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Abstract

In this paper, we prove the coupled coincidence point theorems for a w*-compatible
mapping in partially ordered cone metric spaces over a solid cone without the mixed
g-monotone property. In the case of a totally ordered space, these results are
automatically obvious under the assumption given. Therefore, these results can be
applied in a much wider class of problems. We also prove the uniqueness of a
common coupled fixed point in this setup and give some example which is not
applied to the existence of a common coupled fixed point by using the mixed
g-monotone property but can be applied to our results.
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1 Introduction

The famous Banach contraction principle states that if (X, d) is a complete metric space
and T : X — X is a contraction mapping (i.e., d(Tx, Ty) < ad(x,y) for all x,y € X, where o
is a non-negative number such that « < 1), then T has a unique fixed point. This principle
is one of the cornerstones in the development of nonlinear analysis. Fixed point theorems
have applications not only in the various branches of mathematics, but also in economics,
chemistry, biology, computer science, engineering, and others. Due to the importance,
generalizations of Banach’s contraction principle have been investigated heavily by several
authors.

Following this trend, the problem of existence and uniqueness of fixed points in par-
tially ordered sets has been studied thoroughly because of its interesting nature. In 1986,
Turinici [1] presented the first result in this direction. Afterward, Ran and Reurings [2]
gave some applications of Turinici’s theorem to matrix equations. The results of Ran and
Reurings were further extended to ordered cone metric spaces in [3-5]. In 2005, Nieto
and Rodriguez-Lépez [6] extended Ran and Reurings’s theorems for nondecreasing map-
pings and obtained a unique solution for a first-order ordinary differential equation with
periodic boundary conditions.

The notion of coupled fixed points was introduced by Guo and Lakshmikantham [7].
Since then, the concept has been of interest to many researchers in metrical fixed point
theory. In 2006, Bhaskar and Lakshmikantham [8] introduced the concept of a mixed
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monotone property (see further Definition 2.4). They proved classical coupled fixed point
theorems for mappings satisfying the mixed monotone property and also discussed an
application of their result by investigating the existence and uniqueness of a solution of
the periodic boundary value problem. Following this result, Harjani et al. [9] (see also [10,
11]) studied the existence and uniqueness of solutions of a nonlinear integral equation as
an application of coupled fixed points. Very recently, motivated by the work of Caballero et
al. [12], Jleli and Samet [13] discussed the existence and uniqueness of a positive solution

for the singular nonlinear fractional differential equation boundary value problem

D{+u(t) :f(t, u(t), u(t)), 0<t<l, 1)
1.1
u(a)=u'(b) =0, a,be{0,1},

where o € R such that 3 < o < 4, D, is the Riemann-Liouville fractional derivative and
f:(0,1] x [0,00) x [0,00) — [0,00) is continuous, lim;—,¢+ f(t,-,-) = +00 (f is singular at
t=0) for all £ € (0,1], f(¢,,-) is nondecreasing with respect to the first component and
decreasing with respect to its second and third components.

Since their important role in the study of the existence and uniqueness of a solution of
the periodic boundary value problem, a nonlinear integral equation, and the existence and
uniqueness of a positive solution for the singular nonlinear fractional differential equation
boundary value problem, a wide discussion on coupled fixed point theorems aimed the
interest of many scientists.

In 2009, Lakshmikantham and Ciri¢ [14] extended the concept of a mixed monotone
property to a mixed g-monotone mapping and proved coupled coincidence point and
common coupled fixed point theorems which are more general than the result of Bhaskar
and Lakshmikantham in [8]. A number of articles on coupled fixed point, coupled co-
incidence point, and common coupled fixed point theorems have been dedicated to the
improvement; see [15—30] and the references therein.

On the other hand, in 2007, Huang and Zhang [31] have re-introduced the concept of a
cone metric space which is replacing the set of real numbers by an ordered Banach space E.
They went further and defined the convergence via interior points of the cone by which
the order in E is defined. This approach allows the investigation of cone spaces in the case
when the cone is not necessarily normal. They also continued with results concerned with
the normal cones only. One of the main results from [31] is the Banach contraction princi-
ple in the setting of normal cone spaces. Afterward, many authors generalized their fixed
point theorems in cone spaces with normal cones. In other words, the fixed point problem
in the setting of cone metric spaces is appropriate only in the case when the underlying
cone is non-normal but just has interior that is nonempty. In this case only, proper gen-
eralizations of results from the ordinary metric spaces can be obtained. In 2011, Jankovi¢
et al. [32] gave some examples showing that theorems from ordinary metric spaces cannot
be applied in the setting of cone metric spaces, when the cone is non-normal.

Recently, Nashine et al. [33] established common coupled fixed point theorems for
mixed g-monotone and w*-compatible mappings satisfying more general contractive con-
ditions in ordered cone metric spaces over a cone that is only solid (i.e., has a nonempty
interior) which improve works of Karapinar [34] and Shatanawi [35]. This result is an or-

dered version extension of the results of Abbas et al. [36].
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In this work, we show that the mixed g-monotone property in common coupled fixed
point theorems in ordered cone metric spaces can be replaced by another property due
to Dori¢ et al. [37]. This property is automatically satisfied in the case of a totally ordered
space. Therefore, these results can be applied in a much wider class of problems. Our
results generalize and extend many well-known comparable results in the literature. An
illustrative example is presented in this work when our results can be used in proving the

existence of a common coupled fixed point, while the results of Nashine et al. [33] cannot.

