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Abstract

In this manuscript, we extend the concept of altering distance, and we introduce a
new notion of (e, B¢)-contractive mappings. We prove the existence and
uniqueness of a fixed point for such mapping in the context of complete metric
space. The presented theorems of this paper generalize, extend and improve some
remarkable existing results in the literature. We also present several applications and
consequences of our results.

1 Introduction and preliminaries

Fixed point theory is one of the core research areas in nonlinear functional analysis since
it has a broad range of application potential in various fields such as engineering, eco-
nomics, computer science, and many others. Banach contraction mapping principle [1] is
considered to be the initial and fundamental result in this direction. Fixed point theory and
hence the Banach contraction mapping principle have evidently attracted many promi-
nent mathematicians due to their wide application potential. Consequently, the number
of publications in this theory increases rapidly; we refer the reader to [2-19].

In this paper, by introducing a new notion of (¢, B¢)-contractive mappings, we aim
to establish a more general result to collect/combine a number of existing results in the
literature.

We start by recalling the notion of altering distance function introduced by Khan et al.
[12] as follows.

Definition 1.1 A function ¥ : [0, +00) — [0, +00) is called an altering distance function if
the following properties are satisfied:
+ Y (t) is continuous and nondecreasing.

+ Y(t)=0ifand onlyif £ = 0.
Now, we present a definition, which will be useful later.

Definition 1.2 Let X be a set, and let R be a binary relation on X. We say that T : X — X
is an R-preserving mapping if

xyeX:xRy = IxRTy.

In the sequel, let N denote the set of all non-negative integers, let R denote the set of all

real numbers.
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Example 1.1 Let X =R and a function T': X — X defined as Tx = €*.
Define a(x,y) : X x X — [0,00) and B(x,y) : X x X — [0,00) by

1 ifx<y, 1 ifx<y,
alx,y) = Bx,y) =
2 otherwise; 0 otherwise.

Define the first binary relation R; by xRy if and only if &(x, y) <1, and define the second
binary relation by xR,y if and only if B(x,y) > 1. Then, we easily obtain that T is simulta-
neously R;-preserving and R,-preserving.

Definition 1.3 Let N € N. We say that R is N-transitive on X if
X0y X153 XN+ € X 1, Rxiq forallie {0,1,...,N} = X0 RAN+1-

The following remark is a consequence of the previous definition.

Remark 1.1 Let N € N. We have:
(i) If R is transitive, then it is N-transitive for all N € N.
(if) If R is N-transitive, then it is kN -transitive for all k € N.

Definition 1.4 Let (X, d) be a metric space and Ry, R, two binary relations on X. We
say that (X, d) is (R1, Ry)-regular if for every sequence {x,} in X such that x, — x € X as

n— 400, and
X, Ri%pe1, %, Rox,.1 forallmeN,
there exists a subsequence {x,} such that
Xn(ly R1%, Xn(yRox  forall k e N.

Definition 1.5 We say that a subset D of X is (R, Ry)-directed if for all x,y € D, there
exists z € X such that

(@R1z) A(JR1z) and (xRy2) A (YR22).

2 Main results
Before we start the introduction of the concept (¢, B¢)-contractive mappings, we intro-
duce the notion of a pair of generalized altering distance as follows:

Definition 2.1 We say that the pair of functions (¥, ¢) is a pair of generalized altering
distance where ¥/, ¢ : [0, +00) — [0, +00) if the following hypotheses hold:

(al) ¢ is continuous;

(a2) v is nondecreasing;

(@3) limy— 0o @(ty) =0 = lim, o £, = 0.

The condition (a3) was introduced by Popescu in [15] and Moradi and Farajzadeh in [14].
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Definition 2.2 Let (X, d) be a metric space, and let 7 : X — X be a given mapping. We
say that T is (¢, Bp)-contractive mappings if there exists a pair of generalized distance
(¥, @) such that

¥ (d(Tx, Ty)) < a(x, )¢ (d(x,9)) - Bx,y)p(d(x,y)) forallx,ye X, )
where @, 8: X x X — [0, +00).
In the sequel, the binary relations R; and R, are defined as following.

Definition 2.3 Let X be a setand &, 8 : X x X — [0, +00) are two mappings. We define
two binary relations R; and R; on X by

xyeX: xRy <— «alxy <1
and
xy€X: xRy <= Blxy >1
Now we are ready to state our first main result.

