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Abstract

Based on the concept of a C*-algebra-valued b-metric space, this paper establishes
some coupled fixed point theorems for mapping satisfying different contractive
conditions on such space. As applications, we obtain the existence and uniqueness of
a solution for an integral equation.
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1 Introduction and preliminaries

In 1989, Bakhtin [1] introduced b-metric space as a generalization of metric space. Since
then, more other generalized b-metric spaces such as b-metric-like spaces [2], quasi-b-
metric spaces [3] and quasi-b-metric-like spaces [4] were introduced. Recently, Ma and
Jiang [5] initially introduced the concept of a C*-algebra-valued b-metric space which gen-
eralized the concept of b-metric spaces, and they established certain basic fixed point the-
orems for self-map with contractive condition in this new setting. In 2016, Kamran et al.
[6] also introduced the concept of C*-algebra-valued b-metric space, and they generalized
the Banach contraction principle on such spaces.

The notion of coupled fixed point was introduced by Guo and Lakshmikantham [7] in
1987. Since then, many researchers investigated coupled fixed point theorems in ordered
metric spaces and have given some applications [8—12]. Recently, Cao [13] first studied
some coupled fixed point theorems in the context of complete C*-algebra-valued metric
spaces.

Motivated by the work in [5, 6, 13-17], in this paper, we will establish coupled fixed
point theorems in C*-algebra-valued b-metric space. More precisely, we will prove some
coupled fixed point theorems for the mapping with different contractive conditions on
such spaces.

For convenience, we now recall some basic definitions, notations, and results of
C*-algebra. The details of C*-algebras can be found in [18].

Let A be an algebra. An involution on A is a conjugate linear map a — a* such that
(a*)* = aand (ab)* = b*a* for all a,b € A. The pair (A, %) is called a *-algebra. If A contains
the identity element 14, then (A, %) is called a unital *x-algebra. A x-algebra A together with
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a complete submultiplicative norm such that ||a*| = ||a|| is said to be a Banach *-algebra.
Moreover, if for all @ € A, we have ||a*a|| = ||a||? in a Banach x-algebra, then A is known
as a C*-algebra. An element a of a C*-algebra A is positive if 2 = a* and its spectrum
o(a) CR,, where o (a) = {* € R: Al4-a is not invertible}. Each positive element a of C*-
algebra A has a unique positive square root. The set of all positive elements will be denoted
by A,. There is a natural partial ordering on the elements of A given by

a<b <= b-acl,.

If a € A,, then we write a > 04, where 04 is the zero element of A. In the following, we
always assume that A is a unital C*-algebra with identity element 1,.

Let A'={a e A:ab=ba,Vb e A}, and A/, = A, N A". From [5, 6], we now give the defi-
nition of C*-algebra-valued b-metric as follows.

Definition 1.1 Let A be a C*-algebra, and X be a nonempty set. Let b € A/, be such that
[I16]] = 1. A mapping dp, : X x X — A, is said to be a C*-algebra-valued b-metric on X if
the following conditions hold for all x,y,z € A:

1. dp(x,y) =04 if and only if x = y;

2. dy(x,y) = dp(y, %);

3. dp(x,y) X bldp(x,2) + dp(z,y)].
The triplet (X, A, d}) is called a C*-algebra-valued b-metric space with coefficient b.

Remark 1.1 From Example 2.1 in [6], we know that a C*-algebra-valued metric space is
C*-algebra-valued b-metric space, but the converse is not true.

Definition 1.2 Let (X, A, d,) be a C*-algebra-valued b-metric space, x € X, and {x,} a se-
quence in X. Then:
1. {x,} converges to x with respect to A whenever for any ¢ > 0 there is an N € N such
that ||dp(x,,%)|| < € for all # > N. We denote this by lim,,_, o ¥, = % or x, — «.
2. {x,} is a Cauchy sequence with respect to A if for each € > 0, there is an N € N such
that ||dp(x,, %) || < € for all m,m > N.
3. (X, A,dp) is complete if every Cauchy sequence in X is convergent with respect to A.

