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Abstract

In this paper, we introduce the concept of generalized convex contractions and give
some results about approximate fixed points of the contractions on metric spaces. By
providing some examples, we show that our results are real generalization of the
main results of Ghorbanian et al. (Comput. Math. Appl. 63:1361-1368, 2012) and
Istratescu (I. Ann. Mat. Pura Appl. 130(4):89-104, 1982).

1 Introduction

Istratescu [1] introduced the notion of convex contraction. He proved that each convex
contraction has a unique fixed point on a complete metric space, see also [2]. Recently
Ghorbanian, Rezapour and Shahzad generalized his results to complete ordered metric
spaces, [3]. In recent years, there have appeared some works on approximate fixed point
results (see, for example, [4—8] and the references therein). In this paper, by considering
the key work [9] and using the main idea of [10], we introduce the concept of generalized

convex contractions and generalize the main results of [3] and [1].

2 Preliminaries
Let (X, d) be a metric space, T be a selfmap on X and & : X x X — [0, 00) be a mapping.
In accordance with [10], we say that T is a-admissible whenever «(x,y) > 1 implies
o(Tx, Ty) > 1. Also, we say that X has the property (H) whenever for each x,y € X, there
exists z € X such that a(x,z) > 1 and «a(y,z) > 1; also see [11].
The selfmap T on X is called a generalized convex contraction whenever there exist a
mapping o : X x X — [0,00) and a,b € [0,1), with a + b <1, such that

alx,y)d (sz, sz) < ad(Tx, Ty) + bd(x,y)

forall x,y € X.

We say that « is the based mapping. Also, we say that the selfmap T on X is a generalized
convex contraction of order 2 whenever there exist a mapping « : X x X — [0,00) and
ai, ds, by, by € [0,1) with a; + a; + by + by <1 such that

a(x,y)d(sz, sz) < ayd(x, Tx) + azd(Tx, sz) +bid(y, Ty) + bzd(Ty, sz)

for all x,y € X. Other useful references: [12-15].
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Let e > 0 be given. xy € X is an e-fixed point of the selfmap T on X whenever d(xy, Tx¢) <
g, see [16]. Denote the set of all e-fixed points of T by F.(T'). We say that T has an approx-
imate fixed point (or T has the approximate fixed point property) whenever T has an
e-fixed point for all ¢ > 0, see [17]. It is known that there are selfmaps which have approx-
imate fixed points while have no fixed points.

We need the following result in our main results.

Lemma 2.1 ([18]) Let (X,d) be a metric space and T be an asymptotic regular selfmap
on X, that is, d(T"(x), T"*!(x)) — 0 for all x € X. Then T has the approximate fixed point

property.

3 The mainresults

Now, we are ready to state and prove our main results.

Theorem 3.1 Let (X,d) be a metric space and T be a generalized convex contraction on
X with the based mapping a. Suppose that T is a-admissible and there exists xo € X such
that a(xg, Txg) > 1.

Then T has an approximate fixed point.

Moreover, T has a fixed point whenever T is continuous and (X,d) is a complete metric

space, and also T has a unique fixed point whenever X has the property (H).

Proof Let xo € X be such that a(xg, Txo) > 1. Define the sequence {x,,} by x,,,; = T"*'x for
all # > 0.

If %, = x,,1 for some n, then we have nothing to prove.

Assume that x, # x,,; for all n > 0. Since T is w-admissible, it is easy to check
that a(x,,%,,:1) > 1 for all n. Let v = d(Txo, T?x) + d(x9, Txg) and A = a + b. Then
d(Txo, T?x0) < v. Now, put x = Txp and y = xo. Then

d(T?’xO, szo) < a(Txo,xo)d(Ton, szo) < bld(szo, Txo) + bd(xo, Txo) < Av.

By continuing this process and using a similar technique to that in the proof of Theo-
rem 3 in [2], it is easy to see that d(T""*'x,, T"x0) < 2A"1v, where m = 2/ or m = 21 — 1 for
all [ > 2. This implies that d(T"*\x,, T"xy) — 0.

By using Lemma 2.1, T has an approximate fixed point.

Also following arguments analogous to those in Theorem 3 in [2], it is easy to see that
d(T"xy, T"x0) < %v for all n > m. This shows that {x,} is a Cauchy sequence.

If T is continuous and (X, d) is a complete metric, then there exists x* € X such that
x, — x*. Thus, Tx,, — Tx* and so Tx* = x*.

