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Abstract

In this paper, the concept of common multipled fixed points of w-compatible
nonlinear contractive maps in cone metric spaces, which are generalizations of
common coupled fixed points, is introduced. A new concept of product cone metric
spaces is used to establish the existence and uniqueness of their multipled fixed
points. Our results generalize several results in the literature including those of Olaleru
(Fixed Point Theory Appl. 2009:657914, 2009), Sabetghadam et al. (Fixed Point Theory
Appl. 2009:125426, 2009) and Abbas et al. (Appl. Math. Comput. 217:195-202, 2010;
Appl. Math. Comput. 216:80-86, 2010). In addition, the methodology of proof in this
manuscript shows that some fixed point results in cone metric spaces are equivalent
to multipled fixed point results and vice versa.
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1 Introduction

Over the years, fixed point theory has evolved from one-dimensional fixed point in met-
ric spaces to multi-dimensional fixed points in metric-type spaces. Among such spaces
are cone metric spaces and partially ordered metric spaces whose structures are induced
implicitly or explicitly by partial orderings.

Huang and Zhang [1] top the chronological list of authors who have established fixed
point results in cone metric spaces. They proved some fixed point theorems for single
maps in cone metric spaces. Their results were followed by several other fixed point results
on existence and uniqueness of fixed points for single contractive maps and common fixed
point results of pairs of maps, sets of three self-maps and quartets of maps (see [2-8]).
Theorems with nonuniqueness of fixed points of Ciric-type maps were later proved by
Karapinar [9] in cone metric spaces.

Sabetghadam et al. in [10] introduced the concept of coupled fixed points in cone metric
spaces and established some coupled fixed point theorems in cone metric spaces. Laksh-
mikantham and Ciric [11] proved coupled coincidence and coupled common fixed point
theorems for nonlinear contractive mappings in partially ordered complete metric spaces.
Later, Abbas et al. [12] extended their results to cone metric spaces. Karapinar [13] proved
some coupled fixed point theorems for nonlinear contractions in cone metric spaces,
Shatanawi et al. [14] proved some coupled fixed point theorems in ordered cone met-
ric spaces with a c-distance, and Kadelburg and Radenovi¢ [15] established coupled fixed
point results under TVS-cone metric and w-cone-distance.
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Berinde in [16] and [17], and Amini-Harandi [18] discussed coupled and tripled fixed
points of mixed monotone maps in partially ordered metric spaces, while Karapinar in
[19] studied quadruple fixed point theorems for weak ®-contractions.

Recently, Samet and Vetro [20] generalized the notion of coupled fixed points to fixed
points of N-order and proved existence results for single maps in complete metric spaces.
Their results came as an extension of the theory of fixed points to finite dimensions.
Roldéan et al. [21] then added more variation to the definition of multi-dimensional fixed
points in partially ordered complete metric spaces by exploiting the notions of permuta-
tions and partitions. Their definition, though more general than that of Samet and Vetro
[20], can hardly be used to establish fixed point theorems beyond the Banach contraction
principle for two maps.

The main purpose of this article is to prove results on common fixed points of N-order
of some contractive w-compatible mappings in cone metric spaces for as many as four
maps, with generalized inequalities of Ciric type. Furthermore, we prove that multipled
fixed point results can, in fact, generate fixed point results of lower dimensions.

We recall some notions in the concept of cone metric spaces.

Definition 1.1 [3] Let E be a real Banach space. A subset P of E is called a cone if and only
if:

(a) Pis closed, nonempty and P # {0};

(b) a,beR,a,b>0,x,y e P imply that ax + by € P;

(c) PN (-P)=1{0}.

Given a cone P, a partial ordering < with respect to P is defined by x < y if and only if
y —x € P. We shall write x < y for y — x € intP, where int P stands for the interior of P.
Also, we will use x < y to indicate that x <y and x # y.

The cone P in a normed space E is called normal whenever there is a real number k > 0
such thatforallx,y € E,0 < x < yimplies ||x|| < k||y||. The least positive number satisfying
this norm inequality is called the normal constant of P. Jankovi¢ et al. in [22] proved that
only fixed point results in non-normal cones improve the existing fixed point results in
metric spaces.

