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Abstract

In this paper, we prove the weak and strong convergence of a sequence {x,}
generated by the Ishikawa iteration to some common fixed points of two
G-nonexpansive mappings defined on a Banach space endowed with a graph.
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1 Introduction
In 1922, Banach proved a remarkable and powerful result called the Banach contraction
principle. Because of its fruitful applications, the principle has been generalized in many
directions. The recent version of the theorem was given in Banach spaces endowed with
a graph. In 2008, Jachymski [1] gave a generalization of the Banach contraction principle
to mappings on a metric space endowed with a graph. In 2012, Aleomraninejad et al. [2]
presented some iterative scheme results for G-contractive and G-nonexpansive mappings
on graphs. In 2015, Alfuraidan and Khamsi [3] defined the concept of G-monotone non-
expansive multivalued mappings defined on a metric space with a graph. In the same year,
Alfuraidan [4] gave a new definition of the G-contraction and obtained sufficient condi-
tions for the existence of fixed points for multivalued mappings on a metric space with a
graph, and also in [5], he proved the existence of a fixed point of monotone nonexpansive
mapping defined in a Banach space endowed with a graph. Recently, Tiammee et al. [6]
proved Browder’s convergence theorem for G-nonexpansive mapping in a Banach space
with a directed graph. They also proved the strong convergence of the Halpern iteration
for a G-nonexpansive mapping.

Inspired by all aforementioned references, the author proves strong and weak conver-
gence theorems for G-nonexpansive mappings using the Ishikawa iteration generated
from arbitrary x, in a closed convex subset C of a uniformly convex Banach space X en-

dowed with a graph.

2 Preliminaries

In this section, we recall some standard graph notations and terminology and also some
needed results.
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Let (X, d) be a metric space, and A = {(x,x)|x € X}. Consider a directed graph G for
which the set V(G) of its vertices coincides with X and the set £(G) of its edges contains
all loops. Assume that G has no parallel edges. Then G = (V(G), E(G)), and by assigning
to each edge the distance between its vertices, G may be treated as a weighted graph.

Definition 2.1 The conversion of a graph G is the graph obtained from G by reversing the
direction of edges denoted by G, and

E(G™) = {(%y) € X x X|(y,x) € E(G)}.

Definition 2.2 Let x and y be vertices of a graph G. A path in G from x to y of length N
(N e NU{0}) is a sequence {x;}}Y, of N + 1 vertices for which

X = X, xy =y and (x;,%;1) € E(G) fori=0,1,...,N-1.

Definition 2.3 A graph G is said to be connected if there is a path between any two vertices
of the graph G.

Definition 2.4 A directed graph G = (V(G), E(G)) is said to be transitive if, for any x, y,z €
V(G) such that (x,y) and (y,z) are in E(G), we have (x,z) € E(G).

The definition of a G-nonexpansive mapping is given as follows.

Definition 2.5 Let C be a nonempty convex subset of a Banach space X, and G =
(V(G),E(G)) a directed graph such that V(G) = C. Then a mapping T : C — C is G-non-
expansive (see [3], Definition 2.3(iii)) if it satisfies the following conditions.

(i) T is edge-preserving.

(i) I'Tx - Ty|| < |lx — y|| whenever (x,y) € E(G) for any x,y € C.

Definition 2.6 ([7]) Let C be a nonempty closed convex subset of a real uniformly convex
Banach space X. The mappings T; (i = 1,2) on C are said to satisfy Condition B if there
exists a nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0 and f(r) > 0 forall » > 0
such that, forallx € C,

max{|lx — Ty, [|x — Tox[|} > f (d(x, F)),
where F = F(T1) N F(T,) and F(T;) (i = 1,2) are the sets of fixed points of T;.

Definition 2.7 ([7]) Let C be a subset of a metric space (X, d). A mapping T is semicom-
pact if for a sequence {x,} in C with lim,,_, o d(x,,, Tx,) = 0, there exists a subsequence {x,,}
of {x,} such that x,, - p e C.

