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1. Introduction
It is well known that the fixed point theorem of Krasnosel’skii states as follows.

TaeoreM 1.1 (Krasnosel’skii [8] and Zeidler [9]). Let M be a nonempty bounded closed
convex subset of a Banach space (X, | - |I). Suppose that U : M — X is a contraction and
C: M — X is a completely continuous operator such that

Ux)+C(y) eM, Vx,yeM. (1.1)

Then U + C has a fixed point in M.

The theorem of Krasnosel’skii has been extended by many authors, for example, we
refer to [1-4, 6, 7] and references therein.

In this paper, we present a remark on a fixed point theorem of Krasnosel’skii type and
applying to the following nonlinear integral equation:

(1) = q(t) + f(£,x(5) + JZV(t,s,x(s))ds+ J;G(t,s,x(s))ds, feR,  (1.2)

where E is a Banach space with norm | - |, Ry = [0,), g: Ry — E; f: Ry X E — E;
G,V : AXE — E are supposed to be continuous and A = {(t,s) € Ry X Ry, s < t}.

In the case E = R? and the function V(¢,s,x) is linear in the third variable, (1.2) has
been studied by Avramescu and Vladimirescu [2]. The authors have proved the existence
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of asymptotically stable solutions to an integral equation as follows:

(6 = q(D) + F(Lx(D) + Lt V(t,5)x(s)ds + L:G(t,s,x(s))ds, reR,  (13)

where q: Ry — R% f: Ry Xx R — R% Vi A — My(R), G: A x RY — R? are supposed
to be continuous, A = {(t,s) € Ry X Ry, s <t} and M4(R) is the set of all real quadratic
d x d matrices. This was done by using the following fixed point theorem of Krasnosel’skii
type.

THEOREM 1.2 (see [1]). Let (X, |- |,) be a Fréchet space and let C,D : X — X be two oper-
ators.

Suppose that the following hypotheses are fulfilled:

(a) Cis a compact operator;

(b) D is a contraction operator with respect to a family of seminorms || - ||, equivalent
with the family | - |3
(c) the set
{rex,x=10(%) +1cx re o} (1.4)
is bounded.

Then the operator C+ D admits fixed points.

In [6], Hoa and Schmitt also established some fixed point theorems of Krasnosel’skii
type for operators of the form U + C on a bounded closed convex subset of a locally con-
vex space, where C is completely continuous and U" satisfies contraction-type conditions.
Furthermore, applications to integral equations in a Banach space were presented.

On the basis of the ideas and techniques in [2, 6], we consider (1.2). The paper consists
of five sections. In Section 2, we prove a fixed point theorem of Krasnosel’skii type. Our
main results will be presented in Sections 3 and 4. Here, the existence solution and the
asymptotically stable solutions to (1.2) are established. We end Section 4 by illustrated
examples for the results obtained when the given conditions hold. Finally, in Section 5, a
general case is given. We show the existence solution of the equation in the form

x(t) = q(t)+ f (6,x(£),x(7(¢))) + JO V(t,s5,x(s),x(c(s)))ds
(1.5)

t
+J G(t,5,x(s),x(x(s)))ds, teR,,
0
and in the case 77(t) = ¢, the asymptotically stable solutions to (1.5) are also considered.
The results we obtain here are in part generalizations of those in [2], corresponding to
(L.3).
2. A fixed point theorem of Krasnosel’skii type

Based on the Theorem 1.2 (see [1]) and [6, Theorem 3], we obtain the following theorem.
The proof is similar to that of [6, Theorem 3].
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THeOREM 2.1. Let (X,]| - |,) be a Fréchet space and let U,C: X — X be two operators.
Assume that
(i) U is a k-contraction operator, k € [0,1) (depending on n), with respect to a family
of seminorms || - ||, equivalent with the family | - |,;
(i) C is completely continuous;
(iii) lim|y|,~ e (ICx],/1xl,) = 0, for all n € N*.
Then U + C has a fixed point.

Proof of Theorem 2.1. At first, we note that from the hypothesis (i), the existence and the
continuity of the operator (I — U)~! follow. And, since a family of seminorms || - ||, is
equivalent with the family | - [,,, there exist K;,,, K3, > 0 such that

I<1n||x||nS |x|n5K2n||x”m VHEN* (21)

This implies that
(a) the set {|x],, x € A} is bounded if and only if {||x[|,, x € A} is bounded, for
A C X and for all n € N*;
(b) for each sequence (x,) in X, for all n € N*, since

,,1}{130|xm_x|n=0(:’,},i£§10||xm_x||n=0’ (2.2)

(x) converges to x with respect to | - |, if and only if (x,,) converges to x with
respect to || - [ .
Consequently the condition (ii) is satisfied with respect to || - [|,.
On the other hand, we also have

KinlICxlln _ o ICxlln _ 1Cxly _ o [ICxll _ Kau Cxl

< Ki <K, <
K2n ||x||n " ! |x|n Kln ||x||n ’

< VxeX, VneN*,
|x|n

(2.3)

[x]

Hence, limy|,— (| Cx[,/1x|,) = 0 is equivalent to lim x|, —c (|Cx|l./llx]l,;) = 0.

Now we will prove that U + C has a fixed point.

