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Abstract

In this paper, we prove some fixed point theorems for N-generalized hybrid mappings
in both uniformly convex metric spaces and CAT(0) spaces. We also introduce a new
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existing in the literature.
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1 Introduction and preliminaries

Let C be a nonempty closed subset of a metric space (X,d) and let T be a mapping of
C into itself. The set of all fixed points of T is denoted by F(T) = {x € C: x = Tx}. In
1970, Takahashi [1] introduced the concept of convex metric spaces by using the convex

structure as follows.

Definition 1.1 Let (X, d) be a metric space. A mapping W : X x X x [0,1] — X is said to
be a convex structure on X if for each x,y € X and A € [0,1],

d(z, W(x,, A)) <td(z,x)+(1-1)d(z,y)

for all z € X. A metric space (X, d) together with a convex structure W is called a convex
metric space which will be denoted by (X,d, W).

A nonempty subset C of X is said to be convex if W(x,y,1) € C forall x,y € Cand X €
[0,1]. Clearly, a normed space and each of its convex subsets are convex metric spaces,
but the converse does not hold. For each x,y € X and A € [0,1], it is known that a convex
metric space has the following properties [1, 2]:

(i) W(x,x,1)=x, W(x,y,0) =yand W(x,y,1) =x;

(i) dx, W(x,5,1)) = Q- A)d(x,y) and d(y, W(x,y, 1)) = Ld(x,y).

In 1996, Shimizu and Takahashi [3] introduced the concept of uniform convexity in
convex metric spaces and studied some properties of these spaces. A convex metric space
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(X,d, W) is said to be uniformly convex if for any ¢ > 0, there exists 8. > 0 such that for all
r>0andx,y,z € X withd(z,x) <r,d(z,y) <rand d(x,y) > re imply that d(z, W(x, y, %)) <
(1 - 8¢)r. Obviously, uniformly convex Banach spaces are uniformly convex metric spaces.

Let C be a nonempty closed and convex subset of a convex metric space (X, d, W) and
let {x,} be a bounded sequence in X. For x € X, we define a mapping r(-, {x,}) : X — [0, 00)

by

r(x, {x,,}) = limsup d(x, x,,).
Clearly, r(-, {x,}) is a continuous and convex function. The asymptotic radius of {x,} rela-

tive to C is given by
r(C, {xn}) = inf{r(x, (x,}) :x € C},

and the asymptotic center of {x,} relative to C is the set
A(C,{xn}) = {x € Crr(x, {wa}) = r(C, {xu}) }.

It is clear that the asymptotic center A(C, {x,,}) is always closed and convex. It may either
be empty or consist of one or many points. The asymptotic center A(C, {x,}) is singleton
for uniformly convex Banach spaces [4, 5] or CAT(0) spaces [6]. The following lemma
obtained by Phuengrattana and Suantai [7] is useful for our results.

Lemma 1.2 Let C be a nonempty closed and convex subset of a complete uniformly con-
vex metric space (X,d, W) and let {x,} be a bounded sequence in X. Then A(C,{x,}) is a

singleton set.

One of the special spaces of uniformly convex metric spaces is a CAT(0) space; see [8]. It
was noted in [9] that any CAT (k) space (k > 0) is uniformly convex in a certain sense but it
is not a CAT(0) space. Fixed point theory in CAT(0) spaces was first studied by Kirk [9, 10].
He showed that every nonexpansive mapping defined on a bounded closed convex subset
of a complete CAT(0) space always has a fixed point. Since then, the fixed point theory for
single-valued and multivalued mappings in CAT(0) spaces has been rapidly developed,
and many papers have appeared (e.g., see [11-27]).

Let (X, d) be a metric space. A geodesic path joining x € X to y € X (or, more briefly, a
geodesic from x to y) is a map ¢ from a closed interval [0,/] C R to X such that ¢(0) = x,
c(l) =y and d(c(t1),c(t2)) = |1 — t2] for all 11,2, € [0,1]. In particular, ¢ is an isometry and
d(x,y) = l. The image « of c is called a geodesic (or metric) segment joining x and y. When
it is unique, this geodesic is denoted by [x,y]. Write ¢(a¢0 + (1 — @)]) = ax & (1 — a)y for
a € (0,1). The space (X, d) is said to be a geodesic metric space if every two points of X are
joined by a geodesic, and X is said to be uniquely geodesic if there is exactly one geodesic
joining x and y for each x,y € X. A subset Y of X is said to be convex if Y includes every
geodesic segment joining any two of its points.