Theorem 2.1 Let (X, d) be a complete metric space, N € N\{0}, and let T : X — X be an
(v, Bo)-contractive mapping satisfying the following conditions:
(i) R;is N-transitive fori=1,2;

(ii) T is R;-preserving for i =1,2;

(ili) there exists xg € X such that xyR;Txo fori=1,2;

(iv) T is continuous.
Then, T has a fixed point, that is, there exists x* € X such that Tx* = x*.
Proof Let x¢ € X such that xgR; Tx, for i = 1,2. Define the sequence {x,} in X by

Xp1 = Ix, forallm>0.

If x,, = x,,41 for some n > 0, then x* = x,, is a fixed point 7. Assume that x, # x,,,; for all

n > 0. From (ii) and (iii), we have

xoR1Txg = alxg, Txg) = alxe,x1) <1 =  a(Txo, Tx1) = a(xy,x5) <1.
Similarly, we have

%RaTxo = Bxo, Txo) = Bxo,x1) =1 = B(Txo, Tx1) = Bx1,%2) > 1.
By induction, from (ii) it follows that

o (%, %,01) <1 forallm >0, (2)
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and, similarly, we have
Bxy,x,:1) >1 forall n > 0. (3)
Substituting x = x,, and y = x,,,; in (1), we obtain
Y (d(To, Thpi1)) < 00, X)W (A% X111)) = B%ns X110 (A %111)).
So, by (2) and (3) it follows that
Y (A X1, %002)) < V(A K1) — @ (A X)) (4)
Using the monotone property of the ¥ -function, we get
AXn1,%n42) < AXs K1)

It follows that {d(x,,x,.1)} is monotone decreasing, and, consequently, there exists r > 0
such that

d(X,,Xy41) — 7 asn—> o0.
Letting n — +00 in (4), we obtain

V) = U0 - lim o(dlon )
which implies that lim,,_, oo @(d(%y, %,41)) = 0, then by (a3) we get

dx,,%,41) — 0 asn— o0. (5)
On the other hand, by (2) and (i), we obtain

o (X Xpmaina1) <1 forall m, k > 0. (6)
Similarly, by (3) and (i), we get

B Xy Xpmsine1) =1 forall m, k> 0. (7)

Now, for some m1, k > 0, substituting x = x,,, and y = x,,y in (1), where m' := m + kN + 1, we
get

w(d(Txm; Txm’)) < a(Xm, xm’)w(d(xm:xm’)) - ﬁ(xm!xm’)(p(d(xmx xm’))'
So, by (6) and (7), we have

1p(d(xmﬂ:xm’Jrl)) =< 1/f(d(x;’mxm’)) - (p(d(xmrxm’))- (8)
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Using the monotone property of the ¥ -function, we get
AXp1s X 41) < A Xy X' ).

It follows that {d(x,,,x,/)} is monotone decreasing and consequently, there exists s > 0
such that

AXppy X)) — §  aS M — 0.
Letting m — +00, we obtain

V() <v(s) = lim @(dm ),

m—>+00

which implies that limy,;—, 100 @(d(%, %,)) = 0, then by (a3) we get

Ay, %) — 0 as m — 00. 9)
Next, we claim that {x,} is a Cauchy sequence. Suppose if we obtain a contradiction, that
T is not a Cauchy sequence. Then, there exists ¢ > 0, for which we can find subsequences
{Xm@o} and {x,} of {x,,} with n(k) > m(k) > k such that

AKXy, Xn()) = €. (10)

Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest
integer with n(k) > m(k) and satisfying (10). Then

A Xty Xn()—1) < €. (11)
Then we have

& < dXm(k) Xnky) < AXm)r Xnk)-1) + AXn()=1, Xn(k)) < & + AXn()-1, Xn(k))- (12)
Letting k — oo and using (5),

kll)rglo AX (k) Xni)) = €. (13)

Furthermore, for each k > 0, there exist u, nx > 0 such that m'(k) := m(k) + Nug +1 =
n(k) + nk. Hence, by (11) we have

m' (k)-1 m' (k)-1
& < dXm@) X (1) < A Xp(iy> Xuiy-1) + Z d(xi,xi41) < € + Z d(xi, Xi11). (14)
i=n(k)-1 i=n(k)-1
Again, letting k — oo and using (5),
im d (X)X (1)) = €. (15)

k—o00
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On the other hand, we have

AKXty X (k) < A Xmiie)s Xm(k)-1) + A Xmi)=1, X (k)-1) + A X' ()-15 X' (1))