Forany a € X, define the operator U, : X — X by U,(x) = U(x) + a. It is easy to see that
U, is a k-contraction mapping and so for each a € X, U, admits a unique fixed point, it
is denoted by ¢(a), then

Ua(¢(a)) = ¢(a) = U(¢(a)) +a=¢(a) = ¢(a) = (I —-U) '(a). (2.4)
Let ug be a fixed point of U. For each x € X, consider Ug'(x)(uo), m € N*, where

Ul (7) = Ucto (Ul (0) = U(Ug () +C(x), VyeX. (2.5)
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We note more that for any n € N* being fixed, for all m € N*,
1UZ() (o) = uoll,, = 1| Ucw (UE) (40)) = U (uo) |,

< ||Ucw) (Ug (u0)) — U (U (o)) ], + [[U(UZG) (u0)) — U (uo)|l,,

<[|CE)Il,, + k[[UE) (uo) = uoll,»

(2.6)
thus, by induction, for all m € N*, we can show that
|U8 (t0) — uol, = 1+ k+- - + k" [|C(x)]],, < al[Cx)l,,, 2.7)
where o = 1/1 — k > 1. By the condition (iii) satisfied with respect to || - |,, as above, for
1/4a > 0, there exists M>0 (we choose M > llt0ll,) such that
~ 1
lxll, >M = [|Cxll, < 4—IIX|In- (2.8)
o

Choose a positive constant ry,, > M+ luoll . Thus, for all x € X, we consider the following
two cases.

Case 1 (Ix — uolly > r1,). Since |[x|l, + luolln = [Ix = tolly > 110 > M+ luglly = llxll, > M,
we have

Cxly < 2l < o[l — woll, + ol

(2.9)
< L [1lx = woll, + 1 — wol] ] = =} — wo],.
4o " n 2a n
Case 2 (llx — uglln < r1,). By (ii) satisfied with respect to || - ||, there is a positive constant
B such that
Cxlln <B. (2.10)
Choose 2, > af. Put
D, = {xEX:||x||n5r2n}> D= m D,. (211)

neN*

Then uy € D and D is bounded, closed, and convex in X.

For each x € D and for each n € N*, as above we also consider two cases.
If |x — uoll 4 < 14, then by (2.7), (2.10),

|U¢l () = uol|,, < al|C)]],, < af < 12, (2.12)
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If rin < llx — uoll, < 124, then by (2.7), (2.9),

1 1
|Ugt (40) = (uo) ], = &l|C(x)]],, < o5 T = STon < Top. (2.13)

We obtain U¢,,(uo) € D for all x € D.

On the other hand, by Uy being a contraction mapping, the sequence Ug(x)(uo)
converges to the unique fixed point ¢(C(x)) of Uc(y), as m — co, it implies that ¢(C(x)) €
D, for all x € D. Hence, (I — U)~"'C(D) C D.

Applying the Schauder fixed point theorem, the operator (I — U)~!C has a fixed point
in D that is also a fixed point of U + C in D. O

3. Existence of solution

Let X = C(R4,E) be the space of all continuous functions on R to E which is equipped
with the numerable family of seminorms

Ixln= sup {|x()]}, n=1 (3.1)

te(0,n]

Then (X, |x],) is complete in the metric

e =yl
d(x,y)=>2 Tyl (3.2)

n=1

and X is the Fréchet space. Consider in X the other family of seminorms ||x||,, defined as
follows:

llxlln = lxly, + 1xlp,, n=1, (3.3)

where

x(®)]}, (3.4)

lx|p, = sup fe M-y
te(yn,n|

yn € (0,n) and h,, > 0 are arbitrary numbers, which is equivalent to |x/,, since
e M=) |x), < x|, < 2xl, VXxEX, V1. (3.5)

We make the following assumptions.
(A1) There exists a constant L € [0, 1) such that

| f(t,x)— f(t,y)| <Llx—yl, Vx,y€E, VteR,. (3.6)
(A;) There exists a continuous function w; : A — R, such that
|V(t,s,x) = V(t,s,y)| <wi(t,s)lx—yl, Vx,y €E, Y(ts) EA. (3.7)

(A3) G is completely continuous such that G(¢,-,-) : I X ] — E is continuous uni-
formly with respect to ¢ in any bounded interval, for any bounded I C [0, )
and any bounded ] C E.
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(A4) There exists a continuous function w, : A — R, such that

. |G(t,s,x)| — wa(t,9)
lim
Ix|— oo x|

=0, (3.8)

uniformly in (#,s) in any bounded subsets of A.
THEOREM 3.1. Let (A1)—(A4) hold. Then (1.2) has a solution on [0, ).
Proof of Theorem 3.1. The proof consists of Steps 1-4.

Step 1. In X, we consider the equation
x(t) =q(t)+ f(t,x(t)), teR.. (3.9)

We have the following lemma.
LemMma 3.2. Let (Ay) hold. Then (3.9) has a unique solution.
Proof. By hypothesis (A;), the operator @ : X — X, which is defined as follows:

Ox(t) = q(t)+ f(t,x(t)), xeX,teR, (3.10)

is the L-contraction mapping on the Fréchet space (X, |x|,). By applying the Banach space
(see [1, Theorem B]), ® admits a unique fixed point £ € X. The lemma is proved. O

By the transformation x = y + &, we can write (1.2) in the form
y(t)=Ay(t)+By(t)+Cy(t), teR,, (3.11)

where

Ay(t) =q) + f(t,y(t) +&(1)) — &(1),
t
By(0) = | V(b5 +5(5)ds, (3.12)
Cy(0) = || Gles, 9+ () s

Step 2. Put U = A + B. It follows from the assumptions (A;), (A,) that for all t € Ry, for
all y,y € X,

|Uy(t) = US(8) | < L] y(t) = 5(0)| + L 0(65) | y(5) = F() |ds.  (3.13)

