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1 Introduction
The aim of the present paper is twofold. Firstly, we construct a strongly relatively non-
expansive sequence from a given sequence of firmly nonexpansive-like mappings with a
common fixed point in Banach spaces. Secondly, we obtain two convergence theorems for
firmly nonexpansive-like mappings in Banach spaces and discuss their applications.
The class of firmly nonexpansive-like mappings (or mappings of type (P)) introduced

in [] plays an important role in nonlinear analysis and optimization. In fact, the fixed
point theory for such mappings can be applied to several nonlinear problems such as zero
point problems for monotone operators, convex feasibility problems, convex minimiza-
tion problems, equilibrium problems, and so on; see [–] and Section  for more details.
Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive

Banach space X, J the normalized duality mapping of X into X∗, and T : C → X a firmly
nonexpansive-like mapping; see (.). The set of all fixed points of T is denoted by F(T).
It is known [, Theorem .] that if C is bounded, then F(T) is nonempty. Martinet’s the-
orem [, Théorème ] ensures that if X is a Hilbert space and C is bounded, then the se-
quence {Tnx} converges weakly to an element of F(T) for each x ∈ C. However, we do not
knowwhetherMartinet’s theorem holds for firmly nonexpansive-likemappings in Banach
spaces.
On the other hand, using the metric projections in Banach spaces, Kimura and Nakajo

[, Theorems  and ] recently obtained generalizations of the results due to Crombez [,
Theorem ] and Brègman [, Theorem ].

©2014Aoyama and Kohsaka; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.

http://www.fixedpointtheoryandapplications.com/content/2014/1/95
mailto:aoyama@le.chiba-u.ac.jp
http://creativecommons.org/licenses/by/2.0


Aoyama and Kohsaka Fixed Point Theory and Applications 2014, 2014:95 Page 2 of 13
http://www.fixedpointtheoryandapplications.com/content/2014/1/95

In this paper, inspired by [], we investigate the asymptotic behavior of the following
sequences {xn} and {yn} in a uniformly smooth and -uniformly convex Banach space X:

xn+ =QCJ–
(
Jxn – (μX)–J(xn – Txn)

)
(.)

and

yn+ =QCJ–
(
αnJy + ( – αn)

(
Jyn – (μX)–J(yn – Tyn)

))
(.)

for all n ∈N, where x, y ∈ C,μX denotes the uniform convexity constant ofX,QC denotes
the generalized projection of X onto C, and {αn} is a sequence of [, ]. If X is a Hilbert
space, then (.) and (.) are reduced to

xn+ = Txn and yn+ = αny + ( – αn)Tyn (.)

for all n ∈N, respectively.
This paper is organized as follows: In Section , we give some definitions and state some

known results. In Section , we obtain two lemmas for a single firmly nonexpansive-like
mapping. In Section , we construct strongly relatively nonexpansive sequences of map-
pings from a given sequence of firmly nonexpansive-like mappings. Using these results,
we deduce two convergence theorems. In Section , we discuss some applications of our
results.

2 Preliminaries
Throughout the present paper, we denote by N the set of all positive integers, R the set of
all real numbers, X a real Banach space with dual X∗, ‖ · ‖ the norms of X and X∗, 〈x,x∗〉
the value of x∗ ∈ X∗ at x ∈ X, xn → x strong convergence of a sequence {xn} of X to x ∈ X,
xn ⇀ x weak convergence of a sequence {xn} of X to x ∈ X, SX the unit sphere of X, and
BX the closed unit ball of X.
The normalized duality mapping of X into X∗ is defined by

Jx =
{
x∗ ∈ X∗ :

〈
x,x∗〉 = ‖x‖ = ∥∥x∗∥∥} (.)

for all x ∈ X. The space X is said to be smooth if

lim
t→

‖x + ty‖ – ‖x‖
t

(.)

exists for all x, y ∈ SX . The space X is also said to be uniformly smooth if (.) converges
uniformly in x, y ∈ SX . It is said to be strictly convex if ‖(x + y)/‖ <  whenever x, y ∈ SX
and x �= y. It is said to be uniformly convex if δX(ε) >  for all ε ∈ (, ], where δX is the
modulus of convexity of X defined by

δX(ε) = inf

{
 –

∥∥∥∥x + y


∥∥∥∥ : x, y ∈ BX ,‖x – y‖ ≥ ε

}
(.)

