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We study the regularization methods for solving equations with arbitrary accretive op-
erators. We establish the strong convergence of these methods and their stability with
respect to perturbations of operators and constraint sets in Banach spaces. Our research
is motivated by the fact that the fixed point problems with nonexpansive mappings are
namely reduced to such equations. Other important examples of applications are evolu-
tion equations and co-variational inequalities in Banach spaces.

1. Introduction

Let E be a real normed linear space with dual E*. The normalized duality mapping j : E —
2F" is defined by

jo) = fx* € B* s ex®) = lxl, [|x*]], = lxl}, (1.1)

where (x,¢) denotes the dual product (pairing) between vectors x € E and ¢ € E*. It
is well known that if E* is strictly convex, then j is single valued. We denote the single
valued normalized duality mapping by J.

Amap A:D(A) € E — 2F is called accretive if for all x, y € D(A) there exists J(x — y) €
j(x — y) such that

(u—v,J(x—y)) =0, YuecAx, VveAy. (1.2)
If A is single valued, then (1.2) is replaced by
(Ax—Ay,J(x—y)) = 0. (1.3)

A is called uniformly accretive if for all x,y € D(A) there exist J(x — y) € j(x —y) and a
strictly increasing function y : R* := [0,00) — R*, ¢(0) = 0 such that

(Ax=Ay,J(x=y)) = y(llx = yll). (1.4)
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It is called strongly accretive if there exists a constant k > 0 such that in (1.4) y(t) = kt?. If
E is a Hilbert space, accretive operators are also called monotone. An accretive operator A
is said to be hemicontinuous at a point xy € D(A) if the sequence {A(xo + t,x)} converges
weakly to Axp for any element x such that xo + t,x € D(A), 0 < ¢, < t(xp) and ¢, — 0,
n — oo. An accretive operator A is said to be maximal accretive if it is accretive and the
inclusion G(A) € G(B), with B accretive, where G(A) and G(B) denote graphs of A and
B, respectively, implies that A = B. It is known (see, e.g., [14]) that an accretive hemicon-
tinuous operator A : E — E with a domain D(A) = E is maximal accretive. In a smooth
Banach space, a maximal accretive operator is strongly-weakly demiclosed on D(A). An
accretive operator A is said to be m-accretive if R(A + al) = E for all a > 0, where I is the
identity operator in E.

Interest in accretive maps stems mainly from their firm connection with fixed point
problems, evolution equations and co-variational inequalites in a Banach space (see, e.g.
(6,7, 8,9, 10, 11, 12, 26]). Recall that each nonexpansive mapping is a continuous ac-
cretive operator [7, 19]. It is known that many physically significant problems can be
modeled by initial-value problems of the form (see, e.g., [10, 12, 26])

x'(t)+Ax(t) =0, x(0) = x, (1.5)

where A is an accretive operator in an appropriate Banach space. Typical examples where
such evolution equations occur can be found in the heat, wave, or Schrodinger equations.
One of the fundamental results in the theory of accretive operators, due to Browder [11],
states that if A is locally Lipschitzian and accretive, then A is m-accretive. This result was
subsequently generalized by Martin [23] to the continuous accretive operators. If x(¢) in
(1.5) is independent of ¢, then (1.5) reduces to the equation

Au=0, (1.6)

whose solutions correspond to the equilibrium points of the system (1.5). Consequently,
considerable research efforts have been devoted, especially within the past 20 years or so,
to iterative methods for approximating these equilibrium points.

The two well-known iterative schemes for successive approximation of a solution of
the equation Ax = f, where A is either uniformly accretive or strongly accretive, are the
Ishikawa iteration process (see, e.g., [20]) and the Mann iteration process (see, e.g., [22]).
These iteration processes have been studied extensively by various authors and have been
successfully employed to approximate solutions of several nonlinear operator equations
in Banach spaces (see, e.g., [13, 15, 17]). But all efforts to use the Mann and the Ishikawa
schemes to approximate the solution of the equation Ax = f, where A is an accretive-type
mapping (not necessarily uniformly or strongly accretive), have not provided satisfactory
results. The major obstacle is that for this class of operators the solution is not, in general,
unique.