Definition 1.2 [1] Let X be a nonempty set and let E be a real Banach space equipped
with the partial ordering < with respect to the cone P C E. Suppose that the mapping
d: X x X — E satisfies:

(d1) 6 <d(x,y) forall x,y € X and d(x,y) = 0 if and only if x = y;
(d2) d(x,9) =d(y,x) for allx,y € X;
(d3) d(x,y) 2d(x,z) +d(z,y) for all x,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.
The concept of a cone metric space is obviously more general than that of a metric space.

Definition 1.3 [1] Let (X,d) be a cone metric space, {x,} be a sequence in X and x € X.
We say that {x,} is

(c1) a Cauchy sequence if for every ¢ € E with 6 < ¢, there is some k € N such that, for all
nm >k, dx,,x,) K¢
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(cp) a convergent sequence if for every ¢ € E with 8 < ¢, there is some k € N such that, for
all n > k, d(x,,x) < c. Such x is called limit of the sequence {x,}.

Note that every convergent sequence in a cone metric space X is a Cauchy sequence.
A cone metric space X is said to be complete if every Cauchy sequence in X is convergent
in X.

Example 1.4 Let E =R", P = {(x1,%2,...,x,) €E:x; >0Vi=12,....,.n}, X=R,d: X x
X — E such that d(x, y) = |x — y|, where @ € P is a constant. Then (X, d) is a cone metric
space.

Example 1.5 [23] Let E=/ (1 < p < 00), P = {{x4}n>1 > 0 for all n}, (X, p) be a metric
space, and d : X x X — E be defined by d(x,y) = {p(x,7)/2"},>1. Then (X,d) is a cone
metric space.

Example 1.6 [12] Let X = [0,00), E = C]}Q[O,l] and P ={p € E: ¢(t) > 0,t € [0,1]}. The
mapping d : X x X — E defined by d(x, ) = |x — y|¢, where ¢(¢) = €', gives (X, d) the struc-

ture of a complete cone metric space. The cone P is non-normal.

Olaleru in [23] and later Abbas et al. in [24] proved the existence of the fixed points
of single maps and the common fixed points of pairs and quartets of w-compatible maps

satisfying some general contractive conditions. Below are some of their main results.

Theorem 1.7 [23] Let (X, d) be a complete cone metric space and f : X — X be a mapping
such that

d(fx,fy) < ad(fx, x) + axd(fy, y) + asd(fy, x) + asd(fx, y) + asd(y, x)

forallx,y € X, where a1, ay,as,as,as € [0,1) and a1 + a, + as + as + as < 1. Then the mapping
f has a unique fixed point. Moreover, for any x € X, the sequence {f"(x)} converges to the
fixed point.

Theorem 1.8 [23] Let (X, d) be a complete cone metric space and let f,g: X — X be map-
pings such that

d(fx, fy) < ad(fx, gx) + axd(fy, gy) + asd(fy, gx) + asd(fx,gy) + asd(gy, gx)

forall x,y € X, where a1, a5,as,d4,as € [0,1) and a1 + ap + as + as + as < 1.

Suppose that f and g are weakly compatible and f(X) C g(X) such that f(X) or g(X) is
a complete subspace of X. Then the mappings f and g have a unique common fixed point.
Moreover, for any xy € X, the sequence {x,} defined by g(x,,) = f (x,_1) for all n, converges to
the fixed point.

Theorem 1.9 [24] Let f, g, S and T be self-mappings of a cone metric space X (with the
cone P having a nonempty interior) such that f(X) C T(X), g(X) C S(X) and

d(fx,gy) < pd(Sx, Ty) + qd(fx, Sx) + rd(gy, Ty) + t[d(fx, Ty) + d(gy, Sx)]

forall x,y € X, where p,q,r,t € [0,1) satisfyp +q+r + 2t <1.
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Ifone of f(X), g(X), S(X) or T(X) is a complete subspace of X, then {f,S} and {g, T} have a
unique point of coincidence in X. Moreover if {f,S} and {g, T} are weakly compatible, then
f, g S and T have a unique common fixed point which is the limit of the sequences {u,}
and {x,} defined by:

Uop-1 = fXou—g = Txop1,
Uy = §Xopu-1 = Skop.

We now show that results on common multipled fixed points (and of course common
coupled fixed points) for single maps, pairs of maps and four maps in cone metric spaces
can be derived from known results (e.g., Theorems 1.7-1.9) on fixed points of contractive
maps in cone metric spaces. In order to show this, we make use of the concept of product

cone metric spaces.