for all ε ∈ [, ]. The space X is said to be -uniformly convex if there exists c >  such
that δX(ε) ≥ cε for all ε ∈ [, ]. It is obvious that every -uniformly convex Banach
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space is uniformly convex. It is known that all Hilbert spaces are uniformly smooth and -
uniformly convex. It is also known that all the Lebesgue spaces Lp are uniformly smooth
and -uniformly convex whenever  < p ≤ ; see [, pp.-]. For a smooth Banach
space, J is said to be weakly sequentially continuous if {Jxn} converges weakly∗ to Jxwhen-
ever {xn} is a sequence of X such that xn ⇀ x ∈ X. We know the following fundamental
result.

Lemma . ([–]) The space X is -uniformly convex if and only if there exists μ ≥ 
such that

‖x + y‖ + ‖x – y‖


≥ ‖x‖ + ∥∥μ–y
∥∥ (.)

for all x, y ∈ X.

The minimum value of the set of all μ ≥  satisfying (.) for all x, y ∈ X is denoted by
μX and is called the -uniform convexity constant of X; see []. It is obvious that μX = 
whenever X is a Hilbert space.
In what follows throughout this section, we assume the following:
• X is a smooth, strictly convex, and reflexive Banach space;
• C is a nonempty closed convex subset of X .

In this case, J is single valued, one to one, and onto; see [, ] formore details.We denote
by φ the function of X ×X into R defined by

φ(x, y) = ‖x‖ – 〈x, Jy〉 + ‖y‖ (.)

for all x, y ∈ X; see [, ]. It is known that

φ(x, y) = φ(x, z) + φ(z, y) + 〈x – z, Jz – Jy〉 (.)

for all x, y, z ∈ X. Using Lemma ., we can show the following lemma.

Lemma . Suppose that X is -uniformly convex. Then

(


μX
‖x – y‖

)

≤ φ(x, y) (.)

for all x, y ∈ X.

Proof By (.) and the definition of μX , we have

∥∥∥∥u + v


∥∥∥∥


≤ ‖u‖ + ‖v‖


–
(


μX

)

‖u – v‖ (.)

for all u, v ∈ X. Let x, y ∈ X be given. By (.) and induction, we can easily show that

∥∥∥∥
(
 –


n

)
y +


n

x
∥∥∥∥


≤
(
 –


n

)
‖y‖ + 

n
‖x‖ –

(


μX

)(
 –


n

)

n

‖y – x‖ (.)
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for all n ∈N. Hence we have

n
(∥∥∥∥y + 

n
(x – y)

∥∥∥∥


– ‖y‖
)

≤ –‖y‖ + ‖x‖ –
(


μX

)(
 –


n

)
‖y – x‖ (.)

for all n ∈N. The smoothness of X implies that

〈x – y, Jy〉 = lim
t→

‖y + t(x – y)‖ – ‖y‖
t

. (.)

By (.) and (.), we have

〈x – y, Jy〉 = lim
n→∞n

(∥∥∥∥y + 
n

(x – y)
∥∥∥∥


– ‖y‖
)

≤ –‖y‖ + ‖x‖ –
(


μX

)

‖x – y‖. (.)

Therefore, we obtain (‖x – y‖/μX) ≤ φ(x, y) as desired. �

The metric projection PC of X onto C and the generalized projection QC of X onto C
are defined by

PCx = argmin
y∈C

‖y – x‖ and QCx = argmin
y∈C

φ(y,x) (.)

for all x ∈ X, respectively. The following holds for x ∈ X and z ∈ C:

z = PCx ⇐⇒ 〈
y – z, J(x – z)

〉 ≤  (∀y ∈ C); (.)

see [, Corollary ..]. The following also holds for x ∈ X and z ∈ C:

z =QCx ⇐⇒ 〈y – z, Jx – Jz〉 ≤  (∀y ∈ C); (.)

see [, Remark .] and [, Proposition ].
A mapping T : C → X is said to be a firmly nonexpansive-like mapping (or a mapping

of type (P)) [] if

〈
Tx – Ty, J(x – Tx) – J(y – Ty)

〉 ≥  (.)

