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1 Introduction and preliminaries
The existence of a fixed point for contractive mappings in partially ordered metric spaces
has attracted the attention of many mathematicians (¢f. [1-11] and the references therein).
In [3], Bhaskar and Lakshmikantham introduced the notion of a mixed monotone map-
ping and proved some coupled fixed point theorems for the mixed monotone map-
ping. Afterwards, Lakshmikantham and Ciric in [11] introduced the concept of a mixed
g-monotone mapping and proved coupled coincidence point results for two mappings F
and g, where F has the mixed g-monotone property and the functions F and g commute.
It is well known that the concept of commuting has been weakened in various directions.
One such notion which is weaker than commuting is the concept of compatibility intro-
duced by Jungck [7]. In [5], Choudhury and Kundu defined the concept of compatibility of
F and g. The purpose of this paper is to present some coupled coincidence point theorems
for a mixed g-monotone mapping in the context of complete metric spaces endowed with
a partial order by using altering distance functions which extend some results of [6]. We
also present an example which illustrates the results.

Recall that if (X, <) is a partially ordered set, then f is said to be non-decreasing if for
%,y € X, x < y, we have fx < fy. Similarly, f is said to be non-increasing if for x,y € X, x < y,
we have fx > fy. We also recall the used definitions in the present work.

Definition 1.1 [11] (Mixed g-monotone property) Let (X, <) be a partially ordered set,
g:X — Xand F: X x X - X. We say that the mapping F has the mixed g-monotone
property if F is monotone g-non-decreasing in its first argument and is monotone g-non-
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increasing in its second argument. That is, for any x,y € X,
xxeX, g =gy = F(x,5) < F(x2,9) @)
and

ywyeX, g1=g2 = Fuyn)=Fkxy). (2)

Definition 1.2 [11] (Coupled coincidence fixed point) Let (x,7) e X x X, F: X x X - X
and g: X — X. We say that (x,y) is a coupled coincidence point of F and g if F(x,y) = gx
and F(y,x) = gy for x,y € X.

Definition 1.3 [11] Let X be a non-empty setand let F: X x X — X and g: X — X. We
say F and g are commutative if, for all x,y € X,

g(F(x,y) = F(gx,gy).

Definition 1.4 [5] The mappings F and g, where F: X x X — X and g: X — X, are said
to be compatible if

nlingod(g(F(xmyn))rF(gxmgyﬂ)) =0

and

lim d(g(F(ymxn))’F(gyVl’gx”)) =0,

n—00

whenever {x,} and {y,} are sequences in X such that lim,_, o F(%y,y,) = lim,_ 00 g%, =
and limy,_, o0 F (¥, %) = lim, oo gy, =y for all x,y € X.

Definition 1.5 (Altering distance function) An altering distance function is a function
Y : [0,00) — [0, 00) satisfying

1. ¢ is continuous and non-decreasing.

2. Y()=0ifand onlyift=0.

2 Existence of coupled coincidence points
Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such that
(X,d) is a complete metric space. Also, let ¢ and ¢ be altering distance functions. Now,
we are in a position to state our main theorem.

Theorem 2.1 Let F: X x X — X be a mapping having the mixed g-monotone property on
X such that

¢(d(F(x,9), F(u,v)))
< ¢(max(d(gr, gu), d(gy,gv))) - ¢ (max(d (g, gu), d(gy.gv))) (3)
forallx,y,u,v € X with gx = guand gy < gv. Suppose that F(X x X) C g(X), g is continuous,

monotone increasing and suppose also that F and g are compatible mappings. Moreover,
suppose either
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(a) F is continuous, or
(b) X has the following properties:
(i) if a non-decreasing sequence {x,} — x, then x, < x for all n,
(i) if a non-increasing sequence {y,} — vy, then'y <y, for all n.
Ifthere exist xo,y0 € X with gxo < F(xo,y0) and gyo > F(yo,%0), then F and g have a coupled
coincidence point.

Proof By using F(X x X) C g(X), we construct sequences {x,} and {y,} as follows:
G =F(xy,) and gy =F@ux,) forn>0. (4)

We are going to divide the proof into several steps in order to make it easy to read.

Step 1. We will show that gx,, < gx,.1 and gy, > gy for n > 0.

