an F-contraction mapping if there exists 7 > 0 such that for all
x,y€X,

d(ITx, Ty) >0 = 71+ F(d(Tx, Ty)) < F(d(x,y)),

where F belongs to a family of functions F from R, to R having the following properties:
(F1) F is astrictly increasing function on R,;
(F2) For each sequence («;,) of positive numbers,
lim, s @, =0 & lim,_, o, F(a,) = —00;
(F3) 3k € (0,1) such that lim,_, ¢+ a*F(a) = 0.
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Lemma 2.12 [14] Let F : R, — R be an increasing function, and (o,) be a sequence of
positive real numbers. Then the following assertions hold:

(1) IfF(ay) — —00, then a, — 0;

(2) IfinfF = —00 and o, — 0O then F(,) — —00.

Taking into account this lemma, Piri and Kumam [14] considered a new set F of func-

tions F : R, — R satisfying the following conditions:

(F1') F is a strictly increasing function on R,;
(F2") infF = —o0;

(F3') F is continuous.

They proved some new fixed point results concerning F-contractions.
Here, we consider R, = (0, 00]. We use the standard arithmetic operations on R, and
suppose that a < oo for all @ € R,. Now, we consider a new family § of functions having

the following properties:

(F1”) F is a strictly increasing function, that is, for x,y € R, such that x < y, F(x) < F(y);
(F2") infF = —c0.

Example 2.13 We consider the function F : R, — R defined by

Note that F € §, whereas F belongs neither to F nor to F since F does not satisfy con-
ditions (F3) and (F3'). Therefore, F C § and F C §, but the converse is not true.
Considering the new family § of functions, we prove the result of Wardowski in the

setting of the newly defined complete D-generalized metric space.

3 Ciri¢ quasi-contraction

We start this section by presenting an example.
Example 3.1 Let X = [0,1]. We define the distance function D on X as follows:

X+ if at least one of x or y is O,
D7) = aay g g

3 otherwise.

First, we check the axioms of a D-generalized metric space.
(i) Itisclear that D(x,y)=0=x=.
(i) D(x,y) = D(y,x) for all x,y € X.
(ili) For all x #0, we have C(D, X, x) = ¥. If x = 0, then we can always find a sequence
(%) converging to 0. So for any y € X, there exists a number ¢ > 3 such that
D(0,y)=y < c% = climsup,,_, ., D(x,,y). Furthermore, if (x,) is a zero sequence,

then for all ¢ > 1, we have D(0,y) = y < cy = climsup,,_, ., D(xy,y).
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Therefore, all conditions (D1)-(D3) are satisfied. So (X, D) is a D-generalized metric space.

Now we define the mapping T': X — X by

Ty 3 forx#0,
1 whenever x = 0.

Now, we show that this mapping satisfies Ciri¢ quasi-contraction condition.

Case I: For all x,y € (0,1], we have
D(Tx, Ty) = ’%

and

M(x,y) = max{D(x,y),D(x, g),D(y, %),D(x, %),D(y,

y X
X+y x y X+35 y+3
:max{_y,_,l,_z,%}.

3 3
Clearly, ’% < M(x,y), and hence, for all k € [%, 1), we get

D(Tx, Ty) < kM(x,y).

Case II: Let x = 0, and y be any arbitrary point. Then

NI

p(ro, Ty =p(1,2) =
b y_ ’2 - 3

and

2

X

2

M(0,y) = max{D(O,y),D(O,l),D(y, %),D(O, Z),D(y, 1)}

yyl+y
2’2’ ’

= max{y, 1, 3

)

Let us consider y = 1. Then D(T0,T1) = % and M(0,1) = 1. Therefore, for all k € [%, 1), we

get

D(T0,T1) < kM(0,1).

Similarly, for all y € [0,1], we can find some k € (0,1) such that

D(TO, Ty) < kM(0,y).

Considering these two cases, we can conclude that, for all x,y € X,

D(Tx, Ty) < kM(x, y)
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for some k € (0,1), that is, T satisfies the k-quasi-contraction condition. Let us set xy = 1.
Then it is clear that §(D, T,xg) < 0o. Now, Txg = %, T?xo = 2%,..., T"xy = 2%, and so on.
Clearly, (T"xy) is a Cauchy sequence and converges to w = 0. Comparing with the condi-
tions of Theorem 2.10, we have

2
D(xo, TW) = D(L TO) = g <00

and
D(w, Tw) = D(0, T0) =1 < 00.

Thus, all the conditions of Theorem 2.10 are satisfied, but still w = 0 is not a fixed point of
T since T0 = 1. Also, note that the mapping 7" does not have any fixed points.