A geodesic triangle A(x1,%,x3) in a geodesic metric space (X, d) consists of three points
x1, %2, 3 in X (the vertices of A) and a geodesic segment between each pair of vertices
(the edges of A). A comparison triangle for the geodesic triangle A(xy,x2,%3) in (X, d) is a
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triangle A(x1, %2, %3) := A(%1, X2, %3) in the Euclidean plane E? such that dg> (%, %)) = d(x;,%;)
fori,j€{1,2,3}.

A geodesic metric space is said to be a CAT(0) space if all geodesic triangles satisfy the
following comparison axiom: Let A be a geodesic triangle in X and let A be a comparison
triangle for A. Then A is said to satisfy the CAT(0) inequality if for all x,y € A and all
comparison points ¥,y € A,

d(x,y) < dg2 (%, ).

It is well known that any complete, simply connected Riemannian manifold having non-
positive sectional curvature is a CAT(0) space. Other examples include pre-Hilbert spaces
[8], R-trees [16], the complex Hilbert ball with a hyperbolic metric [5], and many others.

If z, x, y are points in a CAT(0) space and if m[x, y] is the midpoint of the segment [x, y],
then the CAT(0) inequality implies

N =

af(z,nft[x,y])2 < —d(z,x)?* + %d(z,y)2 - id(x,y)z. (CN)

This is the (CN) inequality of Bruhat and Tits [28], which is equivalent to
d(z, Ax®(1- )L)y)2 <rd(z,x)* + (1 - 1)d(z,9)* — A(1 - 1)d(x, y)* (CN*)

for any X € [0,1]. The (CN*) inequality has appeared in [29]. Moreover, if X is a CAT(0)
space and x,y € X, then for any A € [0,1], there exists a unique point Ax & (1 — 1)y € [x,y]
such that

d(z, Axd (- A)y) <td(z,x) + (1-21)d(z,y)

for any z € X. It follows that CAT(0) spaces have a convex structure W(x,y,1) = Ax & (1 -
A)y.

Remark 1.3
(i) By using the (CN) inequality, it is easy to see that CAT(0) spaces are uniformly
convex.
(i) A geodesic metric space is a CAT(0) space if and only if it satisfies the (CN)
inequality; see [8].

In 2012, Dhompongsa et al. [12] introduced the following notation in CAT(0) spaces: Let
x1,...,xN be points in a CAT(0) space X and Ay,...,Ayx € (0,1) with Zﬁl A =1, we write

N
A A2 AN-1
Aixii=(1-A
16219 %= ( N)<1—)»le®1—)wx2® EBI—AN

xN_l) D ANxN. (11)

The definition of €p is an ordered one in the sense that it depends on the order of points
X1, ...,%x. Under (1.1) we obtain that

N N
d<@ Aixi,y) < Z rid(x;,y)  foreachye X.

i=1 i=1
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In 1976, Lim [30] introduced the concept of A-convergence in a general metric space.
Later in 2008, Kirk and Panyanak [15] extended the concept of Lim to a CAT(0) space.

Definition 1.4 [15] A sequence {x,} in a CAT(0) space X is said to A-converge to x € X if
x is the unique asymptotic center of {u,} for every subsequence {u,} of {x,}. In this case,
we write A-lim,,_, o, %, = x and call x the A-limit of {x,}.

Lemma 1.5 [15] Every bounded sequence in a complete CAT(0) space has a A-convergent

subsequence.

For any nonempty subset C of a CAT(0) space X, let 7 := 7¢ be the nearest point projec-
tion mapping from X to a subset C of X. In [8], it is known that if C is closed and convex,
the mapping 7 is well defined, nonexpansive, and the following inequality holds:

af(x,y)2 > d(x, 7x)* + a,’(rwc,y)2

for all x € X and y € C. By using the same argument as in [31, Lemma 3.2], we can prove
the following result for nearest point projection mappings in CAT(0) spaces.

