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1 Introduction and preliminaries

Fixed point theory plays a fundamental role in solving functional equations [1] arising in
several areas of mathematics and other related disciplines as well. The Banach contraction
principle is a key principle that made a remarkable progress towards the development of
metric fixed point theory. Markin [2] and Nadler [3] proved a multi-valued version of the
Banach contraction principle employing the notion of a Hausdorff metric. Afterwards, a
number of generalizations (see [4—9]) were obtained using different contractive condi-
tions. The study of hybrid type contractive conditions involving single-valued and multi-
valued mappings is a valuable addition to the metric fixed point theory and its applications
(for details, see [10-14]). Among several generalizations of the Banach contraction princi-
ple, Suzuki’s work [15, Theorem 2.1] led to a number of results (for details, see [13,16—21]).

On the other hand, Matthews [22] introduced the concept of a partial metric space as
a part of the study of denotational semantics of dataflow networks. He obtained a mod-
ified version of the Banach contraction principle, more suitable in this context (see also
[23, 24]). Since then, results obtained in the framework of partial metric spaces have been
used to constitute a suitable framework to model the problems related to the theory of
computation (see [22, 25-28]). Recently, Aydi et al. [29] initiated the concept of a partial
Hausdorff metric and obtained an analogue of Nadler’s fixed point theorem [3] in partial
metric spaces.

The aim of this paper is to obtain some coincidence point theorems for a hybrid pair
of single-valued and multi-valued mappings on an arbitrary non-empty set with values in
a partial metric space. Our results extend, unify and generalize several known results in
the existing literature (see [13, 15, 21, 30]). As an application, we obtain the existence and
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uniqueness of a common and bounded solution for Suzuki-Zamfirescu class of functional
equations under contractive conditions weaker than those given in [1, 31-34].
Throughout this work, a mapping w: [0,1) — (%, 1] is defined by

1
w(r)= —— forallre[0,1). (1.1)
1+r

In the sequel, the letters R, R* and N will denote the set of all real numbers, the set of
all non-negative real numbers and the set of all positive integers, respectively. Consistent
with [22, 29, 35, 36], the following definitions and results will be needed in the sequel.

Definition 1.1 [22] Let X be any non-empty set. A mapping p: X x X — R* is said to be
a partial metric if and only if for all x,y,z € X the following conditions are satisfied:

(P1) p(x,%) = p(y,9) = plx,y) if and only if x = y;

(P2) p(x,x) < p(x,y);

(P3) plx,y) = p(y,x);

(P4) p(x,2) < p(x,y) + p(y,2) - P> 7).

The pair (X,p) is called a partial metric space. If p(x,y) = 0, then (P1) and (P2) imply
that x = y. But the converse does not hold in general. A classical example of a partial met-
ric space is the pair (R*,p), where p: X x X — R" is defined as p(x,y) = max{x,y} (see
also [37]).

Example 1.2 [22] If X = {[a,b] : a,b € R,a < b}, then
p([a, b, [c, d]) = max{b,d} — min{a, c}

defines a partial metric p on X.

For more interesting examples, we refer to [23, 27, 28, 35, 38, 39]. Each partial metric p
on X generates a T topology 7, on X which has as a base the family of open balls (p-balls)
{By(x,€) :x € X, & >0}, where

B,(x,¢) = {y €eX:pxy) <plxx)+ 8}

forall x € X and ¢ > 0. A sequence {x,} in a partial metric space (X, p) is called convergent
to a point x € X with respect to 7, if and only if p(x,x) = lim,_, o, p(x,x,) (for details, see
[22]). If p is a partial metric on X, then the mapping p° : X x X — R* given by p5(x,y) =
2p(x,y) — p(x,x) — p(y,y) defines a metric on X. Furthermore, a sequence {x,} converges in
a metric space (X,p°) to a point x € X if and only if

plx,x) = lim p(x,x,) = lim p(x,,x,). (1.2)
n—00 n,m—> 00

Definition 1.3 [22] Let (X, p) be a partial metric space, then
(a) A sequence {x,} in X is called Cauchy if and only if limy, ;- 00 p(%y,, %) exists and is
finite.
(b) A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in
X converges with respect to 7, to a point x € X such that

P(x, x) = 11mn,m~>oo p(xnr xm)~
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Lemma A [22, 35] Let (X, p) be a partial metric space, then
(c) A sequence {x,} in X is Cauchy in (X, p) if and only if it is Cauchy in (X, p°).
(d) A partial metric space (X, p) is complete if and only if (X, p5) is complete.