A1 Xm' (1)-1) < A1, X)) + A Xk X' (1)) + A X (k) X (k)-1)-

Letting k — oo in the above inequalities, using (5), (9) and (15), we obtain
Hm d(®()-1, X (0)-1) = €. (16)
k—o00

By setting x = %01 and ¥ = %,y -1, in (1), we get

Y (A Tom-1 T (1)-1)) < & Emi)=15 X (1)-1)V (@ Fomy-15 % (1)-1))

— BOom-15%m (-0 @ (A (@)1 X ()-1))

that is,

Y (At % (1)) = & Em(i-15 % (-1 W (A Fomi-15 %' (-1 )

= B@m(t)-1 % (-1 @ (A Fm)-1 % (1)-1)) -

Now, using (6) and (7), we get

Y (@ X 1)) < W (dGmi)-1 % (0)-1)) — ©(dFom-1 % (0)-1)) -

Letting k — 00, using (15), (16) and the continuity of ¥ and ¢, we obtain
Y(e) <y(e) - kll)rgo @ (A1, X -1)) (17)

which implies by (a3) that ¢ = 0, a contradiction with ¢ > 0. Hence, our claim holds, that is,
{x,} is a Cauchy sequence. Since (X, d) is a complete metric space, then there exists x* € X
such that

X, — x° asm— oo.

From the continuity of 7, it follows that x,,,; = Tx, — Tx* as n — o0o. Due to the unique-
ness of the limit, we derive that Tx* = x*, that is, ™ is a fixed point of T O

Theorem 2.2 In Theorem 2.1, if we replace the continuity of T by the (R1, R,)-regularity
of (X,d), then the conclusion of Theorem 2.1 holds.

Proof Following the lines of the proof of Theorem 2.1, we get that {x,} is a Cauchy se-
quence. Since (X, d) is a complete metric space, then there exists x* € X such that x,, — x*

as n — o0o. Furthermore, the sequence {x,} satisfies (2) and (3), that is,

X, R1%n+1» X, Rox,.1 forallmeN.
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Now, since (X, d) is (R1, R2)-regular, then there exists a subsequence {x,} of {x,} such
that x4 R1x*, that is, a(x,x), ™) <1 and x4 Rox*, that is, B(x,x),«*) > 1 for all k. By
setting x = x,,x) and ¥ = x*, in (1), we obtain

V(@ (a1 7)) < 0 (i %) Y (A (010 %) ) = B (it )0 (d (i, 6*)) - for all &,
that is,

Y (d(®n1, T6)) < ¥ (d(%nr), 27)) = @(d (%), x™))  for all k.
Using the monotone property of the y-function, we get

(%0115 Tx*) < d(xnp,x*) forall k.
Letting k — oo in the above inequality, we get d(x*, Tx*) = 0, that is, x* = Tx*. O

Theorem 2.3 Adding to the hypotheses of Theorem 2.1 (respectively, Theorem 2.2) that X
is (Ry, Ry)-directed, we obtain uniqueness of the fixed point of T .

Proof Suppose that x* and y* are two fixed points of T'. Since X is (R, R)-directed, there
exists z € X such that

ot(x*,z) <1, ot(y*,z) <1 (18)
and

/S(x*,z) >1, ﬂ(y*,z) >1. 19)
Since T is R;-preserving for i = 1,2, from (18) and (19), we get

ot(x*, T”z) <1, oc(y*, T”z) <1, Vn>0 (20)
and

B(x*, T"z) =1, By T"z)>1, V¥n=>0. (21)
Using (20), (21) and (1), we have

Y (d(x*, T"'2)) = ¥ (d(Tx*, T(T"2)))
< ot(x*, T”z)l/f(d(x*, T”z)) - ﬁ(x*, T”z)go(d(x*, T”z))
<Y (d(x*, T"2)) — (d(x*, T"z)).

This implies that

Y (d(x*, T"'2)) < ¥ (d(x*, T"2)) — @ (d(x*, T"z)), V¥n=0. (22)
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Using the monotone property of the ¥ -function, we get
d(x*, T"”z) < d(x*, T"z), Vn > 0.

It follows that {d(x*, T"z)} is monotone decreasing and consequently, there exists 7 > 0
such that

d(x*,T"z) > r asn— oo,
Letting n — +00 in (22), we obtain

V() ¥ () - lim o(d(x", T"z)),
which implies that lim,,_, o @(d(x*, T"z)) = 0, then by (a3) we get

d(x*,T"z) > 0 asn— oc. (23)
Similarly, we get

d(y*,T"z) > 0 asn— oo. (24)
Using (23) and (24), the uniqueness of the limit gives us x* = y*. O

3 Some corollaries

In this section, we derive new results from the previous theorems.