Such a problem occurs due to the choice of arbitrary value of k € (0,1). We can avoid
this problem by taking k € (0,1) N (0, %), where c is the least positive number for which

(D3)-property is satisfied. Here we give a modified version of Theorem 2.10.

Theorem 3.2 Suppose that (X,D) is a complete D-generalized metric space and T is a
self-mapping defined on X. If

(i) T isa k-quasi-contraction for some k € (0,1) N (0, %),

(if) Ixo € X such that §(D, T, x) < 00,
then {T"(x0)} converges to some w € X. If D(xy, T(w)) < 0o and D(w, T (w)) < 0o, then w is a
fixed point of T. If W' is another fixed point of T with D(w,w') < 00 and D(w',w') < oo, then

w=w.

Proof Proof of the first part of this theorem follows from that of Theorem 4.3 in [12].
Here, we just give a corrected version of the last part of the proof. Using property (D3)

and D(w, T(w)) < 0o, we have

D(w, Tw) < climsup D(T”*lxo, Tw) < keD(w, Tw)

= (1-kc)Dw,Tw) <0
= Dw,Tw)=0 as(1-kc)>0

= w=1Tw,
that is, w is a fixed point of 7. g
Next, we introduce the concept of a D-admissible mapping.

Definition 3.3 Let (X, D) be a D-generalized metric space, and T be a self-mapping on X.
Then T is said to be a D-admissible mapping if for all x,y € X,

D(x,y)<oo0 = D(Tx,Ty) < co.
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Lemma 3.4 Suppose that (X, D) is a D-generalized metric space and T is a D-admissible
mapping on X. Then for every sequence (x,) converging to a point w € X, we have D(w, Tw) <
00.

Proof Since x, - w as n — 00 = lim,_,» D(x,,, w) = 0, we can find a positive integer ng
such that D(x,,, w) < oo for all n > ny. Again, since T is a D-admissible mapping, we must
have D(Tx,, Tw) < oo for all n > ny, that is, limsup,,_, ., D(Tx,, Tw) < co. Using the (D3)-

property, we have,

D(w, Tw) < climsup D(Tx,,, Tw) = D(w, Tw) < oc. H

Using the concept of a D-admissible mapping, we can establish the fixed point result for

Ciri¢ quasi-contraction mappings in a different way.

Theorem 3.5 Suppose that (X,D) is a complete D-generalized metric space and T is a
D-admissible self-mapping defined on X. If

(i) T isa k-quasi-contraction for some k € (0,1) N (0, %),

(ii) Fxg € X such that §(D, T,xq) < 00,
then {T"(xo)} converges to some w € X, and this w is a fixed point of T. If W' is another fixed
point of T with D(w,w') < 00 and D(W,w') < 00, then w = w'.

Proof Since T is k-quasi-contraction, for all # > 1 and i,j € N, we have

D(T""x9, T"x0) < kmax{D(T"*'xy, T" o), D(T" %0, T""'%0),
D(Tn—lﬂ'xo’ T”*jxo),D(T”’l”xo, Tn+jx0),

D(Tn+i.Xo, Tn_l+ij) } (31)
Using Definition 2.6, we obtain

8(D, T, T"(x0)) < k8(D, T, T"*(x0))

<K*$(D,T,T"*(x0))

< k"8(D, T,x). (3.2)
From this inequality, for all n,m € N, we get

D(T"x, T""x0) = D(T (T" " %0), " (T" %)) < 8(D, T, T" (o))

< k"8(D, T, x0).
Since k € (0,1), we have

lim D(T"xo, T"””xo) =0, Vm,

n—00
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which implies that (7" (x)) is a Cauchy sequence. Since (X, D) is complete, we must have
some w € X such that (7"(x)) is convergent to w. We prove that w is a fixed point of T
Now,
D(T"'x9, Tw) < kmax{D(T"xo, w),D(T"*"x0, T"x0), D(w, Tw),
D(T"xo, Tw), D(T" %0, w) }

= limsup D(T"*lxo, Tw) < max{O,D(w, Tw),lim supD(T"xo, Tw) } (3.3)

n—00 n— 00

If limsup,,_, o, D(T"xo, Tw) is the maximum then from inequality (3.3), then we have

lim supD(T”*lxo, Tw) < klimsup D(T"xo, Tw).

n—00 n—00

Since T is a D-admissible mapping, we must have limsup,_, ., D(T"xo, Tw) < 0o, which

implies that the last inequality is impossible since k € (0,1). Therefore, we must have

lim supD(T”*lxo, Tw) < kD(w, Tw).

n—0o0

Using property (D3) and Lemma 3.4, we have

D(w, Tw) < climsup D(T"”xo, Tw) < keD(w, Tw)

n— 00
= (1-kc)Dw,Tw) <0
= Dw,Tw)=0 as(1-kc)>0
= w=1Tw,
that is, w is a fixed point of 7.