We use the mathematical induction to show that. From the assumption of the theorem, it
follows that gxg < F(xo,¥0) = gx1 and gyo > F(yo,%0) = g1, so our claim is satisfied for n = 0.
Now, suppose that our claim holds for some fixed n > 0. Since gx,,_1 < g%y, g¥n < g¥u-1 and
F has the mixed g-monotone property, then we get

EXpi1 = F(xmyn) > F(xn—l:yn) > F(xn—l:_yn—l) =8g%n

and

&Vni1 = F()’n:xn) = F(yn—l’xn) = F(y;'t—lrxn—l) =8&Vn-

Thus the claim holds for # + 1 and by the mathematical induction our claim is proved.
Step 2. We will show that limy,—, o0 d(gxy, g%141) = 1imy— o0 (€Y, gVns1) = 0.
In fact, using (3), gx, > gx,1 and gy, < gy,_1, we get

(p(d(gxnﬂ:gxn)) = (p(d(F(xmyn)rP(xn—byn—l)))
< @(max(d(gxn, g%n-1), A€V &Vn-1)))
— ¢ (max (d(gxn, gxn1), d(g}’mgyn—l)))' ®)

Since ¢ is non-negative, we have

‘p(d(gxwrhgxn)) = (p(max(d(gxmgxn—l); d(gymgyn—l)));

and since ¢ is non-decreasing, we have

A(gXni1,8%n) < max(d(gxn, g6n-1) AQn> Q¥n1))- (6)

In the same way, we get the following:

(P(d(gyn+l:gyn)) @(d(F(yn’xn)’F(yn—l’x"—l)))
(0(d(F(yn—l;xn—l)>F(y;4’xn)))

< p(max(d(gyn-1,8yn), A(@%n-1,8%1)))
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— ¢(maX (d(gyn—lygyn)’ d(gx”—l’gx”)))
< ¢(max(d(gxn, gxn1), (@Y &In-1)))s @

and hence

A(gVn+1,gVn) < max(d(gxy, gxn-1), AV &n-1))- (8)

Using (6) and (8), we have

max (d(gxs1,8%n) A(@Yns1,8Vn)) < max(d(gxy, g6u-1), d(@nr &Vn-1))-

From the last inequality, we notice that the sequence (max(d(gx,.1,8%), d(€Vn+1,£Vn))) is
non-negative decreasing. This implies that there exists r > 0 such that

lim max (d(gx,s1,8%n), A(QVni1,ZVn)) = 1. ©)

n—00

It is easily seen that if ¢ : [0,00) — [0,00) is non-decreasing, we have g(max(a, b)) =
max(¢(a), (b)) for a, b € [0, 00) for a, b € [0, 00). Using this, (5) and (7), we obtain

max((ﬁ(d(gxmhgxn))"/’(d(gyml’gyn)) = gp(max(d(gx,,ﬂ,gxn)d(gymbgyn)))
< o(max(d(gx,, &n-1), A€V gYn-1)))
— ¢ (max(d(gx,, gxn1)d(@ym gyn1))).  (10)

Letting n — oo in the last inequality and using (6), we have

p(r) < o(r) - ¢(r) < (),

and this implies ¢(r) = 0. Thus, using the fact that ¢ is an altering distance function, we
have 7 = 0. Therefore,

lim max (d(gx,s1,8%n), d(gns1,€Yn)) = 0. (11)

n—0o0

Hence, lim,,_, oo d(gx,, gx,11) = limy,—, oo d(gV4, 2Vn+1) = 0 and this completes the proof of our
claim.

Step 3. We will prove that {gx,} and {gy,} are Cauchy sequences.

Suppose that one of the sequences {gx,} or {gy,} is not a Cauchy sequence. This implies
that lim,, ,,,—, oo d(gx,,, g%n) /> 0 or limy, o0 (@Y1, €Vm) 7> 0, and hence

lim max(d(gx,, g%m), AV, gYm)) 7 0.

n,m—> 00

This means that there exists € > 0, for which we can find subsequences {gx,,x} and {gx, )}
with n(k) > m(k) > k, such that

max (d(gxm(k), g%n(k))> A@Ym(t» EIn(t))) = €. 12)
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Further, we can choose n(k) corresponding to m(k) in such a way that it is the smallest
integer with n(k) > m(k) and satisfying (12). Then

max (d(gxm(i) n(o-1)s AV m(k)» LYn(i)-1)) < €. (13)
Using (3), g%n(k)-1 2= &%m(k)-1 and gVu)-1 < &Vm(k)-1, we get