3.1 Coupled fixed point results in complete metric spaces
Let us recall the definition of a coupled fixed point introduced by Guo and Lakshmikan-
tham in [5].

Definition 3.1 (Guo and Lakshmikantham [5]) Let F: X x X — X be a given mapping.
We say that (x,y) € X x X is a coupled fixed point of F if

F(x,y)=x and F(y,x)=y.

Lemma 3.1 A pair (x,y) is a coupled fixed point of F if and only if (x,y) is a fixed point of
T where T : X x X — X x X is given by

T(x,y) = (F(x,y),F(y, x)) forall (x,7) € X x X. (25)

Definition 3.2 Let (X,d) be a metric space and F : X x X — X be a given mapping. We
say that F is an (¢, Bg)-contractive mappings if there exists a pair of generalized distance
(¥, @) such that

Y (d(F(x,9), F(u,v))) < a((x,), (u,v)) ¥ (max{d(x, u),d(y, v)})
- B((x, ), (1, v))(p(max{d(x, u),d(y, v)}),

where o, B : X2 x X% — [0, +00).
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In this section, we define two binary relations S; and S, as follows.

Definition 3.3 Let X be a set, and let S;, S; be two binary relations on X x X defined by
(,9), (V) e X x X: (6, 9)S1(0,v) <— oz((x,y), (u, v)) <1

and
@®9), (V) € X x X: (%,0)S(n,v) = B(x),w,v)) =1

Definition 3.4 Let (X, d) be a metric space. We say that (X x X, d) is (51, S,)-biregular if
for all sequences {x,,7,} in X x X such thatx, > x € X, y, - y € X as n — +00, and

(%, Y1) Si (Xrs15 Yis1)» Ons1, %01)Si ¥y %) fori=1,2 and foralln € N,
there exists a subsequence {x,), yu(x)} such that
(K Y )Si(%,9), 9, %)S;i V() Xuy)  fori=1,2 and for all k € N.

Definition 3.5 We say that X x X is (51, S,)-bidirected if for all (x,y), (i, v) € X x X, there
exists (z1,2z2) € X x X such that

((xry)si(zl:ZZ)) A ((ZZ,ZI)Si(y:x)) and
((1,v)Si(z1,22)) A ((22,21)Si(v, ) fori=1,2.

We have the following result.

Corollary 3.1 Let (X,d) be a complete metric space and F : X x X — X be an (e, Bp)-
contractive mapping satisfying the following conditions:

(i) Siis N-transitive fori=1,2 (N > 0);

(i) Forall (x,y),(u,v) € X x X, we have

(x:y)Si(ux V) == (F(x’y)rF(yrx))Si(F(uﬁ V),F(V, M)) fO}" i= 1) 2;
(iii) There exists (x0,y0) € X x X such that

(%0, ¥0)Si (F(%0,0), F (0, %0)), (F(o,%0), F(x0,70))Si(yo, %0) ~ for i =1,2;

(iv) F is continuous, or (X x X,d) is (51, S2)-biregular.
Then, F has a coupled fixed point (x*,y*) € X x X. Moreover, if X x X is (51, 5,)-bidirected,
then we have the uniqueness of the coupled fixed point.

Proof By Lemma 3.1, a pair (x,y) is a coupled fixed point of F if and only if (x,y) is a fixed
point of T'. Now, consider the complete metric space (Y,8), where ¥ = X x X and

8((x,y), (u, v)) = max{d(x, u),d(y, V)} for all (x,), (u,v) € X x X.
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From (iv), we have

¥ (d(F(x,9), F(u,v))) < a((x,9), (u,v) ¥ (8((x 1), (7,)))
= B((x,9), (1, )@ (8((x, ), (3, v))) (26)

and

¥ (d(F(V, u), F(y, x))) <« ((V, u), (¥, x)) v (8 ((x, u), (¥, v)))
- B((v, 1), 9,%)) 0 (8((x, ), (3, v))). (27)

Since v : [0,00) — [0, +00) is nondecreasing, then v (max(r,s)) = max(y (r), ¥ (s)) for all
r,s € [0,00). Hence, for all (&1, &), (n1,12) € X x X, we have

where a,b:Y x Y — [0, +00) are the functions defined by

a((&1,6), (n,m2)) = max{e((€1, &), (11,72)), @ (02, m), (52,€1)) },
b((él) 52)1 (771: 772)) = mln{ﬁ((élr EZ)’ (7711 n2))r 5((772» 771)1 (52: El)) }:

and T: Y — Y is given by (25). We shall prove that T is (ay, bg)-contractive mapping.
Define two binary relations R; and R, by

ERin < alE,n)<1 and &Ryn <= bE,n)>1 forallé,neX x X.

