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to make a concrete response to an issue of constrained smooth convex optimization;
that is, whether or not we can devise nonlinear conjugate gradient algorithms to
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1 Introduction
Consider the following fixed point problem (see [1], Chapter 4, [2], Chapter 3, [3], Chap-
ter 1, [4], Chapter 3):

Find x* € Fix(T) := {x* €H: T(x*) = x*}, (1.1)
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where H stands for a real Hilbert space with inner product (-,-) and its induced norm
Il - 1I, T is a nonexpansive mapping from H into itself (i.e., | T(x) - TO)| < llx - y| (x,y €
H)), and one assumes Fix(7) # {. Problem (1.1) includes convex feasibility problems [5],
[1], Example 5.21, constrained smooth convex optimization problems [6], Proposition 4.2,
problems of finding the zeros of monotone operators [1], Proposition 23.38, and monotone
variational inequalities [1], Subchapter 25.5.

There are useful algorithms for solving Problem (1.1), such as the Krasnosel’skii-Mann
algorithm [1], Subchapter 5.2, [7], Subchapter 1.2, [8—10], the Halpern algorithm [7], Sub-
chapter 1.2, [11, 12], and the hybrid method [13] (Solodov and Svaiter [14] proposed the
hybrid method to solve problems of finding the zeros of monotone operators). This paper
focuses on the Krasnosel’skii-Mann algorithm, which has practical applications, such as
analyses of dynamic systems governed by maximal monotone operators [15] and nons-
mooth convex variational signal recovery [16], defined as follows: given the current iterate

x, € H and step size o, € [0,1], the next iterate x,,,; of the algorithm is
Kysl 1= Xy + ozy,(T(xn) - x,,). (1.2)

Assuming that (o,),cn satisfies the condition
oo
> a1l -a,) =00, (1.3)
n=0

the sequence (x,),cn generated by Algorithm (1.2) weakly converges to a fixed point of T
(see, e.g, [1], Theorem 5.14). This result indicates that Algorithm (1.2) with constant step
sizes (e.g., @, := @ € (0,1) (n € N)) or diminishing step sizes (e.g., &, :=1/(n + 1) (n € N))
can solve Problem (1.1). Propositions 10 and 11 in [8] indicate that Algorithm (1.2) with
condition (1.3) has the following rate of convergence: for all n € N,

[ = Tx) | = O({Zaku—ak)} ) (1.4)
k=0

(e.g, 1%y — T(x,)|| = O(1/+/n + 1) when a,, := & € (0,1) (1 € N)). This fact implies that Al-
gorithm (1.2) with (1.3) does not always have fast convergence and has motivated the de-
velopment of modifications and variants for the Krasnosel'skii-Mann algorithm in order
to accelerate Algorithm (1.2).

One approach to accelerate Algorithm (1.2) with (1.3) is to develop line search meth-
ods that can determine a more adequate step size than a step size satisfying (1.3) at each
iteration # so that the value of ||x,;; — T'(x,,1)|| decreases dramatically. Magnanti and Per-
akis proposed an adaptive line search framework [17], Section 2, that can determine step
sizes to satisfy weaker conditions [17], Assumptions Al and A2, than (1.3). On the basis of
this framework, they showed that Algorithm (1.2), with step sizes «,, satisfying the follow-
ing Armijo-type condition, converges to a fixed point of T [17], Theorems 4 and 8: given
x, € RN, 8>0,D>0,and b € (0,1), choose the smallest nonnegative integer [, so that
o, = bl satisfies the condition

2

gn(an) _gn(o) S _Dbln || T(xn) —Xn ) (15)
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where g,: [0,1] — R is a potential function [17], Scheme IV, defined for all @ € [0,1] by

(@) = || (o + (T ) = 24)) = T (30 + (T () — %)) H2
— Bl - @) | T(@,) — ] . (16)
Theorem 5 in [17] shows that Algorithm (1.2) with the Armijo-type condition (1.5) satisfies

96011 = T (xnen) 12 < (1= Bl —=1/2)2] ||, — T'(x,) || (n € N), which implies that the algorithm
has, forall # € N,
). 1.7)

6 — Tx) | = o({g(ak_ %)2}

In this paper, we introduce a line search framework using P, defined by (1.8), (1.9), and

Nl

(1.10), which is the simplest of all potential functions including g, defined as in (1.6): given
X, d, € H, for all « € [0,1],

xXu(@) 1= %, + ady, (1.8)
Qulor) := x,(ax) — T(xn(a))r (1.9)
Py(@) = | Qi) (1.10)

When d,, := —(x, — T'(x,)) and e, is given as in (1.3), the point x,(«,) in (1.8) coincides with
xy41 defined by Algorithm (1.2) with (1.3).
Consider the following problem of minimizing P, over [0,1]:

Find «,, € [0,1] such that P,(«,) = I;l[%)nl] P,(@). (1.11)
When the solution «,, to Problem (1.11) can be obtained in each iteration, P,(c,) < P,,(0)
holds for all # € N. Accordingly, if the next iterate x,,; is defined by x,,,1 := x,, (), [|%y41 —
Txns1)l < %y — T(x,)|| (n € N) holds, i.e., (|x, — T(x,)|)uen is monotone decreasing.
Since the exact solution to Problem (1.11) cannot easily be obtained, the step size «, can
be chosen so as to yield an approximate minimum for Problem (1.11) in each iteration,
specifically, to satisfy the following Wolfe-type conditions [18, 19]: given x,,d, € H, and
8,0 €(0,1) with § <o,

Pn(an) - Pn(o) < 8an<Qn(0)’ dn): (112)
{Qul@n), dn) = 5(Qu(0), dy). (1.13)
Condition (1.12) is the Armijo-type condition for P, (see (1.5) for the Armijo-type
condition with d, := —=(x, — T'(x,)) for the potential function g,). Under the conditions

that d,, := —(x, — T'(x,,)) and x,41 := x,(ety) (n € N), Algorithm (1.2) with (1.12) satisfies
%01 = T(xne) 12 < (1= 80,) 1% — T(x,)1? (1 € N), which implies that, for all # € N,

||xn - T(xn)” = O(:Zak} ) (1.14)
k=0
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Here, let us see how the step size conditions (1.3), (1.5), (1.12), and (1.13) affect the ef-
ficiency of Algorithm (1.2). Algorithm (1.2) with (1.3) satisfies [[x,,1 — T(u1) 12 < % —
T(x,)|I* (n € N) [1], (5.14), while Algorithm (1.2) with each of (1.5) and (1.12) satisfies
%01 = Txni)N1? < 1% = T(x,)]1? (n € N). Hence, it can be expected that Algorithm (1.2)
with each of (1.5) and (1.12) performs better than Algorithm (1.2) with (1.3). Since the
Armijo-type conditions (1.5) and (1.12) are satisfied for all sufficiently small values of o,
[20], Subchapter 3.1, there is a possibility that Algorithm (1.2) with only the Armijo-type
condition (1.5) does not make reasonable progress. Meanwhile, (1.13) based on the curva-
ture condition [20], Subchapter 3.1, is used to ensure that «,, is not too small and that un-
acceptably short steps are ruled out. Therefore, the Wolfe-type conditions (1.12) and (1.13)
should be used to secure efficiency of the algorithm. Moreover, even when «,, satisfying
(1.5) is not small enough, it can be expected that Algorithm (1.2) with the Wolfe-type con-
ditions (1.12) and (1.13) will have a better convergence rate than Algorithm (1.2) with the
Armijo-type condition (1.5) because of (1.7), (1.14), and (& —1/2)* < & (@ € [(2—+/3)/2,1]).
Section 3 introduces the line search algorithm [21], Algorithm 4.6, to compute step sizes
satisfying (1.12) and (1.13) with appropriately chosen § and o and gives performance com-
parisons of Algorithm (1.2) with each of (1.3) and (1.5) with the one with (1.12) and (1.13).

The main concern regarding this line search is how the direction d,, should be updated to
accelerate the search for a fixed point of T'. To address this concern, the following problem
will be discussed:

Minimize f(x) subject tox € H, (1.15)

where f: H — R is convex and Fréchet differentiable and Vf: H — H is Lipschitz con-
tinuous with a constant L. Let us define T%): H — H by

79 := 1d - AV, (1.16)

where Id stands for the identity mapping on H and A > 0. The mapping TY) satisfies the
nonexpansivity condition for A € (0,2/L] [22], Proposition 2.3, and Fix(T%) coincides
with the solution set of Problem (1.15). From T%) (x) —x = (x— AVf(x)) —x = —AVf(x) (A > 0,
x € H), Algorithm (1.2) for solving Problem (1.15) is

Xnpsl =Xp + an(T(f) (xn) - xn) =Xp — )‘anvf(xn)' (117)

This means that the direction d&,f) = —(x, — TV(x,)) = —AVf(x,) is the steepest descent
direction of f at x, and Algorithm (1.2) with TY (i.e., Algorithm (1.17)) is the steepest
descent method [20], Subchapter 3.3, for Problem (1.15).

There are many algorithms with useful search directions [20], Chapters 5-19, to acceler-
ate the steepest descent method for unconstrained optimization. In particular, algorithms
with nonlinear conjugate gradient directions [23], [20], Subchapter 5.2,

), = =Vf @) + Bud?), (1.18)

where B, € R, have been widely used as efficient accelerated versions for most gradient
methods. Well-known formulas for 8, include the Hestenes-Stiefel (HS) [24], Fletcher-
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Reeves (FR) [25], Polak-Ribiere-Polyak (PRP) [26, 27], and Dai-Yuan (DY) [28] formulas:

HS . <Vf(xn+l);yn> FR ._ IIVf(xn+1)||2

B ) B, = ,
n dnr i n . 2
(dn Yn) IV ()l (119)
IBPRP — (Vf(%041), yn) IBDY . ||Vf(xn+1)||2
" IVFGa)l> " (dwyn)

where y, := Vf(x,41) — V().