2 Preliminaries

In this section, we give some notations and a property that are useful for our main results.
Let E be a real Banach space with respect to a given norm || - ||z and let O be a zero vector
of E. A nonempty subset P of E is called a cone if the following conditions hold:

1. Pisclosed and P # {Og};

2. a,beR,a,b>0,x,ye P = ax+bye P,

3. x€eP,-xeP = x=0f.

Givena cone P C E, a partial ordering <p with respect to P is naturally defined by x <p y
if and only if y — x € P for x,y € E. We will write x <p y to indicate that x <p y but x # y,
while x < y will stand for y — x € int(P), where int(P) denotes the interior of P.

The cone P is said to be normal if there exists a real number K > 0 such that for all
x,y€E,

O <px=<py = llxlle =Kyl

The least positive number K satisfying the above statement is called a normal constant
of P. In 2008, Rezapour and Hamlbarani [38] showed that there are no normal cones with
a normal constant K < 1.

In what follows, we always suppose that E is a real Banach space with cone P satisfying
int(P) # ¥ (such cones are called solid).

Definition 2.1 ([31]) Let X be a nonempty set and d : X x X — E satisfy
1. Og <pd(x,y) for allx,y € X and d(x,y) = O¢ if and only if x = y;
2. d(x,y) =d(y,x) for all x,y € X;
3. dx,y) <pd(x,z) + d(z,y) forall x,y,z € X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 2.2 ([31]) Let (X, d) be a cone metric space, {x,} be asequencein X,and x € X.
1. If for every c € E with O <p ¢, there is N € N such that d(x,,x) <pcforalln > N,
then {x,} is said to converge to x. This limit is denoted by lim,,_, c X, = x or x,, — x as
n— 0.
2. If for every ¢ € E with O <p ¢, there is N € N such that d(x,,x,,) <p ¢ for all
n,m > N, then {x,} is called a Cauchy sequence in X.
3. If every Cauchy sequence in X is convergent in X, then (X, d) is called a complete

cone metric space.

Let (X, d) be a cone metric space. Then the following properties are often used (partic-
ularly when dealing with cone metric spaces in which the cone need not be normal):
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(p1) if a <p ka, where a € P and k € [0,1), then a = Og;

(p2) if O <pu < c for each O < ¢, then u = Of;

(p3) ifu,vywe E,u <pvandv < w, thenu < w;

(ps) if c € int(P), O <p a, € E and a,, — Of, then there exists k € N such that for all n > k,
we have a,, < c.

Definition 2.3 Let X be a nonempty set. Then (X, d, <) is called an ordered cone metric
space if

(i) (X,d) is a cone metric space,

(ii) (X, =) is a partially ordered set.

Let (X, <) be a partially ordered set. By x > y, we mean y < x for x,y € X. Elements x,y €
X are called comparable if x < y or y < x holds. A mapping f is said to be g-nondecreasing

(resp., g-nonincreasing) if, for all v,y € X, gx < gy implies f(x) < f(y) (resp., f(y) < f(x)). If
g is the identity mapping, then f is said to be nondecreasing (resp., nonincreasing).

Definition 2.4 ([8, 14]) Let (X, <) be a partially ordered set and let F: X x X — X and
g: X — X. The mapping F is said to have a mixed g-monotone property if F is mono-
tone g-nondecreasing in its first argument and monotone g-nonincreasing in its second

argument, that is, for any x,y € X,
xpx€X, goiXgry = F(x,y) < F(x,y) 2.1
and

yy2€X, gn=gn = Flxy)>=Fxy) (2.2)

hold. If in the previous relations g is the identity mapping, then it is said that F has a mixed
monotone property.

Definition 2.5 ([8, 14]) Let X be a nonempty set and F: X x X - X, g: X — X. An
element (x,7) € X x X is called

(C1) acoupled fixed point of F if x = F(x,y) and y = F(y, x);
(Cy) acoupled coincidence point of mappings g and F if

gx=F(x,y) and gy=F(y,x),

and in this case (gw, gy) is called a coupled point of coincidence;
(C3) acommon coupled fixed point of mappings g and F if

x=gx=F(xy) and y=gy=F(@,x).
Definition 2.6 ([36]) Let X be a nonempty set. Mappings F: X x X - X and g: X - X
are called

(Wh) w-compatible if gF(x,y) = F(gx, gy) whenever gx = F(x,y) and gy = F(y, x);
(Wa) w*-compatible if gF (x,x) = F(gx,gx) whenever gx = F(x,x).
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It is easy to see that w-compatible implies w*-compatible. The following example shows
that the converse of the above argument is not true.

Example 2.7 Let X = [0,00) and F: X x X — X and g: X — X be defined by

7, x=0,
7, (%y) =(0,1),

Fx,y) =12, (%) =(1,0), o=

8, otherwise,

) le;
8, x€{4,6,8,..),

5, otherwise.

It is easy to see that g0 = 7 = F(0,1) and gl = 2 = F(1,0), but gF(0,1) =5 # 8 = F(g0,g1).
Hence, F and g are not w-compatible.