Consistent with [29], let CB?(X) be the family of all non-empty, closed and bounded sub-
sets of the partial metric space (X, p), induced by the partial metric p. Note that closedness
is taken from (X, 7,) (7, is the topology induced by p) and boundedness is given as follows:
A is a bounded subset in (X, p) if there exists an xy € X and M > 0 such that for all a € A,
we have a € B, (xo, M), that is, p(xo,a) < p(a,a) + M. For A,B € CB?(X) and x € X, define
8, : CB(X) x CB?(X) — [0,00) and

px,A) = inf{p(x, a):ac A},
8,(A,B) = sup{p(a,B) ‘a eA},
8,(B,A) = sup{p(b,A): b € B},

H,(A, B) = max{3,(A, B), 3,(B,A)}.
It can be verified that p(x,A) = 0 implies p°(x, A) = 0, where p°(x, A) = inf{p°(x,a) : a € A}.

Lemma B [35] Let (X, p) be a partial metric space and A be a non-empty subset of X, then
a € A ifand only if p(a,A) = p(a, a).

Proposition 1.4 [29] Let (X,p) be a partial metric space. For any A,B,C € CB?(X), we
have the following:
(i) 6,(A,A) =sup{p(a,a):aecA};
(ii) 8,(A,A) <3,(A,B);
(iii) 8,(A,B) =0 implies A C B;
(iv) 8,(A,B) < 8,(A,C) + 6,(C, B) — infec plc, ©).

Proposition 1.5 [29] Let (X,p) be a partial metric space. For any A,B,C € CB?(X), we
have the following:

(h1) H,(A,A) < H,(A, B);

(h2) H,(A,B) = H,(B,A);

(h3) H,(A,B) < Hy(A,C) + H,(C, B) —inf.cc p(c, ¢);

(h4) H,(A,B) = 0 implies that A = B.

The mapping H, : CB*(X) x CB?(X) — [0,00) is called a partial Hausdorff metric in-
duced by a partial metric p. Every Hausdorff metric is a partial Hausdorff metric, but the
converse is not true (see Example 2.6 in [29]).

Lemma C [29] Let (X, p) be a partial metric space and A,B € CB?(X) and h > 1, then for
any a € A, there exists a b € B such that p(a, b) < hH,(A, B).

Theorem 1.6 [29] Let (X, p) be a partial metric space. If T : X — CBP(X) is a multi-valued
mapping such that for all x,y € X, we have H,(Tx, Ty) < kp(x,y), where k € (0,1). Then T
has a fixed point.
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Definition 1.7 Let (X, p) be a partial metric space and f : X — X and T : X — CBP(X).
A point x € X is said to be (i) a fixed point of f if x = f(x), (ii) a fixed point of T if x € T(x),
(iii) a coincidence point of a pair (f, T) if fx € Tx, (iv) a common fixed point of the pair (f, T)
ifx=fx e Ix.

We denote the set of all fixed points of f, the set of all coincidence points of the pair
(f, T) and the set of all common fixed points of the pair (f, T') by F(f), C(f, T) and F(f, T),
respectively. Motivated by the work of [4, 13], we give the following definitions in partial

metric spaces.

Definition 1.8 Let (X, p) be a partial metric space and f : X — X and T : X — CB?(X).
The pair (f, T) is called (i) commuting if Tfx = fTx for all x € X, (ii) weakly compatible if the
pair (f, T) commutes at their coincidence points, that is, fIx = Tfx whenever x € C(f, T),
(iii) IT-commuting [11] at x € X if fTx C Tfx.