2 Multipled fixed points and w-compatibility
Definition 2.1 (see [20]) Let X be a nonempty set. An element x = (x1,%3,...,%,) € X",

m > 2, is said to be a fixed point of m-order of a mapping F : X" — X if

F(X1,%05 .0 » K15 %m) = %13
F(X0,%3, ... %y %1) = X2;

F(xB»xZL;unxmyxl’xZ) = X3; (21)

F(xm:xh?Q, .. "xm—l) =Xy

Observe that (2.1) can be written as
F(ti(x)) =x;, forallie{1,2,...,m}, (2.2)

where t; is the ith line of the circular matrix of x,

X1 X2 o Xm-2 Xm-1 Xm
Xy X3 o Xm-l o Xm X1

tx)=] % Xa -0 Xy X1 x|, (2.3)
Xm X1 e Xm-3 Xm-2 Xm-1

x is called a fixed point, a coupled fixed point, a tripled fixed point, and a quadruple fixed
point of F if m = 1,2, 3, 4, respectively. All through this paper, we will refer to fixed points
of m-order’ simply as ‘multipled fixed points’; the integer m is defined as the multiplicity
or the order of the multipled fixed point x.

Now, we introduce the following definitions of multipled coincidence points, common
multipled fixed points and w-compatibility for maps defined in finite-dimensional product

spaces.
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Definition 2.2 An element x = (x1,%3,...,%,,) € X™ is said to be a coincidence point of

m-order (or a multipled coincidence point) of mappings F: X" — X and g: X — X if

P(xlyxZ’ v ’xmflrxm) = g(xl);
F(xo,%3,.. ., %m,%1) = g(%2);
F(x3)x4:~~')xm)x11x2) =g(x3); (2,4)

F(xmy %1, %2, ., Xm-1) = &(Xnn);
or simply if
F(ti(x)) =g(x):=u; forallie{l,2,...,m}, (2.5)

where ¢; is the ith line of the circular matrix of x, £(x), as defined previously in (2.3). The
element u = (13, ..., u,,) is called the multipled point of coincidence of F and g.

If all the coordinates x; of such an element x are fixed points of g, x is called a common
multipled fixed point of F: X™ — X and g : X — X. In such a case, the equalities below

are satisfied:

F(x1,%2, ..« X1, %m) =g(x1) =X15
F(xg,%3,. .. %p>%1) =g(xz) =X2;
F(x3, %4, ., %, X1, %) = g(%3) = 35 (2.6)

F(xM’xl,x21 e ;xn—l) = g(xm) = Xms

i.e., F(t;(x)) = g(x;) = «; for all i € {1,2,...,m}, with £(x), the circular matrix of x as previ-
ously defined.
When m =1,2,3,4, x is a common fixed point, a common coupled fixed point, a com-

mon tripled fixed point and a common quadruple fixed point, respectively.

Definition 2.3 The mappings F : X" — X and g: X — X are called w-compatible if

g(F(x1,%0,...,%y)) = F(gry,gx,, ..., 8%,) whenever
F(x1,%2, ..., X1, %) = g(xl);

F(x,%3,. .., %m,%1) = g(%2);
F(xBrx4; v yxm;xlyxZ) :g(xfi);

F(xn’h X1 Xy e 1xm—l) = g(xm)

There is a natural relationship between fixed points of m-order in X and fixed points
in X™. Consider the mappings F : X" — X and g : X — X and their associate’ mappings
E.xm— xm and g: X" — X" defined for all x = (x1, %5, ...,%,,) € X" by

F(x) = (F(t(x)), F(&2(%)), ..., F (£ (),

- (2.7)
g(x) = (gx1, g%2, ..., Z%m),

Page 5 of 15
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where ¢;(x) is the ith line of the circular matrix #(x) of x as defined in (2.3). It is obvious
that a point x € X" is a multipled fixed point of F if and only if it is a fixed point of E.
Recall that:
(i) x=(x1,...,%,) € X™ is a fixed point of F, a coincidence point of F and g, or a
common fixed point of F and gifx= F(x), F(x) = glx)orx = E(x) = g(x), respectively;
(i) Fand g are w-compatible if F (gx) = g(? (x)) whenever F(x) = g(x).