However, F(x,x) = gx is possible only if x € {4,6,8,...} and for all points in this case, we
get gF(x,x) = 8 = F(gx, gx). Therefore, F and g are w*-compatible.

For elements x, y of a partially ordered set (X, <), we will write x < y whenever x and y
are comparable (i.e., x < y or y < x holds).

Next, we give a new property due to DPori¢ et al. [37].

Let X be a nonempty set and let g: X — X and F: X x X — X. We will consider the

following condition:

if x,y,u,v € X are such that gx < F(x,y) = gu, then F(x,y) < F(u, v). (2.3)
In particular, when g = Iy, it reduces to

for all x,y,v, if x < F(x,y), then F(x,y) < F(F(x, ), v). (2.4)

Remark 2.8 We obtain that the conditions (2.3) and (2.4) are trivially satisfied if (X, <) is
the totally ordered.

The following examples show that the condition (2.3) ((2.4), resp.) may be satisfied when
F does not have the mixed g-monotone property (monotone property, resp.).

Example 2.9 Let X = {61, b, C, d}, <= {(d, ﬂ), (bx b)y (Cr C); (dr d)y (ﬂy b): (C’ d)}’

g;(“ b ¢ d>, F;<(‘”) by (©y) (d,y)>
c d ¢ d b a c d

for all y € X. Since ga = ¢ < d = gb but F(a,y) = F(b,y) for all y € X, the mapping F does
not have the mixed g-monotone property. But it has property (2.3) since

(1) For eachy e X, we get gc < F(c,y) = gc and F(c,y) < F(c,v) forall v e X.

(2) Foreachye X, wegetgd < F(d,y) =gd and F(d,y) < F(d,v) forallv e X.
Example 2.10 Let X = {a,b,¢,d}, <= {(a,a), (b)), (c,¢), (d, d), (a, ), (c,d)},

g (@ b)) (6y) (dy)
‘\ b a c d
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for all y € X. Since a < b but F(a,y) =b > a = F(b,y) for all y € X, the mapping F does not
have the mixed monotone property. But it has property (2.4) since

(1) Foreachye X, wegeta = F(a,y)and F(a,y) =b < a=F(F(a,y),v) forallve X.

(2) Foreachye X, wegetb < F(b,y) and F(b,y) =a < b=F(F(b,y),v) forallve X.

(3) The other two cases are trivial.

3 Coupled coincidence point theorems lacking the mixed g-monotone

property
In this section, we give the existence of coupled coincidence point theorems in ordered

cone metric spaces lacking the mixed g-monotone property. Our first main result is the

following theorem.

Theorem 3.1 Let (X,d, <) be an ordered cone metric space over a solid cone P and let
g:X—> Xand F: X x X — X. Suppose that the following hold:
(i) F(X x X) C g(X) and g(X) is a complete subspace of X;
(i) g and F satisfy property (2.3);
(ili) there exist xg,y0 € X such that gxo =< F(xo,y0) and gyo < F(yo,%0);
(iv) there exists a; >0 fori=1,2,...,6 and Z?:I a; <1 such that for all x,y,u,v e X
satisfying gx < gu and gy < gv,
d(F(x,9), F(u,v))
<p ad(gx, gu) + agd(F(x,y),gx) +asd(gy,gv)
+ asd(F(u,v),gu) + asd(F(x,y),gu) + asd(F(u,v),gx) (3.1)
holds;

(v) ifx, — x when n — oo in X, then x,, < x for n sufficiently large.
Then there exist x,y € X such that

F(x,y)=gx and F(y,x) =gy,
that is, F and g have a coupled coincidence point (x,y) € X x X.

Proof Starting from xy, yo (condition (iii)) and using the fact that F(X x X) C g(X) (con-
dition (i)), we can construct sequences {gx,} and {gy,} in X such that

X = F(xn—lryn—l) and &Yn = F()/n—l: xn—l) (32)
for all n € N. By (iii), we get gxo < F(xo,0) = gx1, and the condition (ii) implies that
gx1 = F(x0,50) =< F(x1,1) = gxa.

Proceeding by induction, we get that gx,,_; < gx, and, similarly, gy,_; =< gy, for all n € N.
Therefore, we can apply the condition (3.1) to obtain

d(gxmgxnﬂ) = d(F(xn—lyyn—l))F(xmyn))

<p a1d(gxn-1,8%n) + A2 (F(Xy_1, Yn-1), §%n-1)
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+ a3d(gYn-1,8n) + Aad(F (%, Y1), g%n)
+ asd(F(%n-1,Yn-1),8%n) + a6d(F(n Yn)> @¥n-1)
= md(gxn-1,8%n) + a2d(gxn, gxn1) + a3d(YVn-1,8Vn)
+ aad(gxni1, %) + asd(gxn, §%n) + A6 A (X111, &%n-1)
<p ad(gx,_1,8%,) + ard(gx,, g%,-1) + asd(gVu-1,€Vn)
+ aad(@hni1, 8%n) + a6 [A(gXn1,8%n) + A(GX, GXn11) ]
<p (a1 +ay + ae)d(gxn_1,8%n) + a3d(gVn-1,8Yn)