Lemma 1.1 [18, 19] Assume that A is a unital C*-algebra with a unit 14.
(1) Foranyx e A,, wehavex <1y < |lx]| <1;
(2) ifa €A, with ||al| < 3, then 15 — a is invertible and ||a(1y — a) || <1;
(3) assume that a,b € A with a,b > 0, and ab = ba, then ab > 0,;
(4) letae A, ifb,ce Awithb> c> 0y, and 1y —a € A, is an invertible operator, then

a-a)'b>=1a-a)'c

(5) ifbce Ay={xeA:x=x*Yanda € A, then b < c = a*ba < a*ca;
(6) if 0y <a=b,then |a| < |b].

Lemma 1.2 [18] The sum of two positive elements in a C*-algebra is a positive element.

Remark 1.2 From Lemmas 1.1(3) and 1.2, we know that the condition b € A/, in Defini-
tion 1.1 is necessary, in this case, we see that b[d(x,z) + d)(z,y)] is a positive element.
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Definition 1.3 Let (X, A, d;,) be a C*-algebra-valued b-metric space. An element (x,7) €
X x X is said to be a coupled fixed point of the mapping 7: X x X — X if T'(x,y) = x and
T(y,x) = x.

2 Main results
In this section, we will prove some coupled fixed point theorems for mappings with con-

tractive conditions in the setting of C*-algebra-valued b-metric space.

Theorem 2.1 Let (X, A, dy) be a complete C*-valued b-metric space. Assume that the map-
ping T : X x X — X satisfies the following condition:

db(T(x,y), T(u, v)) < a*dy(x,u)a + a*dy(y,v)a, Vx,y,u,veX, (2.1)

where a € A with 2|a|?||b|| < 1. Then T has a unique coupled fixed point in X. Moreover,
T has a unique fixed point in X.

Proof Let x9,0 € X. Define two sequences {x,} and {y,} in X by the iterative scheme as
X1 = T, Yn), Yns1 = TV %)
By using the condition (2.1), for # € N, we obtain

dh(xmxnﬂ) = db(T(xn—byn—l)’ T(xnryn))

< a*dy(xy-1,%0)a + a*dp(Yn-1, yn)a = a*M,a, (2:2)
where
My, = dp(Xp-1,%0) + dp(Vn-1,Yn)- (2.3)
Similarly, we get
Ay Yns Yns1) = dp(TOnts %) TGy %)) < @*Mya. (2.4)

By (2.2), (2.3), and (2.4), we have

M1 = dp(Xn, %ni1) + dp (Vs Y1)
< a*[dp s ) + Ayt )] + @ [y Gy ) + Apnr 2 ]2
< (V20)* [y n 1, %) + dp3n1,90)|(v/20)
< (vV2a)*M,(v/2a). (2.5)

Thus, from (2.5) and Lemma 1.1(5), we have

04 < My < (V2a)'M,(v2a) < -+~ < [(v2a)"]"My (v 2a)".
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If M; = 04, then from Definition 1.3 we easily know that (xo, yo) is a coupled fixed point
of the mapping 7. Now, let 04 < M;. Let n,m € N with m > n, by using Definition 1.1, it
follows that

Ap(Kns %) = B[y Xni1) + dp (K1, %) |
< bdy (%, Xni1) + U [dp (a1 %) + A K2 %m) |
= bdy (s Xi1) + B>y (K1, X12) + D2 (2, X1m)
< by (X %na1) + b2yt %) + -+

+ 0" Ay (2, 1) + B A (K1, 2m).-
Similarly, we have

db(ymym) = bdb(yn;ynﬂ) + b2db()’n+1,yn+2) +oee
+ bm*nildb(ym—nym—l) + bminildb(ym—l;ym)'

Hence,

Ay (%, %) + Ap Vs Yim)
<bMyq + BP*Myss + -+ + D" IM, 0 + BTIM,,
< b[(v2a)*]"Mi(v2a)" + B*[(v2a)*]" My (v 2a)™ + - -
+ 0" (V20) )" M (V20) 7 4 N [(V20) ) M (v 2a)

m-2
=b Z b [(\/ia)*]iMl(«/Ea)i + 1 [(«/Ea)*]milMl(\/Ecz)’”’1

i=n

m-2 1 1 ) 1 1
=0 b [(V20) ME M (V2a0) + b (V2a) )T M M (V2a)

i=n

m-2 1 1 1 1
=bY b (ME(V2a))" (ME(V2a)) + b (ME(V2a)" )" (ME (V2a)" )

m-2
— beL—H|M1% (\/Eﬂ)i|2 n bm—n—l‘Ml% (\/Ea)m71|2

i=n

m-2
by b M (V2a)