Definition 1.9 Let (X,p) be a partial metric space and Y be any non-empty set. Let f :
Y — X and T: Y — CB?(X) be single-valued and multi-valued mappings, respectively.
Suppose that x € Y, then the set

O(f, T;x0) = {¥n : Yu+1 =fxus1 € ITx, forn=0,1,2,...} (1.3)

is called an orbit for the pair (f, T) at xy. A partial metric space X is called (f, T')-orbitally
complete if and only if every Cauchy sequence in the orbit for (f, T) at xy converges with
respect to T, to a point x € X such that p(x,x) = limy, ;,— o0 p(Xy, X4)-

Singh and Mishra [13] introduced Suzuki-Zamfirescu type hybrid contractive condition
in complete metric spaces. In the context of partial metric spaces, the condition is given

as follows.

Definition 1.10 Let (X, p) be a partial metric space, f: Y — X and T: Y — CB?(X) be
single-valued and multi-valued mappings, respectively. The hybrid pair (f, T) is said to
satisfy Suzuki-Zamfirescu hybrid contraction condition if there exists r € [0,1) such that

o(r)p(fx, Tx) < p(fx, fy) implies that
H,(Tx, Ty) < rM,s(x,y) (1.4)

forallx,y € Y and

(1.5)

%, Tx) + , Ty) %, Ty) + , Tx)
Myy(3) = m ax{p(fx, ) p(f 2p(fy b ’p(f y 2p(fy '
LemmaD Let (X, p) be a partial metric space,f:Y — X and T : Y — CBP(X) be single-
valued and multi-valued mappings, respectively. Then the partial metric space (X,p) is
(f, T)-orbitally complete if and only if (X, p°) is (f, T)-orbitally complete.

Proof Suppose that (X, p®) is (f, T)-orbitally complete and x is an arbitrary element of X.
If {,,} is a Cauchy sequence in O(f, T;x) in (X, p), then it is also Cauchy in (X, p%). There-
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fore, by (1.2) we deduce that there exists y in X such that
pO,y) = lim p(y,y,) = Hm p(yn, ym),
n—00 1,m—> 00

and {y,} converges to y in (X, p). Conversely, let (X, p) be (f, T)-orbitally complete. If {y,}
is a Cauchy sequence in O(f, T;xo) in (X, p®), then it is also a Cauchy sequence in (X, p).
Therefore,

pO,y) = lim p(y,y,) = lim p(y, ym)-
n—o00 n,m—> 00
For given ¢ > 0, there exists 7, € N such that

POy =] <5 and |07 =Py < 5

for all m, n > n.. Consequently, we have

P20h9m) = 200, 9m) = P, Y) = PO Yim)
< |pGryn) = P3>Y) + PO V) = PO Y|

= |P(%J’n) —P(%}’)| + |P()’»J’n) _P()/nrym)|
& &

< —+=-=g,
2 2

whenever m, n > n,. The result follows. O

2 Coincidence points of a hybrid pair of mappings

In the following theorem, the existence of coincidence points of a hybrid pair of single-
valued and multi-valued mappings that satisfy Suzuki-Zamfirescu hybrid contraction con-
dition in partial metric spaces is established.

Theorem 2.1 Let (X,p) be a partial metric space and Y be any non-empty set. Assume
that a pair of mappings f : Y — X and T : Y — CBP(X) satisfies Suzuki-Zamfirescu
hybrid contraction condition with T(Y) C f(Y). If there exists uy € Y such that f(Y) is
(f, T)-orbitally complete at ug, then C(f,T) # ¢. If Y = X and (f,T) is IT-commuting at
coincidence points of (f, T), then F(f, T) # ¢ provided that fz is a fixed point of f for some
ze C(f,T).