First, we claim that R; for j = 1,2 are N-transitive. Let (x;, ;) € X x X foralli € {0,...,N}
such that

(%) R;j(xis1,yi¢1)  forj=1,2 and foralli € {0,...,N},
that is,

a((x591), Wis1,9i1)) <1 and  b((xi,¥:), (i1, 9141)) = 1 foralli € {0,...,N}.
By definitions of @ and b, it follows that

a((xy), i yi)) <1 and (i1, %), %)) <1 foralli € {0,...,N},
B((x0y:), s, yi1)) =1 and B((is1,%i1), i %)) =1 foralli € {0,...,N}

or
(x5 y)Sj X, ¥i41)  and (K, ¥ir)Sj(%i,9:)  forj=1,2 and for all i € {0,...,N}.
Hence, by (i), we have

(%0, 70)Sj(xn+1,n+1)  and  (xn41, YN11)Sj (%0, ¥0)  forj=1,2,
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that is,

a((x0,y0), (kn11,9841)) <1 a((nen%n41), B0, %0)) < 1;

B((x0,50)s (Xn+1,Yn41)) = 1; B(O/n+1,2n41), (0, %0)) > 1

or

(%0,50)Rj(xn+1,9n41)  forj=1,2.

Then our claim holds.

Let & = (£1,&),1 = (n1,1m2) € Y such that a(§,n) <1 and b(§, n) > 1. Using condition (ii),
we obtain immediately that a(T, Tn) <1 and b(T&,Tn) > 1. Then T is R;-preserving
for j = 1,2. Moreover, from condition (iii), we know that there exists (x¢, o) € Y such that
(%0,50)R; T (%0, y0) for j = 1, 2. If F is continuous, then T also is continuous. Then all the hy-
potheses of Theorem 2.1 are satisfied. If (X x X, d) is (51, Sy)-biregular, then we easily have
that (X x X,d) is (R1, Ry)-regular. Hence, Theorem 2.2 yields the result. We deduce the
existence of a fixed point of T that gives us from (25) the existence of a coupled fixed point
of F. Now, since X x X is (51, S,)-bidirected, one can easily derive that X x X is (R, R2)-
directed by regarding Lemma 3.1 and Definition 3.5. Finally, by using Theorem 2.3, we
obtain the uniqueness of the fixed point of T, that is, the uniqueness of the coupled fixed
point of F. g

3.2 Fixed point results on metric spaces endowed with N-transitive binary
relation
In [18], Samet and Turinci established fixed point results for contractive mappings on met-
ric spaces, endowed with an amorphous arbitrary binary relation. Very recently, this work
has been extended by Berzig in [2] to study the coincidence and common fixed points.
In this section, we establish a fixed point theorem on metric space endowed with

N-transitive binary relation S.

Corollary 3.2 Let X be a non-empty set endowed with a binary relation S. Suppose that
there is a metric d on X such that (X,d) is complete. Let T : X — X satisfy the S-weakly

(¥, p)-contractive conditions, that is,
v (d(Tx, Ty)) < ¥ (d(xp) - ¢(d(x,y))  for all xSy,

where  and ¢ are altering distance functions. Suppose also that the following conditions
hold:
(i) S is N-transitive (N > 0);

(i) T is a S-preserving mapping;

(iii) there exists xg € X such that xoS Txo;

(iv) T is continuous or (X, d) is S-regular.
Then T has a fixed point. Moreover, if X is S-directed, we have the uniqueness of the fixed
point.
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Proof In order to link this theorem to the main result, we define the mapping o : X x X —

[0, +00) by
ifxSyorx =y,
a(xy) = (28)
¥ (d(Tx,Ty)) P(d(,y)) :
) T gy Otherwise,
and we define the mapping g : X x X — [0, +00) by
1 ifxSyorx =y,
PEN =1 yuew (29)

Sy otherwise.