for all x, y ∈ C; see also [, ]. The set of all fixed points of T is denoted by F(T). If X is a
Hilbert space, then T is firmly nonexpansive-like if and only if it is firmly nonexpansive,
i.e., ‖Tx – Ty‖ ≤ 〈Tx – Ty,x – y〉 for all x, y ∈ C. It is known [] that the following hold:
• the metric projection PC of X onto C is a firmly nonexpansive-like mapping and
F(PC) = C;

• if A : X → X∗ is maximal monotone and λ > , then the resolvent Kλ : X → X of A
defined by Kλ = (I + λJ–A)– is a firmly nonexpansive-like mapping and F(Kλ) = A–.

http://www.fixedpointtheoryandapplications.com/content/2014/1/95
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Let T : C → X be a mapping. A point p ∈ C is said to be an asymptotic fixed point of T
if there exists a sequence {xn} of C such that xn ⇀ p and xn –Txn → ; see [, ]. The set
of all asymptotic fixed points of T is denoted by F̂(T). The mapping T is said to be of type
(r) if F(T) is nonempty and φ(u,Tx)≤ φ(u,x) for all u ∈ F(T) and x ∈ C. It is known that if
T is of type (r), then F(T) is closed and convex; see [, Proposition .]. The mapping T
is said to be of type (sr) if T is of type (r) and φ(Tzn, zn) →  whenever {zn} is a bounded
sequence of C such that φ(u, zn) –φ(u,Tzn) →  for some u ∈ F(T); see []. We know the
following results:

Lemma . ([, Lemma .]) If T : C → X is a firmly nonexpansive-like mapping, then
F(T) is a closed convex subset of X and F̂(T) = F(T).

Lemma . ([, Lemmas . and .]) Suppose that X is uniformly convex. If S : X → X
and T : C → X are mappings of type (r) such that F(S)∩ F(T) is nonempty and S or T is of
type (sr), then ST : C → X is of type (r) and F(ST) = F(S) ∩ F(T). Further, if both S and T
are of type (sr), then so is ST .

Let {Tn} be a sequence of mappings of C into X. The set of all common fixed points
of {Tn} is denoted by F({Tn}). The sequence {Tn} is said to be of type (sr) (or strongly
relatively nonexpansive) if F({Tn}) is nonempty, each Tn is of type (r), and φ(Tnzn, zn) → 
whenever {zn} is a bounded sequence of C such that φ(u, zn) – φ(u,Tnzn) →  for some
u ∈ F({Tn}); see []. The sequence {Tn} is said to satisfy the condition (Z) if every weak
subsequential limit of {xn} belongs to F({Tn}) whenever {xn} is a bounded sequence of C
such that xn – Tnxn → ; see [].

Remark . For a mapping T of C into X, the following hold: T is of type (sr) if and only
if {T ,T , . . .} is of type (sr); F̂(T) = F(T) if and only if {T ,T , . . .} satisfies the condition (Z).

We know the following fundamental results; see [, Theorem .] for (i) and [, Propo-
sitions  and ] for (ii).

Lemma . Suppose that X is uniformly convex. Let {Sn} be a sequence of mappings of
X into itself and {Tn} a sequence of mappings of C into X such that F({Sn}) ∩ F({Tn}) is
nonempty, both {Sn} and {Tn} are of type (sr), and Sn or Tn is of type (sr) for all n ∈ N. Then
the following hold:

(i) {SnTn} is of type (sr);
(ii) if X is uniformly smooth and both {Sn} and {Tn} satisfy the condition (Z), then so

does {SnTn}.

We know the following result; see [, Theorem .] for (i) and [, Theorem .] for
(ii).

Theorem. Let X be a smooth and uniformly convex Banach space,C a nonempty closed
convex subset of X, and {Tn} a sequence of mappings of C into X such that {Tn} is of type
(sr) and {Tn} satisfies the condition (Z). Then the following hold:

(i) if Tn(C) ⊂ C for all n ∈N and J is weakly sequentially continuous, then the sequence
{xn} defined by x ∈ C and xn+ = Tnxn for all n ∈N converges weakly to the strong
limit of {QFxn};

http://www.fixedpointtheoryandapplications.com/content/2014/1/95
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(ii) if u is an element of X and {αn} is a sequence of [, ] such that αn >  for all n ∈ N,
αn → , and

∑∞
n= αn =∞, then the sequence {yn} defined by y ∈ C and

yn+ =QCJ–(αnJu + ( – αn)JTnyn) for all n ∈N converges strongly to QFu.