Proof Let h =1/4/r and uy € Y be such that y, = fuy. By the given assumption, we have
Tug C f(Y). So, there exists a point u; € Y such that y; = fu; € Tup. As h > 1, so by
Lemma C, there exists a point y, € Ty such that

p(fulxyZ) = th(TuO» Tul)'

Using the fact that Tu; € f(Y), we obtain a point u; € Y such that y, = fup € Tu;. There-

fore,

plfur, fus) < hH,(Tug, Tuy).
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Since

CU(V)P(ﬁ"O, TMO) = w(’")p(ﬁ‘o:ful) fp(fu(];ful)x

we have

p(fulifMZ) < th(Tuo, Tl/ll)

< hrmax{p(fuo,ful), p(fuo, Tuo) ;P(ﬁll, Tul)’P(ﬁlo: Tu) ;P(ﬁll: Tuy) }
< %rmax{p(ymyl),lj(%:yl) ;p(yhyz) PG0.2) ;rp(h»yl) }
= x/;maX{PO’o,)’l),p(yo’yl) ;p(yl’yZ) }
If
max{p(yo,yl), £00.21) ;p()/byz) } =p(o,y1)s
then
pOn,y2) < hHy(Tuo, Tur) < N/rp(yo, 11).
If

’

PUo.y1) +p0y2) | POo,y1) + p(1,2)
max P()/O;yl), =
2 2
then we obtain

Jr

PO1,y2) < 5 ﬁP(YO»yl) = «/;P()’O,yl)~

As fuy € Tu;, we choose y3 € Tu, such that p(fuy, y3) < hH(Tu;, Tuy). Using the fact that
Tuy C f(Y), we obtain a point u3 € Y such that y3 = fuz € Tu, and

pfug, fuz) < hH,(Tuy, Tus).
Since

o(r)p(fur, Tuy) < o(r)p(fus, fus) < p(fur, fus),

so we have

p(fuy, fus) < hH,(Tuy, Tuy)

, T , T , Tt , T
shrmax{p(ful,fug),p(ﬁtl 1) + p(fua, Tuz) p(fur, Tus) + p(fus Ml)}

2 ’ 2

Page 6 of 16
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=< %rmax{l?()’b)’z)» p01,2) ;p@z»)’s') ’ 2oute) ;p(yzih) }

P()’l;yz) +P(y2,y3) }
) .

< \/?maX{p(ywz),
Following the arguments similar to those given above, we obtain
pO2.y3) < VrpOn,92),
which further implies that
pO2,33) < (V1)plo, ).

Continuing this process, we obtain a sequence {y,} C Y such that for any integer n > 0,
Yn+1 :fun+1 € Tun and

PO Y1) < (V1) p(30,31)

for every n € N. This shows that lim,,_, o p(¥,,, ¥u41) = 0. Since
PO Yn) + POnsts Yus1) < 200 Yus1),

so we obtain
lim p(yy,y,) =0 and  lim p(yse,yn) = 0.

Now, for m > n > 1, we have

ps(yn:yn+m) = 2P()’m}’n+m) _p(yn:yn) _p(yn+mxyn+m)
< 2p(ymyn+l) + Zp(yn+1:yn+2) +eeet 2p(yn+m—1:yn+m)
<2((Wr)" + (W)™ (D) p(yo, ).
It follows that {y,} is a Cauchy sequence in (f(Y),p°). By Lemma A, we have {y,} is a
Cauchy sequence in (f(Y),p). Since (f(Y),p) is (f, T)-orbitally complete at ug, so again

by Lemma D, (f(Y),p%) is (f, T)-orbitally complete at u,. Hence, there exists an element
u € f(Y) such that lim,,_, o p5(y,, ) = 0. This implies that

HILHQOP(Yn, u) = HILHQOP(Yn,yn) :P(% M) =0. (2'1)
Let z € f'u, then z € Y and u = fz. Now,

Pz, Tx) < p(fz, funa) + p(fknsr, Tx) — p(fuya, fitn)  and
p(funﬂr Tx) Sp(funﬂ,fun) +P(fumf2) +p(fz’ Tx) _p(fumfun) —P(fz,fz)

give

lim p(fu,.1, Tx) = p(fz, Tx).
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Similarly, we can show that

lim p(fu,, Tx) = p(fz, Tx).
n—0o0
Now, we will claim that

p(fz, Tx) < rp(fz,fx) forany fx € f(Y) - {fz}.