Next, by using (28), (29) and Definition 2.3, the conclusion follows directly from Theo-
rems 2.1, 2.2 and 2.3. O

3.3 Fixed point results for cyclic contractive mappings
In [13], Kirk et al. have generalized the Banach contraction principle. They obtained a new
fixed point results for cyclic contractive mappings.

Theorem 3.1 (Kirk et al. [13]) For i € {1,...,N}, let A; be a nonempty closed subsets of
a complete metric space (X,d), and let T : X — X be a given mapping. Suppose that the
following conditions hold:

(i) T(A;) CAiforalliefl,...,N} with Axs = Ag;

(ii) there exists k € (0,1) such that

d(Tx, Ty) < kd(x,y).
Then T has a unique fixed point in [\~ A,.
Let us define the binary relations R; and R».

Definition 3.6 Let X be a nonempty set and let A;, i € {1,..., N} be nonempty closed
subsets of X. We define two binary relations Ry for k = 1,2 by

N
xyeX: kay — (x,y) el:= U(A, X Ai+1) with Ap,g = A;.
i=1
Now, based on Theorem 2.2, we will derive a more general result for cyclic mappings.

Corollary 3.3 For i€ {l,...,N}, let A; be nonempty closed subsets of a complete metric
space (X,d), and let T : X — X be a given mapping. Suppose that the following conditions
hold:

() T(A;) CAp forallie{l,...,N} with Ay, = A

(ii) there exist two altering distance functions ¥ and ¢ such that

Ip(d(Tx, Ty)) < lp(d(x,y)) —(p(d(x,y)) forall (x,y) € Ai x A forallie{1,...,N}.

Then T has a unique fixed point in ﬂﬁ.\ilAi.
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Proof Let Y := Uf\ilAi. For all i € {1,...,N}, we have by assumption that each A; is
nonempty closed subset of the complete metric space X, which implies that (Y, d) is com-
plete.

Define the mapping o : ¥ x ¥ — [0, +00) by

1 if(x,y) e orx=y,

1 4 YdIxTy) p(d(x.y))
Y (d(x.y)) @(dxy))+¥ (d(x,y))

ax,y) =
otherwise,

and define the mapping 8: Y x Y — [0, +00) by

1 if (x,y) e orx =y,
,3(96»)’)=

Y (dxy))

S+l  Otherwise.

Hence, Definition 2.3 is equivalent to Definition 3.6.

We start by checking that R; and R, are N-transitive. Indeed, let x,...,xy41 € Y such
that ag Rixr,1 and xx Roxy,q for all k € {0, ..., N}, that is, o (x, xx41) <1 and B(xg, xx,1) > 1
for all kK € {0,...,N} such that

X0 €A x1 € Ajs1y o Xk € Aiiks o %N41 € Airnel = Ainty

which implies that (x¢,xn.1) € A; X A;;1 € Y. Hence, we obtain a(xg,xn;1) < 1 and
Bxo,xn41) = 1, that is, xgRixn+1 and xgRoxn.1, which implies that R; and R, are
N-transitive.

Next, from (ii) and the definition of & and 8, we can write

v (d(Tx, Ty)) < oz, y)¥ (d(x,9)) - B y)e(d(x,))

forallx,y € Y. Thus, T is (@, Bp)-contractive mapping.

We claim next that T is R;-preserving and R,-preserving. Indeed, let x,y € Y such that
xRyy and xR,y, that is, a(x,y) <1 and B(x,y) > 1; hence, there exists i € {1,...,N} such
thatx € A;,y € Aj1. Thus, (Tx, Ty) € Ajy1 X Ajyp C T, then a(Tx, Ty) < 1and B(Tx, Ty) > 1,
that is, TR, Ty and TxR,Ty. Hence, our claim holds.

Also, from (i), for any xp € A; for all i € {1,..., N}, we have (xo, Txo) € A; x A;;1, which
implies that a(xg, Txo) <1 and B(xg, Txo) > 1, that is, xRy Tx¢ and xo Ry Txo.

Now, we claim that Y is (Ry, R;)-regular. Let {x,} be a sequence in Y such that x,, —
x €Y asn — 00, and

X R1%i15 %, Rox,,1 forall n,
that is,
Xy Xpe1) <1, Bxy,x041) > 1 forall n

It follows that there exist i,j € {1,...,N} such that

X, €Ay forallmeN and xeA4;,
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0
X(j—ic1+N)+kN € Aj1ieyn =Ajo forallk e N

By letting
nk):=(G-i-1+N)+kN forallkeN,

we conclude that the subsequence {x,} satisfies
(Kny,x) €Ajy x A; €T forallk eN,

hence o (x,,x),x) < 1and B(x,x),x) > 1 for all k, that is, %, Rix and x,,4) Rox, which proves
our claim.