Therefore, by a similar proof to the proofin [2, Lemma 3.1(2)], we have U a k,-contraction
operator, k, € [0,1) (depending on n), with respect to a family of seminorms || - ||,,. In-
deed, fix an arbitrary positive integer n € N*.
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Forall t € [0,y,] with y, € (0,n) chosen later, we have

t
| Uy(t) - Uyt) | <L|y() = y(t)| + fo w1 (t,5) | y(s) = 5(s) | ds

(3.14)
= (L+a~)ln)/n) |)/ - y|yn;
where
W1, = sup {wi(4,5) : (£,5) € Ay},
(3.15)
Ay = {(t,5) € [0,n] x [0,n], s < t}.
This implies that
|Uy_U5;|yn = (L+“N)ln)7n)|y_y|y,,- (3.16)

For all t € [yy,n], similarly, we also have
|Uy(t) —Uy(t)| <L|y(t)—Y()| + @n Lyn | y(s) = Y(s) |ds+ @1 J: | y(s) — Y(s)|ds.
(3.17)
It follows from (3.17) and the inequalities
0<e Mt <1, Vte [y,n], hy>0, (3.18)
(h, > 01is also chosen later) that

|Uy(t) = Uy(t) |e M) < L] y(t) = 5(2) [ e M) + Brayaly — F1,,

t
o [ 139 =50 [0 ds

n

<Lly—Yln, +@unynly —7ly,
t
+ &V)an |)/(S) - ;(5) | e Pn(s=yn) phn(s=1) 4
Yn
t
sLly—ylhnHT)lnynly—ﬂyn+(T)1n|y_y|hnj M1 g
v ) ~ @1n ~
< LIy =Jln, +@unynly = Fly + 5 =1y = Yln.
(3.19)
We get

Win

Uy = Uyln, < (L+ P >|}’_)N/|hn+$1n)’n|)’—;|y,,- (3.20)
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Combining (3.16)—(3.20), we deduce that

~

10y = UFln < (L4 23aB00) [y = T+ (L4 5% 1y =, <Kally = Fllos— 320)

where k, = max{L + 2y,@,, L+ @,/h,}. Choose

1-L
2(T)ln

0<yn<rnin{ ,n}, h, > (3.22)
then we have k, < 1, by (3.21), U is a k,-contraction operator with respect to a family of

seminorms || - ||,

Step 3. We show that C: X — X is completely continuous. We first show that C is contin-
uous. For any y € X, let (¥,1)m be a sequence in X such that limy;—.c ¥ = ¥o.

Let n € N* be fixed. Put K = {(y, +&)(s) : s € [0,n], m € N}. Then K is compact in
E. Indeed, let ((ym, +&)(si)); be a sequence in K. We can assume that lim;_. s; = sp and
that lim;—c ym, +& = yo +&. We have

| (m+8) (si) = (10 +8) (s0) | = [ (ym,+8) (1) = (yo+&) (s) |+ (yo+&) (1) = (yo+&) (s0) |

< |ym—=yol,+ 1 (o+8&)(si) = (o+&)(s0) |,
(3.23)

which shows that limj_.e (¥, +&)(si) = (yo +&)(so) in E. It means that K is compact in
E. For any € > 0, since G is continuous on the compact set [0,7] X [0,n] X K, there exists
& > 0 such that for every u,v € K, |u—v| <4,

| G(t,s,u) — G(t,s,v) | < %, Vs,t € [0,n]. (3.24)

Since limy,—.e ¥m = Y0, there exists my such that for m > my,

| (ym+E) () = (o +E) ()] = [ ym(s) = yo(s)| <8, Vse[0,n]. (3.25)

This implies that for all ¢ € [0,#], for all m > my,

|C}’m(t) - C}/O(t) | = J; |G(t35’ (ym +£)(S)) - G(tr5> ()’o+f) (5)) |d5 <€, (3.26)

$0 |Cym — Cyoln <€, for all m > my, and the continuity of C is proved.
It remains to show that C maps bounded sets into relatively compact sets. Let us recall
the following condition for the relative compactness of a subset in X.

LEmMMA 3.3 (see [7, Proposition 1]). Let X = C(Ry, E) be the Fréchet space defined as above
and let A be a subset of X. For each n € N*, let X,, = C([0,n],E) be the Banach space of
all continuous functions u: [0,n] — E, with the norm |lull = sup,(,, {lu(t)l}, and A, =
{xl[0) 1 x € A}

The set A in X is relatively compact if and only if for each n € N*, A, is equicontinuous
in X, and for every s € [0,n], the set A,(s) = {x(s) : x € A, } is relatively compact in E.
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This proposition was stated in [7] and without proving in detail. Let us prove it in the
appendix. The proof follows from the Ascoli-Arzela theorem (see [5]):

Let E be a Banach space with the norm | - | and let Sbea compact metric space. Let
Ck(S) be the Banach space of all continuous maps from S to E with the norm

x|l = sup {|x(s)|, s € 8}. (3.27)

~,

The set A in Cg(S) is relatively compact if and only if A is equicontinuous and for every
s€E §, the set A(s) = {x(s) : x € A} is relatively compact in E.

Now, let Q be a bounded subset of X. We have to prove that for n € N*, we have the
following.

(a) The set (CQ), is equicontinuous in X,.