Motivated by these observations, we decided to use the following direction to accelerate
the search for a fixed point of 7, which can be obtained by replacing Vf in (1.18) with
Id- T (seealso (1.16) for the relationship between Vf and T%): given the current direction
d, € H, the current iterate x, € H, and a step size o, satisfying (1.12) and (1.13), the next
direction d,,,; is defined by

d,ﬂl = _(xyl+1 — T(x,m)) + ﬁndn, (120)

where B, is given by one of the formulas in (1.19) when Vf =1d - T.

This paper proposes iterative algorithms (Algorithm 2.1) that use the direction (1.20)
and step sizes satisfying the Wolfe-type conditions (1.12) and (1.13) for solving Problem
(1.1) and describes their convergence analyses (Theorems 2.1-2.5). We also provide their
convergence rate analyses (Theorem 2.6).

The main contribution of this paper is to enable us to propose nonlinear conjugate gra-
dient algorithms for constrained smooth convex optimization which are examples of the
proposed line search fixed point algorithms, in contrast to the previously reported re-
sults for nonlinear conjugate gradient algorithms for unconstrained smooth nonconvex
optimization [20], Subchapter 5.2, [23-29]. Concretely speaking, our nonlinear conju-
gate gradient algorithms are obtained in the following steps. Given a nonempty, closed,
and convex set C C H and a convex function f: H — R with the Lipschitz continuous

gradient, let us define
T := Pc(Id — AVY),

where A € (0,2/L], L is the Lipschitz constant of Vf, and P¢ stands for the metric projec-
tion onto C. Then Proposition 2.3 in [22] indicates that the mapping 7T is nonexpansive

and satisfies

Fix(T) = argmin f(x).
xeC

From (1.20) with T := Pc(Id — A V), the proposed nonlinear conjugate gradient algorithms
for finding a point in Fix(T) = argmin, - f(x) can be expressed as follows: given x,,,d,, € H
and o, satisfying (1.12) and (1.13),

e = Xn(0y) = Xy + 00y,

dps1:= —(xwrl - PC(anrl - )‘-vf(xnﬂ))) + Budn,
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where 8, € R is each of the following formulas:”

ﬂ;11—[5+ . max{ (X1 = Pc(Xnin — kvf(xrwl)):yn) ) O},

(s yn)
IR . %041 = Pc(ns — AV (001)) I
! 9 = P (s = AVf () 12
PRP+ ,_ ax{ (%1 — Pc@ne1 — AV (%041))s V) }
%, = Pc(w = AVF @I )
py ._ ¥ = Pe@n - AV (001>
' (> yn)

’

(1.21)

’

where y,, := (%41 — Pc(®41 — AV (%11))) — (%, — Pc(x, — AVf(x,))). Our convergence anal-
yses are performed by referring to useful results on unconstrained smooth nonconvex op-
timization (see [18, 19, 23, 28, 30—32] and references therein) because the proposed fixed
point algorithms are based on the steepest descent and nonlinear conjugate gradient di-
rections for unconstrained smooth nonconvex optimization (see (1.15)-(1.20)). We would
like to emphasize that combining unconstrained smooth nonconvex optimization theory
with fixed point theory for nonexpansive mappings enables us to develop the novel nonlin-
ear conjugate gradient algorithms for constrained smooth convex optimization. The non-
linear conjugate gradient algorithms are a concrete response to the issue of constrained
smooth convex optimization that is whether or not we can present nonlinear conjugate
gradient algorithms to solve constrained smooth convex optimization problems.

To verify whether the proposed nonlinear conjugate gradient algorithms are acceler-
ations for solving practical problems, we apply them to constrained quadratic program-
ming problems (Section 3.2) and generalized convex feasibility problems (Section 3.3) (see
[6, 33] and references therein for the relationship between the generalized convex feasi-
bility problem and signal processing problems), which are constrained smooth convex
optimization problems and particularly interesting applications of Problem (1.1). More-
over, we numerically compare their abilities to solve concrete constrained quadratic pro-
gramming problems and generalized convex feasibility problems with those of previous
algorithms based on the Krasnosel’skii-Mann algorithm (Algorithm (1.2) with step sizes
satisfying (1.3) and Algorithm (1.2) with step sizes satisfying (1.5)) and show that they can
find optimal solutions to these problems faster than the previous ones.

Throughout this paper, we shall let N be the set of zero and all positive integers, R? be
a d-dimensional Euclidean space, H be a real Hilbert space with inner product (-, -) and
its induced norm || - ||, and T: H — H be a nonexpansive mapping with Fix(T) := {x €
H: Tx)=x}#0.

2 Line search fixed point algorithms based on nonlinear conjugate gradient
directions

Let us begin by explicitly stating our algorithm for solving Problem (1.1) discussed in Sec-

tion 1.

Algorithm 2.1

Step 0. Take 8,0 € (0,1) with § < 0. Choose xy € H arbitrarily and set dy := —(xo — T'(x0))
and n:= 0.
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Step 1. Compute &, € (0,1] satisfying

”xn(an) - T(xn(an)) ”2 - “xn - T(xn)“2 = 6C‘ln<~xn - T(xn)r dn)r (21)

(xn(an) - T(xn(an)): dn) Z 0<xn - T(xn): dn): (22)
where x, (o) := x, + @, d,,. Compute x,,; € H by
Kysl 1= Xy + 0ydy. (2.3)

Step 2. If [|[x41 — T'(%441) || = O, stop. Otherwise, go to Step 3.
Step 3. Compute B, € R by using each of the following formulas:

,BSD =0,

HS+ (X1 — T(xn+1))yn> } FR | T(xn+1)||2

- ol g e T, )
g { i) P e ~ TP
,3PRP+ —m { (Hne1 — T(xml),yn) } /3DY . o1 — T(xn+1)||2

" ”xn - T(xn)”Z ' ’ " (dmyn> '

where yy, := (%41 — T(*141)) — (%, — T (x,,)). Generate d,,,1 € H by
dpi1 = _(xwrl - T(anrl)) + Budy.
Step 4. Putm:=n+1and go to Step 1.

We need to use appropriate line search algorithms to compute o, (n € N) satisfying (2.1)
and (2.2). In Section 3, we use a useful one (Algorithm 3.1) [21], Algorithm 4.6, that can
obtain the step sizes satisfying (2.1) and (2.2) whenever the line search algorithm termi-
nates [21], Theorem 4.7. Although the efficiency of the line search algorithm depends on
the parameters § and o, thanks to the reference [21], Section 6.1, we can set appropriate §
and o before executing it [21], Algorithm 4.6, and Algorithm 2.1. See Section 3 for the nu-
merical performance of the line search algorithm [21], Algorithm 4.6, and Algorithm 2.1.

It can be seen that Algorithm 2.1 is well defined when B, is defined by B3P, BER, or
BERP* The discussion in Section 2.2 shows that Algorithm 2.1 with 8, = BPY is well defined
(Lemma 2.3(i)). Moreover, it is guaranteed that under certain assumptions, Algorithm 2.1
with B, = B!5* is well defined (Theorem 2.5).

2.1 Algorithm 2.1 with g8, = B3P
This subsection considers Algorithm 2.1 with B3P (1 € N), which is based on the steepest
descent (SD) direction (see (1.17)), i.e.,

Xpi1 =% + 0 (T(x0) = %) (mEN). (2.5)

Theorems 4 and 8 in [17] indicate that, if () ,ey satisfies the Armijo-type condition (1.5),
Algorithm (2.5) converges to a fixed point of T. The following theorem says that Algorithm
(2.5), with (o) sen satisfying the Wolfe-type conditions (2.1) and (2.2), converges to a fixed
point of T.

Page 7 of 32
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Theorem 2.1 Suppose that (x,),cN is the sequence generated by Algorithm 2.1 with B, =
B3P (n € N). Then (x,)nen either terminates at a fixed point of T or

lim ||x,, - T(xn)” =0.
n—oQ
In the latter situation, (x,),cn weakly converges to a fixed point of T.

2.1.1 Proof of Theorem 2.1
If m € N exists such that ||x,, — T(x,,)|| = 0, Theorem 2.1 holds. Accordingly, it can be
assumed that, forall m e N, ||x,, — T'(x,)|| # 0 holds.

First, the following lemma can be proven by referring to [18, 19, 32].

