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Strong convergence theorems are obtained from modified Halpern iterative scheme for
asymptotically nonexpansive mappings and asymptotically nonexpansive semigroups, re-
spectively. Our results extend and improve the recent ones announced by Nakajo, Taka-
hashi, Kim, Xu, and some others.
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1. Introduction and preliminary

Let H be a real Hilbert space, C a nonempty closed convex subset of H,and T: C — C a
mapping. Recall that T' is nonexpansive if

ITx- Tyl <llx-yl Vx,yeC, (1.1)

and T is asymptotically nonexpansive if there exists a sequence {k,} of positive real num-
bers with lim,,—« k, = 1 and such that

[|T"x = T"y|| < knllx—yll Vn=1,x,y€eC. (1.2)

A point x € Cisa fixed point of T provided Tx = x. Denote by F(T') the set of fixed points
of T; that is, F(T) = {x € C: Tx = x}. Also, recall that a family S= {T'(s) | 0 < s< co} of
mappings from C into itself is called an asymptotically nonexpansive semigroup on C if
it satisfies the following conditions:
(i) T(0)x =x forall x € G;
(i) T(s+t) = T(s)T(¢t) forall s,t > 0
(iii) there exists a positive valued function L : [0, ) — [1,00) such that lim;_.. L = 1
and || T(s)x — T(s)yll < Lsllx — y|| forall x,y € C and s = 0;
(iv) for all x € C, s — T(s)x is continuous.
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2 Nonexpansive mapping

We denote by F(S) the set of all common fixed points of S, that is, F(S) = [Np<scoo
F(T(s)). It is known that F(S) is closed and convex. Construction of fixed point of non-
expansive mapping is an important subject in the theory of nonexpansive mappings and
finds applications in a number of applied areas, in particular, in image recovery and signal
processing (see, e.g., [14, 15]). However, the sequence {T"x},_, of iterates of the map-
ping T at a point x € C may not converge in the weak topology. Thus averaged iterations
prevail. In fact, Mann’s iterations do have weak convergence. More precisely, Mann’s iter-
ation procedure is a sequence {x,} defined by

Xna1 = 0nXn + (1 — oty) Txp, (1.3)

where the initial guess xy € C is chosen arbitrarily.

Reich [9] proved that if E is a uniformly convex Banach space with a Fréchet differen-
tiable norm and if {,} is chosen such that >, _; a,(1 — a,,) = o, then the sequence {x,}
defined by (1.3) converges weakly to a fixed point of T. However we note that Mann’s
iterations have only weak convergence even in a Hilbert space [1].

Recently many authors want to modify the Mann iteration method (1.3) so that strong
convergence is guaranteed have recently been made. Nakajo and Takahashi [8] proposed
the following modification of the Mann iteration (1.3) for a single nonexpansive mapping
T in a Hilbert space:

Xo € C arbitrarily,
Y= nXn+ (1= o) Ty,
Co=1{zeC:||lyn—2l| <|lxn —2l|}, (1.4)
Qu=1{z¢€ C:{(x0— x4, %, — 2) 20},
Xnt1 = Pc,nq, %o,

where Pk denotes the metric projection from H onto a closed convex subset K of H and
proved that sequence {x,} converges strongly to Pr(r)xo.

They also proposed the following iteration process for a nonexpansive semigroup S =
{T(s)|0 <5< oo} in a Hilbert space H:

Xxo € C arbitrarily,

1 tn
Yn = anXn+ (1 — ay) s T(s)x,ds,

n

Co=1{z€C:|lyn—zl| < ||xn — 2|}, (1.5)

Qu=1{z€C:{x0—xu,x, —2) 20},
Xn+l = PCmQ,,xO-

They proved that if the sequence {w,} is bounded from one and if {t,} is a positive
real divergent sequence, then the sequence {x,} generated by (1.5) converges strongly to
Pr(s)xo.