Lemma 1.6 Let C be a nonempty closed and convex subset of a complete CAT(0) space X,
let w : X — C be the nearest point projection mapping, and let {x,} be a sequence in X. If
dxp1,p) <dx,,p) forallp € C and n € N, then {mx,} converges strongly to some element
in C.

Proof Let m > n. By the (CN) inequality and the property of r, it follows that

Xy B TXy, 2
2

AT Xy T2)% < 2d (K0 TX0)? + 20 (X0, T2,)% — 4d(xm,

< 2d Xy, TX)? + 2d (X, T2,)? — 4 (X, TX)?
= 2d (%, ﬂxn)z - 2d (%, nxm)z

< 2d(xy, Txy)? — 2d(Xypy T ). (1.2)
This implies that
Ay W) < d(y, %)% form > n.

Then lim,,_, o d(x,,, 7x,,)* exists. Letting m, n — oo in (1.2), we have that {7 x,} is a Cauchy
sequence in a closed subset C of a complete CAT(0) space X, hence it converges to some

element in C. O

Let C be a nonempty closed and convex subset of a Hilbert space H. A mapping T : C —
C is called generalized hybrid if there exist «, 8 € R such that

allTx = Tyl + - a)llx = TyI* < BITx - y11* + (1= B)llx - yII”

for all x,y € C. We note that the generalized hybrid mappings generalize several well-
known mappings. For example, a generalized hybrid mapping is nonexpansive for o =1
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and B = 0, nonspreading for « = 2 and 8 =1, and hybrid for « = % and 8 = % In 2010,
Kocourek et al. [32] proved the fixed point theorems for generalized hybrid mappings in
Hilbert spaces. Later in 2011, Takahashi and Yao [33] extended the results of Kocourek et
al. to uniformly convex Banach spaces.

Recently, Maruyama et al. [34] introduced a new nonlinear mapping in a Hilbert space
as follows. Let N € N. A mapping T : C — C is called N-generalized hybrid if there are
o1,.. 0N, By ..., By € R such that

N N
> o] TN x - 7| + (1 - Zak) llx — Tyl||>
k=1 k=1

N N
<> B TN -y (1 = Zﬂk) lle = y11°
k=1 k=1

for all x,y € C. They obtained the existence and weak convergence theorems for N-gener-
alized hybrid mappings in Hilbert spaces. Hojo et al. [35] also studied the fixed point the-
orems for N-generalized hybrid mappings in Hilbert spaces and provided an example of
N-generalized hybrid mappings which are not generalized hybrid mappings as follows.

Example 1.7 Let H be a Hilbert space, A = {x € H : ||x|| <1} and define a mapping T :
H — H as follows:

0 for all x € A;
forallx ¢ A.

Tx =

&
[l

We observe that the N-generalized hybrid mappings generalize several well-known
mappings, for instance, nonexpansive mappings, nonspreading mappings, hybrid map-
pings, A-hybrid mappings, generalized hybrid mappings, and 2-generalized hybrid map-
pings. Many researchers have studied the fixed point theorems of those mappings in both
Hilbert spaces and Banach spaces (e.g., see [32, 33, 36—38]). However, no researcher has
studied the fixed point theorems for N-generalized hybrid mappings in more general
spaces. So, in this paper, we are interested in studying and extending those mappings to

both uniformly convex metric spaces and CAT(0) spaces.

2 Fixed point theorems in uniformly convex metric spaces

We first define N-generalized hybrid mappings in convex metric spaces. Let C be a
nonempty subset of a convex metric space (X,d, W). Let N € N. A mapping T:C — C
is called N-generalized hybrid if there are o, ...,on, B1,..., Bn € R such that

N N
Z ad (TN, Ty)2 + (1 - Z ock) d(x, Ty)*

k=1 k=1

N N
< Z Brd (TN Fx,5)* + (1 - Z ﬂk> d(x,)*
k=1

k=1

for all x,y € C. Now, we prove a fixed point theorem for N-generalized hybrid mappings
in complete uniformly convex metric spaces.
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Theorem 2.1 Let C be a nonempty closed and convex subset of a complete uniformly con-
vex metric space (X,d, W) and let T : C — C be an N-generalized hybrid mapping with
2211 ag € (—00,0] U [1,00) and 22[:1 Br € [0,1]. Then T has a fixed point if and only if
there exists an x € C such that {T"x} is bounded.