@ (d(@%n(t @mw)) = ©(A(F®nii-1 Yno-1)s F Fm-1, Ym(i-1)) )
< o(max(d(gxn()-1, 8m@-1)> AQYn)-1, m(i-1)))
— ¢ (max (d(gxn()-1, E5m()-1)» AV n(-1, Lm()-1)) ) (14)

and also we get

@ (d(FOn-1, %n)-1) Fmi)-1 Xm()-1)) )
P (A(FYmit)-1%m(-1) F Gn)-1> ¥ni)-1)) )

< @(max(d(@xn()-1, 85m(-1)> AQYn(-1,m(i)-1)) )

@(d(@Ynik) &mx)))

— ¢ (max (d(gxn()-1, §5m()-1)» AV n(t-1, Lm(i)-1)) )- (15)

Combining (14) and (15), we obtain

max (¢(d(gxur), E2mn)), 9 (A@Vnit €Ymvy)))
< ¢(max(d(@n()-1 &m@-1)» A n-1, m-1)))
— ¢ (max (d(gxn()-1, §5m()-1) AV n(-1 &m(i)-1)) )- (16)

Using the triangular inequality and (13), we get

A(GXn(i) Zmt)) < A(@Xn(kys 8Xn(i)-1) + A(GXn(i)-1, Em(k))

< d(gxn(k), Enii)-1) + € (17)

and

AV &Ymk) < AGYn(k) EVn(r)-1) + A&Ynk)-1, &Y m(k))
< d(@Yn(k) &Ynik)-1) + €. (18)

Using (12), (17) and (18), we have

€ < max(d(gxn), §5m(i))> A&V Qmx)))
< max(d(@xn(), 8n(k)-1)> AQVn(k)» EYn(k)-1)) + €.

Letting k — oo in the last inequality and using (11), we have

Jim max (d(gxu), §m(i))» AQYn(i0» mx)) = €. 19)
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Similarly, using the triangular inequality and (13), we have

A(GXnii)-1, Em(-1) < A@Xn(k)-18Xmt)) + A(LXrmii)» SXm(k)-1)

< € + d(@Xm(k) SXm(i)-1) (20)

and

A@Yn()-1,Ym(k)-1) = A&Yn(k)-1,&Ym(k)) + AYm(k)» &Ymis)-1)
< € +d(@Vm(k) &Ym(k)-1)- (21)

Combining (20) and (21), we obtain

max (@)1, 8mi-1)> AGYn()-1, LYmi-1))
< max (d(gXm(t), Em(t)-1)s AVm(x) Lm(r)-1)) + €. (22)

Using the triangular inequality, we have

A(gXn() X)) < A(@Xn(k) 8Xnii)-1) + A(@Xn(k)-1 Xm(ie)-1)

+ d(gXmk)-1, 8Xm(k))

and

AQYn(k) &Ym(k) < A&Yn(k)» &Yn(i-1) + A@Yn(h)-1, &Ym(k)-1)
+ d(@Ym(t)-1, &Ymik))-
Using the two last inequalities and (12), we have
€ < max(d(@xnw), §5m(k)) AV Qmx)))
< max (d(@xu(k), g%nk)1), AV (k) EYnihy1))

+ max (d(gxn(o-1, &m(-1) A&V n(k)-1 L mii)-1))
+ max (d(@Xm()-1, &m())> A€Ymik)-1, EYm(k))- (23)

Using (22) and (23), we get

A(GEm(i)-1> 8Em(i))» ALY m()-1> L mk)))
A(GX (-1 m)-1)> A@Vn(i)-1> @Vm(k)-1))
< max(d(@xmk), §5m()-1)» AVmi)» EYmi)-1)) + €.

Letting k — oo in the last inequality and using (11), we obtain

Jim max (d(gx()-1, 8%m()-1) AQVn()-1, Lmik)-1)) = €. (24)

Page 6 of 14
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Finally, letting kK — oo in (15) and using (18), (23) and the continuity of ¢ and ¢, we have

p(e) = g(€) — ¢(e) = ¢(e)
and, consequently, ¢(¢€) = 0. Since ¢ is an altering distance function, we get € = 0, and this

is a contradiction. This proves our claim.