+(as + ﬂﬁ)d(gxmgxml),
which implies that
(1 - as — ae)d(gxn, gxne1) <p (@1 + as + as)d(@Xn_1,8%,) + a3d(gVn-1,8Yn). (3.3)

Similarly, starting with d(gy,, gVn+1) = A(F W, %n), F(Vu-1,%4-1)) and using gx,_; < gx, and
gVn1 < gy, for all m € N, we get

(1 —ay — as)d(gyn, gyn+1) <p (a1 + as + as)d(gVn-1,8Yn) + azd(gxy_1,8%n). (3.4)
Combining (3.3) and (3.4), we obtain that

(1 - as — ae)[d(@xn gxne1) + AV gYna1) ]
<p (a1 +ay + az + ae)[d(gxn-1,8%n) + An-1,8Yn) |- (3.5)

Now, starting from d(gx,1,gx,) = d(F(xy, yu), F(*4-1,¥,-1)) and using gx, ; =< gx, and
V-1 < gy for all m € N, we get that

(1 - ay — as)d(gx,, gx%n) <p (a1 + as + as5)d(gx,_1, %) + a3d(@Vn-1,2Vn).

Similarly, starting from d(gyy,+1,8Vn) = A(F (Wn, %), F(¥-1,%4-1)) and using gx,_; =< gx, and
2Vn-1 < gy, for all n € N, we get that

(1-ay- ﬂs)d(gyn,gyn+1) <p (a1 +as+ a5)d(gyn_1,gyn) + ﬂ3d(gxn—lrgxn)'
Again adding up, we obtain that

(1 - ay — as)[d(gxn, ghne1) + AQns ne1)]
<p (a1 +as + as + as)[d(gxn-1,8%n) + An-1,8Yn) - (3.6)

Finally, adding up (3.5) and (3.6), it follows that

d(gxrngx;ﬁl) + d(gymgyn+l) =<p )»[d(gxn—ngn) + d(g_yn—lrg_yn)] (37)
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with

201 +ay +2a3 +aqg +as + a
_ st ay 3 +ds +ds 6<1, (3.8)

2—612—614—615—616

since Y0 a; < 1.
From the relation (3.7), we have

A(gX, gni1) + A@Vn> QYni1) <p A[A(@Xn_1,8%n) + A(QYn-1,89n) ]
<p M [d(@hn-2,8%n-1) + A@n-2,gYn-1) ]

<p M'[d(gxo,gx1) + d(gyo,gy1) -

If d(gxo,gx1) + d(gyo,gy1) = Of, then (x9, o) is a coupled coincidence point of F and g. So,

let Of <p d(gxo,gx1) + d(gY0,g)1).
For any m > n > 1, repeated use of the triangle inequality gives

A(gXn, §Xm) + ALY &Ym)
<p d(gx, §xns1) + A(GXns1, 8Xns2) + - - - + A1, )
+ d(@Vn> @ne1) + AQYni1, @ne2) + -+ - + AV m1,8Ym)
<p [V + A"+ A [d(gxo, gn) + d(gyo.gn)]

n
<p

T [4(ex0,g) + d(gyo,gn)]-

Since % — 0 as n— oo, we get %[d(gxo,gxl) +d(gy0,gy1)] = Of as n — oo.

From (p4), we have for O < ¢ and large n,

n

Y [d(gxo,gxl) + d(gyo,gyl)] L ec.
By (p3), we get
A(gxn gxm) + d(gyn gYm) < c.
Since
d(gxn, g%m) <p d(@%n, g%m) + (&Y &Ym)
and
(@Y &Ym) <p A(gn ) + ALY, &Y,
then by (p3), we get d(gx,, gx,,) < ¢ and d(gy,, gym) <K ¢ for n large enough. Therefore,

we get {gx,} and {gy,} are Cauchy sequences in g(X). By completeness of g(X), there exist
gx,gy € g(X) such that gx, — gx and gy, — gy as n — oo.
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By (v), we have gx, =< gx and gy < gy, for all n > 0. Now, we prove that F(x,y) = gx and
F(y,x) = gy.

If gx,, = gx and gy,, = gy for some n > 0, from (3.1) we have
d(F(x,y),gx) <p d(F(%,y)g%n1) + d(@¥ns1, %)
= d(F(%,9), F(%n,yn)) + d(gxns1,g%)
<p ad(gx, gxn) + ard(F(x,y),gx) + asd(gy, gyn)
+ agd(F (%, Yn), g%n) + asd(F(x, ), gxn)
+ ad(F (%, yn), g%) + d (g1, gX)
<p a1d(gx, gx) + ard(F(x,y),gx) + asd(gy, gyn)
+ agd(gxy,.1,9%) + asd(gx, gx,) + a5d(F(x,y),gx) + asd(gx, gx,)
+ aed(gxys1,8%) + d(gx1, 8%)
= agd(F(x,y),gx) + agd(gx,.1,8%) + agd(F(x,y),gx)
+ agd(gxni1,gx) + d(gx,.1, %),

which further implies that

l+ay+ag

d(F(x,7),gx) < (g, %).
5

P 1- a) —
Since gx, — gx, then for O < ¢, there exists N € N such that

1-ay—as)c
d(gxn+1;gx) < u
1+ay+ag

for all n > N. Therefore,
d(F(x,y),gx) < c.