Proof The necessity is obvious. Conversely, we assume that there exists an x € C such that
{T"x} is bounded. We will show that F(T) is nonempty. From Lemma 1.2, A(C, {T"x})
is a singleton set. Let A(C,{T"x}) = {z}. Since T is N-generalized hybrid, there are
o1, 0N, By ..., By € R such that

N
Zakd(T”*N“ kx, Tz ( Zak) (T"x, Tz

k=1

N
<Y Bd(TN ( Z m) : (21)

k=1
If 22’:1 ag € [1,00) and Zi\il Bk € [0,1], then (2.1) becomes

N
Zakd Tn+N+1 kx TZ Zﬁkd Tn+N+1 k ( Z'Bk) T %2

<Zak— ) Tx,Tz).

This implies that

limsupd(T"x, Tz)2 <limsupd(T"x, z)z.

n—00 n—00

If 22[:1 oy € (—00,0] and Zﬁ(\il Bk € [0,1], then (2.1) becomes

N
( Zak> (T"x, Tz) §Zﬂd(T”+N+lk ( Z,Bk) (T"x,2)

k=1
N

_ Z akd(T“N”’kx, Tz)z.
k=1

This implies again that

limsupd(T"x, Tz) > < lim supd(T"x,z) 2,

n—00 n—00

Therefore, we have
r(Tz, {T"x}) < r(z, {T"x}).

Since Tz € C and r(z, {T"x}) = inf{r(y, {T"x}) : y € C}, it implies that Tz = z. Hence, F(T) is
nonempty. g
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As a direct consequence of Theorem 2.1, we obtain a fixed point theorem for N-gener-
alized hybrid mappings in uniformly convex metric spaces as follows.

Theorem 2.2 Let C be a nonempty bounded closed and convex subset of a complete uni-
formly convex metric space (X,d, W) and let T : C — C be an N-generalized hybrid map-
ping with Zﬁil ay € (=00,0] U [1,00) and 211:[:1 Bk € [0,1]. Then T has a fixed point.

We can show that if T' is an N-generalized hybrid mapping and x = T¥, then for any
y € C, we get

N N N N
Z od(x, Ty)2 + (1 - Z ozk) d(x, Ty)2 < Z /3kd(x,y)2 + (1 - Z ﬂk> d(x,y)2

k=1 k=1 k=1 k=1

and hence d(x, Ty) < d(x,y). This means that an N-generalized hybrid mapping with a
fixed point is quasi-nonexpansive. Then, using the methods of the proof of Theorem 1.3
in [13], we can prove the following.

Corollary 2.3 Let C be a nonempty convex subset of a complete uniformly convex metric
space (X,d, W). Suppose that T : C — C is an N-generalized hybrid mapping and has a
fixed point. Then F(T) is closed and convex.

Remark 2.4
(i) Theorems 2.1 and 2.2 extend and generalize the corresponding results in [17, 32-34,
36-38] to N-generalized hybrid mappings on uniformly convex metric spaces.
(i) In CAT(0) spaces, if we set W(x,y, 1) := Ax @ (1 — 1)y, then Theorems 2.1 and 2.2
can be applied to these spaces under the assumption that
S € (—00,0] U [1,00) and Y, B € [0,1].

3 Fixed point theorems in CAT(0) spaces
In this section, we study the existence and A-convergence theorems for N-generalized
hybrid mappings in complete CAT(0) spaces.

We first recall the definition of a Banach limit. Let x be a continuous linear func-
tional on [°°, the Banach space of bounded real sequences, and (a3, a5, ...) € [*°. We write
n(a,) instead of w((ay, as,...)). We call u a Banach limit if u satisfies ||| = n(1,1,...) =1
and w,(a,) = pn(ay) for each (aj,a,,...) € [*°. For a Banach limit u, we know that
liminf,_, o0 @y < pula,) <limsup,_, . a, for all (a1,a3,...) € [*°. So if (a1, as,...) € I*° with
lim,,_, o @, = ¢, then w,(a,) = ¢; see [39] for more details.

Now, we obtain the following lemma in CAT(0) spaces.