Definition 2.8 A Banach space X is said to satisfy Opial’s property if the following in-
equality holds for any distinct elements x and y in X and for each sequence {x,} weakly
convergent to x:

liminf ||x, — x| < liminf|x, — y|.
n— o0 n—00
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Definition 2.9 Let X be a Banach space. A mapping 7 with domain D and range R in X
is demiclosed at 0 if, for any sequence {x,} in D such that {x,} converges weakly to x € D
and {Tx,} converges strongly to 0, we have Tx = 0.

Lemma 2.10 ([8]) Let X be a uniformly convex Banach space, and {a,} a sequence in
[8,1 — 8] for some § € (0,1). Suppose that sequences {x,} and {y,} in X are such that
limsup,_, o |%.]l <c¢, limsup,_, . |yl <candlimsup,_,  lox, + (1 — )yl = ¢ for some
¢>0. Then lim,_,  ||x, — ¥, = 0.

Lemma 2.11 ([9]) Let X be a Banach space, and R > 1 be a fixed number. Then X is uni-
formly convex if and only if there exists a continuous, strictly increasing, and convex func-
tion g : [0,00) — [0, 00) with g(0) = 0 such that

|2+ (L= 2)y||” < Allel® + @ = )yl = (1= 2)g(llx -yl
for all x,y € Bg(0) = {x € X||lx|| <R} and 1 € [0,1].

Lemma 2.12 ([10]) Let X be a Banach space that satisfies Opial’s property, and let {x,} be
a sequence in X. Let x, y in X be such that lim,_, « ||x, — x| and lim,_,  ||x, — y|| exist. If

{xu;} and {x,,} are subsequences of {x,} that converge weakly to x and y, respectively, then

x=y.

3 Main results

Throughout the section, we let C be a nonempty closed convex subset of a Banach space X
endowed with a directed graph G such that V(G) = C and E(G) is convex. We also suppose
that the graph G is transitive. The mappings T; (i = 1,2) are G-nonexpansive from C to C
with F = F(T1) N F(T,) nonempty. Let {x,,} be a sequence generated from arbitrary x € C,

KXntl = (1 - an)xn + oy lem

Yn = 1- ﬂn)xn + BuTo%y,

where {«,} and {B,,} are real sequences in [0,1].
We first begin by proving the following useful results.

Proposition 3.1 Let zy € F be such that (xo,20), (0,20), (2z0,%0), and (zo,0) are in E(G).
Then (xm ZO)r (ym ZO): (ZO’xn): (ZOryn): and (xn:yn) are in E(G)

Proof We divide the proof into three parts. In the first part, with the assumption (xo, zo),
(90,20) € E(G), we will show by induction that (x,,2o), (¥x,20) € E(G). Then, with the as-
sumption (zo,%0), (z0,%0) € E(G), we will again prove by induction that (zo,x,), (z0,yx) €
E(G). In the third part, we combine these two results using transitivity of G to get the state-
ment in the proposition. Let (xg,20) and (yo,20) € E(G). Then (710, 20), (T2%0,20) € E(G)
since T; (i = 1,2) are edge-preserving. By the convexity of E(G) and (71, 20), (%0,20) €
E(G), we have (x1,z9) € E(G). Then, by edge-preserving of T3, (Tox1,20) € E(G). Again,
by the convexity of E(G) and (T2x1,20), (%1,20) € E(G), we get (y1,20) € E(G) and then
(T, 2z0) € E(G). Next, we assume that (xx, z9), (¥x, 20) € E(G). Then (Toxx, z0), (T1yx, 20) €
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E(G) since T; (i = 1,2) are edge-preserving. Since E(G) is convex, (xx1,20) € E(G). Indeed,
a(Tiyx z0) + (1 — &)k, 20) = (aToyi + (1 — @)ax, 20) = (Xx41,20) € E(G).

Since T, is edge-preserving, (Toxx41,20) € E(G). Using the convexity of E(G), we get
(¥k+1,20) € E(G). To be explicit,

B(Toxii1,20) + (1= B)(His1,20) = (BToxis1 + (1= B)xka1, 20) = (Vis1s20) € E(G).

Hence, by induction, (x,,20), (¥s>20) € E(G) for all n > 1. Using a similar argument, we
can show that (zo,x,), (z0,y,) € E(G) under the assumption that (z¢,%9), (z0,%0) € E(G).
Therefore, (x,,7,) € E(G) by the transitivity of G. O

Lemma 3.2 Let zy € F. Suppose that (xo,20), (%0, 20), (z0,%0), (z0,y0) € E(G) for arbitrary
xo in C. Then lim,,_, o ||x, — 2o || exists.

