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1 Introduction

Throughout this article, unless otherwise specified, we always suppose that N is the set
of positive integers and X is a nonempty set. In addition, for convenience, we denote
gx = g(x) for each x € X and each mapping g: X - X.

Recently, Abbas et al. [1] introduced the following concept of w-compatible
mappings:

Definition 1.1. The mappings g : X - X and F : X x X — X are called w-compatible
if g(F(x, y)) = F(gx, gy) whenever gx = F(x, y) and gy = F(y, x).

Moreover, they established several coupled coincidence point theorems and common
fixed point theorems for such mappings. The problem investigated in [1] is interesting.
In fact, recently, the existence of coupled fixed points, coupled coincidence points,
coupled common fixed points, and common fixed points for nonlinear mappings with
two variables has attracted more and more attention. For example, Bhashkar and
Lakshmikantham [2] investigated some coupled fixed point theorems in partially
ordered sets, and they also discussed an application of their result by investigating the
existence and uniqueness of the solution for a periodic boundary value problem; Sabet-
ghadam et al. [3] extended some results in [2] to cone metric spaces; Lakshmikantham
and Ciri¢ [4] proved several coupled coincidence and coupled common fixed point the-
orems for nonlinear contractive mappings in partially ordered complete metric spaces;
Karapinar [5] extended some results of [4] to cone metric spaces; Zoran and Mitrovi¢
[6] considered this topic in normed spaces and established a coupled best approxima-
tion theorem; Ding et al. [7] established some coupled coincidence and coupled com-
mon fixed point theorems in partially ordered metric spaces under some generalized

contraction conditions; etc.
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The aim of this article is to make further studies on such problems, and to generalize
and complement some known results. Next, let us recall some related definitions:
Definition 1.2. [1]Let g: X —> X, F: X x X = X be two mappings.

(D (x, y) € X x X is called a coupled coincidence point of F and g if gx = F(x, y) and
gy = F(y, x).

(1) (x, y) € X x X is called a coupled fixed point of F if x = F(x, y) and y = F(y, x).
(IIl) x € X is called a common fixed point of F and g if x = gx = F(x, x).

2 Metric spaces
Now, let us present one of our main results.

Theorem 2.1. Let (X, d) be a complete metric space. Assume that g : X — X and F :
X x X = X are two mappings satisfying

(H1) there exists a non-decreasing function @ : [0,4+0) — [0,+00) such that

nango @"(t) = O for each t > 0, and
dA(F(x,y), F(u,v)) < oM (x, y, u,v)]

forall x,y, u, ve X, where

M (x,y, u,v) = max {d(gx, gu), d(gy, gv), d(gx, F(x,y)), d(gu, F(u,v)), d(gy, F(y, x)) ,

d(gv, (v, u)), 18 F) ; d(gu F(x,y)) d(gy, F(vu) ; d(gv, F(y, x)) } ;

(H2) F(X x X) € g(X), and g(X) is a closed subset of X.

Then F and g have a coupled coincidence point in X.

Proof. First, let us present some properties about ¢ which will be used in the sequel.
We claim that ¢(z) <t for each ¢ > 0. In fact, if ¢(ty) > t, for some £, > 0, then, since ¢
is non-decreasing, @"(¢y) > to for all » € N, which contradicts the condition
lim ¢"(10) =0,

n—oo

Moreover, it is easy to see that ¢(0) = 0, and thus ¢(¢) < ¢ for all £ > 0.

Take xg, Yo € X. Since F(X x X) € g(X), one can construct two sequences {x,}, {y,} in
X such that

8%n = F(xn—1,Yn-1),8Vn = F(Yn-1,%0-1), n=1,2,...

For any fixed n € N, by (H1), we have

d(gxne1,8%n) = d(F(xn, yn), F(Xn-1,yn-1)) < #(My), (2.1)
and

d(8yn+1,8Yn) = A(F(yn, Xn), F(Yn-1,%n-1)) < ¢(Mn), (2.2)
where

My, = max {d(gxn, gxn—1), A(8Vn, &Vn—-1), A(&%n, &%n:1), A(&Yn, &Vns1)
d(gxn—lrgxn+1) d(g)’n—lzg)’nu)}

’

