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1 Introduction
Recently, many convergence results by the proximal point algorithm (shortly, the PPA)
which was initiated by Martinet [1] in 1970 for solving optimization problems have been
extended from the classical linear spaces such as Euclidean spaces, Hilbert spaces, and
Banach spaces to the setting of manifolds (see [1-9]).

For example, in 2013, Ba¢ék [6] introduced the PPA in a CAT(0) space (X, d) as follows:
x; € X and

1
X,41 = argmin (f(y) + —dz(y,x,,)>, Vn>1, 1.1)
yeX 2}\n

where A, > 0, Vi > 1. It was shown that if f has a minimizer and X%, A, = oo, then the
sequence {x,} A-converges to its minimizer (see [7]).

Also in 2015, Cholamjiak-Abdou-Cho [10] established the strong convergence of the se-
quence to minimizers of a convex function and to fixed points of nonexpansive mappings
in CAT(0) spaces.

Motivated and inspired by the research going on in this direction, it is naturally to put
forward the following.

Open question Can we establish the strong convergence of the sequence to minimizers of
a convex function and to a common fixed point of asymptotically nonexpansive mappings
in CAT(0) spaces?
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The purpose of this paper is to propose the modified proximal point algorithm using the
S-type iteration process for four asymptotically nonexpansive mappings in CAT(0) spaces
and to prove some A- and strong convergence theorems of the proposed processes under
suitable conditions.

Our results not only give an affirmative answer to the above open question but also gen-
eralize the corresponding results of Bac¢dk [6], Ariza-Ruiz et al. [7], Cholamjiak-Abdou-
Cho [10], Agarwal et al. [11], Dhompongsa-Panyanak [12], Khan-Abbas [13], and many
others.

2 Preliminaries

Recall that a metric space (X, d) is called a CAT(0) space, if it is geodesically connected

and if every geodesic triangle in X is at least as ‘thin’ as its comparison triangle in the

Euclidean plane. A subset K of a CAT(0) space X is convex if, for any x,y € K, we have

[x,7] C K, where [x,y] := {Ax @ (1 - 1)y : 0 < A <1} is the unique geodesic joining x and y.
It is well known that a geodesic space (X, d) is a CAT(0) space, if and only if the inequality

(- )x @ ty,2) < (1 - )d>(x,2) + td> (3, 2) — L1 - )d*(, ) 1)

is satisfied for all x, 7,z € X and ¢ € [0,1]. In particular, if , y, z are points in a CAT(0) space
(X,d) and t € [0,1], then

d((l —-tx @ty z) <1 -8dx,z) + td(y,z). (2.2)

In order to save space, we will not repeat the geometric properties, some conclusions,
and the A-convergence of CAT(0) space here. The interested reader may refer to (for ex-
ample) [12, 14-16].

In the sequel, we denote by F(T') the fixed point set of a mapping 7.

Recall that a mapping T : C — C is said to be asymptotically nonexpansive, if there exists
a sequence {k,} C [1,00) with k,, — 1 such that

d(T"x, T"y) < kud(x,y), Vx,y€C,n>1. (2.3)

Recall that a function f : C — (—00, 00] defined on a convex subset C of a CAT(0) space is
convex if, for any geodesic [, y] := {yx,y (1) : 0 <A <1} :={Ax® (1 —-1)y:0 <X <1} joining
x,y € C, the function f o y is convex, i.e.,

F(vey) :=f (e ® (1= 2)y) < Af(x) + A= 2)f ().
Examples of convex functions in CAT(0) space X:
Example 1 The function y — d(x,y) : X — [0, 00) is convex.

Example 2 For a nonempty, closed, and convex subset C C X, the indicator function de-
fined by

0, ifxeC,
Sc:X—>R  Scl) = frets (2.4)
+00, otherwise,

is a proper, convex, and lower semi-continuous function.
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Example 3 The function y — d?(z,y) : X — [0, 00) is convex.

Indeed, for each two points x,y € X, there is a unique geodesic y,,(A) joining x and y
such that

d? (z, yx,y()\)) <1-0d%*(zx) + Adz(z,y) -2(1-1)d? (x,9)

<1 -Nd*(z,x) + rd>(z,y). (2.5)

This implies that the function y — d2(z,y) : X — [0, 00) is convex.
For any X > 0, define the Moreau-Yosida resolvent of f in CAT(0) space X as

J(x) = argmin[f(y) + La’z(y,x):|, VxeX. (2.6)
yex 2

Let f: X — (—00,00] be a proper convex and lower semi-continuous function. It was
shown in [11] that the set F(J;) of fixed points of the resolvent associated with f coincides
with the set argmin yxf(y) of minimizers of f. Also for any A > 0, the resolvent J, of f is

nonexpansive [17].