3 Lemmas
Throughout this section, we assume the following:
• C is a nonempty closed convex subset of a smooth, strictly convex, and reflexive
Banach space X ;

• T is a firmly nonexpansive-like mapping of C into X ;
• S is a mapping of C into X defined by S = J–(J – βJ(I –T)), where β >  and I denotes
the identity mapping on C.

Lemma . The following hold:
(i) F(S) = F(T) and F(QCS) = F(PCT);
(ii) if F(T) is nonempty, then F(PCT) = F(T).

Proof We can easily see that F(S) = F(T). We first show that F(QCS) = F(PCT). Let u ∈ C
be given. Then it follows from (.) and (.) that

QC(Su) = u ⇐⇒ 〈y – u, JSu – Ju〉 ≤  (∀y ∈ C)

⇐⇒ 〈
y – u, –βJ(u – Tu)

〉 ≤  (∀y ∈ C)

⇐⇒ 〈
y – u, J(Tu – u)

〉 ≤  (∀y ∈ C)

⇐⇒ PC(Tu) = u. (.)

Thus we have F(QCS) = F(PCT).
We next show (ii). Suppose that F(T) is nonempty. It is sufficient to show that F(PCT) ⊂

F(T). Let v ∈ F(PCT) be given and fix p ∈ F(T). Then it follows from (.) that

〈
p – v, J(Tv – v)

〉 ≤ . (.)

On the other hand, since T is firmly nonexpansive-like and p ∈ F(T), we know that

〈
Tv – p, J(Tv – v)

〉 ≤ . (.)

By (.) and (.), we obtain ‖Tv – v‖ ≤ . Thus we know that v ∈ F(T). �

Lemma . Suppose that X is -uniformly convex and F(T) is nonempty. Then

φ(u,Sx) +



(


μX – β

)
‖Sx – x‖ ≤ φ(u,x) (.)

for all u ∈ F(S) and x ∈ C.

Proof Let u ∈ F(S) and x ∈ C be given. Then it follows from (.) and the definition of S
that

φ(u,Sx) + φ(Sx,x) – φ(u,x) = 〈u – Sx, Jx – JSx〉
= β

〈
u – Sx, J(x – Tx)

〉
. (.)

http://www.fixedpointtheoryandapplications.com/content/2014/1/95
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Since T is firmly nonexpansive-like and u ∈ F(T) by (i) of Lemma ., we know that

〈
u – Sx, J(x – Tx)

〉
=

〈
u – Tx, J(x – Tx)

〉
+

〈
Tx – Sx, J(x – Tx)

〉
≤ 〈

Tx – Sx, J(x – Tx)
〉
. (.)

On the other hand, we have

〈
Tx – Sx, J(x – Tx)

〉
= –‖Tx – x‖ + 〈

x – Sx, J(x – Tx)
〉

≤ –
(‖Tx – x‖ – ‖x – Sx‖‖x – Tx‖)

= –
(

‖Tx – x‖ – 

‖Sx – x‖

)

+



‖Sx – x‖ ≤ 


‖Sx – x‖. (.)

Since β > , it follows from (.), (.), and (.) that

φ(u,Sx) + φ(Sx,x) – φ(u,x) ≤ β


‖Sx – x‖. (.)

Since X is -uniformly convex, Lemma . implies that

(μX)–‖Sx – x‖ ≤ φ(Sx,x). (.)

By (.) and (.), we obtain the desired inequality. �

4 Construction of strongly relatively nonexpansive sequences
Throughout this section, we assume the following:
• C is a nonempty closed convex subset of a smooth and -uniformly convex Banach
space X ;

• {Tn} is a sequence of firmly nonexpansive-like mappings of C into X such that
F = F({Tn}) is nonempty;

• {Sn} is a sequence of mappings of C into X defined by

Sn = J–
(
J – βnJ(I – Tn)

)
(.)

for all n ∈N, where {βn} is a sequence of real numbers such that  < infn βn and
supn βn < (μX)– and I denotes the identity mapping on C.

Theorem . The following hold:
(i) F({Sn}) = F and {Sn} is of type (sr);
(ii) if X is uniformly smooth and {Tn} satisfies the condition (Z), then so does {Sn}.

