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Abstract

The purpose of this paper is to present an iterative method for finding a common
element of the set of solutions for an equilibrium problem and the set of common
fixed points for a countably infinite family of nonself A-strictly pseudocontractive
mappings {7;}25 from a closed convex subset C into a Hilbert space H.
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1 Introduction and preliminaries

Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||, respectively.
Let C be a nonempty closed convex subset of H, and let G: C x C — (—00,+00) be a
bifunction. The equilibrium problem for G is to find #* € C such that

G(u*,v)=0, VveC. 1)

The set of solutions of (1.1) is denoted by EP(G). The equilibrium problem (1.1) includes
as special cases numerous problems in physics, optimization, economics, transportation,
and engineering.

Assume that the bifunction G satisfies the following standard properties.

Assumption A Let G: C x C — (—00,+00) be a bifunction satisfying conditions (Al)-
(A4).
(Al
(A2
(A3
(Ad

G(u,u) =0,Vu € C;

G(u,v) + G(v,u) <0,Y(u,v) € C x C;

Foreach u € C, G(u,-) : C — (—00, +00) is lower semicontinuous and convex;
limsup,_, ., G((1 - )u + tz,v) < G(u,v), V(u,2,v) € C x C x C.

O = —

Recall thata mapping 7" in H is said to be A-strictly pseudocontractive in the terminology
of Browder and Petryshyn [1], if there exists a constant 0 < X <1 such that

I1Tx = TyI> < lx—y)> + 2| (I = T)x = (I = Ty
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for all v,y € D(T), the domain of T, where [ is the identity operator in H. Clearly, when
A =0, T is nonexpansive, i.e.,

[ 7@ = TO)| < e -yl
It means that the class of A-strictly pseudocontractive mappings strictly includes the class

of nonexpansive mappings.

A single-valued mapping A in H is said to be monotone, if
(Ax)-A@),x—-y)>0, Vx,yeDA),
and A-inverse strongly monotone, if there exists a positive constant A such that

[A@) - A@),x—y) = A|Ax) -A0)|,

Vx,y € D(A).

Therefore, any A-inverse strongly monotone mapping is monotone and Lipschitz contin-
uous with the Lipschitz constant L4 = 1/A. It is well known [2] that if T is a nonexpansive
mapping, then I — T is (1/2)-inverse strongly monotone. It is easy to verify that if T is A-
strictly pseudocontractive, then it is (1 — 1)/2-inverse strongly monotone. Hence, I — T is
Lipschitz continuous with the Lipschitz constant L = 2/(1 — A).

Let {T;}$5, be a countably infinite family of nonself A;-strictly pseudocontractive map-
pings from C into H with the set of fixed points F(T;) (i.e., F(T;) = {x € C: x = Tjx}). Set
F =5 F(T;). Assume that

S:=FNEP(G)#0.
The problem studied in this paper is to find an element
u*eS. 1.2)

If T; =1, i>1, then problem (1.2) is reduced to (1.1) and shown in [3] and [4] to cover
monotone inclusion problems, saddle point problems, variational inequality problems,
minimization problems, the Nash equilibria in noncooperative games, vector equilibrium
problems, as well as certain fixed point problems (see also [5]). For finding approximative
solutions of (1.1), there exist several approaches: the regularization approach [6-10], the
gap-function approach [8, 11-13], and iterative procedure approach [14-30].

In the case that G=0and T; =1, i > 1, (1.2) is a problem of finding a fixed point for a
A-strictly pseudocontractive mapping in C (see [31]).

In the casethat G=0and 7; =1, i > N > 1, (1.2) is a problem of finding a common fixed
point for a finite family of A;-strictly pseudocontractive mappings T; in C studied in [32],
where the following algorithm is constructed:

Let xg € C and {w,}, {84}, {yu} be three sequences in [0, 1] satisfying o, + B, + v, =1 for
all # > 1, and let {u,} be a sequence in C. Then the sequence {x,} generated by

Xn = 0pXy-1 + lgn Tnxn + Vnlhn, (13)
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where T, = Tmoan, is called the implicit iteration process with mean errors for a finite
family of strictly pseudocontractive mappings { T;}Y,. The sequence {x,} converges weakly
to a common fixed point of the maps {T;},.