Proof Notice that

%1 — 2ol = || (1 = ) + tn Trym — 20 |
< A =an)llxn =20l + ull Tryn = 2ol
<A —a)llxn —zoll + oullyn — 2ol
= (1 — )% — 2ol + || (1 = Bu)xn — (1 = Bu)zo + Bu(Toxu — 20) |
< @ =an)llxn =20l + n(1 = B llxn — Zoll + €nBrullxn — 2ol
= (L—au)llxn —2zoll + atullxn — 2ol

= %4 = 2ol
Thus, lim,,_, o [|%, — 20| exists. In particular, the sequence {x,} is bounded. O

Lemma 3.3 IfX is uniformly convex, {at,},{B,} C [5,1— 6] for some § € (0, %), and (x9,2p),
(¥0,20), (20, %0), (20, y0) € E(G) for arbitrary xy in C and zy € F, then

lim ||x, — T1x,| =0 = lim ||x, — Tox,|.

n—oQ n—00
Proof Let zy € F. Then, by the boundedness of {x,} and {T>x,} there exists r > 0 such
that x,, — zo,y, — zo € B,(0) for all n > 1. Put ¢ = lim,,  ||x, — 20l If ¢ = 0, then by the
G-nonexpansiveness of T; (i = 1,2) we have

%, — Tixnll < 1% — 2ol + llzo — Tixnll < ll%n — 20l + llz0 — %l

Therefore, the result follows. Suppose that ¢ > 0. Hence, by Lemma 2.11 together with the

G-nonexpansiveness of T,, we have

lyn - ZO”2 = ” (1= Bu)xn + BuTaxn — 20 ”2

= || Bu(Toxs = 20) + (1 = B.) (% — 20) |
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< Bull Taxy, —ZOH2 + (1= Bn)llxn _ZO||2 - Bu(l - ,Bn)g(”T2xn _xn”)
< Bullxn — zoll* + (1 = B)ll%n — 20>
= Iy — 201

Thus,

limsup ||y, — zo|l < limsup [|x, — zol| <c.
n—0o0 n— 00

Notice also that

%241 — 2o ”2 = ” (1= an)xy + ey Ty, — 2o ”2

A

< aullyn = 20l + (1= ) %5 — 201 = @n(1 = )@ (| T1y — %)

IA

% = 201> = otw(1 = ct)g (I T1ym — xall)

< s — 201> = 8¢ (Il T1yn — %all).-
Thus,
82g(I1T1ym — xull) < Nl — 201> = 1%ns1 — 20 1%

This implies that lim,,_, oo g(|| 71y, — %, ||) = 0, and since g is strictly increasing and contin-

uous at 0,

lim || T1y, — x4l = 0. (1)

n—00
Since T; is G-nonexpansive, we have

l%n = zoll < 1%y = T1yull + 1 T1yn — Tazoll < 1% = T1yull + 90 — 2ol
Taking liminf yields

¢ <liminf |y, — zo|l.

n—00

Hence, we have

lim ||y, —zoll = c.

Hn— 00
Since

lim || B,(Taxn — 20) + (1= Bu)(®u — 20)|| = lim ||y, — 2ol = ¢

Hn— 00 n— 00
and

limsup || Tox, — zoll < ¢,

n—0o0
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by Lemma 2.10 we have
lim || Tox, — x4 = 0. ()
n— 00

By the G-nonexpansiveness of T; together with ||x,, — y,|| < || T2x, — x,|| we have

I Th% — ]l < 1 T1%0 — T1ynll + 1 T1Y0 — %l
= “xn _yn” + ”len _xn”

< W Toxn =l + 1 T1Yn — %l
Using (1) and (2), limy,_, « || 714, — %4l = 0. Hence, the lemma is proved. O

Lemma 3.4 Suppose that X satisfies the Opial’s property and that (xo,20), (yo,20) are in
E(G) for zy € F and arbitrary xy € C. Then I — T; (i =1,2) are demiclosed.