Let w be another fixed point of T with D(w, w') < co and D(w/, w’) < 00. So by Proposi-
tion 2.9 we must have D(w/, w') = 0. Again, by the property of k-quasi-contraction of T,

D(w,w') = D(Tw, Tw') < kD(w,w)
= D(w, w’) =0

= w=w
since k € (0,1) and D(w, w') < co. Hence, the proof is completed. a

Definition 3.6 Let (X,D) be a complete D-generalized metric space, and T be a self-
mapping on X. T is said to satisfy the rational inequality if

D(Tx, Ty) < kmax{D (59) D(x, Tx) D(y,Ty) D(x, Ty) + D(y, Tx) }

1+D(x,Tx) 1+ D(y, Ty)’ 2

for some k € (0,1).
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Theorem 3.7 Suppose that T is a D-admissible mapping defined on a complete D-
generalized metric space (X, D) satisfying the rational inequality. If there exists xy € X such
that §(D, T, x¢) < 00, then the sequence (T"x,) converges to some point w € X, and thiswis a
fixed point of T. Again, if w' is another fixed point of T with D(w,w') < 0o and D(w',w') < 0o,

thenw=w'.
Proof Foralli,j,n € N, we have

D(Tn+ix0’ Tn+jx0)
D(T”‘l”xo, TVl+ix0)
"1 +D(Tn—1+ix0, Tn+ixo)’

D(T" g, T™ixg)  D(T™ o, T"I0) + D(T" 0, T" Vi)
1+ D(T"Yixg, T"xg)’ 2

< kmax {D(T”_l”xo, 771 xo)

< kmax{D(T”‘“ixo, Tn—1+jx0)’D(Tn—1+ix0, Tn+ix0)’

R —
DT, 77, DT 500 T 50) + DT 50, T30 }

2
<k max{D(Tf(Tnlxo), T(T"x0)), D(TH (T x0), T (T x0)),

D(T/(T" " x0), T (T"'%0)),

D(T'(T" " x0), TV (T "x0)) + D(T™!(T""x0), T(T" " %0)) }
2

= 8(D,T,T"(x0)) <k8(D, T, T" (%))

<Kk"8(D, T,x0). (3.4)
Taking the limiting value of 1, we get
k"8(D, T,x9) =0 since k € (0,1).
As previously, for all n,m € N, we get
D(T”(xo), T"*”‘xo) =0,

which shows that T"(x,) is a Cauchy sequence. Let 7" (x,) converge to some w € X since

(X, D) is complete. Let us show that this w is a fixed point of T. We have

D(T"xq, T %) D(Tw,w)
1+ D(T"x9, T"%0)" 1+ D(Tw, w)’

D(Tn+1x0’ Tw) < kmaX[D(T"xo, W):

D(T"xq, Tw) + D(w, T"*'x) }
2

1
= limsupD(T"*xo, Tw) < kmax{D(w, w), 5 lim sup D(T"x, Tw) } (3.5)

n— 00 n— 00
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From Equation (3.5) it is clear that

lim sup D(T”*lxo, Tw) < kD(w, Tw).

n—0oQ

Proceeding as before, we get that w is a fixed point of T. O
The following result is an immediate consequence of Theorem 3.7.

Corollary 3.8 Let T : X — X be a D-admissible self mapping, and (X, D) be a complete
D-generalized metric space. Suppose that the following conditions hold:
(i) forall x,y € X, there exists k € (0,1) such that

)

D(x, Ty) + D(Tx,

D(Tx, Ty) < kmax{D(x,y),D(x, Tx), D(y, Ty), b, ) ; (T,) }
(ii) Ixo € X such that §(D, T, xq) < 00.

Then (T"(xo)) converges to some w € X, and this w is a fixed point of T. Moreover, if W' is

another fixed point of T with D(w,w') < 00 and D(W,w') < 0o, then w = w'.