Now, according to (p3), it follows that d(F(x,y),gx) = Or and F(x,y) = gx. Similarly, we can
prove that F(y,x) = gy. Hence, (x,y) is a coupled coincidence point of the mappings F and g.
So, we suppose that (gx,,gy,) # (gx,gy) for all n > 0. Using (3.1), we get

d(F(x,9),gx) <p d(F(x,), g%ns1) + A(gns1,gX)
= d(F(x,), FXnyn)) + d(@Xn11,8%)

<p ad(gx, gx,) + ard(F(x,y), gx) + asd(gy, gyn)
+ md(F(x,,,y,,),gx,,) + a5d(F(x,y),gx,,)
+ a6d(F (X Yn) g%) + d(g%ns1, gX)

<p ard(gx, gx,) + azd(F(x,y), gx) + asd(gy, gyn)
+ aad(gxni1,g%) + asd(gx, gx,) + asd(F(x,),gx) + asd(gx, gx,)
+ asd(gxni1, g%) + d(gxni1, g%),
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which further implies that

d (F (%), gx)

1
DTITES 4, g + T a1 a0) + — 2 d(gy, gy
1—6l2—615 1_ﬂ2_615

=P 1- ay) — ds
Since gx, — gx and gy, — gy, then for 0r < ¢, there exists N € N such that d(gx,, gx) <
(1’”27’“5)0), d(gxns1,9%) K (1(7“27“5)”) ,and d(gy,, gy) < @ forall # > N. Thus,

3(ay +as+as 3(1+as+ag 3a

c c
d(F(x,y), —+-+=

( (xy)gx)<<3+3+3
Now, according to (p,), it follows that d(F(x, y),gx) = O and F(x, y) = gx. Similarly, F(y,x) =
gy. Hence, (x,y) is a coupled coincidence point of the mappings F and g. d

Remark 3.2 In Theorem 3.1, the condition (ii) is a substitution for the mixed g-monotone
property that has been used in most of the coupled coincidence point theorems so far.
Therefore, Theorem 3.1 improves the results of Nashine et al. [33]. Moreover, it is an or-

dered version extension of the results of Abbas et al. [36].

Corollary 3.3 Let (X,d, X) be an ordered cone metric space over a solid cone P and let
g: X — Xand F: X x X — X. Suppose that the following hold.:
(i) F(X x X) C g(X) and g(X) is a complete subspace of X;
(i) g and F satisfy property (2.3);
(ili) there exist xg,y0 € X such that gxo =< F(xo,y0) and gyo =< F(yo,%0);
(iv) thereexistw,B,y > 0and o + B +y <1 such that for all x,y,u,v € X satisfying
gx =< gu and gy < gv,

d(F(x,y), F(u,v)) <p ad(gx, gu) + Bd(gy,gv) + v d(F(x,y), gu) (3.9)

holds;
(v) ifx, — x when n — oo in X, then x,, < x for n sufficiently large.
Then there exist x,y € X such that

F(x,y)=gx and F(y,x)=gy,
that is, F and g have a coupled coincidence point (x,y) € X x X.

Putting g = Ix, where Ix is the identity mapping from X into X in Theorem 3.1, we get
the following corollary.

Corollary 3.4 Let (X,d, X) be an ordered cone metric space over a solid cone P and let
F:X x X — X. Suppose that the following hold:
(i) X is complete;
(ii) g and F satisfy property (2.4);
(ili) there exist xg,y0 € X such that xo < F(xq,yo) and yo < F(yo,%0);
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(iv) there exists a; >0 fori=1,2,...,6 and Z?:1 a; <1 such that for all x,y,u,v e X

satisfying x < u and y < v,

d(F(x,y), F(u,v))
<pard(x,u) + an(F(x,y),x) +asd(y,v)
+ asd(F(u,v),u) + asd(F(x,), u) + acd(F(u,v),x) (3.10)

holds;
(v) ifxy, — x when n — oo in X, then x,, < x for n sufficiently large.

Then there exist x,y € X such that
F(x,y)=x and F(y,x)=y,
that is, F has a coupled fixed point (x,y) € X x X.

Our second main result is the following.

Theorem 3.5 Let (X,d, <) be an ordered cone metric space over a solid cone P. Let F :
X x X — X and g:X — X be mappings. Suppose that the following hold.:
(i) F(X x X) C g(X) and g(X) is a complete subspace of X;
(ii) g and F satisfy property (2.3);
(ili) there exist xg,y0 € X such that gxo =< F(xo,y0) and gyo < F(yo,%0);
(iv) there is some h € [0,1/2) such that for all x,y,u,v € X satisfying gx < gu and
gy < gv, there exists

Ouyuw € {d(gx,gu), d(gy, gv), d(F(x,y),gu)}
such that
d(F@,9), F(,v)) <p hOyyuv;

(V) if Xy — x when n — oo in X, then x, < x for n sufficiently large.
Then there exist x,y € X such that

F(x,y)=gx and F(y,x) =gy,
that is, F and g have a coupled coincidence point (x,y) € X x X.