Y. Suand X. Qin 3
Halpern [3] firstly studied iteration scheme as follows:
Xpi1 = auu+ (1 —a,)Tx,, n=0, (1.6)

where u,x, € C are arbitrary (but fixed) and {a,} C (0,1). He pointed out that the con-
ditions lim,—.« a, = 0 and >.;7 | @, = oo are necessary in the sense that if the iteration
scheme (1.6) converges to a fixed point of T, then these conditions must be satisfied. Ten
years later, Lions [6] investigated the general case in Hilbert space under the conditions

lim«, =0, z o, = 00, lim w =0 (1.7)
n=1

n—oo n—ee X+l

on the parameters. However, Lions’ conditions on the parameters were more restric-
tive and did not include the natural candidate {«, = 1/n}. Reich [10] gave the iteration
scheme (1.6) in the case when E is uniformly smooth and &, = n% with0 < § < 1.

Wittmann [13] studied the iteration scheme (1.6) in the case when E is a Hilbert space
and {w,} satisfies

lim a, = 0, Z(xn= 00, ZH(an — ]| < o0. (1.8)
n=1 n=1

n—oo

Reich [11] obtained a strong convergence of the iterates (1.6) with two necessary and
decreasing conditions on parameters for convergence in the case when E is uniformly
smooth with a weakly continuous duality mapping.

Recently, Martinez-Yanes and Xu [7] adapted the iteration (1.6) in Hilbert space as
follows:

Xo € C arbitrarily,
Y = anxo+ (1 — aty) Ty,
Co={zeC:lya—2l’ <l — 2l +an(llwoll* + 200 —20,2)) 1, (19)
Qn=1{z€ C:{xg— xp,x, —z) = 0},
Xn+1 = Pc,nq,Xo.

More precisely, they prove the following theorem.

THEOREM 1.1 (Martinez-Yanes and Xu [7]). Let H be a real Hilbert space, C a closed convex
subset of H, and T : C — C a nonexpansive mapping such that F(T) # @. Assume that
{an} € (0,1) is such that lim,—« o, = 0. Then the sequence {x,} defined by (1.9) converges
strongly to Prer)xo.

The purpose of this paper is to employ Nakajo and Takahashi’s [8] idea to modify pro-
cess (1.6) for asymptotically nonexpansive mappings and asymptotically nonexpansive
semigroup to have strong convergence theorem in Hilbert space.

In the sequel, we need the following lemmas for the proof of our main results.



4 Nonexpansive mapping

LEmMMA 1.2. Let K be a closed convex subset of real Hilbert space H and let Px be the metric
projection from H onto K (i.e., for x € H, Py is the only point in K such that ||x — Pix|| =
inf{llx —zll : z € K}). Given x € H and z € K. Then z = Pxx if and only if there holds the
relations

(x—z,y—-2)<0 Vyek (1.10)

Lemma 1.3 (Lin et al. [5]). Let T be an asymptotically nonexpansive mapping defined on a
bounded closed convex subset C of a Hilbert space H. Assume that {x,} is a sequence in C
with the properties (i) x, — p and (ii) Tx, — x, — 0. Then p € F(T).

LemMA 1.4 (Kim and Xu [4]). Let C be a nonexpansive bounded closed convex subset of H

and let S={T(t):0 <t < co} be an asymptotically nonexpansive semigroup on C. Then it
holds that

T(s) (% Jot T(u)x,,du) - % Lt T(u)x,du

limsup limsup sup =0. (1.11)

§—=0 n—o  xeC
LemMma 1.5. Let C be a nonexpansive bounded closed convex subset of H and let S = {T(s) :
0 < s< oo} be an asymptotically nonexpansive semigroup on C. If {x,} is a sequence in
C satisfying the properties (i) x, — z; (ii) limsup,_ , limsup,,_. , IT(s)x, — x4l = 0, then
z € F(S).

Proof. This lemma is the continuous version of [12, Lemma 2.3]. The proof given in [12]
is easily extended to the continuous case. O

2. Main results

In this section we propose a modification of the Halpern iteration method to have strong
convergence for asymptotically nonexpansive mappings and asymptotically nonexpan-
sive semigroup in Hilbert space.