Proof By (i) of Lemma ., we know that F({Sn}) = F . We first show that {Sn} is of type (sr).
Note that F({Sn}) is nonempty. By Lemma ., we also know that each Sn is a mapping of
type (r) of C into X. Suppose that {zn} is a bounded sequence of C such that

φ(u, zn) – φ(u,Snzn) →  (.)

http://www.fixedpointtheoryandapplications.com/content/2014/1/95
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for some u ∈ F({Sn}). Then it follows from Lemma . that

 ≤ 


(


μX – βn

)
‖Snzn – zn‖ ≤ φ(u, zn) – φ(u,Snzn) → . (.)

Thus it follows from supn βn < (μX)– that ‖Snzn – zn‖ → . Consequently, we have
φ(Snzn, zn) →  and hence {Sn} is of type (sr).
We next show (ii). Suppose that X is uniformly smooth and {Tn} satisfies the condi-

tion (Z). Let p be a weak subsequential limit of a bounded sequence {xn} of C such that
xn – Snxn → . By the definition of Sn, we have

J(xn – Tnxn) =

βn

(Jxn – JSnxn) (.)

for all n ∈N. Since J is uniformly norm-to-norm continuous on each nonempty bounded
subset of X and supn /βn < ∞, it follows from (.) that

‖xn – Tnxn‖ = 
βn

‖Jxn – JSnxn‖ → . (.)

By assumption, we know that p ∈ F = F({Sn}). Therefore, {Sn} satisfies the condition (Z).
�

By Lemma ., Remark ., and Theorem ., we obtain the following.

Corollary . Let T be a firmly nonexpansive-like mapping of C into X such that F(T) is
nonempty and S a mapping of C into X defined by

S = J–
(
J – βJ(I – T)

)
, (.)

where  < β < (μX)–. Then the following hold:
(i) F(S) = F(T) and S is of type (sr);
(ii) if X is uniformly smooth, then F̂(S) = F(S).

We next show one of our main results in the present paper.

Theorem . Let {Un} be a sequence of mappings of C into itself defined by

Un =QCSn (.)

for all n ∈N. Then the following hold:
(i) F({Un}) = F and {Un} is of type (sr);
(ii) if X is uniformly smooth and {Tn} satisfies the condition (Z), then so does {Un}.

Proof By Lemma ., we know that F(Sn) = F(Tn) = F(Un) for all n ∈N and hence F({Un}) =
F �= ∅. We first show that {Un} is of type (sr). By (i) of Corollary ., we know that each Sn
is of type (sr). Since QC is of type (sr) of X into itself and

F(QC)∩ F(Sn) = F(Tn) ⊃ F �= ∅, (.)

http://www.fixedpointtheoryandapplications.com/content/2014/1/95


Aoyama and Kohsaka Fixed Point Theory and Applications 2014, 2014:95 Page 9 of 13
http://www.fixedpointtheoryandapplications.com/content/2014/1/95

Lemma . implies that each Un = QCSn is also of type (sr). Since {QC ,QC , . . .} is of type
(sr) by Remark ., {Sn} is of type (sr) by (i) of Theorem ., and

F(QC)∩ F
({Sn}) = F �= ∅, (.)

the part (i) of Lemma . implies that {Un} is of type (sr).
We finally show (ii). Suppose that X is uniformly smooth and {Tn} satisfies the condi-

tion (Z). Since C is weakly closed, we can easily see that F̂(QC) = F(QC) = C. This implies
that {QC ,QC , . . .} satisfies the condition (Z). By (ii) of Theorem ., we know that {Sn} sat-
isfies the condition (Z). Thus (ii) of Lemma . implies the conclusion. �

By Lemma ., Remark ., and Theorem ., we obtain the following.

Corollary . Let T be a firmly nonexpansive-like mapping of C into X such that F(T) is
nonempty and U a mapping of C into itself defined by

U =QCJ–
(
J – βJ(I – T)

)
, (.)

where  < β < (μX)–. Then the following hold:
(i) F(U) = F(T) and U is of type (sr);
(ii) if X is uniformly smooth, then F̂(U) = F(U).

As a direct consequence of (i) of Theorem . and Theorem ., we obtain the following
result.