2 2
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Since

d(gxn—1, LXn+ d(gxn—1,9%n) + d(LXn, LXns
(& 12g 1) < (8%1-1,8 ")2 (8% 8¥ns1) < max{d(8xn—1,8xn), d(8%n, gxns1)}
and

d(g)/nflzg}’nﬂ) < d(g)/nfllg)/n) +d(8}’n/g)’n+l)
2 - 2

< max{d(gVn—1,8Yn), d(8¥n, §¥n+1)},
we have
M, = max{d(gxn, §xn—1), A(8Vn, &¥n—1), A(8%n, &%ns1), A(8Vns §¥n+1)}-
Now, let us prove that for each n e N,
M, = max{d(gxnrgxnfl)r d(g}’nrg}’nfl)}- (2.3)
We consider the following three cases:
Case L. If M,, = 0 or M,, = max{d(gx,, gx,.1), d (g, gV»-1)}, then (2.3) obviously
holds.
Case II. M,, = d(gx,, gx,,1) > 0.
Then, by (2.1),
A(8%n+1,8%n) < O(A(8%n, 8Xn+1)) < A(8%n, xni1), (2.4)

which is a contradiction.
Case III. M,, = d(gy,., gVu+1) > O.

Similar to Case II, by (2.2), we get a contradiction.
Thus, in all cases, (2.3) holds for each #n € N. In addition, combining (2.1) and (2.2),
we get that for all n € N:

My = max{d(gxnr1,8%n), A(8Vns1,8Yn)} < d(My) -+ < " (M1). (2.5)

Let ¢ > 0 be fixed. Since nlggo ¢"(M1) =0, by (2.5), there exists N € N such that for
all 7 >N,

Myt < & —(e). (2.6)
Throughout the rest of this article, we denote
M}, = max{d(8xnsp, 8%n), d(8Vn, &¥nsp))

for each p € N and each n e N.
Let n >N be fixed. Let us show that for all p € N:

Mh <. (2.7)
By (2.6), we have

M,I, =My <e—¢(e) <e.
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By (2.5) and (2.6), we get

M} = max{d(gxn:2, 8%n), d(8¥n+2, §¥n)}
< max{d(8xn.2, §%n+1), A(8Vn+2, §¥n+1)} + Max{d(gxn.1, §%n), A(g¥n+1, 8Yn)}
= Mp2 + My
< ¢(Mpi1) + Mpa
<¢(e)+e—¢(e) =¢.

Next, let us show that M> < ¢. By (H1), we have

Mrzul = max{d(gxn+3/ 8Xn+1 )r d(gyn+3/ 8Vn+1 )}
= max{d(F(erZ/ }’n+2)/ F(xnl )’n))/ d(F(}’mz/ xn+2)l F()’n/ xn))} (28)
< ¢(an),

where

ay = max {d(gerZr gxn)/ d(g)/n/ g)/n+2)r d(gxn+2: gxn+3 )/ d(g)/n+2 ’ g)/n+3 )r d(gxnr gxn+1 ),

d(gmer 8Xn+1 ) + d(gxn: gxn+3) d(ngHZr 8Vn+1 ) + d(g)/n: gYn+3) }

d(g)’n/ ngH-l)r P 5

- max { M2, Moy, My, d(gxmz,gxml); d(gxn,gxms)/ d(gymz,gym); A(8yns 8Vn+3) }
< max {E, d(gxmz,gxml); d(gxn,gxms), A(8Vn+2, 8Vn+1 )2+ A(gyns gVn+3) } '

If

o - A(8xns2, 8%ne1) + d(gXn, §Xne3)
n — 7
2

then by (2.5) and (2.8),

d(gxns2, 8Xne1) + A(9Xn, Lins
d(8xns3, 8%ns1) < P(an) < ay = (8%, o) + (G G1)

2
_ Muia +d(gxn, gxni3) _ d(e) +d(8%n, 8¥n:3)
— 2 i 2 7
which yields
A(gxn, 8%ns3) < d(8Xn+3, ZXne1) + (8%ns1, 8Xn)
E ¢(8) + d(c‘);x"’g‘Xn+3) +e— ¢(8)
o(e)  d(gxn, &xn3)
=&— + p
2 2

ie., A(8%n, 8¥ns3) <g— ¢(8). Thus,
2 - 2

o = A(8Xn+2s 8%ns1) + A(8Xn, §%n43) - Mo + d(8%xn, §%n+3) - ¢>(8)+d(gxn,gxn+3) e
" 2 - 2 - 2 2 -

If d(g)’n+2/ 8)’n+1) + d(g)’n/ 8)’n+3)
ap = )
all cases, a, < ¢, so that M2, < ¢(¢). Then, by (2.6), we get

n+l —

, one can similarly show that a4, < e. Hence, in
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M731 = max{d(gxn3, §xn), d(8Vn+3, 8¥n)}
< max{d(gxn+3, §%n+1), A(8Vn+3, §n+1)} + max{d(gxns+1,gxn), d(8Yn+1, 8¥n)}
= M,y + Mu
<¢(e)+e—¢(e) =¢.