THEOREM 2.1. Let C be a bounded closed convex subset of a Hilbert space H and let T : C —
C be an asymptotically nonexpansive mapping with sequence {k,}. Assume that {a,},-
and {Bn} ;-0 are sequences in (0,1) such that lim,_« a, =0, lim, .o 3, = 1, and M is an
appropriate constant such that M > |\xo — v||%, for all v € C. Define a sequence {x,} in C by
the following algorithm:

X0 € C  chosen arbitrarily,

Zn = Puxn+ (1= Bn) T"%n,

Yn = anxo + (1 — ay) T"zp,

Cu={ve Ce vl < oo vl + ol — lal P+ 2000 — 20 4],
Qu=1{veC:{(xo—xpx,—v) =0},

Xnt1 = Pc,nq,Xo.

Then {x,} converges to Pr(r)Xo, provided k2(1 — a,) — 1 < 0.



Y. Suand X. Qin 5

Proof. From [2] we know that T has a fixed point in C. That is, F(T) # @. It is obviously
that C, is closed and Q, is closed and convex for each n > 0. Next observe that C is
convex. For vi,v, € C, and t € (0,1), putting v = tv; + (1 — £)v,. It is sufficient to show
that v € C,,.. Indeed, the defining inequality in C, is equivalent to the inequality

2(z0 = yur ¥) < ||zul* = [[yal* + @M. (2.2)
Therefore, we have
2(zn — yu>v) = 2{(zn — Y tvi + (1 — t))

= 26(2n — Ynsv1) +2(1 = )2y — Yn>¥2) (2.3)

2 2
= lzul[” = [ynll” + @,

which implies that C is convex. Next, we show that F(T) C C, for all n. Indeed, for each
pEE(T),

[lyn =PI = llawxo — p+ (1~ @) (T2, — p) I
< |0 = p|I” + (1 = @) k2l [z = pI
< |lxn = pI” = [ = pII* + anllxo = pII” + (1 = ) k2|2 — pI” (2.4)
< [lxw = pII*+ (llzn = pIP = 150 = pII”) + tullo — pII°
<l = I+ (P = o423~ 20 ) ) + M.
Therefore, p € C, for each n > 1, which implies that F(T) C C,. Next we show that
F(T)cQ, Vn=x=0. (2.5)

We prove this by induction. For n = 0, we have F(T) C C = Q. Assume that F(T) C Q,.
Since x4 is the projection of x; onto C,, N Q,, by Lemma 1.2 we have

(%0 = Xpi1sXnr1 —2) 20 VzeC,NQ,. (2.6)

As F(T) c C, N Qy by the induction assumptions, the last inequality holds, in particu-
lar, for all z € F(T). This together with the definition of Q,; implies that F(T) C Q1.
Hence (2.5) holds for all n > 0. In order to prove lim,_ [|x4+1 — X4l = 0, from the def-
inition of Q, we have x,, = Pq,xy which together with the fact that x,.; € C, N Q, C Q,
implies that

|1x0 = xul| < ||%0 — 21 - (2.7)

This shows that the sequence {x, — x¢} is nondecreasing. Since C is bounded. We ob-
tain that lim, .o [|x, — x0 | exists. Notice again that x, = Pq,xo and x,4; € Q, which give
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(Xp+1 — Xp>sXn — Xo) = 0. Therefore, we have
[E —xn||2 =[] (ons1 = x0) — (2 —xo)||2
< [t = %0l [* = 1120 = X0l = 2(e1 = X — x0)
< [l = %ol = [0 = 0]l
It follows that
%LHC}O [|tn = 1] = 0.
On the other hand, It follows from x,; € C, that
19 = a1 |1* = 1w = a1 2all” = [l I+ 2660 = 2001 ) + @M.
It follows from (2.1) and lim,,—. 8, = 1 that
law = 3all = (1= Bl — "] | — 0.
Next, we consider
lzall” = %all” +2 (0 = 2 %01
= llzall” + Il I* = 24220 + 24 = 20y 211) = 2l + 220,60
=||2n —x,,||2 +2(Xn = Zns Xn1) — 2||xn||2 +2{zZyy X )
=[]z — %l > + 2 (2 %0 — Xn1) — 2/ 00l [* +2 (200 X011
Therefore, it follows from (2.9) and (2.11) that
zall” = [12a]|” +2 (xtp = Zu> Xs1) — O.
Furthermore, from (2.9), (2.13), and lim, . a,, = 0, we obtain
,113.]0 lyn = Xns1]] = 0.