Hence, all the hypotheses of Theorem 2.2 are satisfied on (Y, d), and we deduce that T
has a fixed point x* in Y. Since x* € A; for some i € {1,...,N} and x* = Tx* € A;,; for all
i€(l,...,N}, thenx* e N, A..

Moreover, it is easy to check that X is (R, Ry)-directed. Indeed, let x,y € Y withx € A,
yedA;,ijell,...,N}.Forz=x* € Y, we have ((a(x,2) <1) A (a(y,2) <1)) and ((8(x,2) >
1) A (B(y,2) = 1)). Thus, X is (R1, Ry)-directed.

Finally, the uniqueness follows by Theorem 2.3. g

4 Related fixed point theorems
In this section, we show that many existing results in the literature can be deduced from

our results.

4.1 Classical fixed point results
Corollary 4.1 (Dutta and Choudhury [4]) Let (X,d) be a complete metric space, and let
T : X — X be a self-mapping satisfying the inequality

w(d(Tx, Ty)) < I/I(d(x,y)) - w(d(x,y)) forall x,y € X,
where r and ¢ are altering distance functions. Then T has a unique fixed point.

Proof Let o, B : X x X — [0, +00) be the mapping defined by a(x,y) = B(x,y) =1 for all
x,y € X. Then T is (e, Bp)-contractive mappings. It is easy to show that all the hypothe-
ses of Theorems 2.1 and 2.2 are satisfied. Consequently, T has a unique fixed point. [

Corollary 4.2 (Rhoades [17]) Let (X, d) be a complete metric space, and let T : X — X be
a self-mapping satisfying the inequality

d(Tx, Ty) < d(x,y) — <p(d(x,y)) forall x,y € X,
where ¢ is an altering distance functions. Then T has a unique fixed point.

Proof Following the lines of the proof of Corollary 4.1, by taking ¥ (¢) = ¢, we get the de-
sired result. O
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4.2 Fixed point results in partially ordered metric spaces
We start by defining the binary relations R; for i = 1,2 and the concept of <-directed.

Definition 4.1 Let (X, <) be a partially ordered set.
1. We define two binary relations Ry and R, on X by

xyeX xRy <+ «x<y fori=12.

2. We say that X is <-directed if for all x,y € X there exists a z € X such that x <z and
y<z

Corollary 4.3 (Harjani and Sadarangani [8]) Let (X, <) be a partially ordered set and d be
a metric on X such that (X, d) is complete. Suppose that the mapping T : X — X is weakly

contractive, that is,

W(d(Tx, Ty)) < 1/f(d(x,y)) - w(d(x,y)) forallx <y,
where W and ¢ are altering distance functions. Suppose also that the following conditions
hold:

(i) T is a nondecreasing mapping;
(ii) there exists xq € X with xo < Txo;

If either:

(iii) T is continuous or,
(ili") for every sequence {x,} in X such that x,, — x € X, and {x,} is a nondecreasing se-

quence, there exists a subsequence {x,k)} such that x,u < x for all k > 0.

Then T has a fixed point. Moreover, if X is <-directed, we have the uniqueness of the fixed
point.

Proof Using Definition 2.3, we can define the binary relations R; and R, by the mappings
o, B:X x X — [0,+00):

(%, ) ifx<y,
alx,y) =
¥ (d(Tx, Ty)) o(d(x,)) )
Ve gy X E Y
and
B(x,y) 1 ifx<y,
x,Y) =
B4 C1C57) B
o(dx.y)+ ¥ (d(x)) ifx f )

In case x £ y, the functions o and B are well defined, because the altering functions
¢(d(x,y)) and ¥ (d(x,y)) are null only, and only if d(x,y) = 0, that is, x = y which is not
the case.

We can verify easily that R; and R, are 1-transitive.
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Next, we claim that 7 is (¢, B¢)-contractive mappings. Indeed, in case x < y, we easily

get

Y (d(Tx, Ty)) < alx )y (dxy) - B y)e(dx,y),

and in case x £ y, we have

a(x,y)¥ (dx,9) - Bxy)e(dx,y)) = ¥ (dx,y)) + ¥ (d(Tx, Ty)) > ¥ (d(Tx, Ty)),

hence, our claim holds.