Lemma 2.1 Let (x,),en and (d,)uen be the sequences generated by Algorithm 2.1. Assume
that (x,, — T(x,),d,) <0 for all n € N. Then

i( (%0 — T(x),dy) )2 <00
|l

n=0

Proof The Cauchy-Schwarz inequality and the triangle inequality ensure that, for all
n e N; (dn: (xn+1 - T(xn+1)) - (xn - T(xn))) E ”dn””(xwrl - T(xrvrl)) - (xn - T(xn))” S
Nl T ) — T @) || + %041 — %4 |l), which, together with the nonexpansivity of 7" and
(2.3), implies that, for all n € N,

(s (Hna1 = T@ns1)) = (00 = Tn))) < 20t |l
Moreover, (2.2) means that, for all 7 € N,
(s (%41 = T(Hn11)) = (% = Txn))) = (0 = D){ds %0 — T(x))-
Accordingly, for all n € N,
(0 = ){du %0 — T (%)) < 2001 d|>-
Since ||d,|| # 0 (n € N) holds from (x,, — T'(x,),d,) < 0 (n € N), we find that, for all n € N,

(‘7 - 1) (dmxn - T(xn»
2d, P 20

Condition (2.1) means that, for all # € N, [|x,:1 — T(x)l1? = 1% — Tx) 1% < Sty (6, —
T (x4), dy), which, together with (x, — T'(x,),d,) < 0 (n € N), implies that, for all # € N,

[l — T(xn)llz = %41 — T(xn+1)||2
< . 2.7
* 5 — T (o) ) 7

From (2.6) and (2.7), foralln € N,

(U - 1)(dn:xn - T(xn» < ”xn - T(xn)”z - ||xn+1 - T(xl’l+1)||2
2|d, |12 - =8(xy, — T (), d)

’
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which implies that, for all n € N,

8(1 - G)<dn:xn - T(xn))2
2\\d, 12

=< Hxn - T(xn) H2 - ”xn+1 - T(xn+l) ”2

Summing up this inequality from # = 0 to n = N € N guarantees that, for all N € N,

8(1=0) A (dyy % — T(,))?
( : O') Z (dys % 2(xn)) < ”xo _ T(xo)”Z _ ||xN+1 _ T(?CN+1)H2
L d,
=< ||x0 — T(x0)||2 < OQ.
Therefore, the conclusion in Lemma 2.1 is satisfied. O

Lemma 2.1 leads to the following.

Lemma 2.2 Suppose that the assumptions in Theorem 2.1 are satisfied. Then:
(i) limy, 5 00 [l — T(xn)H =0.
(il) (|lxn — x||)nen is monotone decreasing for all x € Fix(T).

(ili) (xy)uen weakly converges to a point in Fix(T).

Items (i) and (iii) in Lemma 2.2 indicate that Theorem 2.1 holds under the assumption
that |lx, — T'(x,)|| #0 (n € N).

Proof (i) In the case where B, := ,BSD =0(meN),d,=—-(x,— T(x,)) holds for all » € N.
Hence, (x, — T(x,),d,) = —||x, — T(x,)]|> < 0 (n € N). Lemma 2.1 thus guarantees that
> o2 % = T(x4)1* < 00, which implies limy,_ oo |2, — T'(x,) | = 0.

(ii) The triangle inequality and the nonexpansivity of T ensure that, for all # € N and for
allw € Fix(T), [lxnn =%l = [l + 0t (T (x) = x) =%l < (L= @p) 126y — x| + || T (%) = T () || <
%, — 1.

(iii) Lemma 2.2(ii) means that lim,_,  ||x, — x|| exists for all x € Fix(T). Accord-
ingly, (x,)uen is bounded. Hence, there is a subsequence (x,;)ren Of (X,)nen such that
(%4, Jken weakly converges to a point x* € H. Here, let us assume that x* ¢ Fix(T). Then
Opial’s condition [34], Lemma 1, Lemma 2.2(i), and the nonexpansivity of T' guarantee
that

imint],, -+ <timint s, - 7()|
= likminf”x,,k = T(xn,) + T(xy) - T(x*) ||

=1lim lnf” T(xnk) - T(x*) H

k— 00
x
|,

< liminf|x,, —x
k—o00

which is a contradiction. Hence, x* € Fix(T). Let us take another subsequence (x,,);en
(C (xn)nen) which weakly converges to x, € H. A similar discussion to the one for ob-
taining x* € Fix(T) ensures that x, € Fix(T). Assume that x* # x,. The existence of
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lim,,, o ||, — x| (x € Fix(T)) and Opial’s condition [34], Lemma 1, imply that
im [, 7] = Tim 5 — ] < lim s ]
= lim [lx, — x| = 1im [|x,;, — x|
n—00 11— 00

’

< lim ||x,, — 2" = lim ||%, —&*|
11— 00 n— 00

which is a contradiction. Therefore, x* = x,. Since any subsequence of (x,),cny weakly
converges to the same fixed point of T, it is guaranteed that the whole (x,),en weakly
converges to a fixed point of 7. This completes the proof. O

2.2 Algorithm 2.1 with g8, = BPY
The following is a convergence analysis of Algorithm 2.1 with 8, = gDY.

Theorem 2.2 Suppose that (x,).cN is the sequence generated by Algorithm 2.1 with 8, =
BPY (n € N). Then (x,)ncn either terminates at a fixed point of T or

lim ”xn - T(x,,)” =0.

n—00

2.2.1 Proof of Theorem 2.2
Since the existence of m € N such that ||x,, — T'(x,,)|| = 0 implies that Theorem 2.2 holds,
it can be assumed that, for all » € N, ||x,, — T'(x,,)|| # 0 holds. Theorem 2.2 can be proven
by using the ideas presented in the proof of [28], Theorem 3.3. The proof of Theorem 2.2
is divided into three steps.

Lemma 2.3 Suppose that the assumptions in Theorem 2.2 are satisfied. Then:
(i) (%0 — T(xu),dy) <O (n €N).
(if) liminf,_ o ||, — T(x,)]| = 0.
(iii) limy— oo [l — T'(x) [l = 0.

Proof (i) From dy := —(xo — T'(x0)), (%o — T'(x0), do) = —||xo — T(%0)||? < 0. Suppose that (x, —
T (x,),dy,) < 0 holds for some n € N. Accordingly, the definition of y,, := (x,51 — T(%41)) —
(%, — T'(x,)) and (2.2) ensure that

(dn’yn> = (dn’xrwl - T(xn+1)) - (dmxn - T(xn)>
> (o - 1)(dmxn - T(xn)) >0,

which implies that

ﬂDY . [l041 — T(xn+1)||2 50
" <dmyn> '

From the definition of d,;,1 := (%11 — T(%,41)) + B2Yd,,, we have

(dn+lrxn+1 - T(xn+1)> = _Hxn+l - T(xn+1) ”2 + ,By],)Y(dman - T(xn+1))
dn:xm—l - T(xn+1)) }
(dmyn>

dm (xn+1 - T(xm—l)) _yn)
<dmyn>

- s = T -1+

o = T

’
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which, together with the definitions of y, and ﬁ,]?Y (> 0), implies that

dny n T n
(dn+1,xn+l - T(xl’l+1)> = ||anrl - T(anrl)Hz%

= By (s % — T(x)) < 0. (2.8)

Induction shows that (x, — T'(x,),d,) < 0 for all n € N. This implies /SEY >0 (neN);ie,
Algorithm 2.1 with B, = BPY is well defined.

(ii) Assume that liminf,_, |x, — T(x,)|| > 0. Then there exist 7y € N and ¢ > 0 such
that ||x, — T'(x,,)|| > ¢ for all n > ng. Since we have assumed that ||x, — T'(x,,)|| #0 (n € N),
we may further assume that |lx, — T'(x,)|| > ¢ for all #n € N. From the definition of d,,,; :=
—~(®ns1 — T(xps1)) + BPYd, (n € N), we have, forall n € N,

IBEYZ ”dn”z = ||dn+1 + (xn+1 - T(xwrl)) ”2
= ||d}’l+1”2 + 2<dn+1:xn+1 - T(xn+l)> + ”xm—l - T(xn+1) ”2
Lemma 2.3(i) and (2.8) mean that, for all n € N,
DY (dns1r Xpa1 — T(Xpa1))
ﬁ =
" <dmxn - T(xn»
Hence, for all n € N,
||dn+1||2
(dn+lrxn+1 - T(xn+1))2
_ [l 1 — T(xn+1)||2 _ 2 + ||dn||2
sty X1 = T(%01))? (e X1 = TWa1)) (s X — T(%4))?
I .
(ds%n = Txn))? %01 — T(xna1)112
~ { 1 s1 = TG }2
%01 = T @)l (dnits Xnir = T(X41))
lldu? 1

< + .
(A % — T(xn)>2 llc11 — T(‘xVH-l)”z

Summing up this inequality from #n =0 to n = N € Nyields, forall N € N,

N+1

lldnll? lldolI* +Z 1
(s = Tana))? ~ (dosxo = T(x0))? <=l = T 1>
which, which together with ||x,, — T'(x,)|| > ¢ (n € N) and dj := —(xo — T'(x9)), implies that,
forall N € N,

N+1

2
ldnll SZ 1 §N+2'
(A xna = Tana))? ~ = lla - Txl> — €
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Since Lemma 2.3(i) implies ||d,,|| # 0 (n € N), we have, for all N € N,

(dnstrxne1 = T(xns1))? - &2

lldnall? TN+2

Therefore, Lemma 2.1 guarantees that

(A% — T'(xx)) — &2
w>z( I )>;kn'm

This is a contradiction. Hence, liminf,_, o ||x, — T(x,)| =
(iii) Condition (2.1) and Lemma 2.3(i) lead to that, for all n € N,

||xn+1 - T(xn+1)H2 - ||xn - T(xn)”Z = 505n<xn - T(xn)¢dr1) <0.