Now, suppose that X has also the property (H). We show that T has a unique fixed point.

Let x* and y* be fixed points of T. Choose z € X such that o(x*,z) > 1 and «(y*,z) > 1.
Since T is a-admissible, a(x*, T"z) > 1 and a(y*, T"z) > 1 for all m > 1. Put > = a + b and
v =d(x*, T?z) + d(x*, Tz). Then we have

d(x*, T°z) = d(T*x*, TX(Tz)) < a(x*, Tz)d(T?x*, T*(T2))

<ad(x*, T°z) + bd(x*, Tz) < Av
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and

d(x", T4z) = d(sz*, TZ(TZZ)) <a(x, TZZ)d(TZx*, TZ(Tzz))
< ad(x*, T3z) + bd(x*, Tzz) = azd(x*, Tzz) + abd(x*, Tz) + bd(x*, TZZ)
<ad(x*, T°z) + bd(x*, T°z) + ad(x*, Tz) + bd(x*, Tz) = Av.

Also, we have

d(x*, T°z) = d(T*x*, T*(T%2)) < a(x*, T%2)d(T%x*, T*(T°z))
<ad(x*,T*z) + bd(x*, T°z)
<a’d(x*, T*z) + a’bd(x*, Tz) + 2abd(x*, T?z) + b*d(x*, Tz)
= (@® + 2ab)d(x*, T%2) + (a®b + B*)d(x", Tz) < 32v

and one can easily get that d(x*, T®z) < 2A2v.

By continuing this process, we obtain d(x*, T"z) < 2A!"'v, where m = 2/ or m = 21 -1 for
all / > 2. Hence, 7"z — x*. Similarly, we can show that 7"z — y*. Thus, we get x* = y*
and so T has a unique fixed point. O

In 2011, Haghi, Rezapour and Shahzad proved that some fixed point generalizations are
notreal generalizations [9]. But the following examples show that the notion of generalized
convex contractions is a real generalization for the notions of convex contractions and

ordered convex contractions which were provided, respectively, in [3] and [1].

Example 3.1 Let X ={1,3,5}, d(x,y) = |x — y| and T be a selfmap on X defined by 71 = 3,
T3 =1and T5 = 5. Then, by puttinga = ;,b = ;,x =1and y = 3, we have 2 = d(T?1, T%3) >
ad(T1,T3) + bd(1,3) = 1. Thus, T is not a convex contraction, while by putting o(x, y) = i
whenever x < y and «(x,y) = 0 otherwise, a = i and b = i, it is easy to see that T is a

generalized convex contraction.

Example 3.2 Let X = {1,3,5}, d(x,y) = |x — y|. Define the order < on X by <={(1,1),(3,3),

(5,5),(1,3),(1,5),(3,5)} and define the selfmap T on X by 71 =3, T3 =1 and 75 = 5. Then,
1

by putting a = % and b = x=1 and y = 3, we have
2=d(T*1,T?3) > ad(T1,T3) + bd(1,3) = 1.
Ifx=3andy=5o0rx=1andy =5, then we have
2=d(T3,T°5) > ad(T3,T5) + bd(3,5) = 1.5
and

4 =d(T*1,T%5) > ad(T1, T5) + bd(1,5) = 1.5.

Thus, T does not satisfy the condition of Theorem 2.4 in [3]. If we put a = i and b = i
and define a(x,y) = % whenever x < y and «(x,y) = 0 otherwise, then it is easy to see that
T is a generalized convex contraction.
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Theorem 3.2 Let (X,d) be a metric space and T be a generalized convex contraction of
order 2 on X with the based mapping o. Suppose that T is «-admissible and there exists
xo € X such that a(xq, Txo) > 1.

Then T has an approximate fixed point.

Moreover, T has a fixed point whenever T is continuous and (X,d) is a complete metric

space, and also T has a unique fixed point whenever X has the property (H).

Proof Let xo € X be such that a(xg, Txo) > 1. Define the sequence {x,,} by x,,,; = T"*1x for
all # > 0.

If %, = %1 for some n, then we have nothing to prove.

Assume that x, # x,,1 for all » > 0. Since T is a-admissible, it is easy to check that
(%, %,1) > 1 for all n. Let v = d(Txo, T?x0) + d(xo, Txo), B=1—-by and A = a1 + ay + by.