i=n

< Lo+ 57| M2 (V2a)" 14

m-2 ) 1 ) 1
<6 |5 1M [P V20 [Pre + o g | (V2 1

1 m-2 ] ; 1 ~
<161 a7 |3 1b1 | (V2a) | L+ 1617 M 1617 (v 2a)? | " 1

i=n
1 m-2 ) 1 ~
= 1B | M7 |23 llal16]) 1a + 1617 M7 |* (20al?161) " 1a
i=n

— 0p (asm,n— 00), (2.6)
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by the condition 2||a||?||b| <1 and ||b| > 1. Hence {x,} and {y,} are Cauchy sequences
in X. By the completeness of (X, A, d), there exist x*,y* € X such that x, — x* and y,, — »*
as n — 0o. We now show that T'(x*,y*) = #* and T(y*,x*) = y*. From Definition 1.1 and
(2.1), we get

04 < dp(T(x*,5%),x%) < bldy(T (%", 5"), %01) + dp (%01, %%) ]
= b[dy(T(x*,5"), T(nsyn)) + dp (%:1,5%) |
< ba*d, (x*,x,,)a + ba*db(y*,y,,)a + bdb(xnﬂ,x*) — 04 (m— 00). (2.7)
So, T(x*,y*) = x*. Similarly, we have T'(y*,x*) = y*. Thus, (x*,y*) is a coupled fixed point
of T.
If there exists another coupled fixed point (u,v) of T, then
0y < db(x*, u) = db(T(x*,y*), T(u, v)) <a*dy (x*, u)a +a*d, (y*, v)a,

04 < dp(y",v) = dy(T(,57), T(v, 1)) < a*dy(y",v)a + a*dy(x", u)a,
which implies that

0a < dp(x*,u) +dy(y*,v) = (V2a)* (dy (", 1) + dp (", v) ) (v 2a).
Thus, we have

0 < |ldy(x*,u) + dy (v, v) | < IV2al® |dy (x*, ) + dy (v, ) |
1

< m”db(x*,u) +ay ()| < oo ) + do (5", v)

’

which is a contradiction. Thus, (4, v) = (x*, y*), that is, the coupled fixed point is unique.
Finally, we will prove that T has a unique fixed point. Since

0n = dp(x",5") = dp(T(x",y"), T(y",57))
=< a*db(x*,y*)a + a*db(y*,x*)a = («/Ea)*db(x*,y*)(\/ia),

we have

™57 = 2012l | s (5", 57) |

It follows from the condition 2||a||? < HlTu <1 that ||dp(x*,y*)|| = 0. Hence, x* = y*. The

proof is completed. 0
Remark 2.1 Taking b = 14, Theorem 2.1 of [13] becomes a special case of Theorem 2.1.

Theorem 2.2 Let (X, A, d}) be a complete C*-valued b-metric space. Assume that the map-
ping T : X x X — X satisfies the following condition:

dp(T(x,9), T(1,v)) < ardy(T(%,9), ) + azdy (T, v), %), Vx,y,u,vEX, (2.8)
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where aj,a, € A" with ||lay + ay||||b||* < 1. Then T has a unique coupled fixed point in X.
Moreover, T has a unique fixed point in X.

Proof From ay,a, € A/, and Lemma 1.2, we see that a1d,,(T'(x,y), ) + a2dp(T(u,v),x) is a
positive element. Choose xo,yo € X. Set 4,1 = T(%,,, ¥,) and y,41 = T (¥, %) forn =0,1,.....
Applying (2.8), we have

Ap(Xns Xpi1) = db(T(xn—l;yn—l)x T(xnryn))
< a1dp(T®n-1,Yn-1)%n) + @2y (T (%, Yu)s Xn1)
= ardp(xns1,%n-1) < Arb[dp (i1, %) + dp (0, %0-1) |

< asbPdy (K1, %) + Asbdy (%, % 1),
which implies that
(1 = a2b®)dy (o, K1) < @by (6 %1)- (2.9)
Moreover, we obtain

Ap(Xps1,%n) = db(T(xmyn)» T(xn—lryn—l))
= aldb(T(xmyn)rxn—l) + aZdb(T(xn—l;yn—l)rxn)