On the other hand, we consider
||yn - Tnxn” = H)’n - Tnzn” + ||Tnzn - Tnxn”
< anllxo — T"zu|| + kn||zw — x4

= aty|x0 = T"zu|| + ki (1 = Bu) || — T"xn]|.

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Therefore, it follows that
[l = T"xull < {1260 = K[|+ 121 = yul [+ [[ 70 = T2
< ||xn = Xns1 || + | [Xne1 = yull + @nl[x0 — T"z4]| (2.16)

+kn (1= Bu) |30 — T"xn]|.
That is,
(1 =kn (1= Bu))lxn = T"%nll < llxw = e[| + |xner = yull+ anllxo = T2l (2.17)
It follows from lim, .o B, = 1, lim, .o v, = 0, (2.9), and (2.14) that
lim [[x, = T, || — 0. (2.18)
Putting k= supik,:n =1} < o, we obtain

[ Txn — xn|| < || Tt — T || + || T" 2 — T st ||

+ ||Tn+1xn+l — Xn+1 || + ||xr1+l - xn||

_ _ (2.19)
< kllxy = T"xn| |+ (1 4+ k)| |0 — xnr1]]
+ || T X1 = x|
which implies that
1% = xul| — 0. (2.20)

Assume that {x,,} is a subsequence of {x,} such that x,, — X. By Lemma 1.3 we have
X € F(T). Next we show that X = Pg(r)x and the convergence is strong. Put X = Pg(1)Xo
and consider the sequence {xo — xy,}. Then we have xy — x,, — xo — X and by the weak
lower semicontinuity of the norm and by the fact that [|xg — X111l < [lxo — %] foralln >0
which is implied by the fact that x,,+1 = Pc,nq, X0, we have

[Ixo = X[| = ||xo — X[| =< liminf | |xo — x| < limsup |[x0 — || =< |0 — X]|. (2.21)
j—o00 i—00
This gives
llxo = x| = [lxo =%, [lx0 = x| — [lo0 — %[]. (2.22)

It follows that xy — x,, — xo — X; hence, x,,, — X. Since {x,,} is an arbitrary subsequence of
{x,}, we conclude that x,, — X. The proof is completed. O
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TaEOREM 2.2. Let C be a nonempty bounded closed convex subset of H and let S = {T'(s) :

[}

0 < s< oo} be an asymptotically nonexpansive semigroup on C. Assume that {a,},_, and
{Butnro are sequences in (0,1) such thatlim,_.. &, = 0 and lim,,_« B, = 1. {t,} is a positive
real divergent sequence and M is an appropriate constant such that M = ||xo — v/|| for all
v € C. Define a sequence {x,} in C by the following algorithm:

xo € C chosen arbitrarily,
1"
Zn = ﬁnxn + (1 - ﬂn) t_ JO T(s)xuds,

1"
Yn = uXo + (1 - ‘xn) t_ T(S)ans)
n JO

Co={veC:llyn—vI[* < anllxn—vI[ +lzall” = |lxal|* + 20 — 20 v) + ctuM},
Q” = {VE C: <x07xn)xnfz> ZO},
Xn+1 = Pc,nq,Xo.

(2.23)

Then {x,} converges to Prs)xo, provided ((1/t,) Ot” Ldt)*(1—a,)—1<0.

Proof. We only conclude the difference. First we show F(S) C C,. It follows from C is
bounded, we obtain that F(S) # & (see [12]). Taking p € F(S), we have

2

1 ("
— J T(s)znds— p
tn 0

1= pII” < allxo = pl*+ (1 - )

ty 2
<anlbo = pl + (=) (5 | "7z, plids)

1 tn 2 (224)
< v = pIl*+ (1 =) (- | "Lads) llzu—pIF

n JO
= llxa = pII*+ (llzn = oI = 150 = pII") + tullxo = pII”

< [[xn _P||2+ (Hzn”Z - ||xn||2+2<xn _Zmp>> + M.