4 Results of F-contraction

This section is devoted to a fixed point theorem of Wardowski type contraction. It is worth
mentioning that our proof of the following theorem is very precise and it is interesting to
compare it with the existing proof in the literature. First, we introduce the definition of
F-contraction. Note that in a metric space, d(x,x) = 0 for all x, so the condition d(Tx, Ty) >
0 = d(x,y) > 0, and hence the condition

d(Ix, Ty) >0 = 71+ F(d(Tx, Ty)) < F(d(x,y))

for some 7 > 0, is appropriate. But in a D-generalized metric space, since D(x,x) # 0 for
all x, D(Tx, Ty) > 0 may not give the guarantee that D(x,y) > 0. Hence, we modify the def-
inition of F-contraction as follows.

Definition 4.1 A self-mapping T defined on X is said to be an F-contraction mapping if
forall x,y € X,

D(x,y)>0 and D(Tx,Ty) >0

= ©+F(D(Tx, Ty)) < F(D(x,))
for some 7 > 0.

Now, we state the theorem that establishes the existence and uniqueness of a fixed point
for the mappings satisfying the F-contraction principle.

Theorem 4.2 Let (X,D) be a D-generalized metric space, and T : X — X be an F-
contraction mapping with F € §. Assume that the following conditions hold:

(1) (X, D) is complete;

(2) Ixg € X such that §(D, T,x0) = ¢ for some finite ¢ # 0.
Then T has a fixed point. If W' is another fixed point with D(w,w') < oo, then w = w'.



Senapati et al. Fixed Point Theory and Applications (2016) 2016:33 Page 12 of 14

Proof By the hypothesis of the theorem, there exists some xy € X such that §(D, T, x¢) = ¢
for some finite ¢ # 0. Since T is an F-contraction, for all # > 1 and i,j € N, we get

F(D(Tn+ix0, Tn+jx0)) < F(D(Tn—lﬂ‘xo, Tn—1+jx0)) -7
F

IA

(D(T"_2+ix0, T}’l—2+jx0)) _27

< F(D(T"x0, T'x0)) - nt. (4.1)

From Definition 2.6 it is clear that, for all i,j € N,

D(T'x0, T'x0) < 8(D, T’ %0).
Since F is a strictly increasing function, we must have

E(D(T'x0, T'%0)) < F(8(D,T,x0)) Vi,jeN.
So from Equation (4.1) we obtain

EF(D(T"" %0, T"x0)) < F(8(D, T, %0)) — nt.
Therefore, for all n,m € N,

F(D(T"%0, T"""x0)) = F(D(T(T" '%0), T (T" 'x0)))
<F(8(D,T,x0)) - (n-1D. (4.2)

Taking n — 00 in both sides of inequality (4.2) and using property (F2”) and Lemma 2.12,

we have

lim F(D(T"x0, T"*"x,)) = —00

n—00

= lim D(T"x0, T""%0) =0 VmeN
n— 00
= (T”xo) is a Cauchy sequence.

Since (X, D) is complete, T"xy — w for some w € X as n — 0o0. We prove that this wis a
fixed point of T'. Since F is a strictly increasing function, we have

F(D(T""'x0, Tw)) < F(D(T"x0,w)) —
= F(D(T”*lxo, Tw)) < F(D(T"x0,w)) sincet >0
= D(T""'x0, Tw) < D(T"x0,w)

= lim D(T""%, Tw) < lim D(T"xo,w)

n—00 n—00

= lim D(T""x, Tw) = 0. (4.3)

n—00
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Using property (D3) and Equation (4.3), we obtain

D(Tw,w) < climsup D(Tw, T”*lxo) for some ¢ >0

n— 00
= D(Tw,w)=0
= w=1Iw

= wisa fixed point of T.

If possible, let w’ be another fixed point of T with D(w, w') < co. We show that D(w, w') = 0.
If not, let D(w,w’) = k for some positive k. Then by the property of F-contraction of T we
have

T+ F(D(Tw, Tw')) < F(D(w,w))
= 1 <0 — contradiction
= D(ww)=0

= w=w.
So, w is a unique fixed point of T'. d

Notice that every standard metric space is a D-generalized metric space. Consequently,
the result of Wardowski [13] can be presented as an immediate consequence of Theo-
rem 4.2. We state this as follows.

Corollary 4.3 Let (X,d) be a complete metric space, and T be a self-mapping defined on
X such that

d(Tx, Ty) >0 = 1 +F(d(Tx, Ty)) < F(d(x,y)) forsomet >0,
where F € §. Now if there exists xy € X such that
8(d, T,x0) = sup{d(T'x0, T'x0) :i,j e N} = ¢

for some finite ¢ # 0, then T has a fixed point. Also, if W is another fixed point with
D(w,w) < oo, thenw=w'.

Obviously, it is notable that the domain space of a function F is much wider than that
of the existing literature since F does not satisfy conditions (F3) and (F3’) mentioned in
Section 2.
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