Moreover, from the monotone property of T, we get

xnyeX, xRy = axy<l = x<y = Tx<Ty

= a(lx,Ty) <1 = TxRiTDy,
and similarly, we have

xyeX, xRy = Bry)>1 = x<y = Ix<Ty

= B(TxT)>1 = TxRyTy.

Thus T is R;-preserving for i = 1,2. Now, if condition (iii) is satisfied, that is, T is continu-
ous, the existence of a fixed point follows from Theorem 2.1. Suppose now, that the condi-
tion (iii’) is satisfied, and let {x,} be a nondecreasing sequence in X, that is, (%, %41) <1
and B(x,,x,,1) > 1 for all n. Suppose also that x, — x € X as n — 0o. From (iii’), there
exists a subsequence {x,} such that x,4 < x for all k. This implies from the definition
of o and B that a(x,),x) <1 and B(x,),x) > 1 for all k, which implies xR for i =1,2
and for all k. In this case, the existence of a fixed point follows from Theorem 2.2.

To show the uniqueness, suppose that X is <-directed, that is, for all x,y € X there ex-
ists a z € X such that x < z and y < z, which implies from the definition of « and 8 that
(a(x,2) <1)A(ax(y,2) <1)and (B(x,2) > 1) A(B(y,2) > 1). Hence, Theorem 2.3 gives us the

uniqueness of this fixed point. d
4.3 Coupled fixed point theorems
Next, in order to prove a coupled fixed point results in partially ordered set, we need to
define an order relation on the set X x X.
Let (X, <) be a partially ordered set endowed with a metric d, and let F: X x X — X be
a given mapping. We endow the product set X x X with the partial order:
@), () eX xX, @®y)=(wv) <— x=<uy>nw

Definition 4.2 Let X be a set and binary relations Sy for k =1,2 on X x X defined by

), w,v) e X X X: (%,9)Sk(1,v) <= (%9 X (u,v).
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Corollary 4.4 (Harjani et al. [6]) Let (X,d) be a partially ordered set and suppose that
there exists a metric d in X such that (X,d) is a complete metric space. Suppose that the
mapping F : X x X — X is weakly (¥, p)-contractive, that is,

¥ (F(x,9), F(u,v)) < ¥ (max{d(x,u),d(y,v)}) — ¢(max{d(x, u),d(y,v)})
for all (x,5) < (u,v),

where  and ¢ are altering distance functions. Suppose also that the following conditions
hold:
(i) F is a mixed monotone mapping;
(ii) there exists xg,yo € X with (x9,¥0) < (Fxo, Fyo);
(ili) F is continuous or (X x X,d) is (S1,S,)-biregular.
Then F has a coupled fixed point (x*,y*) € X x X. Moreover, if X x X is (51, S,)-bidirected,
we have the uniqueness of the fixed point.

Proof The conclusions then follows directly from Corollary 3.1. g

4.4 Fixed point results for cyclic contractive mappings
In this section, we will derive from our results the fixed point theorem of Karapinar and

Sadarangani [11] for cyclic weak (¢ — v/)-contractive mappings.

Definition 4.3 (Pacurar and Rus [16]) Let X be a nonempty set, m a positive integer and
T : X — X an operator. By definition, X = | J”, X; is a cyclic representation of X with re-
spect to T if

1. X, i=1,...,m are nonempty sets;

2. T(X7) C Xy, T(Xpm1) C Xom, T(X) C X

Definition 4.4 (Karapinar and Sadarangani [10]) Let (X,d) be a metric space, let m be a
positive integer, let Ay, A,, ..., A,, be closed non-empty subsets of X, and let Y := [ J", A;.
An operator T: Y — Y is called a cyclic weak (¢ — ¥)-contraction if

1. U, A; is a cyclic representation of Y with respect to T, and

2. ¢:[0,00) — [0,00) is an altering distance function such that

v (d(Tx, Ty)) < ¥ (d(x,9)) - ¢(d(x,)) (30)
foranyx € A;, y € Ajs1, where A1 := A;.

Corollary 4.5 (Karapinar and Sadarangani [10]) Let (X,d) be a complete metric space,
let m be a positive integer, let A1, As, ..., A, be closed non-empty subsets of X and let Y =
U™, A;. Suppose that ¢ : [0,00) — [0,00) is an altering distance function, and T is a cyclic
weak @-contraction, where Y = | JI"| A; is a cyclic representation of Y with respect to T.
Then, T has a unique fixed point z € (11 A;.

Proof The proof follows immediately from Corollary 3.3. d
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