If T; =1, i > 1, then (1.2) is a problem of finding a fixed point for a A-strictly pseudocon-

tractive mapping in C, which is an equilibrium point for G (see [33]).
Theorem 1.1 [33] Let C be a nonempty closed convex subset of a Hilbert space H. Let G

be a bifunction from C x C to (=00, +00) satisfying (Al)-(A4), and let S be a nonexpansive
mapping of C into H such that

F(S) NEP(G) # .

Let f be a contraction of H into itself, and let {x,} and {u,} be sequences generated by x; € H
and

G(uy,y) + %(y— U, Uy —%y) >0, VyeC,
Xntl = anf(xn) +(1 - ay,)Su,

forall n> 0, where {a,,} C [0,1] and {r,} C (0, 00) satisfy

o0 o0
lim «, =0, E o, = 00, E |oty41 — 0y| < 00,
n— o0

n=1 n=1
o0

liminfr, > 0, E |Fys1 — Tl < 00.
n—00 1
n=

Then {x,} and {u,} converge strongly to z € F(S) N EP(G), where z = Prs)ngp(c)f (2).

If T;=1,i>N >1, then (1.2) is a problem of finding a common fixed point for a finite
family of A;-strictly pseudocontractive mapping T; from C into H, which is an equilibrium
point for G. We have constructed regularization algorithms (see [10, 19, 29]). First algo-
rithm is defined as follows. The regularization solution u, is an element being a solution

for the single equilibrium problem

Ga(ua;V)ZO VVEC,ua eC,
Gy (u,v) = Zﬁo atiGi(u,v) + alu, v —u), a>0,

Go(u,v) = G(u,v), Gi(u,v)={Ai(uw),v—-u), i=1,...,N,

(1.4)
Ho=0< ;< i1 <1, i=2,....,N—-1,
where « is the regularization parameter.
Theorem 1.2 [19] For each o > 0, problem (1.4) has a unique solution u, such that
(i) limg_ 0 uq =u*, u*€S.

(i) )l < llyll, Vy € S.

(iii) llue —upll < (lu*|| + dN)@, a, B >0, where d is a positive constant.


http://www.fixedpointtheoryandapplications.com/content/2013/1/286

Kim and Buong Fixed Point Theory and Applications 2013, 2013:286
http://www.fixedpointtheoryandapplications.com/content/2013/1/286

In the second algorithm, the regularization solution is defined on the base of the inertial
proximal point algorithm proposed by Alvarez and Attouch [34], where the sequence {z,}

is defined by an equilibrium problem

N
Cn (Z a;l:iFi(Z}’l+17 V) + (21, V - Zn+1>) +{Zus1 — 2wV — Zpi1)

i=0

“VulZy — 241,V —2p11) =0 YveC,zo,2z1 € C,
and {c¢,} and {y,,} are the sequences of positive numbers.

Theorem 1.3 [19] Assume that the parameters ¢, v, and o, are chosen such that
(i) 0<co<Cu 0<yu<yo,
(ii) D02 by =+00, by = ¢royl (1 + Cpty),
(i) 302, vuby zn = 2o || < +00,
(iv) Timy o0 @y = 0, Tim,, o 12252211 = 0,

Then the sequence {z,} converges strongly to the element u*, as n — +oo.

In the case that G = 0, Maingé [35] considered the following iteration method:

Xps1 = 0 Dixy + Z WinTixy, n>0, (1.5)

i>1

where D : C — C is a given contraction with constant p € [0,1), %y € C is a starting
point, {&,} C (0,1), w;;, > 0 for all i > 1 and 221 Wi, = 1 — a,, with the following con-
ditions:
ClL Y 2 o, =00.
C2. Forallie N;:={i: T; #1},
(@) 1=t — 0,01 3, plan — ay-1] < 00,

Win
1,1 _ _1 11
(b) 271 | Win Win-1 | - 0, or Z" |Wi,n Win-1 l < 00,
1 1
(c) Wintn ZkZO |Wk,n - Wk,n—1| — 0, or Zn Win Zkzo |Wk,n — Wipn-1| < 00.
C3. ;‘—” — 0 forall i e NV;.
Ln

Then the sequence {x,} given by (1.5) converges strongly to x the unique fixed point of

ProD, where Pr is the metric projection from H onto F.
For solving (1.2), Ceng and Yao [36] proposed the following algorithm:

Let x; € H be an arbitrary element and

G(I/ln,V)+ i(un_me—Mn% YveC,
Y= (1= V)% + v Waity, (1.6)
Xpe1 =1 -y — ﬂn)xn + anf()’n) + BuWins