Accordingly, (||x, — T'(x4)|)nen is monotone decreasing; i.e., there exists lim,_, o ||%, —
T(xy,)|l. Lemma 2.3(ii) thus ensures that lim, . ||x, — T'(x,)|| = 0. This completes the
proof. d

2.3 Algorithm 2.1 with g8, = BIR

To establish the convergence of Algorithm 2.1 when 8, = IR

n

we assume that the step sizes
o, satisfy the strong Wolfe-type conditions, which are (2.1) and the following strengthened
version of (2.2): foro <1/2,

|(xn(an) - T(xn(an)) >| = U( — T(xn), dy ) (2.9)

See [30] on the global convergence of the FR method for unconstrained optimization un-
der the strong Wolfe conditions.
The following is a convergence analysis of Algorithm 2.1 with 8, = IR,

Theorem 2.3 Suppose that (x,).cn is the sequence generated by Algorithm 2.1 with 8, =
BIR (n € N), where (a,,) en satisfies (2.1) and (2.9). Then (x,),cn either terminates at a fixed
point of T or

tim 5, - 70 =0

2.3.1 Proof of Theorem 2.3
It can be assumed that, for all 7 € N, ||x,, — T'(x,,)|| # 0 holds. Theorem 2.3 can be proven
by using the ideas in the proof of [30], Theorem 2.

Lemma 2.4 Suppose that the assumptions in Theorem 2.3 are satisfied. Then:
() %y — T(xn),dn) <0 (neN).
(11) liminf, o0 (|2, — T(xn)” =0

(iii) limy,— oo [l — T(x) [l =

Proof (i) Let us show that, foralln € N,

n

i {xn = T(xy), dy
‘dewnﬂmw—4+zd 210

j=0
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From dj := —(xo — T'(x0)), (2.10) holds for # := 0 and {xg — T'(xo), dp) < 0. Suppose that (2.10)
holds for some # € N. Accordingly, from Z;;o ol < Zf:o o/ =1/1-0)and o € (0,1/2], we
have

(% — T(x,), ) ‘2+Z"_(1 20)

96 = T () I

which implies that (x, — T'(x,),d,) < 0. The definitions of d,,,; and BE® enable us to deduce
that

(Fne1 = Tni1), A1) onat = T01), =1 = T(001)) + BiRd,)
e = T 12 %01 = T(x0) 12
%011 = TEn) I K1 — T (Xi)s din)
[l — T(xn)”Z 41 — T(xn+1)||2
(Xns1 = T(Xn41), dn)
[l = T (x0) 1>

Since (2.9) satisfies o (x,, — T'(x,,), d,) < (Xpi1 — T (Xy41),dy) < —0 (%, — T(x,),d,) and (2.10)
holds for some #, it is found that

X1 = T (Xp1), dn) . (xn — T(x), dy)
o T oIz
”xn - T(xn)||2 ”xn - T(xn)”
n+l

>-1- oZo/— Zo’

and
<xn+1 - T(xn+l)r dn> <_l-0o (xn - T(xn): dn)
%, — T (xa) 1 - % — T () |2
n+l
< 1+020’——2+Zo’
Hence,

n+l n+l

_Zo_j < (xn+1 - T(xn+1))dn+1) < 24 Zdj.
j=0

=0 [E T(xn+l)||2

A discussion similar to the one for obtaining (x, — T'(x,),d,) < 0 guarantees that (x,,; —
T (x,41), dys1) < 0 holds. Induction thus shows that (2.10) and {x, — T(x,),d,) < 0 hold for
allnmeN.

(ii) Assume that liminf,_, o ||%, — T'(x,)|| > 0. A discussion similar to the one in the proof
of Lemma 2.3(ii) ensures the existence of ¢ > 0 such that ||x, — T'(x,)|| > ¢ for all # € N.
From (2.9) and (2.10), we have, for all n € N,

n+l

|<xn+1 - T(anrl): dn)| < _U<xn - T(xn),dn> =< Zgj||xn -
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which, together with ngl ol < 210:01 o/ =0/(1 - o) and BIR = ||x,01 — T(xpa1) 12/ 1% —

T(x,)|? (n € N), implies that, for all # € N,

o

,Byl,:R‘(xnﬂ = T(%p11), dn>| < ”xn+l - T(xn+1)H2~

l1-0

Accordingly, from the definition of d,,,1 := —(xys1 — T(%441)) + BERd,, we find that, for all
nelN,

||dn+1||2 = “ ﬂ;lq:Rdn - (xn+1 - T(xwrl)) ||2
= BER 11 = 285 (ds 1 = Tonr)) + s = Tas) |

_ 4
< llo¢+1 T(xn+1)4|| ||dn||2 +< 20
”xn - T(xn)H

K

+ 1) ||xn+1 - T(xn+l)
l1-0
which means that, for all 7 € N,

ldual® il 4o 1
”xn+l - T(xn+1)||4 - ”xn - T(xn)”4 l1-0 ”xVH-l - T(xn+l)||2

The sum of this inequality from # = 0 to n = N € N and dj := — (o — T'(x0)) ensure that, for

allN eN,
2 N+1
ldnall < 1 + l+o Z 1 )
a1 = Tena)I* 7 llwo = Txo) 1> 1—0 4= Il — T |12

From |jx, — T'(x,)|| > ¢ (n € N), forall N € N,

ldn+1l1? _1 1+0 N+1 (1+0)N+2

+ =
xnen = Tlens)I* ~ &2 1-0 g2 e2(1-0)

Therefore, from Lemma 2.4(i) guaranteeing that ||d,|| #0 (n € N)and > 7o, e?(1-0)/((1 +
o)k -1) +2) = 00, it is found that

i I = T@)lI* _
= Nl

Meanwhile, since (2.10) guarantees that (x, — T(x,),dy) < (=2 + 37, N x, = Tl <
(-(1-20)/1=0)) %, — T(x,,)||*> (n € N), Lemma 2.1 and Lemma 2.4(i) lead to the deduction
that

o (= T di) \* (1220 \* S Il = TN _
oo>k§<w) Z<1—o) ) PR

k=0

which is a contradiction. Therefore, liminf,_, » ||x, — T'(x,)|| = 0.
(iii) A discussion similar to the one in the proof of Lemma 2.3(iii) leads to Lemma 2.4(iii).

This completes the proof. g
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2.4 Algorithm 2.1 with 8, = BPRP+

It is well known that the convergence of the nonlinear conjugate gradient method with
BERP defined as in (1.19) for a general nonlinear function is uncertain [23], Section 5. To
guarantee the convergence of the PRP method for unconstrained optimization, the fol-
lowing modification of BP%? was presented in [35]: for BPRP defined as in (1.19), BPRP* :=
max{BERP, 0}. On the basis of the idea behind this modification, this subsection considers
Algorithm 2.1 with BPRP* defined as in (2.4).

Theorem 2.4 Suppose that (x,)ueny and (dy)uen are the sequences generated by Algo-
rithm 2.1 with B, = B (n € N) and there exists ¢ > 0 such that (x, — T(x,),d,) <
—cllx, — T(x)|? for all n € N. If (X,)ner is bounded, then (x,),en either terminates at a
fixed point of T or

lim ||x, — T(x,)| =0
n—00

2.4.1 Proof of Theorem 2.4
It can be assumed that ||x, — T'(x,,)|| # 0 holds for all # € N. Let us first show the following
lemma by referring to the proof of [31], Lemma 4.1.

Lemma2.5 Let (x,)qen and (d,)qen be the sequences generated by Algorithm 2.1 with B, >
0 (n € N) and assume that there exists ¢ > 0 such that (x, — T(x,),d,) < —c||lx, — T(x,)|?
Joralln € N. If there exists ¢ > 0 such that || x, — T(x,)|| > ¢ foralln e N, then Y - |l tbys1 —
u,||? < oo, where u,, :=d,/||d,|| (n € N).

Proof Assuming ||x, — T(x,)[| > & and (x, — T(x,), dy) < —cllx, = T(x,) 1> (n € N), [|d, || #0
holds for all # € N. Define r,, := —(x,, — T'(x,,))/||d,.|| and 8, := B, ||d, |/ dps1ll (n € N). From
5,,1/[,, = ﬂndn/”dnﬂn and dn+1 = _(xn+1 - T(xm—l)) + ﬂndn (Vl € N); we have, foralln e N;

Upsl = Va1 t 8num

II? =

which, together with [|u,.1 - 8nun”2 = [[ttpi ”2 = 28y (tps1, Un) + ‘Sﬁ”un ||I/l,,||2 8 (s

Ups1) + 82|t 1> = |ty — Spthns1||* (n € N), implies that, for all n € N,
7nsill = Nttns1 = Sutaull = ety — Spttia .

Accordingly, the condition 8, > 0 (n € N) and the triangle inequality mean that, for all
neN,

ltne1 — vl < A+ 8) | i1 — 1|
= ”un+l - anun” + ”un - anunﬂ”

=2[7nall- (2.11)

From Lemma 2.1, (x, — T'(x,,), d,,) < —cll%, — T(x,)||* (n € N), the definition of 7,,, and ||x,, —
T(x,)|| > € (n € N), we have

= <xn—T(xn),dn>) 25 - TE)I* 5 5 5
00 > R A > 22> Il
2;( A Z Il 1|2 ZO

which, together with (2.11), completes the proof. d
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The following property, referred to as Property (%), is a result of modifying [31], Prop-
erty (x), to conform to Problem (1.1).

Property (x). Suppose that there exist positive constants y and y such that y < |x, —
T(x,)|| < y for all n € N. Then Property (x) holds if b >1 and A > 0 exist
such that, forall n € N,

L. 1
Bl <b and |l@yq — %l <A lmphes |Bul < 2_]9

The proof of the following lemma can be omitted since it is similar to the proof of [31],
Lemma 4.2.