Lemma 3.1 Let C be a nonempty closed and convex subset of a complete CAT(0) space X,
let {x,} be a bounded sequence in X, and let u be a Banach limit. If a function f : C — R is
defined by

f(2) = ppd(x,,2)* forallzeC,

then there exists a unique zo € C such that

f(z0) = min{f(z): z € C}.
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Proof 1t is easy to show that f is continuous. By (CN) inequality, we obtain that

1
f(xfy)fgf —f(y d(x, 2 forallx,yeC.

This implies by Proposition 1.7 in [40] that there exists a unique zo € C such that f(zo) =
min{f(z) :z € C}. O

By using Lemma 3.1, we can prove the following fixed point theorem for N-generalized
hybrid mappings in CAT(0) spaces without the assumptions that Zﬁ(\il ay € (-00,0] U
[1,00) and })'; Be € [0,1].

Theorem 3.2 Let C be a nonempty closed and convex subset of a complete CAT(0) space
X andlet T : C — C be an N-generalized hybrid mapping. Then T has a fixed point if and
only if there exists an x € C such that {T"x} is bounded.

Proof The necessity is obvious. Conversely, we assume that there exists an x € C such
that {T"x} is bounded. Let 1 be a Banach limit. Since T is N-generalized hybrid, there are
Oll,...,OlN,ﬂl,...,,BN € R such that

N
Zakd(T”*N” K, Tz + ( Zak) "y, Tz

k=1

N
< Zlgkd(Tn+N+l -k ( Zﬂk> T X,z

k=1
for any z € C and n € NU {0}. Since {T"x} is bounded, we have

N N
Z akund(T”*N”‘kx, Tz)2 + (1 - Zak> nd(T"x, Tz)2

k=1 k=1

N
SZ Brind (TN x <1—Zﬁk>un (T"x,z ) .
k=1

k=1

This implies that
wnd(T"x, Tz)2 < pnd(T"x, 2)2
for all z € C. It follows by Lemma 3.1 that 7z = z. Hence, F(T) is nonempty. O

As a direct consequence of Theorem 3.2, we obtain a fixed point theorem for N-gener-
alized hybrid mappings in CAT(0) spaces as follows.

Theorem 3.3 Let C be a nonempty bounded closed and convex subset of a complete CAT(0)
space X and let T : C — C be an N-generalized hybrid mapping. Then T has a fixed point.

Remark 3.4 Theorems 3.2 and 3.3 extend and generalize the corresponding results in [17,
32-34, 36-38] to N-generalized hybrid mappings on CAT(0) spaces.

Next, we study the A-convergence theorem for N-generalized hybrid mappings in
CAT(0) spaces. Before proving the theorem, we need the following lemma.
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Lemma 3.5 Let C be a nonempty closed and convex subset of a complete CAT(0) space X
and let T : C — C be an N-generalized hybrid mapping with ZZ,L oy € (—00,0] U [1,00)
and Z;le Br € [0,00). If {x,} is a bounded sequence in C with A-lim,_,x, = x and
1im,,_, oo d(%, T'%,) = 0 forall i = 1,2,...,N, then x € F(T).

Proof Since T is an N-generalized hybrid mapping, there are a,...,an,B1,...,88 € R
such that

N
Zozkd(TN+1 K s Tx ( Zak>d(xn,Tx)

k=1

N N
< Bd(TVHx,,2)" + (1 -3 ﬂk) d (%, %)°. 31
k=1
Case 1: o, oy € [1,00) and Y4, Bx € [0, 00). It follows by (3.1) that

N
Z akd(TN”_kxn, Tx)2
k=1

N N
< ;3/<61(T]‘[+1_kxn,ac)2 + (1 - Z'Bk) d(x,,%)* + (Z ag — 1) d(x,, Tx)*

k=1 k=1

M= 1=

Br (d(TN"l_kxn,x,,)2 +2d (TN %, %, ) d (20, %) + A, %))

IA
T

1

N N
+ (1 -3 m) (2" + (Z o 1) (A, TN H,)
k=1 k=1

+2d (%, TN, )d (TN, Tx) + d (TN, Tx)z)

= d(x,,%) (Z Br + Zak - ) TN+1 kx,,,x,,)2

N
+2 Z ﬂkd(TN+1’kx,,,x,,)d(x,,,x)
k=1

N
+2 (Z ay - 1>d(x,,, TNy, )d (TN %, T)
k=1

N
+ (Z oy — 1>d(TN”_kxn, Tx)z.
k=1

This implies that
d(TN" Tx)2

xm (Z ;3/( + Zak - ) TN+1 kxmxn)z
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N