Page 4 of 13
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where {a,}, {8,}, and {y,} are three sequences in (0,1) such that «, + 8, <1, and the

mapping W, is defined by

un,n+l =1,
un,n = )Vn Tn un,n+1 + (1 - )‘n)ly
un,n—l = Ano1 Tn—l un,n + (1 - )Ln—l)l»

Un,k = )‘4/<Tn un,k+1 + (1 - )\‘k)lﬂ
Upj1 = M T U + (1= A1),

Upp =2 Tolyz + (1= 12)],
Wn = Un,l = )\,1T1Un12 + (1 — )»1)]

Theorem 1.4 [36] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
G: C x C — (—00, +00) be a bifunction satisfying (Al)-(A4), and let {T;}2, be a sequence

of nonexpansive self-mappings on C such that

S =(\F(T;)) NEP(G) #0.

i=1

Suppose that {a,}, {Bn}, and {y,} are sequences in (0,1) such that o, + B, <1, and {r,} C
(0,00) is a real sequence. Suppose that the following conditions are satisfied:
() limy ooy =0andy oo ;o = 00;

(i) 0<liminf,_, o By <limsup,_, . Bu<1;

(iif) 0 <liminf,— oo ¥ <limsup,_, o ¥« <1 and limy,_, oo |Vns1 — Yul = 0;

(iv) 0 <liminf,_, s 1, and lim,_, o |y —7u| = 0.
Let f be a contraction of C into itself and given xy € C. Then the sequences {x,} and {u,}
generated by (1.6), where {A,} is a sequence in (0, b] for some b € (0,1), converge strongly to
x* € (o F(T:) NEP(G), where x* = Prys, perpnepcf (7).

2 Main results
In this section, for solving problem (1.2), we present a new iterative method.

Let zp be an arbitrary element in a Hilbert space H, the sequence of iterations {z,} is
defined by finding u,, € C such that

G(Un,y) + (Up — 20,y —uy) =0, VYyeC,
Zus1 = Pc(zn = Bulzn — thn + Yooy ViAi(zn) + 0tuzy)) (2.1)
=Pc(z, - /3;4[2!0:01 Vidi(z,) + L+ @)z, —u,l), n>0,

where Pc is the metric projection of H onto C, and {«,}, {8,}, and {y;} are three sequences

of positive numbers such that

Zyil . =y <00, (2.2)
— A
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Also, we construct a regularization solution u, for (1.2) by solving the following varia-
tional inequality problem: find u, € C such that

(Ao(e) + X0 ViAi(ue) + atthg, v — ) >0, VveC,
Aj=1-T, i>0,

(2.3)

where To(x) = {z € C: G(z,v) + (z—x,v—2) > 0 Vv € C}, {y;} is a sequence of positive
numbers satisfying (2,2), and « is a small regularization parameter tending to zero.

We need the following important lemmas for the proof of our main results.

Lemma 2.1 [7] Let C be a nonempty closed convex subset of a Hilbert space H, and let G
be a bifunction of C x C into (—00,+00) satisfying (Al)-(A4). Let r >0 and x € H. Then
there exists z € C such that

1
G(z,v)+ —{z—-xv-2)>0, VveC.
r

Lemma 2.2 [7] Assume that G: C x C — (—00, +00) satisfies conditions (Al)-(A4). For
r>0 and x € H, define a mapping T, : H — C as follows:

T,(x):{zeC:G(z,v)+%(z—x,v—z)EOVVGC}. (2.4)

Then the following statements hold.:
(i) T, is single-valued;

(ii) T, is firmly nonexpansive, i.e., for any x,y € H,

| T(x) - T,0) | < (T,(0) - T, (), 2 - 9);

(iii) F(T,) = EP(G);
(iv) EP(G) is closed and convex.

It is easy to see that T is a nonexpansive mapping.

Lemma 2.3 [37] Let{a,}, {b,}, and {c,} be the sequences of positive numbers satisfying the
conditions:

(i) apa <A -bya, +cy b, <1,

(i) Y o2o by =+00, lim,_ 10 Z—’; =0.

Then lim,_, o0 a, = 0.

Lemma 2.4 [38, 39] Assume that T is a ,-strictly pseudocontractive mapping of a closed
convex subset C of a Hilbert space H. Then I — T is demiclosed at zero; that is, whenever
{x,} is a sequence in C weakly converging to some x € C, and the sequence {(I — T)(x,)}

strongly converges to zero, it follows that (I — T)(x) = 0.