Our purpose in this paper is to construct approximations generated by regularization
algorithms, which converge strongly to solutions of the equations Ax = f with accretive
maps A defined on subsets of Banach spaces. Our theorems are applicable to much larger
classes of operator equations in uniformly smooth Banach spaces than previous results
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(see, e.g., [4]). Furthermore, the stability of our methods with respect to perturbation of
the operators and constraint sets is also studied.
2. Preliminaries

Let E be a real normed linear space of dimension greater than or equal to 2, and x, y € E.
The modulus of smoothness of E is defined by

s+ yll + 1 =yl
PE(T)Z—SUP{% —1:llxll =1, Iyl = r}. (2.1)

A Banach space E is called uniformly smooth if

limhp (r) = lim PET) _ . (2.2)

™0 T

Examples of uniformly smooth spaces are the Lebesgue L,, the sequence €,, and the
Sobolev W' spaces for1 < p<ocoand m =1 (see, e.g., [2]).
If E is a real uniformly smooth Banach space, then the inequality

x> < Iyll*+2¢x — y,]x)

) (2.3)
<ylF+2¢x = y,Jy) +2{x = y,Jx =] y)

holds for every x,y € E. A further estimation of ||x||* needs one of the following two
lemmas.

LemMA 2.1 [5]. Let E be a uniformly smooth Banach space. Then for x,y € E,
(x =y, Jx=Ty) < 8llx = ylI>+ C(llxl, 1y pe(llx = yll), (24)
where
C(llxl, 1Tyl < 4max {2L, |||l + [l yIl} (2.5)

and L is the Figiel constant, 1 <L < 1.7 [18, 24].

LemMa 2.2 [2]. In a uniformly smooth Banach space E, for x,y € E,

4 —
(x—y,]x—],v)SR2(||X||,||y||)pE<R(||||xxT|);””)>, (2.6)
where
Rl Iy1) = 21 (12 + 1y 12). (2.7)

If x|l < Rand ||yll <R, then

4lx — yll
(x=y,Jx—=]y) < 2LR2pE<%), (2.8)

where L is the same as in Lemma 2.1.
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We will need the following lemma on the recursive numerical inequalities.

LemMa 2.3 [1]. Let {Ax} and {yi} be sequences of nonnegative numbers and let {oy} be a
sequence of positive numbers satisfying the conditions

Zocﬂ:oo, ﬁ—»o asn — oo, (2.9)
1 &n

Let the recursive inequality
Mr1 Ay — and(Ay) + 90, n=1,2,..., (2.10)

be given where ¢(A) is a continuous and nondecreasing function from R* to R such that it
is positive on R*\ {0}, ¢(0) = 0, lim— ¢(t) = ¢ >0. Then A,, — 0 as n — oo,

We will also use the concept of a sunny nonexpansive retraction [19].

Definition 2.4. Let G be a nonempty closed convex subset of E. A mapping Qg : E — G is
said to be

(i) a retraction onto G if Q% = Qg;
(ii) a nonexpansive retraction if it also satisfies the inequality

|Qex — Qoyll < llx—yll, Vx,y€E; (2.11)

(iii) a sunny retraction if for all x € E and for all 0 < £ < co,
Qc(Qex +t(x — Qgx)) = Qgx. (2.12)

Definition 2.5. 1f Qg satisfies (i)—(iii) of Definition 2.4, then the element X = Qgx is said
to be a sunny nonexpansive retractor of x € E onto G.

ProposITION 2.6. Let E be a uniformly smooth Banach space, and let G be a nonempty
closed convex subset of E. A mapping Qg : E — G is a sunny nonexpansive retraction if and
only if for all x € E and for all £ € G,

(x = Qax,J (Qex —§)) = 0. (2.13)

Denote by #r(Gi,G,) the Hausdorff distance between sets G; and G, in the space E,
that is,

#E(G1,G,) = max{ sup inf ||z1 — 23|, sup inf ||z zz||}. (2.14)
216G, 2€G: 216G, 2€G1

LemMma 2.7 [7]. Let E be a uniformly smooth Banach space, and let Q; and Q, be closed
convex subsets of E such that the Hausdorff distance #(Q;,Q0,) < 0. If Qq, and Qq, are
the sunny nonexpansive retractions onto the subsets (0, and Q,, respectively, then

|Qa, x — Qq,x||* < 16R(2r + q)hz (16LR o), (2.15)

where hg(t) = 771 pg(7), L is the Figiel constant, r = || x||, ¢ = max{qi,q2}, and R =2(2r +
q) + 0. Here q; = dist(0,Q;), i = 1,2, and 0 is the origin of the space E.
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3. Operator regularization method

We will deal with accretive operators A : E — E and operator equation
Ax = f (31)

given on a closed convex subset G C D(A) < E, where D(A) is a domain of A.
In the sequel, we understand a solution of (3.1) in the sense of a solution of the co-
variational inequality (see, e.g., [9])

(Ax— f,J(y —x)) 20, VyeG xeG (3.2)

The following statement is a motivation of this approach [25].