Lemma 2.1 (Sub-differential inequality [18]) Let (X,d) be a complete CAT(0) space and
f:X — (—00,00] be proper convex and lower semi-continuous. Then, for all x,y € X and

A > 0, the following inequality holds:

1 1 1
ﬁdz(hx,y) - ﬁdz(x,y) + ﬁdz(x,]kx) +f(hx) <f (). (2.7)
Lemma 2.2 (Demi-closed principle [16]) Assume C is a closed convex subset of a complete
CAT(0) space X and T : C — C be an asymptotically nonexpansive mapping. Let {x,} be a

bounded sequence in C such that A-limx, = p and lim,,_, o d(x,,, Tx,) = 0. Then Tp = p.

Lemma 2.3 [19] Let {a,} be a sequence of nonnegative real numbers satisfying the following

conditions:
Ape1 = (1 + bn)ﬂn: Vn > 00,
where b, > 0 and y - b, < 00, then the limit lim,,_, o, a, exists.

Lemma 2.4 [20, 21] Let X be a CAT(0) space, C be a nonempty, closed, and convex subset
of X. Let {x;}", be any finite subset of C, and a; € (0,1),i=1,2,...,n such that ) ,_, o; = 1.
Then the following inequalities hold.:

d(@ aixi,z) < Zaid(xi,z), VzeC, (2.8)
i=1 i=1
n 2 n n
d(@ aixi,z) <> ed@w,2)’ - Y aid(x,x)’, VzeC. (2.9)
i=1 i=1

ij=1,ij
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Lemma 2.5 (The resolvent identity [17]) Let (X,d) be a complete CAT(0) space and f :

X — (—00,00] be a proper convex and lower semi-continuous function. Then the following
identity holds:

A=
Jox ZJ,L(T“]M@ %x) VxeXand > p>0. (2.10)

3 Some A-convergence theorems involving proximal point and common fixed
points for asymptotically nonexpansive mappings in CAT(0) spaces
We are now in a position to give the main results of the paper.

Theorem 3.1 Assume that

(1) (X,d) is a complete CAT(0) space, and C is a nonempty, closed, and convex subset
of X;

(2) f:C— (—00,00] is a proper convex and lower continuous function;
(3) T;:C— Cand S;: C— C,i=1,2 all are {k,}-asymptotically nonexpansive
mappings with ky € [1,00), k, — 1 and Y, (k, — 1) < 00 such that

Q:= F(Ty) N F(Ty) N E(Sy) N F(Sy) Nargminf (y) # % (3.1)
yeC

(4) {anh, {Bul {vu}s {84}, {nn), (60} are sequences in [0,1] with

Ay + Byt vn=1

(3.2)
Su+Mu+én=1 0<a=<0cuBuwVwdlnén<l,Vn=>1,
where a is a positive constant in (0,1);
(5) {\u} is a sequence such that A, > A >0 for all n > 1 and some A.
Let {x,} be the sequence generated in the following manner:
2z, = argminyyec[f(y) + ﬁdz(y,xn)],
Yn = UpXy @ ﬁnTlnxn @ VnT;Zn: Vi > 1 (33)
KXntl = 8,, fon @ nnSi{xn @ gnsgyn’

Then {x,} A-converges to a point x* € Q which is a minimizer of f in C as well as a common
fixed point of T;, S;, i =1,2.

Proof Let g € Q. Then q = Tiq = Toq = S19 = S2q and f(q) < f(y), Vy € C. Therefore we
have

1 1
fl@+ 2—/\”612(11,61) <f)+ 2—/\”612(%11), VyeC,

and henceg =/, ,q, Vn>1.
(I) First we prove that the limit lim,,_, o, d(x,, q) exists.

Indeed, z, = J;, %4, and J,, is nonexpansive [17]. Hence we have

A(zy,q) = AU, % o, q) < A%, q). (3.4)
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Also, by (3.3), (3.4), and (2.8), we have

AW q) = A(nXn ® Bu T %0 D VT3 2n, q)
< 0, d(x,q) + Bud(T}'%, @) + vud(T5 21, q)
< (%, q) + Buknd(Xn, ) + Yuknd(2n, q)
< kud(x, ). (3.5)