In general, in order to prove that pM? < ¢, one can first show that Mfl:ll < ¢(¢), and

then by the inequality M? < MP~! + M,,,;, the conclusion follows easily.

n+1
Now, we have proved that (2.7) holds for all p € N, which means that {gx,} and {gy,;}
are Cauchy sequences. Then, by the completeness of g(X), there exist x, y € X such
that

lim gx, =gx, lim gy, =gy (2.9)
n—oo

By (H1) we have

d(F(x,y), 8x) < d(F(x,y), F(Xn, yn)) + d(8%ns1,8%) < ¢(cn) + d(8%ns1,8x),  (2.10)
and

d(F(y, x), 8y) < d(F(y,x), F(yn, Xn)) + d(8yne1,8Y) < b(cn) + d(g¥nar,8y),  (2.11)

where

¢n = max {d(gx, gxn), d(8y, 8yn), d(g%, F(x,y)), d(gy, F(y, x)), d(8%n, §xns1),

d(gx, gxn. d(gx,, F(x, d(gy, s d(evn, F(y, x
d(gym gymer), 16 8n1)+2(gn (x7)) d(gy.8y 1)+2(gyn 07 ))}'

Now, we claim that gx = F(x, y) and gy = F(y, x). In fact, if this is not true, then
max{d(gx, F(x,y)), d(gy, F(y.x))} > O,

which, together with (2.9), yield that ¢, = max{d(gx, F(x, y)), d(gy, F(y, x))} when # is
sufficiently large. Letting n — < in (2.10) and (2.11), it follows that

d(F(x,y), gx) < ¢(cn) < max{d(gx, F(x,y)), d(gy, F(y, x))}
and
d(F(y,x), 8y) < #(cn) < max{d(gx, F(x,y)),d(gy, F(y, x))}.

This is a contradiction. Thus, gx = F(x, y) and gy = F(y, x), i.e., (x, ) is a coupled
coincidence point of F and g.

t
Example 2.2. Let X = [2,+), d(x, y) = |x-y|, Flx, y) = x + y, glx) = x% and o(t) = >

It is easy to verify that all the assumptions of Theorem 2.1 are satisfied. So F and g
have a coupled coincidence point. In fact, we have F(2, 2) = g(2).

If F and g are w-compatible, we have the following result:

Theorem 2.3. Suppose that all of the assumptions of Theorem 2.1 are satisfied, and F
and g are w-compatible. Then F and g have a unique common fixed point.

Proof. We give the proof in 3 steps.
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Step 1. We claim that if
81 = F(x1,p1), gyi =F(yi,x1),  gxa = F(x2,y2), 8y2 = F(y2, x2),
then gx; = gx, = gy; = gy». In fact, by (H1), we have
d(gx1,8x2) = d(F(x1, 1), F(x2,2)) < ¢(w)
and

d(8y1,8y2) = d(F(y1,x1), F(y2, x2)) < ¢(w),

where @ = M§(x1,y1,%2,y2) = M{(y1, %1, y2, %2) = max{d(gx1, gx2), d(8y1, 8y2)} - Then,
it follows that

o = max{d(gx1, gx2),d(gy1. 8y2)} < ¢(w),

which gives that w = 0, i.e, gx; = gxy and gy; = gy».
By a similar argument, in the case of

gx1 = F(x1,y1), gy1 = F(y1,x1), &% =F(x2,y2), g2 = F(y2,x2),
one can also show that g¥; = gy, and gy; = gx,. Then, it follows that

8&X1 = 8Y1 = 8X2 = &Y2-

Step 2. By Theorem 2.1, (x, ¥) is a coupled coincidence point of F and g, i.e, gx = F
(%, ) and gy = F(y, x). Then, by Step 1, we have gx = gy. Let u = gx = gy. Since F
and g are w-compatible, we have

gu = g(8x) = g(F(x,y)) = F(gx, gy) = F(u, u).

Again by Step 1, one obtains gu = gx. Thus u = gx = gu = F(u, u), i.e., u is a common
fixed point of F and g.

Step 3. Let v = gv = F(v, v). By Step 1, one can deduce that gv = gu. So u = gu = gv
= v, which means that u is the unique common fixed point of F and g.