Example 2.4 Let X =R and let F : X" — X be defined for all x = (x1, %5, ...,%,,) by F(x) =
2%1 + Xy + X3 + + - - + Xy — 1. The system F(¢;(x)) = x; Vi € {1,...,m} is satisfied by all x such
that Z;Zl x; = 1. In particular, (%, e %) and (1,0,...,0) are both multipled fixed points
of F. Observe that they are also fixed points of the mapping defined by

E@) = (F(t®)), F()), ..., F(tu(x))) = (in +Y x- 1)

j#i 1<i<m
We also state the following proposition.

Proposition 2.5
(i) Anelement x = (x1,%2,...,%y,) € X™ is a multipled coincidence point (or a common
multipled fixed point) of F: X" — X and g : X — X if and only if x = (x1,%2,...,%m)
is a coincidence point (or a common fixed point) of the associate mappings
F:X" — X" and g : X" — X" defined in (2.7).
(ii) The maps F and g are w-compatible if and only if F and § are w-compatible in X"

It is interesting to note the form of multipled fixed points, multipled coincidence points
or common multipled fixed points, when they are unique. Rearranging equalities (2.1),
(2.4) or (2.6), we can state the following.

Proposition 2.6 Ifx = (x1,x2,...,%,) € X" is a multipled coincidence (or common multi-
pled fixed) point of F and g, then the elements t;(x), 1 < i < m (where t(x) is the circular
matrix of x) are also multipled coincidence (or common multipled fixed) points of F and g.
Hence, ifx is a unique multipled coincidence (or common multipled fixed) point of F and g,
then x = t;(x) forall i € {2,3,...,m}. Thus x; =x3 = -+ - = Xp.

Example 2.7 Let X =R and let F: X" — X be defined by F(x) =1 —m + Z]’Zl xj.
F(t;(x)) =x; Vie{l,...,m} Z#i x; = m — 1. The determinant of the system

0 1 1
o1 --- 1 1
=) m-1) #0,
1 11 --- 1 O

hence the system has a unique solution, (1,...,1), which is the unique multipled fixed point
of F.

3 Multipled fixed point theorems in cone metric spaces
We start the section by introducing and defining some notions on fixed point results in
product cone metric spaces.
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Definition 3.1 Let (X, d;), i € {1,2,...,m}, be m cone metric spaces with respect to cones
P; in a Banach space E such that P; N (-P)) = {0} for all i, j. The set Z = ]_[zn X;, to-
gether with d : Z x Z — E defined by d(x,y) = Y ", di(x;,y;), where x = (x1,%2,...,%),
¥ =1, )2, -..,Ym), is a cone metric space with respect to the cone P =) ", P;. Z is called a
product cone metric space.

When X; = X for each i € {1,2,...,m}, where (X, d) is a cone metric space with respect
to the cone P C E, we define the cone product metric space X" with respect to P by con-
sidering the cone metric D: X™ x X" — E such that

D(x,y) =Y dlxiy), (3.1)

i=1
where x = (%;)1<i<m> ¥ = Wi)1<i<m-
The proof of the following follows immediately.

Proposition 3.2 Let (X, d) be a cone metric space with respect to d and (X™, D) the product
cone metric space.

(p1) A sequence {x,} = {(x},x%,...,x™)} converges to x = (x',x2,...,x™) if and only if the
sequences {x!} converge to x' forall i € {1,2,...,m}.

(p2) A sequence {x,} = {(x,%%,...,x™")} is a Cauchy sequence in X" if and only if the se-
quences {x'} are Cauchy sequences in X for alli € {1,2,...,m}.

(p3) (X™,D) is complete if and only if (X, d) is complete.

Example 3.3 Let X; = [0,1], X, =R" neN),E=R*, P=R%, d;: X; x X; > Eand d, :
Xy x Xp — E such that dy(u,v) = (|u — v|,2|u — v|) and da(x,y) = (0, /> 1 % — yil), x =

(®)1<i<m> ¥ = Wi)1<i<n- (X1,d1) and (X3, d,) are cone metric spaces. The set Z = X; X X, =
[0,1] x R" with d : Z x Z — E defined as

d(u,v) = (|M1 —vil, 2w — vl +

is the product cone metric space of X; and X,.

It should be noted that Theorems 1.7-1.9 can be extended to product cone metric spaces
endowed with metric D as defined in (3.1).
Now, we state the following theorem for a single map.