Lemma 2.6 Let (x,)qcn and (d,)nen be the sequences generated by Algorithm 2.1 and as-
sume that there exist ¢ > 0 and y > 0 such that (x, — T(x,),d,) < —cl|x, — T(x,)||*> and
|2, — T'(x,)|| = y for all n € N. Suppose also that Property (x) holds. Then there exists A > 0
such that, for all A € N\{0} and for any index ko, there is k > ko such that |IC,tA| > A/2,
where ICQ’A ={{eN\{0}): k<i<k+A-1,|xi—x;i1] >A} (ke N, A e N\{0}, A > 0) and

|KC; | stands for the number of elements of K, .
The following can be proven by referring to the proof of [31], Theorem 4.3.

Lemma 2.7 Let (x,).cn be the sequence generated by Algorithm 2.1 with 8, > 0 (n € N)
and assume that there exists ¢ > 0 such that (x,, — T (x,),d,) < —c|lx, - T(x,)|* foralln ¢ N

and Property (x) holds. If (x,,)nen is bounded, liminf,_, o ||x,, — T(x,)|| = 0.

Proof Assuming that liminf,_, ||, — T(x,)|| > 0, there exists y > 0 such that |x, —
T(x,)|| = y for all n € N. Since ¢ > 0 exists such that (x, — T(x,),d,) < —cl|lx, — T(x,) >
(n € N), ||d,|l #0 (n € N) holds. Moreover, the nonexpansivity of T ensures that, for all
x € Fix(T), || T(x,) — x| < ||®, — ||, and this, together with the boundedness of (x;,)en, im-
plies the boundedness of (T'(x,)),cn. Accordingly, y > 0 exists such that |lx, — T'(x,)|| <y
(n € N). The definition of x,, implies that, for all n > 1,

Xn = X1 = 181 = Ayt Ayt |y = 160 — X 261,

where u, :=d,/||d,| (n € N). Hence, for all [,k e Nwith[> k>0,
l I
X — X1 = Z(xi —Xi) = Z lloci —oi 1 Ml 241,
i=k i=k
which implies that

! !
Z lloe; = i1 leta—1 = X7 — Xpe—1 — Z lloe; — i1 Nl (i1 — x).

i=k i=k

From ||u,|| =1 (n € N) and the triangle inequality, for all [,k € Nwith [ > k > 0, Zf;k [lo; —

21l < Nl —xpeall + Zl{:k ll¢; — x;_1 || |ati_1 — tex—1]|. Since the boundedness of (x,),cn means
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there is M > 0 satisfying |lx,+1 — %, || < M (n € N), we find that, for all /, k e Nwith /> k > 0,

I i
D ol —xiall <M+ Y Nl = xia i = wia . (2.12)

i=k i=k

Let A > 0 be as given by Lemma 2.6 and define A := [4M/A], where [-] denotes the ceil-
ing operator. From Lemma 2.5, an index &y can be chosen such that Z?:ko ot — wiq]? <
1/(4A). Accordingly, Lemma 2.6 guarantees the existence of k > ko such that |lC,f, Al > A/2.
Since the Cauchy-Schwarz inequality implies that (3", a;)> <m Y - a? (m>1, a; € R,
i=1,2,...,m),wehave, foralli € [k, k + A 1],

i-1 2 i-1 1
2 . 2
i1 — e |* < (Z ||u,-—u,-_1||> <E=R) Yl -l < .
j=k

j=k

Putting /:= k + A — 1, (2.12) ensures that

k+A-1

X Ao | A
> i x> 5|/C,(,A| >,
i=k

M >
- 4

N =

which implies that A < 4M/A. This contradicts A := [4M/A]. Therefore, liminf,_, o, ||x, —
T(x,)|l = 0. O

Now we are in the position to prove Theorem 2.4.

Proof The condition BERP* > 0 holds for all # € N. Suppose that positive constants y and
7 exist such that y < ||x, — T(x,)|| <7 (n € N) and define b :=27%/y? and A := y2/(4yb).
The definition of PR+ and the Cauchy-Schwarz inequality mean that, for all n € N,

|ﬁERI’+| < |<xn+1 - T(xn+1)yyn)| < ||xn+1 - T(xn+l)||"yn” < 2_)72 iy

%0 = T@)I> = l%n = Txa)lI? 2

)

where the third inequality comes from ||y, || < |41 — T(xu) || + |2, — T(x,)|| <2y and
Yy <|xy—T(x,)| <y (ne€N). When ||x,41 —%,|| <X (n € N), the triangle inequality and the
nonexpansivity of T implY that lynll < 1%p1 —%ull + I T(xn) = T | < 201601 — 24l <21
(n € N). Therefore, for all # € N,

Y 19l 2y 1

|BPRP | < < )
[l — T () | Y 2b

which implies that Property (x) holds. Lemma 2.7 thus guarantees that liminf,_, o [|x, —
T(x,)|| = 0 holds. A discussion in the same manner as in the proof of Lemma 2.3(iii) leads
to lim,,—, o ||%, — T'(x,,)|| = 0. This completes the proof. O

2.5 Algorithm 2.1 with g, = 15+
The convergence properties of the nonlinear conjugate gradient method with B! defined
as in (1.19) are similar to those with 8% defined as in (1.19) [23], Section 5. On the basis
of this fact and the modification of BPRP in Section 2.4, this subsection considers Algo-
rithm 2.1 with B!5* defined by (2.4).

Lemma 2.7 leads to the following.
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Theorem 2.5 Suppose that (x,),en and (d,)uen are the sequences generated by Algo-
rithm 2.1 with B, = ,BL{S* (n € N) and there exists ¢ > 0 such that (x, — T(x,),d,) <
—cllxy — T(x,)|1? for all n € N. If (X,)ner is bounded, then (x,),en either terminates at a
fixed point of T or

lim [, — T(x,)| = 0.
n—00

Proof When m € N exists such that ||x,, — T'(x,,)|| = 0, Theorem 2.5 holds. Let us consider
the case where ||x,, — T'(x,)|| # 0 for all n € N. Suppose that y,y > 0 exist such that y <
%, — T(x,)]l <7 (n € N) and define b := 2p2/((1-o)cy?) and A := (1 - o)cy?/(4yb). Then
(2.2) implies that, for all n € N,

<dmyn> = <dmxn+1 - T(xn+1)) - (dmxn - T(xn)>
2 _(1 - a)(dmxn - T(xn)>;

which, together with the existence of ¢, ¥ > 0 such that (x, — T(x,,), d,,) < —cll%, — T(x,)[1%
and y < |x, — T(x,)| (n € N), implies that, for all n € N,

(Y = (L= 0)c| = T(@n)||* = 1= 0)ey? > 0.

This means Algorithm 2.1 with 8, = }5* is well defined. From |lx, — T'(x,)|| < 7 (n € N)
and the definition of y,, we have, for all n e N,

_ P
KX+l T(xn+1)vyn)| < 2)/

HS+ |( _
ME (> )| ~(1-o)ey?>

When ||x,41 — x,]| <A (n € N), the triangle inequality and the nonexpansivity of T imply
that [y, ll < %ue = xall + 17 (xn) = Tns1) | < 2012041 = %ull < 24 (1 € N). Therefore, from
I, — Tx,)|| <y (neN), foralln e N,

Plyall _ 207 1
(dwyn) ~ L=0)ey? 2D

BT <

which in turn implies that Property (x) holds. Lemma 2.7 thus ensures that liminf,,_, o || x,, —
T(x,)|l = 0 holds. A discussion similar to the one in the proof of Lemma 2.3(iii) leads to
lim,,_, o |6, — T'(x,,)|| = 0. This completes the proof. O

2.6 Convergence rate analyses of Algorithm 2.1

Sections 2.1-2.5 show that Algorithm 2.1 with equations (2.4) satisfies lim,_ [l%, —
T(x,)|l = 0 under certain assumptions. The next theorem establishes rates of convergence
for Algorithm 2.1 with equations (2.4).

Theorem 2.6
(i) Under the Wolfe-type conditions (2.1) and (2.2), Algorithm 2.1 with B, = BSP
satisfies, for all n € N,

| — T(xo)”‘

[0 = T <.
V8 2 k0%



liduka Fixed Point Theory and Applications (2016) 2016:77 Page 19 of 32

(i) Under the strong Wolfe-type conditions (2.1) and (2.9), Algorithm 2.1 with B, = ﬁEY
satisfies, for all n € N,
llxo — T (x0)l

“xn - T(xn) || f 1 "
o0 2 k0 Ok

(ili) Under the strong Wolfe-type conditions (2.1) and (2.9), Algorithm 2.1 with B, = ﬁflR
satisfies, for all n € N,

llxo — T (x0)
\/ﬁS Y ko1 =20 + K)oy

“xn - T(xn) || =

(iv) Under the assumptions in Theorem 2.4, Algorithm 2.1 with B, = BERP* satisfies, for
allneN,

llx0 — T(xo)ll'

Ve D k=0 U

(v) Under the assumptions in Theorem 2.5, Algorithm 2.1 with B, = pIS* satisfies, for
alln eN,

“xn - T(xn) || f

llxo — T'(x0) ||
Ve 2 k-0 %

Proof (i) From di = —(xx — T(xx)) (k € N) and (2.1), we have 0 < Say|lxx — T(xe)||? <
ek = T ) l1? = k1 = T(xis1)|1? (k € N). Summing up this inequality from k = 0 to k = n
guarantees that, forall n e N,