Proof Since F(X x X) C g(X) (condition (i)), we can start from xg, yo (condition (iii)) and

construct sequences {gx,} and {gy,} in X such that
&n=F(xy1,yn1) and  gyy = F(¥n-1,%n1) (3.11)
for all » € N. From (iii), we get gxo =< F(xo,y0) = gx1 and the condition (ii) implies that

gx1 = F(xo,50) =< F(x1,91) = g%a.

Page 11 of 20
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By repeating this process, we have gx,,_; < gx,. Similarly, we can prove that gy, ; < gy, for
allmeN.

Since gx,_1 < gx, and gy,_1 < gy, for all n € N, from (iv), we have that there exist s €
[0,1/2) and

@)1 € {d(gxn—lygxn);d(gyn—lrgyn)¢ d(F(xn—lryn—l)rgxn)}
= {d(gxn—l,gxn),d(gyn—hgyn)r OE}

such that
d(gxmgxnﬂ) = d(F(xn—ljyn—l)rF(xnryn)) SP h®1

Similarly, one can show that there exists

®2 € {d(gxn—ngn)x d(gyn—l;gyn); OE)}

such that

d(gyn;gyrHl) = d(F(yn—lixn—l);F(yn;xn)) EP h®2

Now, denote §, = d(gx,,gx,1) + d(gVy,gVns1)- Since the cases ©; = 0 and ©, = O are
trivial, we have to consider the following four possibilities.

Case 1. d(gxy,gxni1) <p hd(gx,_1,gx,) and d(gyy, gVnn1) <p hd(gyu-1,2y4). Adding up, we
get that

5;1 =p han—l =p 21’18;4—1'
Case 2. d(gxy, gxns1) <p hd(gxy-1,g%x) and d(gyn, gVns1) <p hd(gx,-1,g%x). Then
8}1 =p 2hd(gxn—lrgxn) =p Zhd(gxn—ngn) + Zhd(gyn—bgyn) = 2h8n—1'

Case 3. d(gxy,gxns1) <p hd(gy,—1,gy.) and d(gyu,gynn) <p hd(gx,_1,gx,). This case is
treated analogously to Case 1.

Case 4. d(gx,,gxn11) <p hd(gy,1,gy,) and d(gy,,gVu+1) <p hd(gy,-1,gy»). This case is
treated analogously to Case 2.

Thus, in all cases, we get §,, <p 2h8,_; for all n € N, where 0 < 2/ < 1. Therefore,
8n <p 2h8, 1 <p (2h)*8,2 <p -+ <p (2h)"8o,

and by the same argument as in Theorem 3.1, it is proved that {gx,,} and {gy,} are Cauchy
sequences in g(X). By the completeness of g(X), there exist gx, gy € g(X) such that gx,, — gx
and gy, — gy.

From (v), we get gx,, < gx and gy =< gy, for all n > 0. Now, we prove that F(x,y) = gx and

F()/,x) =g
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If gx,, = gx and gy, = gy for some n > 0, from (iv) we have

d(F(x,y),gx) <p d(F(x,), g%ns1) + A(gns1,gX)
= d(F(x)y):F(xmyn)) +d(gxn11,8%)

EP h®x,y,xn,y,, + d(gxwrl:gx)y

where Oy, ,, € {d(gx,gx,), d(gy,gyn), d(F(x,),gx,)}. Let ¢ € int(P) be fixed. If ©,,, ,, =
d(gx,gx,) = Op or O,y . = d(gy,gyn) = Ok, then for n sufficiently large, we have that

d(F(x,7),gx) < c.
By property (p,), it follows that F(x,y) = gx. If O, ,, = d(F(x,7),gx,), then we get that

d(F(x,9),g%) <p hd(F(x,y),g%n) + d(gxn.1,%)
<p hd(F(x,),gx) + hd(gx, gx,) + d(gxns1,8%)
= hd(F(x,y),gx) + d(gxni1,8%).

Now, it follows that for # sufficiently large,

1

d(F(x,y),gx) <p -

d(gxnﬂ,gx)

1
=p m(l —-h)c

= C

Therefore, again by property (p;), we get that F(x,y) = gx. Similarly, we can prove that
F(y,x) = gy. Hence, (x,y) is a coupled point of coincidence of F and g.
Then, we suppose that (gx,, gy,) # (gx, gy) for all n > 0. For this, consider

d(F(x,7),g%) <p d(F(%,¥),g%ns1) + d(g¥ni1,8%)
= d(F(x,}/), F(xmyn)) + d(gxrﬁhgx)
EP h®x,y,xn,yn + d(gxnﬂ;gx)y

where Oy, ., € {d(gx,gx,), d(gy, gyn), d(F(x,9),g%,)}. Let ¢ € int(P) be fixed. If O, . =
d(gx, gx,) or Oy o, = d(gy,gyn), then for n sufficiently large, we have that

Cc C
d(Fxy),g0) < h- o+ o =c.

By property (p»), it follows that F(x,y) = gx. If O, ,, = d(F(x,7),gx,), then we get that

d(F(x,y),gx) <p hd(F(x,y),g%n) + d(gxns1,8%)
<p hd(F(x,),gx) + hd(gx, gx,) + d(gx,.1,g%).
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Now, it follows that for # sufficiently large,

h
1-h
h 1-h ¢ 1

C
< l—h 7 §+1_h(1—h)§=C.