Then we have

d(Ton, T2x0) < ot(Txo,xo)d(Ton, szo)
< ald(xo, Txo) + ﬂzd(Tx(), TQQC()) + bld(Txo, szo) + bzd(Tsxo, TZX())

<mv+(ar+b)v+ de(Tsxo, szo).

Hence, d(T3xq, T?x0) < (%)v.
Now, put x = Txp and y = T%x,. Then

d(Ton, T4x0) < a(TZxo, Txo)d(T?’xo, TA‘xo)
< dld(Tx(), TZXQ) + azd(TZxo, TSJC())
+ bld(szo, T?’xo) + bzd(TSJCo, T4xo)

b
Sayv+(ax + b1)%v + byd(Tx0, T*x0).
—-b

Hence, d(T3xq, T*x0) < (%)V.

Similarly, we obtain d(T”xo, T*xo) < (%)21/ and d(T?xg, TOx,) < (%)ZV.

By continuing this process and following an argument similar to that in Theorem 4 in
[2] (see also [1]), it is easy to see that d(T"*1xg, T"x) < (%)lv, wherem=2lorm=2[+1
for [ > 1 or d(T"* %y, T"x,) < (%)HV, where m = 2] or m = 2] — 1 for [ > 2. Thus,
d(T™ %, T"x) — 0.

By using Lemma 2.1, T has an approximate fixed point.

Now, suppose that T is continuous and (X, d) is a complete metric space. Then, by using
a similar technique to that in the proof of Theorem 4 in [2] (see also [1]), it is easy to see
that {x,} is a Cauchy sequence. Choose x* € X such that x,, — x*. Since T is continuous,
Tx, — Tx* and so Tx* = x*. If X has the property (H), then by using a similar technique to

that in the proof of Theorem 3.1, we can prove uniqueness of the fixed point of 7' d

Again, the following examples show that the notion of generalized convex contractions
of order 2 is a real generalization for the notions of convex contractions of order 2 and

ordered convex contractions of order 2, which were provided, respectively, in [1] and [3].
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Example 3.3 Let X = {1,3,5}, d(x,5) = |[x — y| and T be a selfmap on X defined by 71 = 3,
T3 =1and T5 =5. Then, by puttinga; =a; =b; = b, = %, x=1and y = 3, we have

2=d(T%1L,T°3) > md(1, T1) + ard(T1, T*1) + b1d(3, T3) + bod(T3,T*3) = 0.8.

Thus, T is not a convex contraction of order 2, while by putting «(x, y) = % whenever x <y
and «(x,y) = 0 otherwise and a; = a; = by = by = %, it is easy to see that T is a generalized

convex contraction of order 2.

Example 3.4 Let X ={1,3,5}, <={(1,1),(3,3),(5,5),(1,3)}, d(x,y) = |x—y| and T be a self-
map on X defined by 71 =3, T3 =1 and 75 = 5. Then, by putting a; =ay = b; = b, = é,
x=1and y = 3, we have

2=d(T°1,T?3) > a1d(1, T1) + ard(T1, T*1) + b1d(3, T3) + byd (T3, T*3) = 0.8.

Thus, T is not an ordered convex contraction of order 2 which has been used in Theo-
rem 2.5 of [3], while by putting a(x,y) = % whenever x < y and «(x,y) = 0 otherwise and
a1 =ay=by=by = %, it is easy to check that the selfmap T is a generalized convex contrac-

tion of order 2.

Recently, the notion of weakly Zamfirescu mappings was provided in [19] (see also Zam-
firescu [20]).

Definition 3.1 Let (X, d) be a metric space and T be a selfmap on X. Then T is called

weakly Zamfirescu whenever there exists y : X x X — [0,1] with
0(a,b) := sup{y(x,y) ra <dx,y) < b} <1

for all 0 < a < b, such that d(T'(x), T(y)) < y(x,y)Mr(x,y) for all x,y € X, where

Mr(x,y) = max{d(x,y), %[d(x, T(y)) + d(y, T(x))], %[d(x, T(x)) + d(y, T(y))] }

Now, by using the main idea of this paper, we define a-weakly Zamfirescu selfmaps as
follows.

Let (X,d) be a metric space, « : X x X — [0,00) be a function and T be a selfmap
on X. Then T is called a-weakly Zamfirescu whenever there exists y : X x X — [0,1] with
O(a,b) := sup{y(x,y) :a < d(x,y) < b} <1 for all 0 <a < b such that a(x,y)d(T(x), T(y)) <
v (%, y)M7(x,y) for all x,y € X.