Theorem 3.4 Let (X,d) be a complete cone metric space, F : X" — X be a mapping satis-
fying, for someje{l,...,m},

d(F(t,x),F(t,u)) =< ald(thx, xj) + ﬂzd(thu, I/l]) + agd(Ft/u,x/)

+ a4d(thx, I/Ij) + Z b,-d(t,»iu, t,,-x) (32)

i=1

Sor all x = (x1,%2, ..., %), U = (U1, U2,..., ) € X", where t;x is the element in the jth line
and ith column of t(x), and a1, az, as, a, by, ..., by, € (0,1) satisfy a1+ as + as + as + Zzl b; <
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1. Then the mapping F has a unique multipled fixed point (x*,...,x*) € X". Moreover, for
any (x',x%,...,x™) € X", the sequences {x.},{x2},...,{x"} C X defined by

by = F(tix,) = F(xl, 22, ..., 20);
xiﬂ = F(thn) = F(xf,, .. .,x;",xb); (3 3)

a1 = Ftyx,) = F(x7,xL, ..., xm71)

n Wy )

converge to x* € X foreachi € {1,2,...,m}.

Proof Due to the symmetry of d, we can assume without loss of generality that a; = a, and

as = ay. Hence we have

d(F(t,x),F(t,u)) =< ald(thx, xj) + tlld(Ft]'I/t, M]) + blgd(thu,x]’)

+ ﬂgd(thx, btl') + Z bid(tﬁu, t,l-x)
i=1
and by simple interchanges

d(F(txx), F(txu)) < ard(Ftix, xi) + ard(Ftiu, ug) + azd(Ftiu, x)

m
+ asd(Ftix, ug) + ) bid(tius, tyix)

i=1
forall k e {1,...,m}.
Summing the m-inequalities, we have
> d(F(tw), F(taw) < ay Yy d(Ftix,x) +ar Yy d(Ftau, ;)
i=1 i=1 i=1

+as Z d(Ft;u,x;) + a3 Z d(Ftix, u;)

i=1 i=1
T (Z bi> > d(us,xy).
i=1 i=1
In view of (2.7) and (3.1), we get

D(Ex, Fu) < ayD(Ex, x) + a1D(Fu, u) + a3D(Eu, x) + asD(Ex, u)
+ (Z bi)D(u,x).
i=1

Applying Theorem 1.7 to product cone metric spaces, it follows that F has a unique fixed
point, which is the unique multipled fixed point of F. Since, the multipled fixed point is

unique, it is of the form (x*,x*,...,x*) with x* € X (from Proposition 2.6).

Page 8 of 15
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Also, from Theorem 1.7, for any (x!,42,...,x™) € X", the sequence F"(x',2,...,x™) con-
verges to the fixed point (x*,x%,...,x%). If we set

(2, 0%, x) = F* (xh, 4%, ™),
then the sequences {x!}, {x2},..., {x”"} C X converge each to x* € X and we have

(e oerln) = F(E (5% o) = Flh )

= (F(tlxn)jF(bxn)y~~¢F(tmxn))

xb. = F(tixy) = F(xL, 22, ..., 4™);

%5 = Ftaxy) = F(x,..., %), %,);
—

a1 = Ftmx,) = F(xX™, %L, ...,
as defined in (3.3). O

Theorem 3.5 Let (X,d) be a cone metric space, F : X" — X and g : X — X be mappings
satisfying, for some j € {1,...,m},

d(Ftix, Ftju) < ard(Ftix, gx;) + axd(Ftju, gu)) + asd(Ftju, gx;)

+ aqd(Ftpx, gu)) + Y bid(gtu, gtjix) (3.4)

i=1

forallx = (x1,%2, ..., %), u = (U1, Uy, ..., Uy,) € X", whereay, ay,as,as, by, ..., b, € [0,1) and
atay+as+ag+y bi<lIf
(i) F and g are such that F(X™) C g(X),

(i) F(X™) or g(X) is a complete subset of X, and

(iti) F and g are w-compatible,
then F and g have a unique common multipled fixed point (x*,...,x*) € X™. Moreover,
Sor any xo = (xb,x%,...,x7") € X", the sequence {x,} = {(x%,x2,...,x")} in X" defined by
gxl, = Ftix, forallie (1,2,...,m}, ie,

gxb, = F(tix,) = F(xl, o2, ...,2m);
gxh = F(tax,) = F(x2,..., 27, xL); (3.5)
g = Ftx,) = F(x7, %k, ..., 207,

converges to (x*,...,x%).