Theorem . Let X be a uniformly smooth and -uniformly convex Banach space, C a
nonempty closed convex subset of X, {Tn} a sequence of firmly nonexpansive-like mappings
of C into X such that F = F({Tn}) is nonempty and {Tn} satisfies the condition (Z), {βn} a
sequence of real numbers such that

 < inf
n

βn and sup
n

βn <


(μX)
, (.)

and {xn} a sequence defined by x ∈ C and

xn+ =QCJ–
(
Jxn – βnJ(xn – Tnxn)

)
(.)

for all n ∈N. If J is weakly sequentially continuous, then {xn} converges weakly to the strong
limit of {QFxn}.

As a direct consequence of (ii) of Theorem . and Theorem ., we obtain the following
result.

Theorem . Let X, C, {Tn}, F , {βn} be the same as in Theorem ., {αn} a sequence of
[, ] such that αn >  for all n ∈N, αn → , and

∑∞
n= αn =∞, u an element of X, and {yn}

a sequence defined by y ∈ C and

yn+ =QCJ–
(
αnJu + ( – αn)

(
Jyn – βnJ(yn – Tnyn)

))
(.)

for all n ∈N. Then {yn} converges strongly to QFu.

http://www.fixedpointtheoryandapplications.com/content/2014/1/95
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By Lemma ., Theorem ., and Theorem ., we obtain the following corollary for a
single firmly nonexpansive-like mapping.

Corollary . Let X be a uniformly smooth and -uniformly convex Banach space, C a
nonempty closed convex subset of X , and T a firmly nonexpansive-like mapping of C into
X such that F(T) is nonempty. Then the following hold:

(i) if J is weakly sequentially continuous, then the sequence {xn} defined by x ∈ C and
(.) for all n ∈N converges weakly to the strong limit of {QF(T)xn};

(ii) if {αn} is a sequence of [, ] such that αn >  for all n ∈N, αn → , and∑∞
n= αn =∞, then the sequence {yn} defined by y ∈ C and (.) for all n ∈N

converges strongly to QF(T)u.

Remark . Since μX =  and J is the identity mapping on C in the case when X is a
Hilbert space, the part (i) of Corollary . is a generalization of Martinet’s theorem [,
Théorème ].

5 Applications
Using Theorem ., we first study the problem of approximating zero points of maximal
monotone operators.

Corollary . Let X be a uniformly smooth and -uniformly convex Banach space,
A : X → X∗ a maximal monotone operator such that F = A– is nonempty, {λn} and
{βn} sequences real numbers such that  < infn λn,  < infn βn, and supn βn < (μX)–, {Kλn}
a sequence of mappings defined by Kλn = (I + λnJ–A)– for all n ∈ N, where I denotes the
identity mapping on X, and {xn} a sequence defined by x ∈ X and

xn+ = J–
(
Jxn – βnJ(xn –Kλnxn)

)
(.)

for all n ∈N. If J is weakly sequentially continuous, then {xn} converges weakly to the strong
limit of {QFxn}.

Proof It is well known that eachKλn is a single valuedmapping ofX into itself and F(Kλn ) =
F ; see [, ]. We also know that each Kλn is firmly nonexpansive-like and {Kλn} satisfies
the condition (Z); see [, ]. Therefore, Theorem . implies the conclusion. �

Remark . Corollary . is a generalization of Rockafellar’s weak convergence theorem
[] for the proximal point algorithm in Hilbert spaces.

Using Corollary ., we next study the problem of minimizing a convex function. For a
Banach space X and a function f : X → (–∞,∞], we denote by ∂f the subdifferential of f
defined by

∂f (x) =
{
x∗ ∈ X∗ :

(
f – x∗)(x) = inf

(
f – x∗)(X)} (.)

for all x ∈ X.

Corollary . Let X, {λn}, and {βn} be the same as in Corollary ., f : X → (–∞,∞] a
proper lower semicontinuous convex function such that F = argmin f is nonempty, and {xn}

http://www.fixedpointtheoryandapplications.com/content/2014/1/95
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a sequence defined by x ∈ X and

⎧⎨
⎩
yn = argminy∈X{f (y) + (λn)–‖y – xn‖};
xn+ = J–(Jxn – βnJ(xn – yn))

(.)

for all n ∈N. If J is weakly sequentially continuous, then {xn} converges weakly to the strong
limit of {QFxn}.