+2) Bed (TN, 5) A, %)
k-1

N
+2 (Z o — 1) (%, TN*I‘kxn)d(TN”_kxn, Tx).
k=1

Since {x,} is bounded and lim,_, o d(x,, Tx,) = 0 for all i = 1,2,...,N, we have that
{Tx,}, {T?%,},...,{TNx,} are bounded. So, we have

d(TN" s, Tx)2
N N
<d(x,,x)* + (Z Bi + Zak - l)d(T]\”l_kx,,,x,,)2
k=1 k=1

N N
+2 Z ,Bkd(TN*l’kxn,x,,)M +2 (Z oy — 1) d(x,,, TN+1_kx,,)M

k=1 k=1

N N
=d(x,,%)% + <Z Br + Z o — 1) d(TN"l’kx,,,xn)(d(TN"l’kxn,x,,) +2M),
k=1 k=1

where M = max; <x<n sup{d(x,, x), d(TN*1Kx,, Tx) : n € N}.
Case 2: ZJ,L oy € (—00,0] and Zﬁil Bi € [0,00). In the same way as Case 1, we can show
that

d(TN”_kxn, Tx)2

N N
<d(x,, %) + (Z Br — Z (xk)d(TN”_kx,,,x,,) (d(TN+1_kx,,,x,,) + 2M).
k=1 k=1

By Case 1, Case 2, and the assumption lim,,_, o d(x;,, Tix,) =0 forali=1,2,...,N, we

obtain

lim sup d(x,,, Tx) < limsup d(x,, x).
n—00 n—0o0

Since A-lim,_, %, = %, it follows by the uniqueness of asymptotic centers that Tx = x.
Hence, x € F(T). O

Fixed point iteration methods are very useful for approximating a fixed point of various
nonlinear mappings such as Mann iteration, Ishikawa iteration, Noor iteration and so on.
We now introduce a new iteration method for approximating a fixed point of mappings
in a CAT(0) space X as follows: Let C be a nonempty closed and convex subset of X, let
T :C — Cbe amapping and N € N. For x; € C, the sequence {x,} generated by

N
Xpsl = @ )Lg) Tix, forallneN, (3.2)
i=0

where {Ag)} is a sequence in [0,1] for all i = 0,1,..., N with Zﬁo A(,f) =1.
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Remark 3.6 If we put

N0 '
WV(IN) = @ =N 0 ) Tlxn:
iz0 2_j=0n
then by (1.1) we get

-1, 0) (N)
Z]'Zol An A
=R WD TV, (3.3)

- 7
N 4 () N .
Y Y

wN -

Indeed, we put Sf,i’N) = 1 Y fori=0,1,...,N. Thus
>

j=0 An

N -
W, = Tix, = N Tix,
N L0
i=0 Z] 0)“
) SSIO,N) 8;(11’N) SEIN—I,N) N
_ P -1
= (1-3; )(1_5;N,N)x”€91_8;N,N)Tx”@.”®WT x,,>
n

@ sNN TNy,
_ (1 _ SISN,N))(SLO,N—I) x, ® 5}(11,N—1) Ta, @ - @ SEIN—LN—U TN-1 xn) ® 8;(1N,N) N,

- A(O) A(l) )»(N 1)

= (1_8nN’N)< L X, D L Tx, BB 7TN_1x,,>
N-1, () N-1 N-1, ()
PONPELEED SR YN

@8N TV x,
= (1-8sMM) WD @ NN TNy,
N-1,() (N)
_ Zj:o )‘V’ (N-1) )Mn

= g _ TNy
N () 7 N () "
PBY S M

Therefore, (3.3) is justified.
Using Lemma 3.5, we can prove the A-convergence theorem for N-generalized hybrid

mappings in complete CAT(0) spaces as follows.

Theorem 3.7 Let C be a nonempty closed and convex subset of a complete CAT(0) space
X and let T : C — C be an N-generalized hybrid mapping with F(T) # ) and ZkN=1“k €
(=00,0] U [1,00) and 221:1 Br € [0,00). Let w : C — F(T) be the nearest point projection
mapping. Suppose that {x,} is a sequence in C defined by (3.2) with 0 <a < A <p< 1 for
alli=0,1,...,N. Then {x,} A-converges to a fixed point u of T, where u = 1lim,,_, oo TX;,.