Put S={(y+&)(s): y€Q, se [0,n]}. Then S is bounded in E. Since G is com-
pletely continuous, the set G([0,7]? X S) is relatively compact in E, and so G([0,1]? X S)
is bounded. Consequently, there exists M,, > 0 such that

|G(t,s,(y+&)(s)) | <M,, Vt se[0,n], VyeQ. (3.28)

Forany y € Q, forall t;,1, € [0,n],
t t
|Cy(t) —Cy(t2) | = ”0 G(t1,5>(y+f)(5))dS—L G(t2,s,(y +&)(s))ds
3]
SL |G(t1,5,(y +£)(5)) = G(t2,5,(y +&E)(s)) | ds (3.29)

+Jt2 1Gltns, (y +£)(s)) | ds.

By the hypothesis (A3) and (3.28), the inequality (3.29) shows that (CQ), is equicontin-
uous on X,,.

(b) For every t € [0,n], the set (CQ),(t) = {Cyl[o,0(t) : y € Q} is relatively compact
inE.

As above, the set G([0,n]? X S) is relatively compact in E, it implies that G([0,71]% X S)
is compact in E, and so is conv G([0,n]? X S), where conv G([0,n]? X S) is the convex
closure of G([0,1]? x S).

For every t € [0,n], for all y € Q, it follows from

G(t,s,(y+£)(s)) € G([0,n]* xS), Vse[0,n],

t (3.30)
Cy(t) = L Glt,s,(y +E)(s))ds

that
(CQ),(t) C tconv G([0,n]* X S). (3.31)

Hence the set (CQ),(¢) is relatively compact in E.
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By Lemma 3.3, C(Q) is relatively compact in X. Therefore, C is completely continuous.
Step 3 is proved.

Step 4. Finally, we show that for all n € N,

C
im (S, (3.32)
yla—oo [¥]n

For any given € > 0, the assumption (A4) implies that there exists # > 0 such that for all u
with |u| >,

|G(ts,u) | <5)2n+4€—n|u|, Vi, s e [0,n], (3.33)
where @,, = sup{w,(t,s): t,s € [0,n]}.

On the other hand, G is completely continuous, there exists p > 0 such that for all u
with |u| <7,

|G(t,s,u)| <p, Vtse[0,n]. (3.34)
Combining (3.33), (3.34), for all t,s € [0,n], for all u € E, we get
~ €
| G(t,s,u)| Sp+w2n+E|u|. (3.35)

This implies that for all ¢t € [0,1],
t
Sy = | 16t + D) 1ds
sn[p+5)zn+:—n(lyln+lfln)]- (3.36)

~ € €
= np + Ny, + Z|£|H+Z|y|n-
It follows that if we choose u, > max{4np/€,4n@,,/€,|&|,}, then for |y|, > y,, we have

[Cyln/lyla < €, this means that

|C}/|n
[la—oo |¥]n

=0. (3.37)

By applying Theorem 2.1, the operator U + C has a fixed point y in X. Then (1.2) has
a solution x = y +& on [0, ). Theorem 3.1 is proved. O
4. The asymptotically stable solutions
We now consider the asymptotically stable solutions for (1.2) defined as follows.

Definition 4.1. A function x is said to be an asymptotically stable solution of (1.2) if for
any solution X of (1.2),

lim |x(t) - ¥(t)| =0, (4.1)
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In this section, we assume that (A;)—(A4) hold and assume in addition that
(As) V(t,s,0) =0, for all (t,5) € A;
(Ag) there exist two continuous functions ws, w4 : A — R such that

|G(t,s,x) | < ws(t,s)+wal(t,s)lx], V(ts) €A, (4.2)

Then, by Theorem 3.1, (1.2) has a solution on (0, «).
On the other hand, if x is a solution of (1.2) then, as Step 1 of the proof of Theorem 3.1,
y = x — & satisfies (3.11). This implies that for all t € Ry,

|y ] < [Ay@)| + [By(t)| + [ Cy(t)|, (4.3)
where

Ay(t)=qt)+ f(t,y(t) +&(1) — &),  A0=0,

By(t) = LtV(t,s,y(s) +&(s))ds, in which V(t,5,0) = 0, (4.4)
Cy1) = | Glts.y(9)+E9)s.

Consequently, for all t € R4,

t t
ly(0)] <L|y(0)] + L 01(1,5) | y(s) +E(s) | ds + L [w3(8,5) + wa(b,5) | y(s) + £(s) | 1ds.

(4.5)
It follows that
()] < ﬁﬂw(t,sﬂy(s) \ds-+alt), (4.6)
where
w(t,s) = wi(t,s) + wa(t,s),
- | (47)
at) = L wlt,9)|£(s) | ds+ —— JO s (8,5)ds,
Using the inequality (a+b)? < 2(a® + b?), for all a,b € R, we get
2 2 ‘ ! 2
01 = 2 || @eods [ 100 Pds+ 2220, (4.8)

Putting v(t) = | y(£)|2, b(t) = (2/(1 — L)) [; w?(t,s)ds, (4.8) is rewritten as follows:

W) < b(t) Itv(s)ds+2a2(t). (4.9)
0
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By (4.9), based on classical estimates, we obtain
t t s
Ly | = v(t) <2a2(t) + b(t)efob(‘)dsj 2e~ lbdug2(oygs vt eR,.
0

Then we have the following theorem about the asymptotically stable solutions.