If x = z or fx = fz, then p(fx, Tx) = 0. This gives p5(fx, Tx) = 0, which implies that fx € Tx
and we are done. Now from (2.1), there exists a positive integer g such that for all n > ny,

Plfefin) = Sp(fafi) and plfefin) < plfe ).

So, for any n > ny, we have

o(®)p(finn, Tuy) < p(finy, Tun) < p(fi, fitni1)

< Plfinf2) + plfefins) ~ P ) = S

<plfz,fx) - %p(fz, %) < pfz, fx) — p(fz, fu,)
=< p(fun;fx) _P(fumfun) < p(fumfx)-

Hence, for any n > ny, we obtain

@ ()p(fitn Titn) < p(fitn, fx).
This implies

P, Tx) < Hy(Tuy, Tx)

Uy, Tuy,) + p(fx, Tx) U, Tx) + p(fx, Tu,)
lfinn x),p(f d p(f ,p(f 210(1”

PO Yni1) + plfe, Tx) p(yn, Tx) + p(fX, yi1) }

< rmax

<
< rmax | p(u, fx), 5 , 5

PG Yni1) + p(fx, Tx)

< rmax{pu, u) + p(u,fx) — p(u, u), 5

PO ) + p(u, Tx) — p(u, u) + p(fx, u) + p(t, Yni1) — p(us, u) }
5 )

On taking limit as # tends to co, we obtain

ifz, ) < rmax | pu, o), p(fx, Tx), p(u, Tx) + p(fx, u) }

2 2
= rmax p(fz,fx)’p(fxz’ Tx)’p(fz, Tx) ;P(fxnfz) }

< rmax p(fz, fx),

p(fz, Tx) + p(fx, fz) }
> .

Page 8 of 16
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If

p(fz, Tx) + p(fx,, fz)
2

max{p(fz,fx), } = p(fz, fx),

then we are done. If

p(fz, Tx) + p(fx, fz) } _ Pz Tx) + p(fx, f2)
2 2

’

max { p(fz.fx),
then we obtain

plfz, Tx) < 2—irp(fx, fz) < rp(fx, fz)

and hence (2.2) holds. Next, we show that

(2.3)

pifx, Tx) + p(fz, Tz) p(fx, Tz) + p(fz, Tx) }
2 2

H,(Tz, Tx) < rmax {p(fz,fx), ,

for any x € Y. If x = z, then fx = fz, and the claim follows from (2.2). Suppose that x # z,
then fx # fz. As f is a non-constant single-valued mapping, we have

p(fx, Tx) < p(fx, fz) + p(fz, Tx) — p(fz, fz)
< p(fx.fz) + rp(fx, fz) < (1 + r)p(fx, f2).

This implies
o(r)p(fx, Tx) < p(fx, fz).

Therefore,

H, (T2, Tx) < rmax {p (o fo), p(fx, Tx) + p(fz, Tz) p(fx, Tz) + p(fz, Tx) }

2 ’ 2
Hence, (2.3) holds for any x € Y. Note that

p(TZ:an+2) = Hp(TZx Tun+l)

n+l» Ti n+ ) T:
< rmaX{p(fz,funﬂ),p(ﬂt 1 Tunn) + plfz Z),

2

p(fun, T2) + p(fz, Tuy,1) }
2

p()/n+2:yn+2) +P(fZ, Tz)

< rmaX{p(fz,yn+z), 5 ,

POne2,f2) + p(fz, T2) — p(fz. f2) + p(f2, Yns2) }

2

On taking limit as n — 0o, we obtain

plfz, Tz) < g pfz, Tz).