= aldb(xn+l1xn—l) = ﬂlbzdb(xrﬁbxn) + ﬂlbdh(xn: xn—l)y
which yields
(IA - ﬂlbz)db(xn’ xn+1) = ﬂlbdb(xm xn—l)' (210)

From (2.9) and (2.10), we get

(a1 +ay)b

)db(xnrxnﬂ) < ————dp (X, %p1). (2.11)

1 (a1 + az)b?
A 2

2

. 2 o .
Since ay,ay,b € A, we have 422t ¢ A’ and @+@b” o A’ Moreover, from the condition
+ 2 + 2 +

(a1 + a2) 161> < 1, we get

b| 1 1 !
@ < 5”(al+6zg)||||b|| < 5”(6{1+612)H ||b||2<§
and
(a1 + ay)b? 1 1
%H = S l@+a)|Iol? <3,

2
which implies that (1, — M)‘l €A/ and (1, - %)‘1 € A’ with

<1 (2.12)

” < (a1 + 612)192)_1 (a1 + az)b?
1y —
2 2
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by Lemma 1.1(2). Thus, we have by (2.11)

Ap X1, %n) = hdp (X, Xp-1),

where
P\ b
P <1A (a1 +a)) ) (a1 + a3) (2.13)
2 2
with ||/]|| < ||hb]| <1 by (2.12). Inductively, for all # € N, we have
db(anrl;xn) = hndb(xlrxo) = hanr (214‘)

where mg = dy(x1,x0). Let n,m € N with m > n, by using Definition 1.1 and (2.12)-(2.14),
we have

db(xn;xm) = b[db(xnrxwrl) + db(xn+1;xm)]

IA

bdb(xn: xn+1) + bz [db(xwrl) xn+2) + db(xn+2,xm)]

bdb(xn:x;ﬁl) + bzdb(xn+lrxn+2) +--

IA

¥ bm—nfl [db (xm72r xm—l) + dh (xm—ly xm)]

< bh"mg + b*W" g + -+ DT g + b .
m-n—1
_ Z bihn+i—1m0+hm—n—1hm—lm0
i=1
marl oy nri-1 Q2 L m1 men-1 9
= Z ’mgh 2 b2 +|m§th 2 |
i=1
m-n-1
=< |mol| Z 7" | Ab L + o ||| l)" | || 1
i=1
n-1
< el T it e,

— 0, (asm,n— 00).

Hence {x,} is a Cauchy sequence in X. Similarly, we can prove that {y,} is also a Cauchy
sequence in X. Since (X, A, d}) is complete, we see that {x,} and {y,} converge to some
u € X and v € X, respectively. In the following, we will show that T'(u,v) = u and T'(v, u) = v.
By (2.8), we get

db(T(u’ V)r I/l) = b[db (xn+1; T(u’ V)) + db(xrub M)]
= b[dh(T(xnryn)r T(u’ V)) + db(xn+1: M)]
< baydy (T (%, yn), ) + bardy (T (u,v), %) + (X1, 1)

< baydy (%1, u) + bagdy, (T (,v), %) + by (%1, ).
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Thus

|26 (T(w,v),u) |
< lbar || dp@nrs )| + l1basll ||y (T (14, v), ) | + 1161 ]| i1, ) |
— ||ba ||| dp(T (u, v), u)

, n—00. (2.15)

Since 0p < bay < (a1 + az)b, we have |laxb|| < ||(a1 + a2)b|| <1 by Lemma 1.1(6). This and
(2.15) imply that ||dp(T (4, v), u)|| = 0. Hence T'(u,v) = u. Similarly, we obtain T'(v,u) = v.
Thus (u,v) is a coupled fixed point of T.

Now if (u*,v*) is another coupled fixed point of 7', then

04 < db(u, u*) = db(T(u, V), T(u*, v*))
= aydy(T(u, ), u*) + ardy, (T (u*,v*), u)

< adp (u, u*) + agdb(u*,u) =(a; + az)db(u, u*),
so, we get

’

0 = ()| < e + aal oo, | < s oo ')] < )

1
121

which implies that ||dp (¢, u*)|| = 0, then we have u = u*. Similarly, we can get v = v*. Hence,
the coupled fixed point is unique. Moreover, we will prove the uniqueness of fixed points
of T. By (2.8), we have

dy(u,v) = dp(T(u,v), T(v,u))

< adp(T(u,v),v) + ardy (T (v, u), u) = (a1 + a2)dp(u, v),

then
1
o) | = e + i) < s V)| = et
which yields # = v. This completes the proof. g

Remark 2.2 Taking b =14, Theorem 2.3 of [13] becomes a special case of Theorem 2.2.