Similarly, by (3.3) and (3.5), we obtain

d(%ni1,9) = A8, T3 %0 ® 12S1 %0 ® £,S57,q)
< 8,d(Ty %, q) + 1ud(S7%n, q) + £, (Shy q)
< Kku[82d(%, ) + 02, )] + Enknd (s )
< Rd(xq) = (1+ (k2 =1))d(6,, )
= (1+ (ky = 1)(ky, + 1)) (x4, q)
<1+ ke -DL)d(xnq), Yn=1, (3.6)

where L =1 + sup,., k,. By Lemma 2.3, the limit lim,,_, . d(x,, q) exists. Without loss of
generality, we can assume that

lim d(x,,q) =c>0. (3.7)
n— o0

Therefore {x,} is bounded, and so are {z,}, {y,}, {T"%,}, i = 1,2, {S{x,}, {T52n}, {S5yu}-
(II) Now we prove that lim,,_, o, d(x,,z,) = 0.
Indeed, by the sub-differential inequality (2.7) we have

1
20,

{4* @0, q) — d* (%, @) + d* (s 20) } <f (@) = f (20).
Since f(q) <f(z,), Vn > 1, it follows that

d*(xn, 24) < d* (%, q) = d* (2, 9)- (3.8)
Furthermore, it follows from (3.6) that

AXn11, Q) < kn[8,Ad (%> @) + 1A%, q) ]| + Ekind (¥, )
<ky [(1 —&n)d(xn, q) + gnd(qu)}

Simplifying we have

1
d(xn,q) < Pk

1

< ﬂ_kn [knd(xnr 61) - d(xVH-l’ 61)] + d(ym 6])

[knd(xm q) — d(Xns1, q)] +d(Vn q)
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This together with (3.7) shows that
¢ =liminfd(x,,q) <liminfd(y,, q). (3.9)
On the other hand it follows from (3.5) that

limsup d(y,, q) < limsup(k,d(x,,q)) = c.

n—>00 n—00

This together with (3.9) implies that
lim d(y,,q) =c. (3.10)

n—00

Also, by (3.5) we have

d(y"’Q) < oy d(Xn, q) + Buknd (X, q) + Viknd(z,, q)
=k [(1 = Vn)d %, q) + Ynd(2y, q)],

which can be rewritten as

1

d(xmq) =< ” A [ky,d(x,q,q) —d(qu)] + d(qu)
1

= ak, [knd (%, q) — d(> q)] + Az, ).

This together with (3.10) shows that
¢ = liminfd(x,, q) <liminfd(z,, q). (3.11)
n—0o0 n—0o0
From (3.4), it follows that
limsupd(z,,q) < limsupd(x,,q) = c.
n—00 n—0o0

This shows that lim,,_, o, d(z,, q) = c. Therefore it follows from (3.8) that

lim d(x,,z,) = 0. (3.12)
n—00
(IIT) Now we prove that

lim d(x,,, Tl.”x,,) =0, i=12 and lim d(y,z,)=0.

n—00

Indeed, it follows from (2.9) that

> q) = d*(0tutn ® BT % @ Vi T5 2 q)
< @ud® (@) + Bud® (T7%, @) + vud® (T 2, q)
- anlsnd2 (xm Tlnxn) - anyndz (xnv T;Zn) - ,Bnyndz (Tlnxm ngn)
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< 0 d® (%, q) + Bukyd® (%0, q) + Vukid® (21, q)
— oty Pud? (xn, TI”xn) Y (xn, T;’z,,) - ﬁnyndz(T{’xn, ngn)
< kK2d* (%, q) — @ fud” (%> T7'%1)

— ayyud? (x,,, Tznzn) — Buyud? (Tl"x,,, sz’zn). (3.13)
By virtue of (3.7) and (3.10) we have

anlgndz (xm Tlnxn) + O‘nyndz (x”’ T;Z”) + ﬁ”y”dZ(Tlnx”' ng”)

<k.d*(xy,q) —d*(uq) > 0 (asn— o).
By condition (4) we have

(% T'%,) — 0, d(xn, Tyz,) - 0 and G
A(T{%u TYz,) = 0 (asn— o).