Page9of 16
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We obtain p(fz, Tz) = 0, which further implies that p5(fz, Tz) < 2p(fz, Tz) = 0. Hence, fz €
Tz. Further if Y = X and ffz = fz, then due to IT-commutativity of the pair (f, T'), we have
fz =ffz € fTz C Tfz. This shows that fz is a common fixed point of the pair (f, T). O

Corollary A Let (X, p) be a partial metric space and Y be any non-empty set. Assume that
here exists r € [0,1) such that the mappings f : Y — X and T : Y — CBP(X) satisfy

w(rp(fx, Tx) <p(fx.fy) = H,(Tx, Ty) < rp(fx,fy)

forall x,y € Y, with T(Y) C f(Y). If there exists ug € Y such that f(Y) is (f, T)-orbitally
complete at uy, then C(f,T) # . If Y = X and (f, T) is IT-commuting at coincidence points
of the pair (f, T), then F(f, T) # ¢ provided that fz is a fixed point of f for somez € C(f, T).

Example 2.2 Let X = {0,1,2} and Y = {0,1,2,3}. Define a mapping p: X x X — R* as
follows:

1 1
P(O’O)ZP(LI):O’ P(O»l):p(1’0)= Z’ p(z»z)zg,

2 13
p(0,2) =p(2,0) = = p(1,2) = p(2,1) = %0

Then p is a partial metric on X. Let w(r) be as given in Theorem 2.1 and the mappings
T:Y — CB’(X)and f:Y — X be given as

0, ifxe{0,1},
{0} when x # 2,
Tx = and fx=12, ifx=2,
{0,1} whenx=2,
1, ifx=3.

Note that

p(f0,70) = p(f1,T1) = p(f0,f1) = p(f1,f1) = 0,
13 1
pf3.f2) =55 pf2f2)=3,

p(f1,£2) = p(f0,f2) = p(f2,T2) =

’

Bl N

p(f3,T3) = p(f3,0) = p(f3,1) =
If we take r > % and w(r) < %, thenforallx,ye Y,
w(r)p(fx, Tx) < p(fx,fy)

holds. If we consider r = %, then w(r) = %. Then, for x,y € {0,1, 3}, we have H,(Tx, Ty) = 0,
hence H,(Tx, Ty) < rp(fx, fy) is satisfied trivially. Now consider

H,(T0,T2)=p(0,1) =

=<

=rp(f0,12),

H,(T1,T2) = p(0,1) =

=

=rp(f1,£2),

Bl N =
Wl W=
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1 13
H,(T2,T3)=p(0,1)= — < — = 2,13),
( )=p(0,1) 257 (f2,f3)

1 5
H,(T2,T2)=p(0,1) = 1 < — =rp(f2,f2).

18
Hence, forallx,y € Y,

o(r)p(fx, Tx) < p(fx,fy)
implies

H,(Tx, Ty) < rp(fx,fy).
Letug =1,y =f(1) =0.As T(0) C f(Y), there exists a point 1 = 1in Y such thaty; = f(1) =
0 € T(1)and T(0) = {0} Cf(Y), we obtaina point u; = 1in Y such thaty, =0 =f(1) € T(1).
Continuing this way, we construct an orbit {yo = y1 =y, = --- = 0} for (f, T') at up = 1. Also,
f(Y)is (f, T)-orbitally complete at u, = 0. So, all the conditions of Corollary A are satisfied.

Moreover, C(f, T) = {0,1}.
On the other hand, the metric p® induced by the partial metric p is given by

15(0,0)=p5(1,1) = p°(2,2) = 0,

1 29
S S S S
0,1) = 1,0) = —, 1,2) = 2,1) = —,
P()P()2 P()P()30
pS(O,Z):pS(Z,O): —7.
15

Now, we show that Corollary A is not applicable (in the case of a metric induced by a

partial metric p) in this case. Since

a)(r)ps(fl, T1) = a)(r)ps(O, 0)=0< ps(fx,fy)

is satisfied for any r € [0,1), x and y in X, so it must imply H,s(7'1, 72) < rp(f1,/2). But

H,s(T1,T2) = H,s({0},{0,1}) =

N =

and

7 1

S S
1,/2)=p°(0,2) = — < —.
P’ (fLf2)=p>( )15<2

Hence, for any r € [0,1),

H,s(T1,T2) £ rp(f1,£2).