Since X is a complete metric space, there exist x,y € X such that
lim F(x,,y,) = lim gx, =x and lim F(y,,x,) = lim gy, =y. (25)
n—o0 n— 00 n—o0 n— 00

Since F and g are compatible mappings, we have

Tim d(g(F(eu yu)), F(@%n gyn) = 0 (26)
and
Jlim A(g(Fn»xn)), F(gyng%n)) = 0. (27)

We now show that gx = F(x,y) and gy = F(y,x). Suppose that assumption (a) holds. For
all n > 0, we have

d(gx, F(g%n, gyn)) < d(g%,g(Fnsyn))) + d(g(F (% ¥n)) F (g% €Yn))-

Taking the limit as n — oo, using (3), (25), (26) and the fact that F and g are continu-
ous, we have d(gx, F(x,y)) = 0. Similarly, using (3), (25), (27) and the fact that F and g are
continuous, we have d(gy, F(y,x)) = 0. Hence, we get

gx=F(x,y) and gy=F(y,x).
Finally, suppose that (b) holds. In fact, since {gx,} is non-decreasing and gx,, — x and
{gy.} is non-increasing and gy, — ¥, by our assumption, gx, < x and gy, > y for every

neN.
Applying (3), we have

(p(d(F(x,y)»F(xmyn)))

IA

o (max(d(gr. gx.), d(¢y,2y,))) = ¢ (max(d(gx,gx2), (g7, 7))
< g)(max(d(gx,gxn), d(gy’gyn)))’

and as ¢ is non-decreasing, we obtain
d(F(x,9), F(%4,yn)) < max (d(gx,gxn), d(gy,gyn))- (28)

Using the triangular inequality and (28), we get

d(gx’ F(xry)) = nlinolo d(gx’ggxnﬂ) + d(ggan: F(x,)’))

= lim d(gx,ggxn) + d(F (%, ), &F (%, yn))

n—00
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= nlilgd(gx,ggxn+1) + d(F(xry)’F(gxﬂ’gyVl))

< d(gx, ggxn1) + max(d(gx, ggxn), d(gy, ggyn)).-

As x, — x and y, — ¥, taking n — 00 in the last inequality, we have
d(gx,F(x,y)) =0,

and, consequently, F(x,y) = gx.
Using a similar argument, it can be proved that gy = F(y,x) and this completes the
proof. O

Corollary 2.1 [6] Let (X, <) be a partially ordered set and suppose that there exists a met-
ric d in X such that (X,d) is a complete metric space. Let F : X x X — X be a mapping
having the mixed monotone property on X such that

@(d(F(x,9), F(u,v))) < @(max(d(x,u),d(y,v))) — ¢(max(d(x, u),d(y,v)))

for all x,y,u,v € X with x > u and y < v, where ¢ and ¢ are altering distance functions.
Moreover, suppose either
(a) F is continuous, or
(b) X has the following properties:
(i) if a non-decreasing sequence {x,} — x, then x, < x for all n,
(i) if a non-increasing sequence {y,} — vy, then y <y, for all n.
If there exist xg,y0 € X with xo < F(x0,Y0) and yo = F(yo,%0), then F has a coupled fixed
point.

Corollary 2.2 [3] Let (X, X) be a partially ordered set and suppose that there exists a met-
ric d in X such that (X,d) is a complete metric space. Let F : X x X — X be a mapping
having the mixed monotone property on X such that

N X

d(F(x,y),F(u, V)) < [d(x, u) +d(y, v)]
forall x,y,u,v € X with x > u and y < v. Moreover, suppose either
(a) F is continuous, or
(b) X has the following properties:
(i) if a non-decreasing sequence {x,} — x, then x, < x for all n,
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n.
If there exist xg,y0 € X with xo < F(x0,0) and yo = F(¥o,%0), then F has a coupled fixed
point.

Proof Let ¢ = identity and ¢ = (1 — %)go and g is the identity function. Then applying The-
orem 2.1, we get Corollary 2.2. O

3 Uniqueness of the coupled coincidence point
In this section, we prove the uniqueness of the coupled coincidence point. Note that if
(X, <) is a partially ordered set, then we endow the product X x X with the following
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partial order relation, for all (x,y), (4, v) € X x X,
@) <(uv) & x=<uy>v.

Theorem 3.1 [n addition to the hypotheses of Theorem 2.1, suppose that for every (x,y),
(z,t) in X x X, there exists a (u,v) in X x X that is comparable to (x,y) and (z,t), then F

and g have a unique coupled coincidence point.

Proof Suppose that (x,7) and (z, t) are coupled coincidence points of F, that is, gx = F(x,y),
gy =F(x,9), gz=f(z,t) and gt = F(t, 2).