Now, we are in a position to introduce and prove the main results.
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Theorem 2.5 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
G:C x C — (—00, +00) be a bifunction satisfying (A1)-(A4), and let {T;}7°, be a sequence
of nonself A;-strictly pseudocontractive mappings from C into H such that
o0
S =(\F(T;)) NEP(G) #0.

i=1

Assume that {y;} satisfies condition (2.2). Then for each o > 0, problem (2.3) has a unique
solution u, such that

(i) limg_ouy = u*, u* € S and |u*|| < |yl,Vy €S,

(if) oo — gl < 510"

Proof First, we prove that problem (2.3) has a unique solution. Set

Let x* be a common fixed point of {T}};>1. Since

viAi@)] = vifAie) - A |+ vl AT [ = v

%
x|

and )5 y,»% =y < +00, the mapping A is well defined, and )7, y;A4;(x) converges ab-
solutely for each x € C. It is easy to see that A is Lipschitz continuous with the Lipschitz
constant L4 = y and monotone.
Set

Gi(u,v) = (yiAi(w),v—u), i=1
and

Go(u,v) = (Ao (1), v — u).
Then, problem (2.3) is equivalent to that: find u, € C such that

Gy(ug,v) >0, VvecC, (2.5)
where

Golu,v) = G, v) + o (u, v — u)

and

Glu,v) =Y _ Gi(u,v) = (Ao(u) + Aw),v - u).

i=0

It is not difficult to verify that for each i > 0, G;(u, v) is a bifunction. Therefore, G(u,v)(u,v)
also is a bifunction, i.e., G(u,v)(u,v) satisfies Assumption A. By using Lemma 2.2 with
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(1/r) =@ > 0 and x = 0, we can conclude that problem (2.5) (consequently (2.3)) has a
unique solution u,, for each o > 0.
(i) Next, we prove that

luoll < lyll, Vyeds. (2.6)

Since y € §, we have A;(y) =0, i > 0. Thus,

oo

Z<yiAi(ua)yy - ua) + a(”o{’y - ua) > 0» Vy es. (27)
i=0

Since
(ViAi(ua); Uy —y) >0, VyesS,i>0,

from (2.7), follows (2.6). Then, there exists a subsequence {u,,} of {u,} that converges
weakly to some element #* € H. Now, we have to prove that u* € S. The (1 - 1;)/2-inverse

strongly monotone property of A; implies that

0=<w

1-A
> i)
= <V1Al(uak)r Uy, _.y>
< (ViAi(ttay), they — )
i=1

= -0k (uak) U — J’)

< Olk()’,y - M(xk)-
Therefore,

Jlim Aiu)| = 0.

By virtue of Lemma 2.4, we have u* € F(T}). Since the closed convex set S has only one
element with the minimal norm, using (2.6) and the weak convergence of {u,}, we can
conclude that all the sequence {u,} converges strongly to #* as « — 0.

(ii) By virtue of (2.4), (2.5) and the monotone property of A;, we obtain

(X(uwuﬂ —Uy) + ﬁ(uﬁrua - uﬂ) >0
or

llte — ugll < u*

o — B | — B
lugll < ——|
o a

for each «, 8 > 0. This completes the proof. d

Remark Obviously, if u,, — i, where u,, is the solution of (2.4) with « = ax — 0, as
k — +00, then S # 0.
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Theorem 2.6 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
G:C x C — (—00, +00) be a bifunction satisfying (A1)-(A4), and let {T;}°, be a sequence
of nonself A;-strictly pseudocontractive mappings from C into H such that

Assume that {y;} satisfies condition (2.2), and «,, B, satisfy the following conditions:

oty — ot | _

oy, By >0, lim «, =0, lim —— = 0,
n—00 n—00 (xnan
o0
— Q2+y +ay)?
Y aui=00,  lim,efy————— <.
n=0 ®n

Then the sequence {z,} given by (2.1) converges strongly to u* € S, that is,
lim z, =u* € S.