THEOREM 3.1. Suppose that E is a reflexive Banach space with strictly convex dual space E*.
Let A : E — E be a hemicontinuous operator. If for fixed x* € E and f € E the co-variational
inequality

(Ax—f,J(x—x*)) =0, VxE€EE, (3.3)

holds, then Ax™ = f.
In fact, the following more general theorem was proved in [8].

THEOREM 3.2. Let E be a smooth Banach space and let A : E — 2F be an accretive operator.
Then the following statements are equivalent:

(i) x™* satisfies the covariational inequality
(z— f,J(x—x%)) =0, VzeAx, Vx€E; (3.4)

(i) 0 € R(Ax* — f).

We present the following two definitions of a solution of the operator equation (3.1)
on G.

Definition 3.3. An element x* € G is said to be a generalized solution of the operator
equation (3.1) on G if there exists z € Ax* such that

(z—=f,]J(y—x%)) =0, VyeG (3.5)

Definition 3.4. An element x* € G is said to be a total solution of the operator equation
(3.1) on Gif

(z— f,](y—=x*)) 20, VyeG, VzeAy. (3.6)

LEmMMA 3.5 [6]. Suppose that E is a reflexive Banach space with strictly convex dual space
E*. Let A be an accretive operator. If an element x* € G is the generalized solution of (3.1)
on G characterized by the inequality (3.5), then it satisfies also the inequality (3.6), that is,
it is a total solution of (3.1).
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LemMa 3.6 [6]. Suppose that E is a reflexive Banach space with strictly convex dual space
E*. Let an operator A be either hemicontinuous or maximal accretive. If G C int D(A), then
Definitions 3.3 and 3.4 are equivalent.

LemMA 3.7. Under the conditions of Lemma 3.6, the set of solutions of the operator equation
(3.1) on G is closed.

The proof follows from the fact that J is continuous in smooth reflexive Banach spaces
and any hemicontinuous or maximal accretive operator is demiclosed in such spaces.
For finding a solution x™* of (3.1), we consider the regularized equation

Azgt+azy = f, (3.7)

where « is a positive parameter.
Let 2 be a generalized solution of (3.7) on G, that is, there exists {0 € Az such that

(Q0+azd— f,J(x-20)) >0, VxeG. (3.8)

THEOREM 3.8. Assume that E is a reflexive Banach space with strictly convex dual space
E* and with origin 0, A is a hemicontinuous or maximal accretive operator with domain
D(A) € E, G CintD(A) is convex and closed, (3.1) has a nonempty generalized solution
set N C G. Then 25|l < 2||x* ||, where x* is an element of N with minimal norm. If the
normalized duality mapping ] is sequentially weakly continuous on E, then 25 — X* asa — 0,
where X* € N is a sunny nonexpansive retractor of 0 onto N, that is, a (necessarily unique)
solution of the inequality

R J(x* —%)) =0, Vx*EN. (3.9)

Proof. First, we show that 20 is the unique solution of (3.7). Suppose that uJ is another
solution of this equation. Then along with (3.8), we have for some &) € Au, that

(E+ad— f,](x—ul)) >0, VxeG (3.10)

Since 2% € G and 1, € G, we have the inequalities

(Q+azl—f,7(ul—-20)) >0,
(3.11)
(& +auy — f,] (zg —u)) = 0.
Summing these inequalities, we obtain
0= (E0- 0,7 (20 - ul)) = ar(ad — ul,J (22 — )} = a2 — ul|”. (3.12)

From this the claim follows.
Next, we prove that the sequence {z} is bounded. Observe that the covariational in-
equality (3.8) implies that

(Q+azl - f,](x*-20)) =0, Vx*eN, (3.13)
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because x* € G. At the same time, since x™* is a generalized solution of (3.1), there exists
&* € Ax* such that

(& = fil(zg—x")) =0 (3.14)
Then (3.13) and (3.14) together give
(C2 =& +azp] (x* —25)) = (0 - & T (x* —20)) +a(2p ] (x* —23)) 2 0. (3.15)
By accretiveness of A, one gets
(22, ] (x* =22)) = 0. (3.16)
The obtained inequality yields the estimates
[l = 2817 = (T (x* = 20)) = [ ]l = 23] . (3.17)

Hence, (20|l < 2||x*|| for all x* € N, that s, |[z0]| < 2|/x*||. Note that * exists because N
is closed and E is reflexive.