Corollary B Let (X, p) be a partial metric space, Y be any non-empty setand f,T:Y — X
be such that T(Y) C f(Y). Suppose that there exists ug € Y such that f(Y) is (f, T)-orbitally
complete at uy. Assume further that there exists an r € [0,1) such that

w(rp(fx, Tx) < p(fx, fy)

Page 11 of 16
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implies that

T T T T
p(Tx,Ty)Srmax{p(fx,fy)rp(fx x);p(fy y)’p(fx y);p(fy x)}

forall x,y € Y. Then C(f,T) # ¢. Further, if Y = X and the pair (f,T) is commuting at x
where x € C(f,T), then F(f, T) is a singleton.

Proof It follows from Theorem 2.1, that C(f,T) # ¢. If u € C(f, T'), then fu = Tu. Further,
if Y = X and (f, T) is commuting at i, then ffu = fTu = Tfu. Now,

o(r)p(fu, Tfu) < p(fu, Tfu) = p(fu, ffu)
implies that

pfu, ffuu) = p(Tu, Tfu)

< rM,, s (u, fu)

< rmax ) p(fu, ffu), p(ffu, Tfu) + p(fu, Tu) p(ffu, Tu) + p(fu, Tfu) }

2 ’ 2
p(ffu, ffu) + p(fu, Tu) p(ffu, fu) + p(fu, fir) }
2 ’ 2

p(ffu, fu) + p(fu, ffu) p(ffu, fu) + p(fu, ffur) }
2 b

< rmax{ p(fu, ffu),

< rmax] p(fu, ffu),

< rp(fu, ffu).

2

As r < 1, we obtain p(fu,ffu) = 0, which further implies that p5(fu,ffu) < 2p(fu,ffu) = 0.
Hence, fu is a common fixed point of f and 7.

For uniqueness, assume there exist z; # 23, such that z; = fz; = Tz; and z; = fzp = Tz,.
Then

Y (rp(fz, Tz) < plfz, Tz1) = p(fa, fz1) < plfai, f22),
which implies

P(ZhZz) = P(TZh 1z,)

< rmax {p(le,fzz),

’

pfz1, Tz1) + p(fz2, T22)  p(fz2, Tz1) + p(fz1, Tz2) }
2 2

=< VmaX{P(le Zz)»P(Zl: Zz)»P(er ZZ)}

< rp(z1,22).

We obtain p(z1,22) = 0, which further implies that pS(z1,2z2) < 2p(z1,22) = 0. Hence,

Z1 =2). |

Page 12 of 16
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3 An application
In this section, we assume that U/ and V are Banach spaces, W € U and D C V. Suppose
that

T WxD—W,
g i W xD—R,
G F:WxDxR—R.

Considering W and D as the state and decision spaces respectively, the problem of dy-
namic programming reduces to the problem of solving the functional equations:

plx) = sug{h(x,y) +G(x%yp(t(x))}, forxeW, (3.1)
ye

q(x) = sug{h’(x,y) +F(x,9,q(t(x,9))) }, forxe W. (3.2)
ye

Then equations (3.1) and (3.2) can be reformulated as

plx) = su}j){g(x,y) + G(x,y,p(f(x,y)))} -b, forxeW, (3.3)
ye

q(x) = sug{g’(x, y) +F(%y,q(t(x))} b, forxeW. (3.4)
ye

For more on the multistage process involving such functional equations, we refer to [23,
31-34]. Now, we study the existence and uniqueness of a common and bounded solution
of the functional equations (3.3)-(3.4) arising in dynamic programming in the setup of
partial metric spaces.