Proof We know that ∂f : X → X∗ is maximal monotone [, ] and (∂f )–() = argmin f .
We also know that

(
I + λJ–∂f

)–x = argmin
y∈X

{
f (y) + (λ)–‖y – x‖} (.)

for all λ >  and x ∈ X, where I denotes the identity mapping on X. Therefore, the result
follows from Corollary .. �

Using Theorem ., we can similarly show the following corollary.

Corollary . Let X, A, F , {λn}, {βn}, and {Kλn} be the same as in Corollary ., u an
element of X, and {yn} a sequence defined by y ∈ X and

yn+ = J–
(
αnJu + ( – αn)

(
Jyn – βnJ(yn –Kλnyn)

))
(.)

for all n ∈ N, where {αn} is a sequence of [, ] such that αn >  for all n ∈ N, αn → , and∑∞
n= αn =∞. Then {yn} converges strongly to QFu.

Using the results obtained in Section  and (i) of Theorem., we next study the problem
of approximating common points of a given family of closed convex sets.

Corollary . Let X be a uniformly smooth and -uniformly convex Banach space, I the
set {, , . . . ,m},where m is a positive integer, {Ck}k∈I a finite family of closed convex subsets
of X such that F =

⋂
k∈I Ck is nonempty, {βn,k}n∈N,k∈I a sequence of real numbers such

that  < infn βn,k and supn βn,k < (μX)– for all k ∈ I , {Sn,k}n∈N,k∈I a sequence of mappings
defined by

Sn,k = J–
(
J – βn,kJ(I – PCk )

)
(.)

for all n ∈N and k ∈ I , and {xn} a sequence defined by x ∈ X and

xn+ = Sn,Sn, · · ·Sn,mxn (.)

for all n ∈N. If J is weakly sequentially continuous, then {xn} converges weakly to the strong
limit of {QFxn}.

Proof For the sake of simplicity, we give the proof in the case when I = {, , }. Set

Un = Sn,, Vn = Sn, and Wn = Sn, (.)

http://www.fixedpointtheoryandapplications.com/content/2014/1/95


Aoyama and Kohsaka Fixed Point Theory and Applications 2014, 2014:95 Page 12 of 13
http://www.fixedpointtheoryandapplications.com/content/2014/1/95

for all n ∈N. Note that xn+ =UnVnWnxn for all n ∈N, PCk is firmly nonexpansive-like, and
F̂(PCk ) = F(PCk ) = Ck for all k ∈ {, , }. By Theorem . and Corollary ., we know that
the following hold:
• F({Un}) = C, F({Vn}) = C, and F({Wn}) = C;
• Un, Vn, andWn are of type (sr) for all n ∈N;
• {Un}, {Vn}, and {Wn} are of type (sr);
• {Un}, {Vn}, and {Wn} satisfy the condition (Z).

Since

F
({Un}

) ∩ F
({Vn}

)
= C ∩C ⊃ F �= ∅, (.)

Lemmas . and . ensure that the following hold:
• F({UnVn}) = F({Un})∩ F({Vn}) = C ∩C;
• each UnVn is of type (sr);
• {UnVn} is of type (sr) and satisfies the condition (Z).

Since

F
({UnVn}

) ∩ F
({Wn}

)
= (C ∩C)∩C = F �= ∅, (.)

Lemmas . and . also ensure that F({UnVnWn}) = F({UnVn})∩ F({Wn}) = F , {UnVnWn}
is of type (sr), and {UnVnWn} satisfies the condition (Z). Therefore, (i) of Theorem .
implies the conclusion. �

Using the results obtained in Section  and (ii) of Theorem ., we can similarly show
the following result.

Corollary . Let X, I , {Ck}mk=, F , {βn,k}n∈N,k∈I , {Sn,k}n∈N,k∈I be the same as in Corol-
lary ., u an element of X, and {yn} a sequence defined by y ∈ X and

yn+ = J–
(
αnJu + ( – αn)JSn,Sn, · · ·Sn,myn

)
(.)

for all n ∈ N, where {αn} is a sequence of [, ] such that αn >  for all n ∈ N, αn → , and∑∞
n= αn =∞. Then {yn} converges strongly to QFu.
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