3 Applications to cone metric spaces
In this section, by a scalarization method used in [7], we apply our main results in
metric spaces to cone metric spaces, and obtain some new theorems.

In the following, we always suppose that E is a Banach space, P is a convex cone in E
with int P # 0, < is the partial ordering induced by P, (X, p) is a cone metric space
with the underlying cone P, e € intP, and ¢, : E — R is defined by

&(@)=inflreR:yere—P}, yekE

In addition, x >> y stands for x - y € intP.

First, let us recall some definitions about cone metric space.

Definition 3.1. [8]Let X be a nonempty set and P be a cone in a Banach space E.
Suppose that a mapping d : X x X — E satisfies:
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(d1) 0 < p(x, y) for all x,y € X and p(x, y) = 0 if and only if x =y, where 0 is the
zero element of P;

(d2) p(x, y) = p(y, x) for all x, y € X;

(d3) p(x, y) < p(x, 2) + p(z, y) for all x, y, ze X.

Then p is called a cone metric on X and (X, p) is called a cone metric space.
Definition 3.2. Let (X, p) be a cone metric space. Let {x,} be a sequence in X and x €
X. If V¢ > 0, there exists N € N such that for all n >N, p(x,, x) < ¢, then we say that

{x,,} converges to x, and we denote it by nlgglo Xn =Xor x, > x, n = oo. If V¢ >> 6, there

exists N € N such that for all n, m >N, p(x,, x,,) << ¢, then {x,} is called a Cauchy
sequence in X. In addition, (X, p) is called complete cone metric space if every Cauchy
sequence is convergent.

Recall that it has been of great interest for many authors to study fixed point theo-
rems in cone metric spaces, and there is a large literature on this topic. We refer the
reader to [1,3,5,7,9-28] and the references therein for some recent developments on
this topic.

Next, let us recall some notations and basic results about the scalarization function &,.

Lemma 3.3. [[7], Lemma 1.1] The following statements are true:

(i) &) is positively homogeneous and continuous on E;
(ii) y, z € E with y < z implies &, (y) < &, (2);
(i))é (y+2) <& () + & (2) forally, ze E.

Combining Theorems 2.1 and 2.2 of [7] and, we have the following results:

Theorem 3.4. Let (X, p) be a cone metric space with underlying cone P. Then, £, © p
is a metric on X. Moreover, if (X, p) is complete, then (X, &, © p) is a complete metric
space.

By using Theorems 2.1 and 2.3, one can deduce many results on cone metric spaces.
For example, we have the following theorem:

Theorem 3.5. Let (X, p) be a cone metric space with underlying cone P. Assume that
gX > X and FX x X —> X are two mappings satisfying that F(X x X) € g(X), g(X) is a
complete cone metric space, and there exists a constant A € (0,1) such that for each x,

y, u, ve X, there is a z € Sk(x,y, u, v) with
p(E(xy), F(u, v)) < Az,
where

St y,u,v) = co {p(gx, gu), p(8y, gv), (8%, F(x,¥)), p(gu, F(u, v)), p(gy, F(y, %)),

p(gx, F(u,v)) + p(gu, F(x, p(gy, F(v,u)) + p(gv, F(y, x

ol ), P8P D) 2 Pl ) ol o) ol )

and co denotes the convex hull. Then F and g have a coupled coincidence point in X.

Moreover, if F and g are w-compatible, then F and g have a unique common fixed

point.

Proof. Let d = £, © p. By Theorem 3.4, d is a metric on X and (g(X), d) is a complete

metric space. Then, by Lemma 3.3, we have

Page 7 of 9
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d(F(x,y), F(u,v)) < A -&(z) <A~ M(x,y,u,v),

where M‘f;(x, y,u,v) is defined in Theorem 2.1. Now, letting
#(1) = At

it is easy to see that all of the assumptions of Theorem 2.1 are satisfied. Thus F and
¢ have a coupled coincidence point in X. In addition, if F and g are w-compatible, by
Theorem 2.3, F and g have a unique common fixed point.

Remark 3.6. Theorem 3.5 is a complement of [[1], Theorem 2.4]. Moreover, Theo-
rem 3.5 extends some existing results. For example, one can deduce [[3], Theorem 2.2]
from Theorem 3.5. In addition, note that Theorems 3.4 and 3.5 are true and in the
context of tvs-cone metric spaces (for details see [23,28]).

Remark 3.7. It is needed to note that one can also get Theorem 3.5 by using the
method of Minkowski functional, which is introduced in [22].
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