THEOREM 4.2. Let (A1)—(Aq) hold. If
t t s
lim 2a2(1) + b(t)efob(s)dsj 26 i bwdn 2 () ds — 0,
im .
where
1 t 1 t
alt) = —— L L1 (1,9)+ @3(6,9)][£() | ds+ —— L w3(1,5)ds,

t
b0) = =5 |, [@r(69)+ @t s,

then every solution x to (1.2) is an asymptotically stable solution.
Furthermore,

lim | x(t) ~ £(5)] = 0.

Proof of Theorem 4.2. Let x, X be two solutions to (1.2).
Then y = x — &, y = X — & are solutions to (3.11). It follows from (4.10) that

t t S
| ()] = 2a2(£) + b(1)elo 1o L 2o~ libd g2 (g) g

forallt € Ry, and so is | y(¢)]2.
It follows from (4.11) and (4.14) that

lim [x(t) = &(1) [ = 0.
Put c(t) = 2a2(t) + b(1)elo b9 [{ 2= bwdug2 () ds Then, by (4.14),
|x(0) - %) | = |y() = F(D)] <2/c(), VieR,.
Combining (4.11), (4.16),
lim | x(t) - (1) | = 0.

Theorem 4.2 is proved.

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Remark 4.3. We present an example when condition (4.11) holds.
Let the following assumptions hold:
(H)) [y~ 1g(s)|2ds < +o0, [ | £(5,0)|2ds < +0o;
(Hy) limy . [y 3(t,5)ds = 0, [; ™ [[ w3 (s, u)du]?ds < +oo;

(H3) there exist continuous functions g;, h; : Ry — R, i = 1,4 such that for i = 1,4,

(1) wi(t,s) = gi(H)hi(s), for all (t,s) € A,
(if) Timy. gi(1) = 0,
(iii) fy = g?(s)ds < +oo, [ h2(s)ds < +co.
Then condition (4.11) holds. Indeed, we have the following.
Since £ is a (unique) fixed point of @, for all t € R*, we have

E@] < g | +[f(ED) | < [qO) ]+ [f0)[ + | f(E®) - f(£,0)]
< g ]+ |f(£0)[ +L[ED)].

This means that

€01 < (g +1 76 0)]),

SO

HOIE (la® |+ £(1,0)]%),

2
(1-L)?

and hence f0+°° [€(s)|>ds < 40, by the hypothesis (H;).
Therefore, it follows from (Hj3) that

+00 2 400 400
(L hi(s)|f(s)|ds) < JO hf(s)dsL 1E(s) |Pds < oo, 0= 1,4;
t t
limI w;(t,s)|E(s) |ds = limgi(t)J hi(s)|€(s)|ds=0, i=1,4
t—o Jo t—o00 0
Combining these and (H,), we obtain

I I
a(t) = ﬁ J() (U](t,S) | f(S) | dS"F ﬁ J() [CU3(t,S) +(U4(t,5)|€(5) | ]dS - 0’

ast — oo,
By (Hj3), we also have

t
0

thz(t,s)ds < ZJ [w3(t,s) + w5(t,s)]ds
0

t t
- ng(t)J h%(s)ds+zg§(t)J 12(s)ds — 0, ast— oo,
0 0

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)



14  On a fixed point theorem and application

and it follows that

t
b(t) = J w*(t,s)ds — 0, ast— oo. (4.24)
0

2
(1-L1)

Furthermore, it follows from (4.23) and (H;3)(iii) that

jm b(s)ds < +co. (4.25)
0
On the other hand, by
3 f fo 50 2
@) = st ) JO h%(s)dsjo 1E(s) | 2ds+ m“ﬂ w3(t,s)ds]
(4.26)
3

oo | s 1801 ds

(H») and (Hs3)(iii), we get

Jm a*(s)ds < +oo. (4.27)
0

Hence, from (4.22), (4.24)—(4.27), we conclude that
t t s
lim 2a(1) + b(£)eh WSJ 26 I b g2 (6 ds — 0, (4.28)
m .

Remark4.4. If g;: R, — R4, i = 1,4, is uniformly continuous, then the hypothesis (H3)(ii),
lim;_ . gi(t) = 0, follows from the hypothesis (Hs)(iii);, f(;rwgiz(s)ds < 400,

Remark 4.5 (an example). Let us give the following illustrated example for the results we
obtain as above.
Let E = C([0,1],R) with the usual norm |[u|l = supce[o,l]{lu(()l }.

Consider (1.2), where

q:IR+_'E> t'_>q(t))
f: IR+ XE —E, (t)x) _ f(t)x)a
(4.29)
V:AXE—E, (t,8,x) — V(t,8,%),

G:AXE—E, (t,s,x) — G(t,8,%),
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such that for every x € X = C(R4,E), forall t,s > 0 (s < t), for all { € [0,1],

k
et+{

f(tx)() =

efztsin[%(et+()x(()], )

V(t,5,x)(() = e (e +) (O],

1
et+({
Glt,52)(0) = ——e /el

et+¢

in which k < 2/7 is a positive constant.
We first note that for every x,y € X = C(R4,E), forall t,s > 0 (s < ), and for all { €
[0,1],

k
o2
et+(

= ke 2] x(0) = y(©)| = k7 lx =y,

| f(6x) () = ft, ()] <

sin[ 5 (¢4 0)x(©)| - sin | 5 (¢4 01310

|Glt,5,%)(0)| = eti(e_zsﬁ\/m
1

1
e e+

“2(e+0) TErT

(4.31)

by Cauchy’s inequality.
Combining these and the given hypotheses as above, we have ¢, f, V, G satistying
(A1)—(Ag), with

wi(t,s)=e e (e +1), w,(t,s) =0,

. (4.32)
w3(t,s) = wy(t,s) = Ee*te*ZSJE.
Furthermore, it is obvious that (H;)—(Hj3) hold.
We conclude that Theorems 3.1, 4.2 hold for (1.2), in this case.
For more details, let us consider a solution x(#) of (1.2) as follows.
Let x € X = C(R,,E) such that forall t € R,
1
() =x(t,0)=——, V{e[01]. (4.33)
et +(
It is clear that x defined as above is the solution of (1.2). Moreover,
1
[|x(t)|] = sup { } =e'—0, ast— +oco. (4.34)
ceon) Llet+(
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On the other hand, by