Theorem 2.3 Let (X, A, d),) be a complete C*-valued b-metric space. Assume that the map-
ping T : X x X — X satisfies the following condition:

dy(T(x,p), T(w,v)) = andp(T(%,9), %) + azdy(T(w,v), 1), Vx,y,u,v€X, (2.16)

where ay,ay € A, with (|a1|| + a2 )16l < 1. Then T has a unique coupled fixed point in X.
Moreover, T has a unique fixed point.

Proof Since ay,a, € A, we see that a1dy,(T (x,y), %) + asdp(T (1, v), u) is a positive element.
Similar to the proof of Theorem 2.2, we construct {x,} and {y,} such that x,,; = T'(x,, y,)
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and y,4,1 = T(¥y, %y,). By (2.16), we obtain

dp (% %n11) = Ap(T Fn1Yn-1)s T Xs V)
< ardy(T (-1, Yn-1)s%n-1) + @2y (T Ky Yn)s %)

= a1dp(Xns Xp-1) + A2dp (K1, %),
which implies that
(]-A - 52)db(xm xn+1) = aldb(xm xn—l)'

Since ay, a; € A, with ||a || + [|az || < < 1,wehavel, —a, isinvertibleand (14 —a3)'a; €

A’,. Hence

HbH

db(xmxnﬂ) = (IA - ﬂ2)7laldb(xm xn—l)-
Inductively, for all # € N, we have
db(xmanrl) = kan; (2.17)

where k = (14 — a2)™'a1 and my = dj(x1, %0). Since [|a1 | 161] + llaz]l < (la |l + a2 )I12] < 1,

we have

|| 21l
<
— lla|l

6kl = ||(1a = a2) " arb | < || (1a = a2) ™ | laa 1161l = leazﬂ lar 1151 =

i=0
And || k|| < ||bk|| <1 by Lemma 1.1(6).
Let n,m € N with m > n, by using Definition 1.1, (2.16), and (2.17), we have

db(xn:xm) =< b[db(xnrxnﬂ) + db(xn+1;xm)]

bdb(xman) + bzdb(xn+l)xn+2) +--

IA

+ bm—n—l [db(xm—Z’xm_l) + db(xm—l; xm)]

bk My + b2k My + - - - + B2 M + BRI M
m-n—1
_ Z biknﬂ'—lMO + bm—n—lkm—lMO

i=1

IA

m-n-1

_ Z iM kn+l -1

m—-n-1

Z ”Mzknﬂ 1

m-n-1

1Mol 3 [[@k)3 & P14 + 1Mo | (0K) ™

i=1

mn1|2

|M/<

mnl

IA

"1

HMzk b

mnl

2

IA

m—-n-1
1Mol 1" Z 16k + | Mo |1 DKI™ " |1 K| 14

i=1
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- 1||b/<|| bk

= | Moll|Ik|
0 — |IbK]|

A+ 1Mol IBKI™ 1K 1" 1a

Mol 1ok |
1— || bk||

— 0, (asm,n— 00).

K" s + 1Mo DK™ K[

Hence {x,} is a Cauchy sequence. Similarly, we can prove that {y,} is also a Cauchy se-
quence. Since (X, A,d,) is complete, there are u,v € X such that x, — u and y, — v as

n — oo. In the following, we will show that T'(,v) = u and T'(v, u) = v. From (2.16), we get

(T4, v), 1) < bdp (s T, 1)) + dp 1, 10)]

b[dy (T X, yu), T, V) + (11, 40)]
blardy(Tonsy), %) + aaddy(T14, ), 1) + dtnen, )]
= baydy(na1, %n) + basdy (T, v), 1) + by (pen, 1),

IA

IA

which implies that
db(T(M; V), M) =< (IA - aZb)ilbaldb(erlx xn) + (IA - ﬂzb)ildb(xnﬂr M)

Thus dp(T (4, v), u) = 04. Equivalently, T'(¢,v) = u. Similarly, we can obtain T'(v, u) = v.
Now if (#*, v*) is another coupled fixed point of T, then