It follows that F(S) C C, for each n > 0. From the proof of Theorem 2.1 we have the se-
quence {x,} is well defined and F(S) C C, N Q,, for each n > 0. Similarly to the argument
of Theorem 2.1 and noticing g = Pg(s)Xo, we have [|x,+1 —xoll < [lg — x0ll for each n >0
and |[x,41 — x, |l — 0. Next, we assume that a subsequence {x,,} of {x,} converges weakly



Y. Suand X. Qin 9

to g. It follows that

[|T(s)xn — x4 < HT(S T(s)( )

tn
+ ‘T s)( J T s)xnds> 1 T(s)x,ds

1"
— | T(s)x,ds —x,
tn 0

t

< 2‘ 1 T(s)x,ds — xp,

tn 0
1 (" I
" ‘T(s)(— T(s)xnd5> " r(o)xads)),
tn 0 tn 0
for each n > 0. It follows from (2.23) that
I I
’ Yn — . T(s)z,ds|| < an||xo — ), T(s)z,ds||.
n JO n

Therefore, we obtain

L[t
yn—— | T(s)z,ds|| —
tw Jo

n

Next, we consider the first term on the right-hand side of (2.25)

1 (%
— | T(s)x,ds— x,
tw Jo

n

= {10 = xusa || + [|%ns1 = yul[ + ||y

n

Since x,+1 € C,, we have
19 = K| = tal 60 = 2t 1+ [2all” = [l [* + 2% = 2001 ) + M.
Similar to the proof of Theorem 2.1, we have
lim [y, = 2u1[| = 0,
and hence

1"
Yn — o T(s)x,ds

n JO

tn

ty
<\lyn—— | T(s)zuds||+ T(s)z,ds — 1 T(s)x,ds
nJo 0 ty Jo
tn 1 ty
<|lyn——1| T(s)znds||+ t_,[ [|T(s)zn — T(s)xn||ds
nJo nJo
ty ty
<||yn— 1 T(s)z,ds||+ (lj Lsds) |z, —xn||2.
tw Jo tn 0

ty
—— | T(s)x,ds||.
0

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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Since lim, .. 3, = 1, we have

tn
l|zn — xull = (1 = Bu)||x0 — tl T(s)x,ds|| — 0. (2.32)
n JO
It follows from (2.27) and (2.32) that
1"
Y — - T(s)x,ds ‘ — 0. (2.33)
nJo
It follows from (2.30) and (2.33) that
1"
Xn = T(s)x,ds ’ — 0. (2.34)
nJO

On the other hand, by using Lemma 1.4 we obtain

ty ty
limsuplimsupHT(s) (ti T(s)xnd5> - tl T(s)x,ds|| = 0. (2.35)
s—00 n—oo n JO n JO
It follows from (2.34) and (2.35) that
limsuplimsup || T(s)x, — x,|| = 0. (2.36)

§— 00 n—oo

Assume that a {x,,} is a subsequence of {x,} such that {x,,} — q € C, then q € F(S)
(by Lemma 1.5). Next we show that g = ITg(s)xo and the convergence is strong. Put g" =
IIp(s)Xo, from x,11 = I¢,nq,X%0 and g" € F(S) C C, N Qu, we have || xy41 — x0ll < 11g" — x0ll.
On the other hand, from weakly lower semicontinuity of the norm, we obtain

llg" = xoll < llxo — ql[ < liminf[xo — x|

< limsup ||xo — xy,]| (2.37)

i—00

= lg —xl|

It follows from definition of IIg(s)xo that we obtain g = ITp(s)x and hence

g = xol| =1lq — xol|- (2.38)

It follows that x,,, — q’. Since {x,,} is an arbitrarily weakly convergent sequence of {x,},
we can conclude that {x,} converges strongly to one point of IT(s)xo. This completes the
proof. O
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