Theorem 3.3 Let (X,d) be a metric space, o : X x X — [0, 00) be a function and T be an
a-weakly Zamfirescu selfmap on X. Suppose that T is a-admissible and there exists xo € X
such that o(xg, Txg) > 1.

Then T has an approximate fixed point.

Moreover, T has a fixed point whenever T is continuous and (X,d) is a complete metric

space.
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Proof Let xo € X be such that a(xo, Txo) > 1. Define the sequence {x,} by x,,1 = T"1xo
for all n > 0. We show that d(x,,%x,.1) < ¥ (®u_1,%,)d(x,_1,%,) for all n > 0. Since T is

a-admissible, it is easy to check that a(x,, x,,1) > 1 for all n. But, for each #, we have
1
MT(xn—ljxn) = max{d(xn—l; xn)¢ E [d(xn—lr T(xn—l)) + d(xn: T(xn))];
1
s Tw) + s T(xn_n)]}
1
= max { d(xn—b le)l E [d(xn—b xn) + d(xn: xn+1)];
1
5 [d(xn—lrxnﬂ) + d(xmxn)] }
1 1
= max { d(xn—b xn): E [d(xn—lx xn) + d(xn: er—l)]: Ed(xn—l’ xn+1) } .
IfMT(xn—l;xn) = d(xn—lx xn)) then
Ay %ni1) < 001, %0)A (T (xp1), T(x)) < ¥ K1, %0)d (K1, %)

If M (%p-1, %) = 5 [d(&n1,%4) + d(%, %11)], then

[d(xn—h xn) + d(xm xn+1)]
2

(X1, %) AKX K1) < Y (-1, %)

’

Y Fn-1,%n)
(xn—l; xn) -V (xn—lx xn)

d(xm xn+1) = d(xn—l’xn)
20
< ¥ (on1, %) (X1, %)

If MT(xn—ly xn) = %d(xn—l ’ xn+1): then

< y(xn—lyxn) l

a(xn—ly xn)d(xn; xn+l) d(xn—b xn+l)

- 2 2
V (xn—ly xn)
= f [d(xn—b xn) + d(xn: xn+1)]¢
and so
Xn-1,%n
A X)) < 1, 2) A@1,%0) < ¥ (601, %)A (1, %),
20 (xn—l’ xn) -V (xn—l; xn)

Thus, the claim is proved.

This implies that the sequence {d(x,,x,1)} is non-increasing and so it converges to the
real number d = inf,>; d(x,-1, %)

We have to show that d = 0.

Let d > 0. Since 0 < d < d(x,,,x,41) < d(x9,%1) for all n, y(x,_1,%,) < 0 for all n, where
0 = 6(d, d(xo,x1)). Hence,

d = d(xrnxnﬂ) =< Gnd(xO)xl)


http://www.fixedpointtheoryandapplications.com/content/2013/1/255

Miandaragh et al. Fixed Point Theory and Applications 2013, 2013:255 Page 7 of 8
http://www.fixedpointtheoryandapplications.com/content/2013/1/255

for all #. But this is impossible because d > 0 and 0 < 6 < 1. Therefore, T has an approxi-
mate fixed point.

Now, suppose that (X, d) is a complete metric space and 7 is continuous. Following argu-
ments similar to those in Theorem 28 of [19], we can show that {x,} is a Cauchy sequence.
This implies easily that T has a fixed point. O

The following examples show that there exist «-weakly Zamfirescu mappings which are

not weakly Zamfirescu.

Example 3.5 Let X = [0,1], d(x,y) = |x — y|, and let the selfmap T on X be defined by
T(x) = %x forallx € X. Since y(0,1) > % for each existent map y in the definition of weakly
Zamfirescu mapping, T is not weakly Zamfirescu. Now, by putting «(x, y) = % and y(x,y) =
% for all x,y € X, it is easy to check that T is «-weakly Zamfirescu.

Example 3.6 Let X = [0,00), d(x,7) = |x — y|, and let the selfmap T on X be defined by
T(x) = %x whenever x € [0,1] and T'(x) = % whenever x > 1. Since y(0,1) > % for each exis-
tent map y in the definition of weakly Zamfirescu mappings, 7' is not weakly Zamfirescu.
Now, by putting «(x,y) = % and y(x,7) = % for all x,y € X, it is easy to check that T is
a-weakly Zamfirescu.
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