£ (620 = f(LyO)©)] = k5|l = (o), (4.35)
forall x,y € X, for all t € R, and for all { € [0, 1], we obtain
S}lp]{Hf(t,x(t)) — f(ty®)I[} <k* sup {||x(¢) — y(D|[}, (4.36)
te[0,n te [0,n]

for all n € N*. Thus the equation
x(t) =q(t)+ f(t,x(8)), t=0 (4.37)

has a unique &(¢) € X. We see at once that for all { € [0,1],

O] =< g0+ f(LED)O] = t+’2 et i(e . sin[g(ef+()£(t,0”
<(1—k)e ¥ +ke 3 = e,
(4.38)
This implies that
|lx(t) = &) <e ' +e . (4.39)

Therefore, lim,_ o ||x(t) — &(¢)]| = 0.

5. The general case

Since this will cause no confusion, let us use the same letters V, G, w;, i = 1,2,3,4; @, &,
A, B, C, U to define the functions of Section 3 and of this section, respectively.
We consider the following equation:

x(8) = q(6) + f (£,x(8), x(m(1)))

t t (5.1)

+J V(t,s,x(s),x(a(s)))d5+J G(t,5,x(s),x(x(s)))ds, teRy,
0 0

whereg: R, — E;f: Ri XEXE — E;G,V :AXEXE — Eare supposed to be continuous
and A = {(t,s) € Ry X Ry, s < t}, the functions m,0,) : Ry — R, are continuous.
We make the following assumptions.
(I;) There exists a constant L € [0,1) such that

|f(t,x,u) —f(t,y,v)| < %(Ix—yl +lu-vl), Vx,y,u,v€E€E, VtER,. (5.2)

(I,) There exists a continuous function w; : A — R, such that

| V(t,s,x,u) = Vs, y,v)| <wi(6s)(Ix—yl+lu—v]), Vx,y,u,v€E, V(ts) €A.
(5.3)
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(Is) G is completely continuous such that G(t,-,-,-) : I X ]J; X J, — E is continuous
uniformly with respect to ¢ in any bounded interval, for any bounded subset
I C [0,00) and for any bounded subset ], J, C E.

(I4) There exists a continuous function w; : A — R, such that

i |G(taijyu)| _wz(tas)
L |+~ o0 x|+ |ul

=0, (5.4)

uniformly in (#,s) in any bounded subsets of A.
() 0<m(t) <t,0<0(t) <t x(t) <t forallt € R,.

THEOREM 5.1. Let (I; )—(Is) hold. Then (5.1) has a solution on (0, ).

Proof of Theorem 5.1. These follow by the same method as in Section 3. However, there
are also some changes.

At first, we note that the following exist. (a) By hypothesis (I;) and 0 < 7(¢) < ¢, for all
t € Ry, the operator @ : X — X defined by

Ox(t) = q(1) +f(t,x(t),x(ﬂ(t))), VxeX, teR,, (5.5)

is the L-contraction mapping on the Fréchet space (X, |x|,). Indeed, fix n € N*. For all
x € X and for all ¢ € [0,n],

|@x(t) = @y | = 3 (|x(0) = y(0) | + |x(x(t) = y(n() )
L (5.6)
< E(Ix—y|n+ lx = yln) = LIx = yla.
So |®x — Dy|, < L|x — yl,. Therefore, ® admits a unique fixed point & € X.
By the transformation x = y +¢&, (5.1) is rewritten as follows:
y(t)=Ay(t)+By(t)+Cy(t), teR,, (5.7)
where

Ay(t) = q(O)+ [ (Ly(®) +E(t), y(n(1) +E(n(8))) —E(D), A0 =0,

BY() = | V(65.y(6) + ), y(0(0) +E(0(0))ds, (5:8)

Cy1) = | Glts.y(9)+ )y (1) +E (1) s

(b) Put U = A + B. Then, U is a contraction operator with respect to a family of semi-
norms || - ||, Indeed, fix an arbitrary positive integer n € N*.



18 On a fixed point theorem and application

Forall t € [0,y,] with y, € (0,n), y, < 0, = min{a(¢), t € [0,n]}, pu < 7, = min{n(t),
t € [0,n]} chosen later, we have

Nlh‘

Uy = Uy | =5 [y() =F(0)] +5 |y —y(=(0) ]

#[ @) (156 -5 + (o) - Flo@) ds G

< (L+26A(/)1n)/n)|y_5;|yn'

This implies that
Uy — Uyly, < (L+2010yn) 1y = ¥ly,. (5.10)
For all t € [y,,n], similarly, we also have
~ L ~
Uy -UF®| = 5[y - 5B [ +35 Iy —y(n(0) |
+w1nf (ly(s) =y | +[y(a(s)) = y(als)) |)ds (5.11)