Since

(%> T %) + A(T{ %, T 2) + Ad(T5 20 Ty %)

(%> Ty %) + A(T{%s T 2) + kinl(211, %),
this together with (3.14) and (3.12) shows that

lim d(x,, Tyx,) = 0. (3.15)

n—00

Also from (3.12), (3.14), (3.15), and (2.9) we have

AW 2n) < (%, 20) + Bud (T %ns 20) + Yl (T3 Zs 20
< 0wl 2n) + Bu{ (T} %y %) + A (%, 21) }
+ Yl d( T3z To%n) + d(T5 % %) + (o0, 20) |
< ud (s 2n) + Bul (T} %y %) + A (%, 21) }

+ Yulknd (2, %) + d(T3 %0, %0) + AKX 20)} —> 0 (as n — o). (3.16)
(IV) Now we prove that

lim d(x,,,Sfx,,) =0, (=12 and lim d(y,z,)=0.
n—00

n—00

In fact, it follows from (3.3) and (2.9) that

d*(Xn41,9) < 8ud*(Ty%n @) + 1> (S{ %, q) + End> (Shyr q)
- 6nnnd2 (Tznxn: S{lxn) - (Snéndz (T;xm Sgyn) - nnénd2 (Siqu Sgyn)
< 8uk2d* (%, @) + Nuk2d* (%, q) + Enkd® (Vs @)
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—&n Und2 (Tznxn» S;lxn) - angnd2 (Tgxm Sgyn) - nn%—ndz (S;lxn: Sgyn)
< K3 d* (0, q) = 8,mud® (T %, S7n) — 8nd® (Ty%ns Syn)

- nnSndz (Siqu Sgyn)r
which can be rewritten as

8unnd® (T3, S{%n) + 8uEn@® (T Xns Syn) + N (S, Syyn)

< KA (5, ) — d*(p1,0) = O (a5 11— 00).
This implies that

a* (T3, S7x4) — 0, d*(Ty%u, Shyn) —> 0 and
(3.17)
a* (i %, Shys) — 0 (as n — o).

This together with lim,_, o d(x,, T}'%,) = 0, lim,_, o0 d(¥4,2,) = 0, lim, oo d(¥4,2,) = O

shows that
lim d(x,,S'x,) =0, i=1,2, lim d(x,,Syy,) = 0. (3.18)
n— o0 n—00

By the way, it follows from (3.18) that

AX41, %) < snd(Tznxn»xn) + nnd(S{’xn,xn) + Snd(Sg’yn,xn) -0 (asm— 00). (3.19)

(V) Next we prove that
lim d(x,, Tix,) =0, lim d(x,,Sx,) =0, i=1,2. (3.20)
n—0o0 n— 00

In fact, it follows from (3.14), (3.15), and (3.19) that, for each i = 1,2,

d(xnr szn) =< d(xn) xn+1) + d(xwrlr Tl‘nﬂxnﬂ) + d(Tl‘nJrlanrl: T;Hlxn) + d(Tionn; szn)
< d(%p, Xns1) + d(xnﬂ’ Tl‘nﬂxnﬂ) + k1A (%41, %)

+ kid(T]"%,%,) = 0 (as n — 00).

Similarly we can also prove that lim,,_, oo d(x,,, Six,) = 0,i=1,2.

(VI) Next we prove that
lim d(/yx,,%x,) =0, wherei,>A>0. (3.21)
n— 00

In fact, it follows from (3.12) and Lemma 2.5 that

d(]kxn’xn) < d(]kxn: Zn) + d(zn:xn) = d(]kxnrjlnxn) + d(zmxn)

Ap—A A
= d(]kxnrjk <T]Anxn @ )L_xn)> + d(zn:xn)

n
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A A
n» 1__ n T n nr»vn
§d(x < An)]knx EBAnx > + d(z,, %)

= (1 - %)d(xn,z,,) +d(z,,%,) — 0. (3.22)
(VII) Next we prove that
walen):= | {A(n))} c (3.23)
{un}Clxn}

where A({u,}) is the asymptotic center of {u,} (for the definition of the asymptotic center
see, for example, [15, 16]).

Let u € wa(x,), then there exists a subsequence {u,} of {x,} such that A({u,}) = {u}.
Therefore there exists a subsequence {v,} of {u,} such that A-lim,_, v, = v for some
v e C. Inview of (3.14), (3.18), and (3.21)

lim d(v,, T;v,) =0, lim d(v,,Sv,) =0, i=1,2 and lim d(J;x,,%,)=0.
n>00 "> 00 n>00
By Lemma 2.2, v € Q. So, by (3.7), the limit lim,,_, o d(x,, v) exists and u = v [12]. This
shows that wa (x,) C Q.

Finally, we show that the sequence {x,} A-converges to a point in Q. To this end, it
suffices to show that wx (x,) consists of exactly one point. Let {u,} be a subsequence of {x,}
with A({u,}) = {u} and let A({x,,}) = {x}. Since u € wa(x,) C Q and {d(x,, u)} converges, we
have x = u [12]. Hence wa (x,,) = {x}.

This completes the proof of Theorem 3.1. O

Remark 3.2

1. Theorem 3.1 generalizes the main results in Agarwal et al. [11] and Khan-Abbas [13]
from one nonexpansive mapping to four asymptotically nonexpansive mappings
involving the convex and lower semi-continuous function in CAT(0) spaces.