n—00

Proof Clearly, iteration {z,} in (2.1) has the form

0
Znel = PC (Zn - ﬂn |:Z yiAi(zn) + anzn]>: 20 € C7 n= Or (28)
i=0

where y = 1.
Let u,, be the solution of (2.3) when « = «,,. Then

u, = Pc <un =B |:Z Yidi(u,) + anun])' (2.9)

i=0

Set A, = ||z, — uy||. Obviously,
A1 = ||Zn+1 - Mn+1” =< ”Zn+1 - un” + ||Mn+1 - un”

From the nonexpansive property of Pc, the monotone and Lipschitz continuous properties
of A;, i >0, (2.8), and (2.9), we have

1Zne1 — tnll <

’

Zy — Uy — P [Z Vi(Aizn) = Ai(un)) + an(z, — un)}

i=0

and

2

Zn — Uy — IBH |:Z Vi(Ai(Zn) _Ai(un)) + an(zn - Z'tn):|
i=0

2

2 p2
= [z — unll” + B,

[Z Vi(Ailzn) = Ai(un)) + oz, — un)}

i=1
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- 2ﬁn<z Vi(Aizn) = Ai(un)) + n(2n — 1), 20 — un>

i=0

00 2
2
2 2
s|un—uﬂ|[1—2@ﬂn+ﬁn<2+;£ml_ki+m) }

Thus,

172
”ZVH—I - un” = An(l - 2/3nan + ,3;3(2 +ty+ an)z)

< An(l - ﬂnan)llz

1
<An 1__nn~
= ( 2ﬂ“>

Set

1
bn = Eanﬂm

= L
n

It is not difficult to check that b, and ¢, satisfy the conditions in Lemma 2.3 for sufficiently

large n. Hence, lim,,_, ;o0 Afl = 0. Since lim,,_, o, u4,, = u*, we have

lim z,=u*€S.
n—00

This completes the proof. O

Remark The sequences o, = (1+n)?,0<p<1/2,and B, = yoa, with

1

O<yp< ———Mm—
Yo (2+y +ap)?

satisfy all the necessary conditions in Theorem 2.6.

3 Application
In this section, we show that algorithm (2.1) can be applied to find an element

u* € SNVI(C,A°), 3.1)
where VI(C, A®) is the set of solutions of the following variational inequality problem:

(Ao(u), == u) >0, VveC,uecC, (3.2)
involving a monotone hemicontinuous mapping A°. If A is a A-inverse strongly monotone
mapping, and {T}};>; is a countably infinite family of nonexpansive self mappings in C,
then problem (3.1) is recently studied in [40] and [41].

Let A° be a monotone hemicontinuous mapping. Then it is easy to see that G°(u, v) :=
(A°(u),v — u) is a bifunction, i.e., G°(u,v) satisfies Assumption A. Using Lemma 2.2, we

Page 10 0of 13
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construct a nonexpansive mapping T° : H — C such that
TO(x) := {ze C:G(z,v)+ (z-xv—2)>0Vve C}.

Then, F(T°) = VI(C,A%). So, T° as Ty are nonexpansive. Consequently, both mappings
T and Ty are (1/2)-strictly pseudocontractive. Thus, the mapping / — T? is also Lipschitz
continuous with the Lipschitz constant L = 2. Then, algorithm (2.1) has the form:

Let zo be an arbitrary element in a Hilbert space H, the sequence of iteration {z,} is
defined by

u, € C:Guy,y) + Uy — 2y —u,) >0, VyeC,
uWeC:Guly) + Wl -z,y-ul) >0, VyeC,
Zu1 = Pe(zn = Bulzn — un + 2, - u2 + Zlo:l ViAi(z,) + auz,])

=Pc(z, - ,Bn[Z?:o] Vili(zy) + 2 + @)z, — ty — u(y),])x n>0.

(3.3)

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let G :
C x C — (—00, +00) be a bifunction satisfying (Al)-(A4), let {T;}X) be a sequence of nonself
Ai-strictly pseudocontractive mappings from C into H, and let A° be a hemicontinuous

monotone mapping from C into H such that

(\E(T) NEP(G) N VI(C,A°) #0.

i=1
Assume that {y;} satisfies condition (2.2), and o, B, satisfy the following conditions:

. .o — ol
oy, By >0, lim «, =0, lim —*~ =,
n— 00 n— 00 a%an

3]

S 4 2
Zanﬂn =00, hmn—nxzﬁnw <L
n=0

oy
Then

oo
lim z, = u* € (") F(T;) NEP(G) N VI(C,A°),

n—00 .
i=1

where {z,} is defined by (3.3).
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