”xn - T(xn) ” E

8 ok = Te)|* < [0 — To) | = [nr = Tnat) |* < 20 — Txo)|) %,
k=0

which, together with the monotone decreasing property of (||x, — T(x,)||*)nen, implies
that, forall # € N,

8% — T | D e < a0 - T(x0)] ™.
k=0

This completes the proof.
(ii) Condition (2.9) and Lemma 2.3(i) ensure that —o < (xp,1 — T(Xxe1), di)/ (e —
T (xx),dx) <o (k € N). Accordingly, (2.8) means that, for all k € N,

(x = T (), i)
(di, (rs1 = T(xrs1)) = (o = T(xx)))
B <(xk+1 = T (k1) di)
S\ (= T(oeg), )
1
l+o

(xk+1 = T'(xk11), dk+1> = ||xk+1 = T'(xks1) ”2

-1
1) - T

<

||xk+1 — T(%xx41) ” 2.
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Hence, (2.1) implies that, for all k € N,

1
o1 — T(xk+1)H2 — | - T(xk)H2 < —1+—050!k”xk = T(xx) ”2

Summing up this inequality from k = 0 to k = # and the monotone decreasing property of
(%, = T(x,)]1?)nen ensure that, for all # € N,

1 n
Dol Tl = -

which completes the proof.
(iii) Inequality (2.10) guarantees that, for all k € N,

(xk—T(xk dk ( 2+ZU’) ‘xk— (o H

1-20 + ok

e

which, together with (2.1), implies that, for all k e N,

1-20 + ok

- Sotk ”xk — T'(xx) ”2

2 2
|1 = T@an) |~ = [ = T |
Summing up this inequality from k = 0 to k = #n and the monotone decreasing property of
(1%, = T(%) 1> nen ensure that, for all # € N,

n
2

’

k=0

which completes the proof.

(iv), (v) Since there exists ¢ > 0 such that (xx — T (%), di) < —c|lxx — T(xp)||* for all k € N,
we have from (2.1) and the monotone decreasing property of ([|x, — T(x,)[|?)nen, for all
neN,

2 B T(xn)HZ Zak <cs de [k — T () ”2 <%0 - T(x0)||2.
k=0 k=0

This concludes the proof. O

The conventional Krasnosel’skii-Mann algorithm (1.2) with a step size sequence (o) sen
obeying (1.3) satisfies the following inequality [8], Propositions 10 and 11:

d(xo, Fix(T))

V2keo k(1 — o)

where d(xo, Fix(T)) := minyerix(r) %o — #||. When «,, (n € N) is a constant in the range of

”xn - T(xn) ” E (I’l € N)r

(0,1), which is the most tractable choice of step size satisfying (1.3), the Krasnosel’skii-
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Mann algorithm (1.2) has the rate of convergence,

1
60 = T)| :o( m) (213)

Meanwhile, according to Theorem 5 in [17], Algorithm (1.2) with («,),en satisfying the
Armijo-type condition (1.5) satisfies, for all n € N,

llo — T'(x0) ‘
v B Zzzo(‘xk - %)2

In general, the step sizes satisfying (1.3) do not coincide with those satisfying the Armijo-
type condition (1.5) or the Wolfe-type conditions (2.1) and (2.2). This is because the line

search methods based on the Armijo-type conditions (1.5) and (2.1) determine step sizes

(2.14)

at each iteration # so as to satisfy ||x,,1 — T(%,11) || < |2, — T(x,) ||, while the constant step
sizes satisfying (1.3) do not change at each iteration. Accordingly, it would be difficult to
evaluate the efficiency of these algorithms by using only the theoretical convergence rates
in (2.13), (2.14), and Theorem 2.6. To verify whether Algorithm 2.1 with the convergence
rates in Theorem 2.6 converges faster than the previous algorithms [8], Propositions 10
and 11, [17], Theorem 5, with convergence rates (2.13) and (2.14), the next section numer-
ically compares their abilities to solve concrete constrained smooth convex optimization
problems.

3 Application of Algorithm 2.1 to constrained smooth convex optimization
This section considers the following problem:

Minimize f(x) subject tox € C, (3.1)

where f: R? — R is convex, Vf: R — R is Lipschitz continuous with a constant L, and
C C R? is a nonempty, closed, and convex set onto which the metric projection P can be

efficiently computed.

3.1 Experimental conditions and fixed point and line search algorithms used in
the experiment

Problem (3.1) can be solved by using the conventional Krasnosel’skii-Mann algorithm (1.2)

with a nonexpansive mapping 7T := Pc(Id — AVf) satisfying Fix(T) = argmin,_. f(x), where

A €(0,2/L] [22], Proposition 2.3. It is represented as follows:

Kns1 = X + & (Pe (%0 — AV (%)) — %), (3.2)

where xy € R and (a,),.cn is a sequence satisfying (1.3) or the Armijo-type condition (1.5).
Algorithm 2.1 with T := Pc(Id — A V) is as follows:

Xl 1= Xy + Oty

dps1 = _(anrl - PC(an - )\Vf(xnﬂ))) + Budy,

(3.3)
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where x,dg := —(xo — Pc(xo — AVf(x0))) € R?, (,,) e is a sequence satisfying the Wolfe-
type conditions (2.1) and (2.2), and (B,,)cn is defined by each of equations (2.4) with T :=
Pc(Id — AVY) (see also (1.21)).

The best conventional nonlinear conjugate gradient method for unconstrained smooth
nonconvex optimization was proposed by Hager and Zhang [29, 36], and it uses the HS
formula defined as in (1.19):

1 llyull? >
n— dn ’ \% n+
<dn;yn> <y (dn:yn> f(x l)

”ynHZ <Vf(xn+1)’ dy)
_gHS _o
P 2 ) )

HZ
By =

Replacing Vf in the above formula with Id — Pc(Id — A V() leads to the HZ-type formula
for Problem (3.1):

”yn”Z (xn+1 _PC(xn+1 - )‘-vf(xnﬂ))’dn)
(A, yn) (s yn)

pHZ.= gHS _9 , (3.4)
where y, 1= (%41 — Pc(®u1 — AVf(%,51))) — (%4 — Pc(x, — AVf(x,))) and B is defined by
,3an = (X1 — Pe(p1 = AV (%411)), Yu) (A, yu) . We tested Algorithm (3.3) with 8, := ﬂjfz
defined by (3.4) in order to see how it works on Problem (3.1).

We used the Virtual Desktop PC at the Ikuta campus of Meiji University. The PC has
8 GB of RAM memory, 1 core Intel Xeon 2.6 GHz CPU, and a Windows 8.1 operating
system. The algorithms used in the experiment were written in MATLAB (R2013b), and
they are summarized as follows.

SD-1: Algorithm (3.2) with constant step sizes «, := 0.5 (n € N) [1], Theorem 5.14.

SD-2: Algorithm (3.2) with «, satisfying the Armijo-type condition (1.5) when 8 = 0.5
[17], Theorems 4 and 8.

SD-3: Algorithm (3.3) with «,, satisfying the Wolfe-type conditions (2.1) and (2.2) and
By := BSP (Theorem 2.1).

FR:  Algorithm (3.3) with «, satisfying the Wolfe-type conditions (2.1) and (2.2) and
By := BER (Theorem 2.3).

PRP+: Algorithm (3.3) with o, satisfying the Wolfe-type conditions (2.1) and (2.2) and
By := BERP* (Theorem 2.4).

HS+: Algorithm (3.3) with «,, satisfying the Wolfe-type conditions (2.1) and (2.2) and
By := BIS* (Theorem 2.5).

DY:  Algorithm (3.3) with «, satisfying the Wolfe-type conditions (2.1) and (2.2) and
By := BPY (Theorem 2.2).

HZ:  Algorithm (3.3) with «, satisfying the Wolfe-type conditions (2.1) and (2.2) and
By := BI defined by (3.4) [29, 36].

The experiment used the following line search algorithm [21], Algorithm 4.6, to find
step sizes satisfying the Wolfe-type conditions (2.1) and (2.2) with § := 0.3 and ¢ := 0.5
that were chosen by referring to [21], Section 6.1, where, for each #, A,(-) and W,,(-) are

A0 [ ® = T(@a®) |* = [0 = TCea)||* < 8t{xs = T(x), ),

W,.(2): <xn(t) - T(xn(t)),dn> > a(xn - T(xn),d,,).
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Algorithm 3.1 ([21], Algorithm 4.6)
Require: A,(-), W,,(-).
Ensure: A,(a) and W,(a).
o<« 0,8 <« o00,t <1
loop
if —A,(t) then
B <« t.
else if =W, (¢) then
o < t.
else
(a: found).
end if
if 8 < oo then
t<3(a+p).
else
t < 2a.
end if
end loop

For Algorithm SD-2, we replaced A,(-) above by
An(0): () - 84(0) < =Dt |, = Tn)[

where D := § = 0.3 and g, is defined as in (1.6), and deleted W,(-) from the line search
algorithm. For Algorithms FR, PRP+, HS+, DY, and HZ, if the step sizes satisfying the
Wolfe-type conditions (2.1) and (2.2) were not computed by using Algorithm 3.1, the step
sizes were computed by using Algorithm 3.1 when d,, := —(x,, — T'(x,,)). This is because
Algorithm 3.1 for Algorithm SD-3, which uses d,, := —(x,, — T'(x,)) (n € N), had a 100% suc-
cess rate in computing the step sizes satisfying (2.1) and (2.2). Tables 1, 2, 3, and 4 indicate
the satisfiability rates (defined below) of computing the step sizes for the algorithms in the
experiment.