2. Theorem 3.1 extends the main result in Ba¢ak [6], and the corresponding results in
Ariza-Ruiz et al. [7] and Cholamjiak et al. [10]. In fact, we present a new modified
proximal point algorithm for solving the convex minimization problem as well as the
fixed point problem of asymptotically nonexpansive mappings in CAT(0) spaces.

Since every real Hilbert space H is a complete CAT(0) space, the following result can be
obtained from Theorem 3.1 immediately.

Corollary 3.3 Let H be a real Hilbert space and C be a nonempty closed and convex sub-

set OfH Let TI’ T2’ Slr S2x {kn}rf; {an}r {ﬁn}; {Vn}y {8;«1}; {7];«1}, {En}, {)\n}’ )\, tll’ld Q satisfy
the conditions (1)-(5) in Theorem 3.1. Let {x,} be the sequence generated in the following

manner:

Zy = arg minnyC[f(y) + ﬁdz(%xn)],
Y = Uy + B L7 % + VT 20, Vn>1. (3.24)

Xne1 = Oy fon + nnsfxn + Ensgym

Then the sequence {x,} converges weakly to an element in Q2.
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Remark 3.4 Corollary 3.3 is an improvement and generalization of the main result in
Agarwal et al. [11], Rockafellar [2], and Giiler [3].

4 Some strong convergence theorems involving proximal point and common
fixed points for asymptotically nonexpansive mappings in CAT(0) spaces

Let (X, d) be a CAT(0) space, and C be a nonempty, closed, and convex subset of X.
Recall thata mapping T : C — C is said to be demi-compact, if for any bounded sequence

{#,} in C such that d(x,, Tx,) — 0 (as n — 00), there exists a subsequence {x,,;} C {x,} such

that {x,,} converges strongly (i.e., in metric topology) to some point p € C.

Theorem 4.1 Under the assumptions of Theorem 3.1, if, in addition, one of Sy, Sy, T1, and
T, is demi-compact, then the sequence {x,} defined by (3.3) converges strongly (i.e., in metric
topology) to a point x* € Q.

Proof In fact, it follows from (3.20) and (3.21) that

lim d(x,, Tix,) =0, lim d(x,,Sx,)=0, i=12, (4.1)
n—oQ n— 00

and
lim d(xn,]k(x,,)) =0. (4.2)
n— o0

Again by the assumption that one of S, S;, 71, and T is demi-compact, without loss of
generality, we can assume 7T is demi-compact, and it follows from (4.1) that there exists
a subsequence {x,,} C {x,} such that {x,,} converges strongly to some point p € C. Since
J;. is nonexpansive, it is demi-closed at 0. Again since S;, Sy, T3, and T, are asymptotically
nonexpansive, by Lemma 2.2, they are also demi-closed at 0. Hence p € Q2. Again by (3.7)
the limit lim,,_, o, d(x,, p) exists. Hence we have lim,,_, o, d(x,, p) = 0.

This completes the proof of Theorem 4.1. O

Theorem 4.2 Under the assumptions of Theorem 3.1, assume, in addition, there exists a
nondecreasing function g : [0,00) — [0, 00) with g(0) = 0, g(r) > 0, Vr > 0, such that

g(d(x, Q)) <d(x, Jrx) + d(x,S1x) + d(x, Sox) + d(x, Tix) + d(x, Tox), VxeC. (4.3)

Then the sequence {x,} defined by (3.3) converges strongly (i.e., in metric topology) to a point
preq.

Proof It follows from (3.20) and (3.21) that for each i = 1,2 and each A, 0 < A < 4, we have
lim d(x,, Tix,) =0, lim d(x,,S;x,) =0 and lim d(xn,])\(xn)) =0. (4.4)
n—0oQ n— 00 n— 00

Therefore we have lim,_, o g(d(x,, 2)) = 0. Since g is nondecreasing with g(0) = 0 and

g(r)>0,r>0,we have

lim d(x,,2) =0. (4.5)

n—00
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By virtue of the definition of {x,} and (4.5), it is easy to prove that {x,} is a Cauchy
sequence in C. Since C is a closed subset in a complete CAT(0) space X, it is complete.
Without loss of generality, we can assume that {x,} converges strongly to some point p*.
It is easy to see that F(J5), F(T;), and F(S;), i = 1,2, all are closed subsets in C, so is 2. Since
lim,,_, oo d(xy,, 2) = 0, p* € Q. This completes the proof of Theorem 4.2. O
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