Proof Suppose that {x,} is a sequence in C that converges weakly to g. From Lemma 3.3
we have lim,,_, o ||x, — Tix,|| = 0. Suppose for contradiction that g # T;g. Then, by Opial’s
property we have

limsup ||x,, — gl| < limsup ||x, — Tiq||

n—0oQ n—00

<limsup([l, — Tl + | Tixn = Tiqll)

n—00

< limsup [lx, - gll,

n—00

a contradiction. Hence, T;q = g, so the conclusion holds. d

Theorem 3.5 Suppose X is uniformly convex, {o,},{B,} C [8,1 - 8] for some § € (0, %), T;
(i =1,2) satisfy Condition B, F is dominated by x,, F dominates x,, and (xo, z), (%0, 2), (2, %0),
(z,90) € E(G) foreach z € F and arbitrary xy € C. Then {x,,} converges strongly to a common
fixed point of T;.

Proof Let z € F. Recall the following facts from Lemma 3.2:
(i) {«x,}is bounded;
(ii) lim,_ oo |l%, — z|| exists;
(iii) [|l%n1 — 2l < lln — 2| forall n > 1.

They imply that
d(xn+1rF) = d(me)

Thus lim,,_, o, d(x,, F) exists. Since each T; (i = 1, 2) satisfies Condition B and lim,,_, », ||x, —

Tix,| = 0, we have

lim f(d(x,,,F)) =0

n—00
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and then
lim d(x,,F) =0.
H—>0Q
Hence, there are a subsequence {2} of {x,} and a sequence {z;} C F satisfying
1
Iy =51 < 3.

Put 1,1 = n; + k for some k > 1. Then

%01 = 2l < 1% k-1 = 251l < [l — 25l < TR
Hence,
llzjs1 =zl < S’

so that {z;} is a Cauchy sequence. We assume that z; — g € C as n — oo. Since F is closed,
q € F. Hence, we have Xy, —> g asj— 00, and since lim,,_, », ||, — g|| exists, the conclusion
follows. O
Theorem 3.6 Suppose that X is uniformly convex, {oy,},{B.} C [8,1 — 8] for some § €
(o, %), one of T; (i = 1,2) is semicompact, F is dominated by x,, F dominates xy, and
(*0,20), (W0, 20), (20, %0), (20, ¥0) € E(G) for zo € F and arbitrary xo € C. Then {x,} converges
strongly to a common fixed point of T;.

Proof Suppose that T5 is semicompact; by Lemma 3.2 and Lemma 3.3 we have a bounded
sequence {x,}, and lim,_, » ||, — Tix,|| = 0. Hence, by the semicompactness of T, there
exist g € C and a subsequence {2} of {x,} such that Xy —> g asj—> 00 and lim,,_, o, 1%, —
Tixy; |l = 0. Notice that

lg — Tigll < llq — xu |l + 1%; = Tiew, | + 1| Ti%n; — Tiql
< 11q = 260 | + 1y — Tt | + 16, — g
—0 asn— oo
Hence, g € F. Since lim,_, o d(x,, F) = 0, it follows, by repeating the same argument as

in the proof of Theorem 3.5, that {x,} converges strongly to a common fixed point of T;
(i =1,2), and the proof is complete. O

Theorem 3.7 Suppose that X is uniformly convex, {a,,}, {B,} C [8,1—8] for some § € (0, %).
If X satisfies Opial’s property, I — T; is demiclosed at zero for each i, F is dominated by x,
F dominates xo, and (x9,20), (Y0, 20), (20, %0), (20, Y0) € E(G) for zy € F and arbitrary xy € C,
then {x,} converges weakly to a common fixed point of T;.

Proof Note that by Lemma 3.2, for each g € F,

lim |lx, —q|l exists. 3)
n— 00
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Let {x,, } and {%n;} be subsequences of the sequence {x,} with two weak limits ¢; and ¢>,
respectively. Notice that, by Lemma 3.3,

X — Tixp. || >0 asm— oo and
] ]

Iy, — Titn Il = 0 asu— oo.

Hence, T;q1 = q1 and T;q; = q>. By Lemma 3.4 we have ¢, g, € F. In particular, ¢; = ¢, by
Lemma 2.12. Therefore, {x,} converges weakly to a common fixed point in F. O
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