Proof Since T is N-generalized hybrid and F(T) # ¥, we get T is quasi-nonexpansive.
Then, for p € F(T), we have
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N

<Y 2dxp)
i=0

= d(xu,p).

Therefore, lim,,_, o, d(x,,, p) exists and hence {x,,} is bounded.
For each p € F(T), we obtain, by (3.2), (3.3), and the (CN*) inequality, that

d(anth)Z

N0 2 .
=d 7",T"x,,,p> = d(W(N),p)
(éB o0 '

N () N) 2

11‘\*[01 An Al

_ = (N-1) n N

_d( N 0 W, e (],)T xn,p>
2 :]‘=o An § :jzo An

-1, () (N)
Z{\iol)‘n _ 2 A 2
< i d(WiNp)" + (T %)
2 jto M

+ =
N 4 ()
Yo h

N-1 4 ()

)»(yfv) Z,‘:o An
TN 0 N L0
Sion Lo

N-1 N-1

i _ 2 2 i _ 2
=Y AWM, p)” + aNd(TV %, p)” = 200> " 2Pa(WND, TV, )

d(WND, TNx,)?

~.
11
(=}
~.

N1 Z]'\—[Bz )\}(1,') )L(N—l) 2 )
= Z)‘O)d<1_— WN-2) ¢ ”7) TN_lx,,,p) : kg\”d(TNx,,,p)

n N-1,() 7 N-1,(
PR DA PR
N-1
303 ADd(W D, T, )
j=0
N-1 ZN—Z )\(/') 3 WN-1)
< Ai’,’ (Ln‘d(‘)y(l\l—%,p)2 + ni.d(TN_lxn,p)z
- N-1, () n N-1, ()
j=0 Z,’:o An ijo An
-2, () (N-1)
Z;I'\—[o2 A’ Ay 2 2
- ~d(WN2, TNy, ) ) +ANd(TNx,,p)
N-1, () x=N-1 4 () n ’ " n m
Zj:o AZ Z;:o )\5,’
N-1
2N WD (WND, TN, )
j=0
N-2
= Z)\g)d(Wle’z),p)z + )»;N’Dd(TN’lxn,p)Z + )LEIN)d(TNx,,,pf
j=0
(N-1) xN-2 4 () N-1
A o A .
B D v, 7)Y 0 (WD, T, )
Z/:o An j=0
N-3
; _ 2 _ _ 2 _ _ 2
§ZA2)d(WV(IN 3),p) + 2N 2)0I(TN %, D) + 2N 1)d(TN Y% p)
j=0
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AN N2 N0 v
n s n 4
B To(ﬁd(WﬁN_Z), TV %,)? = A S 20a(WND, TN, )?
2 ic0 M g
N Zk 1)\‘(]
2 ) )
<2Pd(WO,p)" + > a0d(T % p)” - T AW, T,
k=1 k=1 Zj:o An
N N ;@) Zk 1,0
<> MWdewp? - 7(]d(Wr(lk—1), Thx,)?
k=0 k=1 Zj:o )‘n
(0)
W3 A
= d(xn, p)* Z A(WED, Thy,)
k=1 Zj:o )\2
This implies that
)\‘(k) Zk 1 )\’(]

0 (WY, Tx,)? < d(x,, p)? - d(@e, p).

Y Si

D DS
Since lim,,_, », d(x,, p) exists and 0 < a < )\SP <b<1foralli=0,1,...,N, we get that
lim d(x,, Tx,) =0 and lim d(W/™, T%,)=0 forallk=2,3,...,N. (3.4)
n—00 n—o00