Let (4, v) be an element of X x X comparable to (x,) and (z, £). Suppose that (x,y) > (4, v)
(the proof is similar in the other case).

We construct the sequences {gu,} and {gv,} as follows:

o =u, Vo =1, gUps1 = F(um Vn): 8Vni1 = F(Vn; un)'

We claim that (x, y) > (u,,v,) for each n € N. In fact, we will use mathematical induction.
For n = 0, as (x,y) > (u,v), this means uy = u < x and y > v = vy and, consequently,

(#0,v0) < (%,9). Suppose that (x,y) > (u4,,V,), then since F has the mixed g-monotone

property and since g is monotone increasing, we get
guUp = F(un’ Vn) = F(x: Vn) =< F(x»y) = gx,
gVn+1 = F(Vn: un) = F(y; Mn) = F()’,x) =gy

and this proves our claim.
Now, since u, <x and u, > y, using (3), we get

o (d(gx, gun)) = @(d(F(x,9), F(tn1,Vnr1)))
< ¢(max(d(gx, gun1), d(gy, gVn-1)))
— ¢(max (d(gx, gun-1), d(gy,gVn-1)))
< p(max(d(gx, gun-1), d(gy,gvu-1)))- (29)

In the same way, we have

¢(d(gy.gvn)) = 9(d(F0, %), F (o1, 401)))
(d(F(vu1, tn), F(3,)))
< ¢(max(d(gx, gutn-1), d(gy, gVn-1)))
— ¢ (max(d(gx, gun 1), d(y, V1))
< @(max(d(gx, gun-1), d(gy,gVn-1))). (30)

Using (29) and (30) and the fact that ¢ is non-decreasing, we get

¢ (max(d(gr, gun), d(gy,gvn))) = max(¢(d(gx, gun), d(gy,gvs)))

< p(max (d(gx, gitn-1,d(gy gvn-1)))
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— ¢ (max (d(gx, gun1), d(gy, gvn-1)))
< @(max(d(gx, gtn-1), A(gy, gVn-1))).- (31)

Using the last inequality and the fact that ¢ is non-decreasing, we have

max (d(gx, gu,), d(gy, gvn)) < max (d(gx, gun_1), d(gy, gvn-1))-

Thus the sequence (max(d(gx, gu,), d(gy,gv,))) is decreasing and non-negative, and hence,

for certain r > 0,

nli)nolo(max(d(gx,gu,,),d(gy,gv,,))) =r. (32)

Using (32) and letting n — oo in (31), we have

o(r) < o(r) - d(r) < o(r).

This gives ¢(r) = 0 and hence r = 0.

Finally, since lim,,_, o (max(d(gx, gu,), d(gy,gv,))) = 0, we have gu,, — gx and gv,, — gy.
Using a similar argument for (z, t), we can get gu,, — gz and gv,, — gt, and the uniqueness
of the limit gives gx = gz and gy = gt. This completes the proof. O

Theorem 3.2 Under the assumptions of Theorem 2.1, suppose that x, and y, are compa-
rable, then the coupled coincidence point (x,y) € X x X satisfies x = y.

Proof Assume xy < ¥, (a similar argument applies to yo < x).

We claim that x,, <y, for all n, where gx,, = F(x,,,y,) and gy,s1 = F(y, %)

Obviously, the inequality is satisfied for n = 0. Suppose x, < y,. Using the mixed
g-monotone property of F, we have

gxn+l = F(xmyn) = F(ynjyn) = F(ymxn) :gyn+1y

and since g is non-decreasing, this proves our claim.
Now, using (3) and x,, < y,, we get

(p(d(gxnﬂ:gy;ﬁl)) = (p(d(gyn+lrgxn+l)) = (p(d(F(yn:xn):F(xmyn)))
< @(d(gxn gyn)) — (d(@xn gyn)) < @(d(gxn,gIn)), (33)

and since ¢ is non-decreasing, we get
A1, 8Yns1) < A(gXn &Yn)-

We notice that the sequence d(gx,,gy,) is decreasing. Thus, lim,_, - d(gx,,gy,) = r for
certain r > 0. Hence,

o(r) = @(r) - ¢(r) < o(r),

and this gives us r = 0.
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Since gx, — x, gy, — y and lim,,_, o d(gx,,, gy,,) = 0, we have

0= lim d(gx,,gy,) = d(@xu,gyn) = d( lim gx,, lim gy,,) =d(x,y)
n—00 n— 00 n— 00
and thus x = y. This completes the proof. d

4 Example
The following example illustrates our main result.

Example 4.1 Let X = [0,1]. Then (X, <) is a partially ordered set with the natural ordering
of real numbers. Let

dx,y)=|x—y| forx,yel0,1].