04 < db(u, u*) = db(T(u, V), T(u*,v*))

= ady(T(u,v), u) + ardy (T (u*,v"), u”*) = ardy(u, u) + ardy (u*, u*) = 04,

so, we get djp(u, u*) = 04, which yields u* = u. Similarly, we have v* = v. Thus, (1, v) is the
unique coupled fixed point of T Finally, we will show the uniqueness of fixed points of T'.
By (2.16), we have

dy(u,v) = dp(T(u,v), T(v,u))
< ardp (T (u,v), u) + ardy (T (v, u),v) = ardp(u, u) + ardy(v,v) = O,

which implies that u = v. d

Remark 2.3 Taking b =1, [13], Theorem 2.2 becomes a special case of Theorem 2.3.

3 Application
As an application of coupled fixed point theorems on complete C*-algebra-valued
b-metric spaces, we prove here the existence and uniqueness of a solution for a Fredholm
nonlinear integral equation.

Let E be a Lebesgue-measurable set with m(E) < co and X = L*°(E) denote the class of
essentially bounded measurable functions on E.

Consider the Hilbert space L?(E). Let the set of all bounded linear operators on L?(E) be
denoted by B(L?(E)). Obviously, B(L?(E)) is a C*-algebra with usual operator norm.
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Let K3, K5 : E x E — R, assume that there exist two continuous functions f,g: ExX E — R
and a constant « € (0, i) such that for all x,y € X and u, v € E, we have

|K1 (u, v,x(v)) -K (u, v,y(v)) | <a V(u, v)| |x(v) -y, (3.1)
| K (1, v, 2(v)) = K (1, v, y(0)) | < et|g(ws, V)| [4(v) = y(v)|. (3.2)
Example 3.1 Consider the integral equation
x(t) = /(Kl (t, s,x(s)) + K, (t, s,x(s))) ds, tekE. (3.3)
E
Assume that (3.1) and (3.2) hold. Moreover, if
sup/[f(u, v)| dv <1, sup/ |g(u, v)| dv <1, (3.4)
u€kE JE veE JE

then the integral equation (3.3) has a unique solution in L*(E).
Proof Define dj : X x X — B(L*(E)) as follows:
au(f.0) = T
where 7, : L*(E) — L*(E) is the product operator given by
mw)=h-u forueL*E).
Working in the same lines as in [5], Example 3.2, we easily see that (X, B(L2(E)), d) is a

complete C*-valued b-metric space with b =2 - 1g2).
Let T:X x X — X be

T (x,y)(t) = /(Kl (t, s,x(s)) + K, (t, s,y(s))) ds, teE.
E
Then by (3.1), (3.2), and (3.4), we obtain

|du(T(x,9), T(,v)| = ”Sﬂpl(mT(x,y)—T(u,v)\p’ p) foreverype L*(E)
sl

sup / |T6,3) - T, ) 200D de
lpll=1JE

2
<2 sup /;[/Ev(l(t,s,x(s)) —Kl(t,s, u(s))|ds] |p(t)|2dt

lpli=1

2 2
+2 sup L[L’I(g(t,s,y(s)) —I(g(t,S,V(S))’dS:| |p(t)| dt

lpll=1

2
<2 sup /Eoz2 [fE[f(t,s)Hx(s) —u(s)|ds] |p(t)|2dt

lpli=1

2
+2 sup /Ea2[/E|g(t,s)||y(s)-v(s)|ds} lp@)|* dt

lpli=1
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2
< 2a? sup /E|:/E[f(t,s)|ds] |p(t)|2dt- ||(x—u)2||oo

lpli=1

2
+2a? sup /E[/E|g(t,s)’ds:| }p(t)fdt- ||(y—v)2||oo

llpli=1

2
< 2txzsup|:/E[f(t,s)|ds] - sup /E|p(t)|2dt~ ||(x—u)2||OO

tek lpli=1

2
2 . 2 4. )2
+ 2 sup[ fE |g(t,s)|dsi| s fE Ot |6 -7

teE

=20 (-], + [0 -97])

= 202dy(x, u) + 20%d) (3, v).

Seta = /20152, then a € B(L*(E)) and ||a| = V2 < 2% = m, Hence, all the condi-
tions of Theorem 2.1 hold. Applying Theorem 2.1, we see that the integral equation (3.3)
has a unique solution in L*(E). O
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