Fan [ (1769 -36) |+ 1 7(0(6) - Fo(s) s
By the inequalities
0< e mlt=m) < o=mx=yn) <1yt e [yn>nl,
(5.12)
0 < etz < g=hl0=1) < 1Vt e [y,,n],
in which 4, > 0 is also chosen later, we get
| Uy(t) _ U;(t) | e n(t=yn)

L

< 290 = FO |0+ 2]y (1)) = Fu(t)) [0 42857,y = 5y,

t
+$1HJ (|y(s) =5($s) |+ |y(a(s)) = y(a(s)) |>e*h"(t*y“)ds
Vn
<Lly =Jln, +281ynly =5y,

Fa [ (1306 = 50|79+ | y(0(6)) = Ho(s)) | 01) e
Yn

t
< LIy = yln, +2010yuly = Vy, +2@14ly _y|hnj (=) g

n

Vln,»

<Lly—Jln, +201ynly = yly, +
(5.13)
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where @1, is as in the proof of Step 2, Theorem 3.1. We get

[Uy = Uylp, << ) )Iy VI, +2015yuly = ¥y, (5.14)

Combining (5.10)—(5.14), we deduce that

N N N 281
IIUy—UyIInS(L+4ynw1n)|y—y|yn+< ;"1)|y i <Fally = Fllws  (5.15)

where %n = max{L+ 49,14, L +2@1,/h,}. Choose

. 1-L . 20
0<yn<m1n{m,n,an,ﬂn}, hy, > 1_12, (5.16)

then we have k, < 1, by (5.15), Uisa k,-contraction operator with respect to a family of
seminorms || - ||,

(c) C: X — X is also completely continuous. We first show that C is continuous. For
any yo € X, let (ym)m be a sequence in X such that lim,—.c ¥m = ¥o.

Let n € N* be fixed. Put

Ki={(ym+&)(s):s€[0,n], me N},
(5.17)
Ky ={(ym+&) (x(s)) :s € [0,n], m € N}.

Then Kj, K, are compact in E. For any € > 0, since G is continuous on the compact set
[0,n] X [0,n] X K; X K5, there exists § > 0 such that for every u; € Kj, v € Ky, i = 1,2,

lu;—vi| <8 = |G(t,s,u1,v1) — G(t,8,uz,v2) | < %, Vs, t € [0,n]. (5.18)

Since limy, .« ¥ = 0, there exists my such that for m > my,

| (ym+&)(s) = (o +&) ()| = | ym(s) = yo(s)| <8, Vse[0,n], (5.19)

and so

[ (ym+ &) (X(5) = (o + &) (x(9)) | = | ym(x(5)) = yo(x(s)) | <8, Vse[0,n].
(5.20)

This implies that for all t € [0,#] and for all m > my,

| Cym(t)=Cyo(t) |

< Lt |G (8,5, (ym+E) (), (ym+E) (x(9))) = G (1,5, (9o +E) (5), (yo+&) (x(5))) | ds < €,
(5.21)

$0 |Cym — Cyoln <€, for all m > my, and the continuity of C is proved.
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It remains to show that C maps bounded sets into relatively compact sets. Now, let Q)
be a bounded subset of X. We have to prove that for n € N*, (CQ),, is equicontinuous in
X, and for every t € [0,n], the set (CQ),(t) = {Cylion(t) : y € Q} is relatively compact
in E.

Put

Si={(y+&(s):yeQ,se[0,n]},

S ={(y+&(x(s)) : y € Q, s [0,n]}.

(5.22)

Then Sj, S, are bounded in E. Since G is completely continuous, the set G([0,1]? X §; X
S,) is relatively compact in E, and so G([0,1]? X S; X S,) is bounded. Consequently, there
exists M,, > 0 such that

|G(t,s,(y+&)(s), (y+&)(x(s))) | <M,, Vi se[0,n], VyeQ. (5.23)

The rest of the proof runs as in (3.29), (3.31), and so (CQ), = {Cyljon : y € Q} is
equicontinuous and (CQ),(t) is relatively compact in E by

(CQ),(t) C tconv G([0,n]* X S X S). (5.24)

Using Lemma 3.3, C(Q) is relatively compact in X. Therefore, C is completely continu-
ous.
(d) Finally, we also have that for all n € N,

im (Dl _g (5.25)
oo [¥]n

For any given € >0, the assumptions (I3), (I4) imply that there exists # > 0 such that for
all t,s € [0,n], for all u,v € E, we get

~ €
| G(t,5,1,V) | <pt@ut o (lul+1vl), (5.26)

where @,, is also as in the proof of Step 2, Theorem 3.1. This implies that for all ¢ € [0,#],

Cy()] sj G b, (3 +E)(s), (y + &) (x(5))) | ds
0 (5.27)

~ € €
snp+nw2n+1|£|n+z|y|n-

It follows that if we choose u, > max{4np/€,4n@,,/€,|&|,}, then for |y, > y,, we have
[Cyla/lyla < €, this means that

|Cy|n
[la=oo | ¥]n

=0. (5.28)

By applying Theorem 2.1, the operator U + C has a fixed point y in X. Then (5.1) has a
solution x = y+ & on (0, 0). The result follows. O
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Now, we also consider the asymptotically stable solutions for (5.1) defined as in Section
4. Here, we assume that (I;)—(Is) hold and assume in addition that
(Ig) m(t) =t, forall t € RT;
(I;) V(t,5,0,0) =0, for all (t,s) € A;
(Ig) there exist two continuous functions w3, w4 : A — R, such that

| G(t,s,x,u) | < w3(t,s) +wy(t,s) (x| + ul), V(ts) €A, x,uecE. (5.29)

Then, by Theorem 5.1, (5.1) has a solution on [0, ®).