Show now that [z} — X*|| — 0 as a — 0. Since {2z} is bounded, there exist a subse-
quence zg C z{, and an element X € E such that z; — X as  — 0. Since z € G and G is
weakly closed (since it is closed and convex), we conclude that ¥ € G. Due to Lemma 3.6,
the inequality (3.8) is equivalent to the following one:

(wrax—f,J(x—22)) =0, VxeG, VweE Ax. (3.18)
Therefore
(w+/3x—f,](x—zg))20, Vx € G, Vw € Ax. (3.19)
Passing to the limit in (3.19) as § — 0 and using the weak continuity of ], one gets
(w—f,J(x=X)) =20, VxeG, VweAx. (3.20)

By Lemma 3.6 again, it follows that X is a total (consequently, generalized) solution of
(3.1) on G.

We now show that X = X* = Qu6 and X* is unique. This will mean that z) — X* as we
presumed above. Consider (3.17) on {zg} with x* = X, It is clear that ||X — zg || = 0. Then
we deduce from (3.16) that

(%] (x* =%)) =0, Vx*eN. (3.21)

This means that X = Qn0.
We prove that X is a unique solution of the last inequality. Suppose that X; € N is its
another solution. Then

(X1,J(x*—%1)) =0, Vx*eN. (3.22)
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We have
<%>](%1 - %)> > 0)
~ N N (3.23)
(X,](X-%1)) = 0.
Their combination gives
(X-%,] (% - X)) 20, (3.24)

which contradicts the fact that ||X — X, || = 0. Thus, the claim is true.
Finally, the first inequality in (3.17) implies the strong convergence of {3} to x*. The
proof is accomplished. In particular, the theorem is valid if N is a singleton. O

Next we will study an operator regularization method for (3.1) with a perturbed right-
hand side, perturbed constraint set, and perturbed operator. Assume that, instead of f,
G, and A, we have the sequences {f‘s} €E, {G,} € E,and {A“}, A? : G, — E, such that

o fll <6,
£ = £l (3.25)
%E(Go‘,G) <o,
where #£(G1,G,) is the Hausdorff distance (2.14), and
[|[A%x — Ax|| < w{(lIxl]), Vx€D, (3.26)

where ((t) is a positive and bounded function defined on R* and D = D(A) = D(A®).
Thus, in reality, the equations

Avy = f9 (3.27)
are given on G, 0 > 0. Consider the following regularized equation on G,:
Az+az = f°. (3.28)

Let z} with y = (6,0, w) be its (unique) generalized solution. This means that there exists
Y € A“Zl such that

(yh+azk— fO,J(x—2h)) =0, VxeG,. (3.29)

THEOREM 3.9. Assume that

(i) in real uniformly smooth Banach space E with the modulus of smoothness pg(t), all
the conditions of Theorem 3.8 are fulfilled;
(ii) (3.28) has bounded generalized solutions zh forall§ >0,0=0,w=0,and a>0;
(iii) the operators A® are accretive and bounded (i.e., they carry bounded sets of E to
bounded sets of E);
(iv) G € D and G, C D are convex and closed sets;
(v) the estimates (3.25) and (3.26) are satisfied for § = 0, 0 = 0, and w = 0.
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If

0+ w+hg(o)
o

— 0 asa—0, (3.30)

then zi — %*, where X* is a sunny nonexpansive retractor of 6 onto N.

Proof. Write the obvious inequality
llze = &I < |22 — &*[] + ||z — 2l (3.31)

where z0 is a generalized solution of (3.7). The limit relation ||z} — x* || — 0 has been al-
ready established in Theorem 3.8. At the same time, the result 2k — 20|l — 0 immediately
follows from Lemma 4.1 proved in the next section. The condition (3.30) is sufficient for
this conclusion. O

Remark 3.10. We do not suppose that in the operator equation (3.28) every operator
A® has been defined on every set G,. Only possibility for the parameters w and o to be
simultaneously rushed to zero is required.