Proof Due to the symmetry of d, we can assume without loss of generality that a; = a, and
as = ay. Hence we have

d(F(tjx),F(tju)) < a1d(Ftix, gx;) + a1d(Ftju, gu;) + asd(Ftju, gx;)

+ ugd(Ft/x,gu/) + Z bid(gtjiu,gtﬁx)

i=1

Page 9 of 15
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and by simple interchanges
d(F(th),F(tku)) =< ayd(Ftyx, gxi) + ard(Ftru, guy) + asd(Ftru, gx)

+ asd(Ftix, gui) + Y bid(gtiits, gtiix)

i=1

forall k e {1,...,m}.
Summing the m-inequalities, we have

Z d(F(tix), F(tiu)) < ay Z d(Ftix,gxi) + Z d(Ftiu, gu;)
i=1 i=1 i=1

+ds Z d(Ftiu,gx,-) +ads Z d(Ftix,gui)

i=1 i=1
+ (Z bi) > d(guigx).
i=1 i=1
In view of (2.7) and (3.1), we get

D(Ex, Fu) < alD(f:x,gx) + alD(f:u,gu) + agD(IN-“u,gx) + agD(fDx,gru)
+ <Z hi)D(gu,gx).
i=1

Since F(X™) C g(X), F(X™) or g(X) is complete in X and F and g are w-compatible, then
F(X™) C gxm), E(X™) or g(X"™) is complete in X" and F and g are w-compatible. From
Theorem 1.8 applied to product cone metric spaces, F and g have a unique common fixed
point which is the common multipled fixed point of F and g. From Proposition 2.6, it
is of the form (x*,x%,...,x%), x* € X. By Theorem 1.8, the sequence {x,} = {x,...,x"} C
X" defined by g(x,...,x") = F(xl ..., ) for any xo = (x},..., %) € X" converges to
(x*,...,x%). Hence, the coordinate sequences {x.}, {x2},...,{x”} converge each to x* and
satisfy (3.5) since

g(x,lq, .. ,x;”) = ?(xi_l, ... ,x;”_l)
<~ (gxl,,gxf,, . ..,gxz’) = (Foyts- - » FtyXn1)
— g =Ftp,q Yie{l,2,...m) .

Theorem 3.6 Let (X,d) be a cone metricspace,f : X" — X,g: X" - X,S: X > Xand T :
X — X be four mappings such that f(X™) C T(X), g(X™) C S(X) and for somej € {1,...,m},

m

d(ftix, gtiu) < Zpid(Stﬁx, Ttju) + qd(ftix, Sx;) + rd(gtju, Tu;)

i=1

+ t[d(ft/x, Tu)) + d(gtju, Sx/)] (3.6)

forall x = (x1,%2, ..., %), u = (U1, Uy, ..., Uy,) € X", where p; (i=1,2,...,m), q,r,t € (0,1)
and Y ! pitq+r+2t<l.
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If one of f(X™), g(X™), S(X) or T(X) is a complete subspace of X, then {f,S} and {g, T}
have a unique m-tupled point of coincidence in X.

Moreover, if {f,S} and {g, T} are w-compatible, thenf, g, S and T have a unique multipled
common fixed point (u,...,u) € X" and for every (x§,x%,...,x3") € X™, the sequences {x,} =
{6k, a2,...,xM}y C X™ and {u,} = {(ul, u2,...,u")} defined by

i i
Uy, = ftixon-z = Ty, 4,

; ; Vi=1,2,...,m (3.7)
Uy, := gtixo,_1 = Sx5,

converge both to (u,u,...,u).