1
d(F(x,7),gx) <p (g, gxn) + 1=, A(@xi1, 87)

Thus, again by property (p,), we get that F(x,y) = gx.
Similarly, F(y,x) = gy is obtained. Hence, (x,y) is a coupled point of coincidence of the
mappings F and g. O

Remark 3.6 It would be interesting to relate our Theorem 3.5 with Theorem 2.1 of Long
etal. [39].

Putting g = Iy, where Ix is the identity mapping from X into X in Theorem 3.5, we get
the following corollary.

Corollary 3.7 Let (X,d, X) be an ordered cone metric space over a solid cone P. Let F :
X x X — X be mappings. Suppose that the following hold:
(i) X is complete;
(i) F satisfies property (2.4);
(ili) there exist xo,y0 € X such that xy < F(xo,y0) and yo < F(yo,%0);
(iv) there is some h € [0,1/2) such that for all x,y,u,v € X satisfying x < u and y < v,
there exists

Ouyuw € {dx,u),d(y,v),d(F(x,y),u)}
such that
d(F(x,J’)yF(M, V)) =p h®x,y,u,v'

(v) if Xy — x when n — oo in X, then x, < x for n sufficiently large.
Then there exist x,y € X such that

F(x,y)=x and F(y,x)=y,
that is, F has a coupled fixed point (x,y) € X x X.

4 Common coupled fixed point theorems lacking the mixed monotone

property
Some questions arise naturally from Theorems 3.1 and 3.5. For example, one may ask if
there are necessary conditions for the existence and uniqueness of a common coupled
fixed point of F and g?

The next theorem provides a positive answer to this question with additional hypotheses
to Theorems 3.1 and 3.5.

For the given partial order < on the set X, we will denote also by < the order on X x X
given by

(x1Ly1) X (x2,y2) <= x=<x, and y > y. (4.1)
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Theorem 4.1 In addition to the hypotheses of Theorem 3.1, suppose that for every (x,),
(x*,9*) € X x X, there exists (u,v) € X x X such that

(F(u, v),F(v, u)) = (F(x,y),F(y,x))
and
(F(u, v), F(v, u)) = (F(x*,y*),F(y*,x*)).

If F and g are w*-compatible, then F and g have a unique common coupled fixed point,
that is, there exists a unique (it,V) € X x X such that

u=gu=F@,v) and v=gv=F® ).
Proof From Theorem 3.1, the set of coupled coincidence points of F and g is nonempty.
Suppose (x,y) and (x*,y*) are coupled coincidence points of F, that is, gx = F(x,y), gy =
F(y,x), gx* = F(x*,y*) and gy* = F(y*,x*). We will prove that

gx=gx* and gy=gy". (4.2)
By assumption, there exists (#,v) € X x X such that

(F(u,v), F(v,u)) < (F(x,9), F(y,%))
and

(F(u,v), F(v,u)) < (F(x*, "), F(y*,%")).
Put uo = u, vo = v and choose u;,v; € X so that guy = F(uo, vo) and gvi = F(vo, up). Then,
similarly as in the proof of Theorem 3.1, we can inductively define sequences {gu,}, {gv,}
with

gUp1 = F(unr Vn) and Vi1 = F(Vn’ un)

for all n. Further, set xo = x, yo = ¥, x = x*, y§ = ¥* and, in a similar way, define the se-
quences {gx,}, {gy,} and {gx}}, {gy;}. Then it is easy to show that

gx, — F(x,y), gy, — F(y,x)
and
g%, — F(x%, %), o — F(y*,x%)

as 1 — o0.
Since

(g%.gy) = (gxgn) = (F(x,9), F(y,%)) < (F(u,v), F(v,u)) = (gu1,gv),
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we have gx < gy and gy < gv;. It is easy to show that, similarly,

(g%, 8y) < (gtn, gVn)

for all n > 1, that is, gx < gu, and gy < gv,, for all n > 1. Thus, from (3.1), we have

A(guni1,g%) = d(F(un,vn), F(%,))
<p a1d(gun, gx) + ard(F(ttn, V), Quin) + azd(gvs, gy)
+ asd(F(x,),gx) + asd(F (i, vn), gx) + acd(F(x,7), gtn)
= ad(gu,, gx) + axd(guy.1,8u,) + asd(gv,, gy)
+ asd(gx, gx) + asd(gu,.1, gx) + asd(gx, gu,)
<p a1d(guy,, gx) + as [d(guml,gx) + d(gx,gun)] +asd(gvy, gy)
+ asd(gun, gx) + acd(gx, gu,),

that is,

(1-ay — as)d(gu,.1,8x) <p (a1 + ay + ae)d(gu,, gx) + asd(gv,, gy).
In the same way, starting from d(gv,.1,gy), we can show that

(1-ay —as)d(gvu.1,8y) <p (a1 + ay + a¢)d(gv,, gy) + azd(gu,, gx).