The stopping condition was
n=10 or Hx,,o - T(xno)H =0 for some ng € [0,10]. (3.5)

Before describing the results, let us describe the notation used to verify the numerical
performance of the algorithms.

« I: the number of initial points;

. xg): the initial point chosen randomly (i =1,2,...,1);

+ ALGO: each of Algorithms SD-1, SD-2, SD-3, ER, PRP+, HS+, DY, and HZ
(ALGO € {SD-1,SD-2,SD-3,FR, PRP+, HS+, DY, HZ});
N; (xg>, ALGO): the number of step sizes computed by Algorithm 3.1 for ALGO with
xg) before ALGO satisfies the stopping condition (3.5);
N, (xg), ALGO): the number of iterations needed to satisfy the stopping condition
(3.5) for ALGO with x{".

.

.
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Note that Nj (xg), SD-1) stands for the number of iterations # satisfying A,(0.5) and W,,(0.5)
before Algorithm SD-1 with xg) satisfies the stopping condition (3.5). The satisfiability rate
(SR) of Algorithm 3.1 to compute the step sizes for each of the algorithms is defined by

1 (i)
[ N (2, ALGO
SR(ALGO) := Z;zl 1("‘(’,) ) 2100 [%). (3.6)
Y N, ALGO)

We performed 100 samplings, each starting from different random initial points (i.e., I :=
100) and averaged their results.

3.2 Constrained quadratic programming problem
In this subsection, let us consider the following constrained quadratic programming prob-

lem:

Problem 3.1 Suppose that C is a nonempty, closed convex subset of R? onto which P
can be efficiently computed, Q € Ré*4 js positive semidefinite with the eigenvalues A, :=
Ay A2s.. ., Ag =t Amax satisfying A; <1, (i <j),and b € R?. Our objective is to

1
minimize f(x) := 5 (%, Qx) + (b,x) subject tox € C.

Since f above is convex and Vf(x) = Qx + b (x € R¥) is Lipschitz continuous such that the
Lipschitz constant of Vf is the maximum eigenvalue A,y of Q, Problem 3.1 is an example
of Problem (3.1).

We compared the proposed algorithms SD-3, FR, PRP+, HS+, DY, and HZ with the
previous algorithms SD-1 and SD-2 by applying them to Problem 3.1 (i.e., the fixed point
problem for T'(x) := Pc(x — (2/Amax)(Qx + b)) (x € RY)) in the following cases:

d =103 or 104, Amin := 0, Amax := d, re[0,d] (i=2,3,...,d-1),

byce(-32,32)%,  C:={xeR% |x-c|| <1}.

We randomly chose A; € [0,d] (i = 2,3,...,d — 1) and set Q as a diagonal matrix with
eigenvalues A3, Ay, ..., Amax- The experiment used two random numbers in the range of
(—32,32)? for b and c to satisfy C N {x € R?: Vf(x) = 0} = @. Since C is a closed ball with
center ¢ and radius 1, P¢c can be computed within a finite number of arithmetic operations.
More precisely, Pc(x) :=c+ (x —¢)/||x —c|| if [[x — c|| > 1, or Pc(x) :=xif |x — | < 1.

Table 1 shows the satisfiability rates as defined by (3.6) for Algorithms SD-1, SD-2, and
SD-3 that are applied to Problem 3.1. It can be seen that the step sizes for SD-1 (con-
stant step sizes o, := 0.5) do not always satisfy the Wolfe-type conditions (2.1) and (2.2),

Table 1 Satisfiability rate of Algorithm 3.1 for Algorithms SD-1, SD-2, and SD-3 applied to
Problem 3.1 when d := 103,10%

Algorithm SR (d:=103%) SR (d:=10%

SD-1 55.9% 26.3%
SD-2 100% 100%
SD-3 100% 100%
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Table 2 Satisfiability rate of Algorithm 3.1 for Algorithms FR, PRP+, HS+, DY, and HZ applied
to Problem 3.1 when d := 103,10%

Algorithm  SR(d:=103) SR (d:=10%)

FR 19.7% 28.1%
PRP+ 100% 100%
HS+ 100% 98.9%
DY 21.6% 27.2%
HZ 20.0% 20.0%

XTI
.
O_A
T
A

104 b i i i
0 0.001  0.002 0.003 0.004

Number of iterations Elapsed time [sec]

(a) ||, — T'(x,)|| vs. no. of iterations (b) [lx, — T(x,)|l vs. elapsed time

Figure 1 Evaluation of ||x, - T(x,)|| in terms of the number of iterations and elapsed time for
Algorithms SD-1, SD-2, and SD-3 for Problem 3.1 when d := 103.

whereas the step sizes computed by Algorithm 3.1 and SD-2 (resp. Algorithm SD-3) def-
initely satisfy the Armijo-type condition (1.5) (resp. the Wolfe-type conditions (2.1) and
(2.2)).

Table 2 showing the satisfiability rates for Algorithms FR, PRP+, HS+, DY, and HZ indi-
cates that Algorithm 3.1 for PRP+ and HS+ has high success rates at computing the step
sizes satisfying (2.1) and (2.2), while the SRs of Algorithm 3.1 for other algorithms are
low. It can be seen from Tables 1 and 2 that SD-3, PRP+, and HS+ are robust in the sense
that Algorithm 3.1 can compute the step sizes satisfying the Wolfe-type conditions (2.1)
and (2.2).

Figure 1 indicates the behaviors of SD-1, SD-2, and SD-3 when d := 103. The y-axes in
Figures 1(a) and 1(b) represent the value of ||x,, — T'(x,)|. The x-axis in Figure 1(a) repre-
sents the number of iterations, and the x-axis in Figure 1(b) represents the elapsed time.
If the (||lx, — T(x,,) || nen generated by the algorithms converges to 0, they also converge to
a fixed point of T. Figure 1(a) shows that SD-2 and SD-3 terminate at fixed points of T
within a finite number of iterations. It can be seen from Figure 1(a) and Figure 1(b) that
SD-3 reduces the iterations and running time needed to find a fixed point compared with
SD-2. These figures also show that (||x, — T'(x,)||)»en generated by SD-1 converges slowest
and that SD-1 cannot find a fixed point of T before the tenth iteration. We can thus see
that the use of the step sizes satisfying the Wolfe-type conditions is a good way to solve
fixed point problems by using the Krasnosel'skii-Mann algorithm. Figure 2 indicates the
behaviors of SD-1, SD-2, and SD-3 when 4 := 10*. Similarly to what is shown in Figure 1,
SD-3 finds a fixed point of T faster than SD-1 and SD-2 can.

Figure 3 is the evaluation of (||x, — T'(x,)||)sen in terms of the number of iterations and
elapsed time for Algorithms FR, PRP+, HS+, DY, and HZ when 4 := 10°. Figure 3(a) shows
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(@) ||, — T'(x,)|| vs. no. of iterations (b) [lx, — T'(x,)| vs. elapsed time

Figure 2 Evaluation of ||x, - T(xy)|| in terms of the number of iterations and elapsed time for
Algorithms SD-1, SD-2, and SD-3 for Problem 3.1 when d := 10%.
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Figure 3 Evaluation of ||x, - T(x,)|| in terms of the number of iterations and elapsed time for
Algorithms FR, PRP+, HS+, DY, and HZ for Problem 3.1 when d := 103.
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Figure 4 Evaluation of ||x, - T(x,)|| in terms of the number of iterations and elapsed time for
Algorithms FR, PRP+, HS+, DY, and HZ for Problem 3.1 when d := 104,

that they can find fixed points of T within a finite number of iterations. Figure 3(b) indi-
cates that PRP+ and HS+ find the fixed points of T faster than FR, DY, and HZ. This is
because Algorithm 3.1 for each of PRP+ and HS+ has a 100% success rate at computing
the step sizes satisfying (2.1) and (2.2), while the SRs of Algorithm 3.1 for FR, DY, and HZ
are low (see Table 2); i.e., FR, DY, and HZ require much more time to compute the step



liduka Fixed Point Theory and Applications (2016) 2016:77 Page 27 of 32

sizes than PRP+ and HS+. In fact, we checked that the times to compute the step sizes for
FR, DY, and HZ account for 92.672202%, 87.156303%, and 83.700936% of all the com-
putational times, while the times to compute the step sizes for PRP+ and HS+ account
for 60.725204% and 60.889635% of all the computational times. Figure 4 indicate the be-
haviors of FR, PRP+, HS+, DY, and HZ when d := 10* and PRP+ and HS+ perform better
than FR, DY, and HZ, as seen in Figure 3. Such a trend can also be verified from Table 2
showing that the SRs of Algorithm 3.1 for PRP+ and HS+ are about 100%.

3.3 Generalized convex feasibility problem
This subsection considers the following generalized convex feasibility problem [33], Sec-
tion I, Framework 2, [37], Section 2.2, [6], Definition 4.1:

Problem 3.2 Suppose that C; (i =0,1,...,m) is a nonempty, closed convex subset of R4
onto which P, can be efficiently computed and define the weighted mean square value
of the distances from x € R? to C; (i = 1,2,...,m) as f(x) below; i.e., for w; € (0,1) (i =
1,2,...,m) satisfying Y " w; =1,

m

S@i= > wiminliv-51)

i=1

Our objective is to find a point in the generalized convex feasible set defined by

Cr:= {x* €Co: f(x") = minf(x)}.
xeCo

Cs is a subset of Cy having the elements closest to C; (i = 1,2,...,m) in terms of the
weighted mean square norm. Even if () C; = §, C; is well defined because Cy is the set
of all minimizers of f over Cy. The condition Cr # # holds when Cj is bounded [6], Re-
mark 4.3(a). Moreover, Cy = (1, C; holds when (", C; # #. Accordingly, Problem 3.2 is
a generalization of the convex feasibility problem [5] of finding a point in (%, C; # @.