Let B(W) denote the set of all bounded real-valued functions on W. For an arbitrary
h € B(W), define || k|| = sup,.y |(x)]. Then (B(W), || - ||) is a Banach space endowed with
the metric d defined as d(h, k) = sup,y |hx — kx|. Now, consider

pphk) =d(h,k) + b = sup |hx — kx| + b, (3.5)
xeW

where i1,k € B(W), b > 0 and p, is a partial metric on B(W). Let w(r) be defined as in
Section 1. Suppose that the following conditions hold:

(C1): G, F, g, and g’ are bounded.

(C2):Forx e W, h e B(W) and b > 0, define

Kh(x) = sug{g(x,y) + G(x,y,h(r(x,y)))} —b, (3.6)
ye
Jh(x) = sug{g’(x,y) +F(x,p,h(t (%))} - . (3.7)
ye

Moreover, assume that there exists r € [0,1) such that for every (x,y) € W x D, h,k € B(W)
andte W,

(r)py (K1), Jh(0)) < p, (Th(0),JK(2)) (3.8)
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implies
|G(x,9,h(8)) = G (%, 7, k(8)) | < rM,, 5 (h(2), k(2)), (3.9)

where

pyUkt), Kk(t)) + py Jh(2t), Kh(t))
2

’

My (1(®),K(®)) = max {pB Jh( kD),

P Uh(2), Kk(2)) + p, Uk(2), Kh(t)) }
5 .

(C3): For any 1 € B(W), there exists k € B(W) such that forx € W,
Kh(x) = Jk(x).
(C4): There exists & € B(W) such that
Kh(x) = Jh(x) implies that JKh(x) = KJh(x).
Theorem 3.1 Assume that the conditions (C1)-(C4) are satisfied. If](B(W)) is a closed con-

vex subspace of B(W), then the functional equations (3.3) and (3.4) have a unique, common
and bounded solution.

Proof Note that (B(W), pp) is a complete partial metric space. By (Cl), J, K are self-maps
of B(W). The condition (C3) implies that K(B(W)) C J(B(W)). It follows from (C4) that

J and K commute at their coincidence points. Let A be an arbitrary positive number and
hy, hy € B(W). Choose x € W and y1,y, € D such that

Khj < g(x,9;) + G(x, 95, hj(x) — b + X, (3.10)
where x; = T(x,;), j = 1,2. Further, from (3.5) and (3.6), we have

I<h1 Zg(x'yZ) + G(x!yZ’ hl(xZ))’ (311)

Khy > g(x,31) + G(%,31, b2 (%1)). (3.12)
Therefore, (3.8) in (C2) becomes

w(r)ps(Khy(x), Jh (%)) < pp(Jh1(x) - Jha(x)). (3.13)
Then (3.13) together with (3.10) and (3.12) implies

Ky (x) — Kha(x) < G(x,y1,m1(x1)) — G(%, 31, 12 (%2)) = b + A
< |G(xy1, (1)) — G(x, 31, ha (%)) | = b + A
< rMy, (h(£),k(£)) = b + A. (3.14)
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Now, (3.10), (3.11) and (3.13) imply

Khy(x) — Khy(x) < G(x,y1, h2(%2)) — G(%, 31, I (x1)) — b
|G (%1, 1 (%1)) = G, 31, 12 (x2)) | = b
My, (h(2), k(£)) — b. (3.15)

IA

IA

From (3.14) and (3.15), we have
|Khy(x) = Khp (%) | + b < rM,, 5 (h(8), k(2)). (3.16)

As the above inequality is true for any x € W and A > 0 is taken arbitrarily, so from (3.13)

we obtain

o(r)pp(Khy, Jha) < pg(h, Ihy) (3.17)
implies

p(Khy, Khy) < rMy, ; (h(2), k(2)). (3.18)

Therefore, by Corollary B, the pair (K,J) has a common fixed point /#*, that is, #*(x) is a
unique, bounded and common solution of (3.3) and (3.4). O
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