For k=2,3,...,N, we have

A (%, Tkx,,) < d(x,,, W(k’l)) + d(W(k’l), Tkx,,)

n n

k-1 )\.(i)
n i k— k
= Z k_—lwd(xn, T?Cy,) + d(W:’ 1), T x,,).
i=1 j=0 “*n
This implies by (3.4) that
lim d(x,, T*x,) =0 forallk=1,2,...,N. (3.5)

n—00

We now let wa (x,,) := [ JA(C, {u,}), where the union is taken over all subsequences {u,} of
{x,}. We claim that wa (x,) C F(T). Let u € wa(x,). Then there exists a subsequence {u,,}
of {x,} such that A(C, {,}) = {u}. By Lemma 1.5, there exists a subsequence {u,, } of {u,}
such that A-limy_, #,, =y € C. It implies by (3.5) and Lemma 3.5 that y € F(T). Then,
lim,,, o d(x,, y) exists. Suppose that u # y. By the uniqueness of asymptotic centers, we get

limsup d(u,,,y) < limsup d(u,,,u)
k— 00 k—00

< limsup d(u,, u)

n— 00
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< limsupd(u,,y)

n—00

= limsupd(x,,y)

n—00
= limsup d(u,,,y).
k—o00
This is a contradiction, hence u = y € F(T). This shows that wa (x,) C F(T).

Next, we show that wa (x,,) consists of exactly one point. Let {u,} be a subsequence of
{x,} with A(C, {u,,}) = {u} and let A(C, {x,,}) = {z}. Since u € wa(x,) C F(T), it follows that
lim,,—, oo d(x,,, u) exists. We will show that z = u. To show this, suppose not. By the unique-
ness of asymptotic centers, we get

limsup d(u,, u) < limsup d(u,,z)
n—0o0 n—00

< limsupd(x,,z)
n— 00

< limsupd(x,, u)
n— 00

= limsup d(uy, u),
n—00
which is a contradiction, and so z = u. Hence, {x,} A-converges to a fixed point u of T.
Since F(T) is a closed convex subset of X and d(x,,1,p) < d(x,,p) for all p € F(T) and
n € N, we obtain by Lemma 1.6 that {wx,} converges strongly to some element in F(7),
say g. Thus, by the property of 7, we obtain that

limsupd(x,,q) < limsup(d(x,, wx,) + d(7%,,9))
n— 00 n— 00

= limsup d(x,, wx,)
n— 00

< limsupd(x,, u).
n— 00

This implies, by the uniqueness of asymptotic centers, that ¢ = u. This means u =

limy, s o0 TX,,. O

Taking N = 2 in Theorem 3.7, we obtain the following A-convergence theorem of a
2-generalized hybrid mapping in CAT(0) spaces.

Theorem 3.8 Let C be a nonempty closed and convex subset of a complete CAT(0) space X.
Let T : C — C be a 2-generalized hybrid mapping, i.e., there are o, o3, B1, B2 € R such that

ad(T%%, T))? + ad(Tx, TH)? + (1 - a1 — ao)d(x, T)?
< Bid(T%,)" + Pod (T, 3) + (1= B — B)dl(x,y)?
forall x,y € C. Assume that F(T) # V) and o + oy € (—00,0] U [1,00) and B, + B, € [0,00).

Let w : C — F(T) be the nearest point projection mapping. For x; € C, let {x,} be a sequence
defined by

2
Xpsl = @Ag) T'x, forallneN,

i=0
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where {kg)} is a sequence in [0,1] with0 < a < A <p< 1foralli=0,1,2 and Z?:O A0 =1,
Then {x,} A-converges to a fixed point u of T, where u = lim,,_, oo TX,,.

Taking N =1 in Theorem 3.7, we obtain the following A-convergence theorem of a gen-
eralized hybrid mapping in CAT(0) spaces.

Theorem 3.9 Let C be a nonempty closed and convex subset of a complete CAT(0) space X.
Let T : C — C be a generalized hybrid mapping, i.e., there are «, B € R such that

ad(Tx, T9)* + (1 - a)d(x, Ty)* < Bd(Tx,y)* + (1 - B)d(x,9)*

forallx,y € C. Assume that F(T) # ) and o € (—00,0]U[1,00) and € [0,00). Let 7 : C —
F(T) be the nearest point projection mapping. For x; € C, let {x,} be a sequence defined by

Xpi1 = 2%, @A VTx, forallneN,

where {)»fqo)} and {)\5,1)} are sequences in [0,1] with0 <a < )»540), k(,,l) <b<land )»fqo) + )»541) =1.
Then {x,} A-converges to a fixed point u of T, where u = lim,,_, o, TX,,.
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