The convex function f in Problem 3.2 satisfies Vf = Id — >, w;Pc,. Hence, Vf is
Lipschitz continuous when its Lipschitz constant is two. This means Problem 3.2 is an
example of Problem (3.1). Since Problem 3.2 can be expressed as the problem of finding
a fixed point of T = P¢,(Id — AVf) = P, (Id = A(Id - Y, w;Pc,)) for A € (0,1], we used T
with A = 1; e, T := Pc, (31", wiPc,).

We applied SD-1, SD-2, SD-3, FR, PRP+, HS+, DY, and HZ to Problem 3.2 in the follow-
ing cases:

1
d:=10° or 10%, m:=99, W= oS (i=1,2,...,99),

¢ € (-32,32)%, Cii={xeR%: |x—cl <1} (i=0,1,...,m).

The experiment used one hundred random numbers in the range of (-32, 32)“ for c;, which
means ﬂﬁo C; =. Since C; (i=0,1,...,m) is a closed ball with center ¢; and radius 1, P;
can be computed within a finite number of arithmetic operations.

Table 3 shows the satisfiability rates as defined by (3.6) for Algorithms SD-1, SD-2, and
SD-3 applied to Problem 3.2. It can be seen that the step sizes for SD-1 do not always
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Table 3 Satisfiability rate of Algorithm 3.1 for Algorithms SD-1, SD-2, and SD-3 applied to
Problem 3.2 when d := 103,10*

Algorithm  SR(d:=103) SR (d:=10%)

SD-1 80.6% 64.2%
SD-2 100% 100%
SD-3 100% 100%

Table 4 Satisfiability rate of Algorithm 3.1 for Algorithms FR, PRP+, HS+, DY, and HZ applied
to Problem 3.2 when d := 103,104

Algorithm  SR(d:=103) SR (d:=10%)

FR 50.0% 50.0%
PRP+ 100% 100%
HS+ 55.8% 60.4%
DY 50.0% 50.0%
HZ 50.0% 50.0%

] 107 ¢ . vy .
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] o D-3 —— {
— ] 10“ | .
< 1 % 1w0*F =
iy 1 K 108 ]
o 1 = i
x 1 X 108f ]
= ] = 10 ]
7 spi ] 10, ]
T SD-2 ] 10°F ]
cpret GP-3 ] 10 - . ]
I 1 1 1 1 1 1 10-16 1 1
01 2 3 4 5 6 7 8 9 0 0.001 0.002 0.003
Number of iterations Elapsed time [sec]
(@) ||, — T'(x,)|| vs. no. of iterations (b) [lx, — T'(x,)| vs. elapsed time
Figure 5 Evaluation of ||x, - T(x,)|| in terms of the number of iterations and elapsed time for
Algorithms SD-1, SD-2, and SD-3 for Problem 3.2 when d := 103.

satisfy the Wolfe-type conditions (2.1) and (2.2), whereas the step sizes computed by Al-
gorithm 3.1 and SD-2 (resp. Algorithm SD-3) definitely satisfy the Armijo-type condition
(1.5) (resp. the Wolfe-type conditions (2.1) and (2.2)). Such a trend also existed when SD-1,
SD-2, and SD-3 were applied to Problem 3.1 (see Table 1).

Table 4 shows the satisfiability rates for Algorithms FR, PRP+, HS+, DY, and HZ. The
table indicates that Algorithm 3.1 for PRP+ has a 100% success rate at computing the step
sizes satisfying (2.1) and (2.2), while the SRs of Algorithm 3.1 for the other algorithms lie
between 50% and about 60%. From Tables 3 and 4, we can see that SD-3 and PRP+ are
robust in the sense that Algorithm 3.1 can compute the step sizes satisfying the Wolfe-type
conditions (2.1) and (2.2).

Figure 5 indicates the behaviors of SD-1, SD-2, and SD-3 when d := 10%. The y-axes rep-
resent the value of ||x, — T'(x,)||. The x-axis in Figure 5(a) represents the number of it-
erations, and the x-axis in Figure 5(b) represents the elapsed time. From Figure 5(a), the
iterations needed to satisfy |x, — T'(x,)| = 0 for SD-2 and SD-3 are, respectively, 3 and 2.
It can be seen that SD-3 reduces the running time and iterations needed to find a fixed
point compared with SD-2. These figures also show that the (||x, — T'(x,)||)sen generated
by SD-1 converges slowest. Therefore, we can see that the use of the step sizes satisfy-
ing the Wolfe-type conditions is a good way to solve fixed point problems by using the
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Figure 6 Evaluation of ||x, - T(x,)|| in terms of the number of iterations and elapsed time for
Algorithms SD-1, SD-2, and SD-3 for Problem 3.2 when d := 104.
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Figure 7 Evaluation of ||x, - T(x,)|| in terms of the number of iterations and elapsed time for
Algorithms FR, PRP+, HS+, DY, and HZ for Problem 3.2 when d := 103.

Krasnosel’skii-Mann algorithm, as seen in Figures 1 and 2 illustrating the behaviors of
SD-1, SD-2, and SD-3 on Problem 3.1 when 4 := 10%,10%. Figure 6 indicates the behaviors
of SD-1, SD-2, and SD-3 when d := 10*. Similarly to what is shown in Figure 5, SD-3 finds
a fixed point of T faster than SD-1 and SD-2 can.

Figure 7(a) is the evaluation of (||x, — T'(x,,)||)nen in terms of the number of iterations for
Algorithms FR, PRP+, HS+, DY, and HZ when d := 10%. Except for HS+, the algorithms
approximate the fixed points of T very rapidly. It can also be seen that the algorithms
other than HS+ satisfy ||x, — T'(x,)|| = 0. Figure 7(b) is the evaluation of (||x,, — T'(x,) ) nen
in terms of the elapsed time. Here, we can see that FR, PRP+, and DY can find fixed points
of T faster than SD-1 and SD-2 (Figure 5). Figure 8 indicates the behaviors of FR, PRP+,
HS+, DY, and HZ when d := 10%. The results in these figures are almost the same as the
ones in Figure 7.

From the above numerical results, we can conclude that the proposed algorithms can
find optimal solutions to Problems 3.1 and 3.2 faster than the previous fixed point algo-
rithms can. In particular, it can be seen that the algorithms for which the SRs of Algo-
rithm 3.1 are high converge quickly to solutions of Problems 3.1 and 3.2.
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Figure 8 Evaluation of ||x, - T(x,)|| in terms of the number of iterations and elapsed time for
Algorithms FR, PRP+, HS+, DY, and HZ for Problem 3.2 when d := 104,

4 Conclusion and future work

This paper discussed the fixed point problem for a nonexpansive mapping on a real Hilbert
space and presented line search fixed point algorithms for solving it on the basis of non-
linear conjugate gradient methods for unconstrained optimization and their convergence
analyses and convergence rate analyses. Moreover, we used these algorithms to solve con-
crete constrained quadratic programming problems and generalized convex feasibility
problems and numerically compared them with the previous fixed point algorithms based
on the Krasnosel’skii-Mann fixed point algorithm. The numerical results showed that the
proposed algorithms can find optimal solutions to these problems faster than the previous
algorithms.

In the experiment, the line search algorithm (Algorithm 3.1) could not compute appro-
priate step sizes for fixed point algorithms other than Algorithms SD-2, SD-3, and PRP+.
In the future, we should consider modifying the algorithms to enable the line search to
compute appropriate step sizes. Or we may need to develop new line searches that can be
applied to all of the fixed point algorithms considered in this paper.

The main objective of this paper was to devise line-search fixed-point algorithms to
accelerate the previous Krasnosel'skii-Mann fixed point algorithm defined by (1.2), i.e.,
X1 1= Aty + (L= Ay) T(x,) (n € N), where (A)nen C [0,1] with Y02 A, (1 = 4,,) = 00 and
xo € H is an initial point. Another particularly interesting problem is determining whether
or not there are line search fixed point algorithms to accelerate the following Halpern fixed
point algorithm [11, 12]: for all n € N,

Kne1 = Ao + (1 —0,) T (),

where (o) sen C (0,1) satisfies lim,,_, o 2, = 0 and Y - &, = 00. The Halpern algorithm
can minimize the convex function || - —xg||? over Fix(T) (see, e.g,, [7], Theorem 6.17).
A previously reported result [38], Theorem 3.1, Proposition 3.2, showed that there is an
inconvenient possibility that the Halpern-type algorithm with a diminishing step size se-
quence (e.g., &, := 1/(n+1)*, where a € (0,1]) and any of the FR, PRP, HS, and DY formulas
used in the conventional conjugate gradient methods may not converge to the minimizer
of || - —xo||? over Fix(T). However, there is room for further research into devising line
search fixed point algorithms to accelerate the Halpern algorithm with a diminishing step
size sequence.
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Endnotes
@ See Theorem 2.6()) for the details of the convergence rate of the proposed algorithm when d,, := —(x, - T(x,)) (n € N).
b 15 guarantee the convergence of the PRP and HS methods for unconstrained optimization, the formulas
BPRP* = max{BFRP, 0} and BIIST = max{BLS,0} were presented in [35]. We use the modifications to perform the
convergence analyses on the proposed line search fixed point algorithms.
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