On the other hand, if x is a solution of (5.1), then y = x — & satisfies (5.7). We note
more that under the hypotheses (I;), (I¢), the function f turns out to be f : Ry X E — E,
satisfying (A;). Consequently, for all # € R,

01 <L1y0]+ [ 069159+ E6) |+ | y(0(5) +Elo(5) s
(5.30)

+j0 [03(t,5) + @a(6,5) (| (5) +E5) | + |y (1()) +E(x()) )]s
It follows from (5.30) that for all t € Ry,

O] = 75 | @69+ (6] + [7(6) | + o) )ds

t

+ ﬁ (w1 (t,8) + wa(t,s)) (| &(s) | + [&(a(s)) | + |E(x(s)) | )ds  (5.31)

t
+ —_—
1 L ws(t,s)ds,

o(t)
o) =2 [ @(o,9) +@i(o0.9) (1y6)] + |y + ] y(x(s) | )ds

1-LJo

1 a(t)

+EJ (1 (a(8),5) + w4 (0 (2),5)) (1) [ + [E(a(s)) | + [E(x()) [)ds
0
(®)

b [ aso0,5)ds

< 1 [ @009 +ou(o0.9) (1 y66) |+ (06 ] + Ly(ats) s

liLj @1 (0(0),5) + @1 (0(0),5)) (| €| + [€(0(6)) |+ |£(c(s)) s

ﬁ L ws(o(t),s)ds,
(5.32)

and it is similar to | y(x(¢))I.
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Putd(t) = [y(t)| +1y(a(t))] + 1y(x(t))|. Then, combining these, forall t € R, we have

d(t) < Jte(t,s)d(s)ds+e(t), (5.33)
0
where
G(t,s) = ﬁ (wl(t)s) + w4(t>5) + w1 (O’(t),S) + w4(cr(t),s) +w1 (X(t))s) +w4 (X(t),S)),
(5.34)
t
e(t) = | BEIIED) |+ [E(0() |+ £ | 1ds (5.35)

+ ﬁ Jot [w3(t,8)ds + w3 (a(t),s) + w3 (x(¢),s) ]ds.
Using the inequality (a + b)? < 2(a® + b?), we get
&(1) <2 Lt 62(1,5)ds ﬂ & (s)ds +26X(1), (5.36)
Putting z(t) = d*(t), p(t) = 2 [, 62(t,s)ds, (5.36) is rewritten as follows:
2(8) < p(1) Jotz(s)ds+ 202(). (5.37)
By (5.37), based on classical estimates, we also obtain
d2(t) = z(t) < 26X() + p(t)el PO K 2e” lipWdug2(g)ds, VteR,. (5.38)

Then we have the following theorem about the asymptotically stable solutions.

THEOREM 5.2. Let (I1)—(Ig) hold. Assume that
t t S
lim 2¢*(1) + p(t)efoPWSJ 2o~ hpwdug (g)ds - , (5.39)
s 0

where
p(1)
t
_ ﬁ L [01(t,)+@a (1,5 11 (0(8), 8) +wa (0(8),5) tor (x(8),5) s (x(),) | s,
(5.40)

and e(t) is defined as in (5.35).
Then every solution x to (5.1) is an asymptotically stable solution. Furthermore,

lim [x(t) = &(1) [ = 0. (5.41)
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Proof of Theorem 5.2. The proof is similar to that of Theorem 4.2. Let us omit here. [

Appendix

Proof of Lemma 3.3. Assume that for each n € N*, A, is equicontinuous in X, and for
every s € [0,n], the set A,(s) = {x(s) : x € A, } is relatively compact in E.

Let (xx )k be a sequence in A. We will show that there exists a convergent subsequence
of (xy ).

In the Banach space X,, = C([0,n],E), by A, being equicontinuous and for every s €
[0,n], An(s) = {x(s) : x € A,} is relatively compact in E, so applying the Ascoli-Arzela
theorem (see [5]), A, is relatively compact in X;,.

For n = 1, since (A;) is relatively compact in the Banach space X; = C([0,1],E), there
exists a subsequence of (x¢ )k, denoted by (x,(cl))k, such that

(x,((nl[o,l])k —x! inX;, ask — oo. (A.1)

For n = 2, since (A;) is relatively compact in the Banach space X, = C([0,2],E), there
exists a subsequence of (x,(cl)) k> denoted by (x,(cz) )k, such that

(x,(cz)l[o,z])k —x? inX,, ask — oo. (A.2)

By the uniqueness of the limit, it is easy to see that x?|[o,1] = x!.
Thus, there exists a subsequence (x,(f) )k of (xx)r such that

(x| o)k — x' inXy, ask — oo,
(x| )k — % inXy, ask — oo, (A.3)

x*|

— ol
[0,1] =X".

Therefore, for all n € N*, by induction, we can establish a subsequence (x,(("H))k of (x1)k

such that

in X, ask — o, Vm = 1,n,

% loms)e — 2" in X, ask — oo, (A.4)

n+l — 4 —
X g = X" Ym=1n.

Put y; = x,(ck). Then (yi)x is a subsequence of (xx)x and (yx)x converges to x in X, where x
is defined by

x(t) =x"(t) ifte[0,n], Vne N*. (A.5)

The converse is obvious, and hence the lemma is proved. g
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