Then (X, d) is a complete metric space. Let g : X — X be defined as

2

glx)=x" forallx e X,

and let F: X x X — X be defined as

2_y?
Flxy) =1 °
0 ifx<y.

ifx,y€[0,1,x >y,
Then, F satisfies the mixed g-monotone property.
Let ¢ : [0,00) — [0, 00) be defined as
1
o(t) = §t for t € [0, 00),
and let ¢ : [0, 00) — [0, 00) be defined as
1
o(t) = gt for t € [0, 00).

Let {x,} and {y,} be two sequences in X such that lim,_, o, F(x,,y,) = a, lim,_, oo g%, = a,
limy,—, 00 F (¥, %) = b and lim,,_, 5 gy, = b. Then, obviously, a = 0 and b = 0. Now, for all

n=>0,

gy =a%, gy =92,

xz—y2 .
n_In 1fx ZJ/ s
F(xmyn) = > " "
if x, < yy.
and
y2-x2 .
nTn o if > X,
F(yn:xn) = > I =%
0 if y, < x.
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Then it follows that

lim d(g(F(u yn)), F(gxn ) =

and

lim d( (F(y,,,xn)) F(gyng%n) ) =0.

n—00

Hence, the mappings F and g are compatible in X. Also, xp = 0 and yo = ¢ (¢ > 0) are two
points in X such that

g(x()) =g(0) =0 =F(0!C) =F(x0:3’0)

and

[ )

C

go) =g(c) = E = F(c,0) = F(y0,%0).

We next verify the contraction of Theorem 2.1. We take x,y, u,v, € X such that gx > gu

and gy < gv, that is, x> > u? and y* <12
We consider the following cases.

Casel.x >y, u>v. Then

o d(F ), Flw,)) = 5 [d(E ), )

(5250

(0 ~9") - (@ ~ V)
5

1
3
1
3
1

% — | + |y* =
5

3
2 (d(gx,gu) + d(gy,gv)
15 ( 2 )

IA

I/\

125 [max(d(gx, gu), d(gy,gv)]

% [max(d(gx, gu), d(gy, gv)]

IA

_ % [max(d(gx, gu), d(gy, gv) ]
= g(max{d(gx, gu), d(gy,gv)})
— ¢ (max{d(gx, gu),d(gy,gv)}).

Case2.x >y, u<v Then

@(d(F(x,9), F(u,v))) =

Page 12 of 14
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Case3.x<yand u > v.

o (d(F(x.3),Fw,v)))

|* = 5°|
5

[V +a?—y
5

|(V? = 9%) — (u? — &2)|

5

V2 — 92| + |u? — &2
5

u? — &2 + |y? = V?

5

[u? —x*| + [y* = V|
2

<d(gx,gu) + d(gy,gv))
2

2_u2|

IA

IA
= Wl WiE Wi W=

Gl @l

Glv Rl

(max{d(gx,gu);d(gy’g")})
= %(max{d(gx,gu),d(gy’g")})

_ %(max{d(gx,gu),d(gyrg")})

= gp(max{d(gx,gu)rd(gy:g‘/)})

— ¢ (max{d(gr, gu), d(gy.g)}).

Then

[«(057)

|u? — V2|
5

|t + x> — V2 — &2

5

|(x2 =v2) + (u? - x?)]
5

2 v+ -

5

i = 2% + |y* — |
2

<d(gx,gu) + d(gy:gv))
2

W=

— Wl Wik Wl

|

IA

Glo @

Glv Glw

(max{d(gx,gu),d(gy»g")})

(max{d(gx,gu),d@y’g")})

W

_ %(max{d(gx,gu),d(gy’g")})

(since y > x)
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= ¢(max{d(gx,gu),d(gy»g")})
— ¢ (max{d(gx, gu), d(gy,gv)}).

Case 4. x < y and u < v with x> < 42 and y* > v2. Then F(x,y) = 0 and F(x,v) = 0, that is,

¢(d(F(x,9), F(u,v))) = ¢(d(0,0)) = ¢(0) = 0.

Obviously, the contraction of Theorem 2.1 is satisfied.
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