Thus,

(1 - az — as)[d(guna1, g%) + d(gVni1,QY)]
<p (a1 +as + az + ae)[d(gu, gx) + d(gva,gy)]- (4.3)

In a similar way, starting from d(gx, gu,..1), resp. d(gy,gvq.1), and adding up the obtained
inequalities, one gets that

(1 - ag — ag)[d(gx, gun1) + d(gy,gVni1) |

<p (a1 +as + ay + as)[d(gx, gu,) + d(gy,gvn) - (4.4)
Finally, adding up (4.3) and (4.4), we obtain that
A(guin11,8%) + d(gVni1,2)) <p A[d(gun, gx) + d(gvi, )], (4.5)

where A is determined as in (3.8), and hence 0 < A < 1.

By inequality (4.5) n time, we have

d(guy,,gx) + d(gv,, gy)
<p M[d(gun_1,g%) + d(gvs1,89)]
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<p )\.2 [d(gun—ng) + d(g"n—ngy)]

<p 2" [d(guo, gx) + d(gv0,2y))

It follows from A" [d(gu, gx) + d(gvo,gy)] = O as n — oo that

d(gu,,gx) + d(gv,,gy) < ¢

for all ¢ € int(P) and large . Since

O <p d(gu,,gx) <p d(gu, gx) + d(gVvn, gy),

it follows by (p3) that d(gu,, gx) < c for large n, and so gu,, — gx when n — oco. Similarly,
gv, — gy when n — oo. By the same procedure, one can show that gu,, — gx* and gv, —
gy* as n — oo. By the uniqueness of the limit, we get gx = gx* and gy = gy*, i.e,, (4.2) is
proved. Therefore, (gx,gy) is the unique coupled point of coincidence of F and g.

Note that if (gx,gy) is a coupled point of coincidence of F and g, then (gy,gx) is also a
coupled point of coincidence of F and g. Then gx = gy and therefore (gx, gx) is the unique
coupled point of coincidence of F and g.

Next, we show that F and g have a common coupled fixed point. Let # := gx. Then we
have it = gx = F(x,x). Since F and g are w*-compatible, we have

gt = ggx = gF(x,x) = F(gx, gx) = F(i1, ).
Thus, (git, git) is a coupled point of coincidence of F and g. By the uniqueness of a coupled
point of coincidence of F and g, we get git = gx. Therefore, it = git = F(i1, it), that is, (&, )
is a common coupled fixed point of F and g.

Finally, we show the uniqueness of a common coupled fixed point of F and g. Let (&, %) €
X x X be another common coupled fixed point of F and g. So,

Then (git, git) and (git, gir) are two common coupled points of coincidence of F and g and,
as was previously proved, it must be g& = git, and so &t = git = git = 1. This completes the
proof. d

Next, we give some illustrative example which supports Theorem 4.1, while the results
of Nashine et al. [33] do not.

Example 4.2 Let X = R be ordered by the following relation:
XXy <~ x2=).
Let E = C§[0,1] with |[f]| = [|fllso + I[f'llsc for all f € E and

P=|{fe€E:f(t)>0forte[0,1]}.
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It is well known (see, e.g., [40]) that the cone P is not normal. Let

d(x,y) = lx - ylo

for all x,y € X, for a fixed ¢ € P (e.g, ¢(t) = € for t € [0,1]). Then (X,d) is a complete
ordered cone metric space over a non-normal solid cone.
Letg:X — X and F: X x X — X be defined by

2 2 2

gx:% and F(x,y):x ;y.

Consider y; =2 and y, =1, we have for x = 3, we get y1 =2 <1 =y,, but

13 10
F(x,9) = ry = ry = F(x,92).

So, the mapping F does not satisfy the mixed g-monotone property. Therefore, Theo-
rems 3.1 and 3.2 of Nashine et al. [33] cannot be used to reach this conclusion.

Now, we show that Theorem 4.1 can be used for this case.

Take a1 = a3 = % and ay = a4 = as = ag = 0. We will check that the condition (3.1) in
Theorem 3.1 holds.

For x,y,u,v € X satisfying gu < gx and gv < gy, we have

2 2 2 2
X+ u- +v
d(F(x,y),F(u,v)) = Sy -5l
1 x> u? 1]y* v
i RN L R

1 1
Zd(gx,gu) + Ed(gy,gv)

ayd(gx, gu) + asd(gy, gv).

Next, we show that F and g are w*-compatible. We note that if gx = F(x, x), then we get

only one case, that is, x = 0, and hence
F(%,x) = gF(0,0) = g0 = 0 = F(0,0) = F(g0,g0) = F(gx, gx).

Therefore, F and g are w*-compatible.
Moreover, other conditions in Theorem 4.1 are also satisfied. Now, we can apply Theo-

rem 4.1 to conclude the existence of a unique common coupled fixed point of F and g that

is a point (0, 0).

The following uniqueness result corresponding to Theorem 3.5 can be proved in the

same way as Theorem 4.1.

Theorem 4.3 [n addition to the hypotheses of Theorem 3.5, suppose that for every (x,),
(x*,9*) € X x X, there exists (u,v) € X x X such that

(F(u,v), F(v,u)) < (F(x,9), F (5, %))
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and

(F(u, v), F(v, u)) = (F(x*,y*),F(y*,x*)).

If F and g are w*-compatible, then F and g have a unique coupled common fixed point,
that is, there exists a unique (it,V) € X x X such that

u=gu=F(,V) and V=gv=F® ).
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