Proof From (3.6) and by simple interchanges, we have

m

d(ftrx, gtyu) < Z Ppid(Stix, Ttuu) + qd(ftxx, Sxi) + rd(gtiu, Tuy)

i=1

+ t[d(fth, Tuy) + d(gtku, Sxk)]

for every k € {1,...,m}.
Summing the m inequalities, we have

= (i:pi) i:d(Sxi, Tu;) + qi:d(ftix, Sx;)

+ rid(gtiu, Tu,) + t[i d(ft,«x, Tu,) + Xm:d(gtl'u, le):|

i=1 i=1 i=1

In view of (2.7) and (3.1), we get

D(fx,gu) < (Zpi>D(§x, Tu) + gD(fx,Sx) + rD(@u, Tu)

i=1

+ t[D(fx, Tu) + D(Zu, Sx)],

wheref, g Sand T are defined for all x = (®)1<i<m € X™ and u = (U;)1<i<m € X™ by
Fx) = (frx, oo, . .., fon),
g(x) = (ghx, glox, . .., gtyyx),
Sv(l't) = (Sul, SuZ; ceey Sum);
T(w) = (Tuy, Tus, ..., Ttiy,).

The contractive condition in Theorem 1.9 is satisfied for f, g, S and 7.
We have

fX™ CT(X) = f(X™ C T,
g™ Cc S(X) = g(X™) C S(X™).
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If one of f(X™), g(X™), S(X) or T(X) is complete, thenf(X’”), gxm), S(X™) or T(X™) is
complete in X", hence by Theorem 1.9 applied to the product cone metric space X",
the pairs {f ,S} and {g, T} have unique points of coincidence which are unique multiple
coincidence points of {f, S} and {g, T'}.

If, in addition, {f, S} and {g, T} are w-compatible, then {f, S} and {g, T} are w-compatible.
By Theorem 1.9, f, g, § and T have a unique common fixed point which is the unique
multiple common fixed point of f, g, S and T'. Because of the uniqueness, it is of the form
(u,...,u) for some u € X.

Also, from Theorem 1.9, for any (x},x2,...,x) € X", the sequences {x,} = {(x")1<i<m}
and {u,} = {(t})1<i<m} defined by

Uyt = fXopo = Txop_1,
2n-1 ~f 2n-2 - 2n-1 (38)
Uy = X2p-1 = SXop
converge to (&,...,u) € X" and (3.8) is equivalent to
Uy = flixons = Tih,, Viel2  .m
l/llzn = gt,-xg,,_l = ngn
Hence the sequences {x,} and {u,} defined in (3.7) converge to (&, u,...,u) € X". O

Remark 3.7 Theorem 3.4 extends Theorem 1.7 (Olaleru [23]), the results of Sabetghadam
et al. [10] and Theorem 4.1.1 of Olaleru and Olaoluwa [25] to multipled fixed points.
Theorem 3.5 is an extension of Theorem 2.4 of Abbas et al. [12] and Theorem 4.2.1 of
Olaleru and Olaoluwa [25] to multipled fixed points. Theorem 3.6 generalizes Theorems
3.4 and 3.5 and extends the results of Abbas et al. [24] (Theorem 1.9) and Theorem 4.3.1
of Olaleru and Olaoluwa [25] to multipled fixed points. To the best of our knowledge, it
is the most general theorem in the theory of multipled fixed points that deals with four
maps.

Example 3.8 Let (X,d) be the cone metric space defined in Example 1.6. Consider the
mappings F : X" — X and g : X — X defined by F(x1,%2,..., %) = % Yo % and g(x) = mx,
where m > 2.

F(X™) = g(X) = X is complete. Also, F and g are w-compatible. The condition (3.4) of

L b= 5=, Vie{l,...,n}. That s,

Theorem 3.5 is satisfied forj=1and a; =ay =as =ay = i

m

1
[d(Fx,gxl) + d(Fu, guy) + d(Ftu, gx;) + d(th,gul)] + Z ﬂd(gui,gxi)

i=1

1
d(Fx,Fu) < —
10

1,11 m o1 _ 9
0+t +10t Dicl 35 = 10 < 1. Hence

F and g have a unique common multipled fixed point (x*,...,x*) € X”. It is easy to notice
that x* = 0.

forall x = (x1,...,%,), 4 = (U1,...,4,) € X™, and % +

Example3.9 Let E=R?, P={(x,y) €E:x,y>0},X={2"7:peN}andd: X x X — X be
defined by d(277,27") = (|[p—7|, 1277 - 277|). (X, d) is a cone metric space. Let f,g: X x X —
X and S, T : X — X be defined by f(x1,%2) = g(x1,%2) = %142 and Sx = Tx = 5. f, g, S, T
satisfy the conditions of Theorem 3.6 with m =2, € {1,2}, p1 = p2 = % andg=r=t=0.
The couple (1,1) is the unique common coupled fixed point of the four maps f, g, Sand 7.
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4 Retrieving lower multiplicity fixed points

It would be interesting to show that fixed point of m-order results can be used to obtain
parallel results on fixed points of a lower order k. That is, fixed point results (which are
fixed point of 1-order results) can be generated from similar results on coupled, tripled or
even quadruple fixed points. In the sequel, we prove Theorem 3.6 for order k, using the
same theorem for a higher-order m.

Let X be a cone metric space and (X’,D;) be a product cone metric space, i € N.
Consider the mappings S,T : X — X and f,g : X — X. Also consider the maps f,7 :
X" — X defined byf(a_c) =f(x) and g(x) = g(x) for all X = (x1,...,%,...,%,) € X", where
x=(x1,...,%%) € XX (k and m are integers such that k < m).

Obviously, f(X”’) = f(X*) and g(X™) = g(X*); hence the Conditionsf(Xm) C T(X) and
2(X™) C S(X) imply that £(X¥) c T(X) and g(X¥) C S(X), respectively. Also, if f(X™) or
2(X™) is complete, then f(XX) or g(X*) is complete, respectively.

Now consider inequality (3.6) in Theorem 3.6 for maps f,g: X¥ — X and S, T: X — X,

ie.,

k
d(ftix, gtiu) < Zp,»d(Stﬁx, Ttju) + qd(ftix, Sx;) + rd(gtju, Tu;)

i=1

+ t[d(ftjx, Tu)) + d(gtiu, ij)] (4.1)

for all x = (x1, %2, ..., %), 1 = (1, Us, ..., ug) € X, where py,...,pr.q, st €[0,1) and g +r +
k
20+ ) i pi<l i
It is obvious that for any x.1,..., %, Uks1,. .., Um € X, the mappings f,g : X" — X and
S, T : X — X are such that

m
d(fiix, gtiit) < Y pid(Stiix, Ttiia) + qd(fti%, Sx;) + rd(gt;in, T;)

i=1

+ t[d(ftx, Tiyy) + d(gtjit, Sx;)| (4.2)

for all x = (x1,%2,..., %), u = (U1, U, ..., uy) € X", where q,r,t,p1,...,px € [0,1), pra =
o =pm=0 andq+r+2t+zzlpi:q+r+2t+ZfL1pi<l, If f, g, S, T are such
that f(X*) C T(X), g(X*) C S(X) and either f(X¥), g(X¥), S(X) or T(X) is complete, then
F(X™) C T(X), g(X™) C S(X) and either f(X"), g(X"), S(X) or T(X) is complete. Under
these conditions, {f, S} and {g, T} have unique points of coincidence of order m. From
Proposition 2.6, they are of the form (x,...,u) € X" and (v,...,v) € X"

If, in addition, {f, S} and {g, T’} are w-compatible, they commute at their respective coin-
cidence points (i, ..., u),(v,...,v) € X* and so, obviously, {}_‘, S} and {g, T'} also commute at
their respective coincidence points (4, ...,u), (v,...,v) € X". The coincidence points being
unique, {f ,S} and {g, T'} are w-compatible; from Theorem 3.6, f ,& Sand T have a unique
common fixed point of order m, (z,...,z) € X™. It obviously follows that f, g, S, T have a
unique common fixed point (z,...,z) € X* of k-order.

The choice of Theorem 3.6 does not lessen the generality given that the notion of
w-compatibility is used. The same method can be used for Theorem 3.4 or Theorem 3.5.

We summarize by stating the following theorem.
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Theorem 4.1 Theorems of existence of multipled fixed points of maps satisfying some con-
tractive conditions can be considered as applications of corresponding results of fixed points
of higher multiplicity. In particular, the fixed point results are applications of coupled fixed
point results or tripled fixed point results, coupled fixed point results are applications of
tripled fixed point results, etc.

Remark 4.2 Our methodology of proof shows that some results in cone metric spaces
(CMSs) of fixed point (FP) of higher order can be obtained through corresponding fixed
point results via product cone metric spaces (PCMSs). Theorem 4.1 is sort of the converse.
We can sketch the following diagram in terms of applications or corollaries:

EP results in CMSs 2™ Fp of higher order results,

(via Theorem 4.1)
=

FP of higher order results FP of lower order in CMSs,

(via Theorem 4.1)
=

FP of lower order in CMSs FP results in CMSs
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