4. Proximity lemma

We further present the proximity lemma between solutions of two regularized equations

Tizi+ezi = fi, a1 >0, (4.1)
Taza+ oz = fr, >0, (4.2)

on G; and G, respectively, provided their intersection G; () G; is not empty.

Lemma 4.1 (cf. [3]). Suppose that

(i) E is a real uniformly smooth Banach space with the modulus of smoothness pg(7);

(ii) the solution sequences {z1} and {z,} of (4.1) and (4.2), respectively, are bounded,
that is, there exists a constant My > 0 such that ||z1|| < M, and || z;|| < My;

(iii) the operators Ty and T, are accretive and bounded on the sequences {z,} and {z,},
that is, there exist constants M, > 0 and M5 > 0 such that || Tz, || < My and || Tz || <
Ms;

(iv) G1 € D and G, C D are convex and closed subsets of E and D = D(T1) = D(T»);

(v) the estimates || fi — foll <8, He(G1,G,) < 0, and | Tz — Tozll < w{(l|zll), Vz € D,
are fulfilled. Then

8 |061—062| + Cll’lE(Cz(T)

w
||21—Zz||SC(M1)—+—+M1 , (43)
[¢4] [¢4]

491 o]

where

c1 =8RQ2ay M, + My + Ms + || Al + | £]]), ¢, =16LR!, R=2M;+0. (4.4)
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Proof. Solutions z; € Gy and z; € G, of the operator equations (4.1) and (4.2) are defined
by the following co-variational inequalities, respectively:

(Mzi+azi— fi,](x—2z1)) 20, VxeGy, o >0, (4.5)

<T222+a222—ﬁ,](x—22)> >0, Vxe Gy, ar >0. (46)
Estimate a dual product

B=(Twzi+az — fi—Thza — oz + o] (21 — 22)). (4.7)

Obviously,
B=(Tzi—-Tiza+ai(z1 —22) +Tvzo — Do+ (1 — )z + o — fi,J(z1 —22)). (4.8)
The operator T is accretive, therefore,
(Tizi = Thz2,] (21 — 22) ) = 0. (4.9)
Then
B> alz - 2| (|Tiz2 - Dozl + | — a2 |2l + Ifi - £l |z -2l (410)
Since ||z2 || < M;, we conclude in conformity with (v) that
B2 —d|a - 2| |+ a1z — 22|, (4.11)
where
c=wl(M)+M;|a; —ar| +0. (4.12)

Next, if #(Gi,G,) < 0, then for every z, € G, there exists Z € Gy such that ||z, - Z|| < ¢
and

(Thzi +oz1 — fi,](z1 — 22))
=(T1zi+az1— fi,](z1 —22) +] (21 = 2) = J (21 — 2))

4.13
=<T121+06121*f1,](21*5)> ( )
+(Tz1 + a1z _fla](zl -2)—J(z1-2)).
By (4.5),
<T121+06121—f1,](21—§)> <0. (4.14)

Estimate the last term in (4.13). For this recall that if |[x|| < Rand [/ y|| <R, then (see [2,
page 38])

[1J(x) = J(»)||, <8Rhg(16LR ![lx— yll). (4.15)
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For ||z1 — 21l < 2M; and ||z; — Z|| < 2M; + 0 = R, this implies that

(Thzi+ozi — fi,](z1 —22) =T (21— 2))
<[z +az = fAilllll(z1 = 22) =T (21 = 2) ],

<sRGallall+ Tzl + DAoL -2
< 8R(ay M + M, + || fi||) ke (16LR ).
Analogously to the previous chain of inequalities,
(Thza+ az2 — o] (22— 21)) < 8R(ay M + M; + || f2||) he (16LR ' 0). (4.17)
Therefore,
B < c1hg(cy0). (4.18)
Finally, combining (4.11) with (4.18), one gets
cthe (o) +cllz — 2| = |21 — 22 (4.19)
This quadratic inequality gives
e 2]l < c+\/c2 +z;o;1lc1h5(c20) § “Ll . %’ (4.20)
because vVa+b < Ja+ Vb for all a,b = 0. Thus, (4.3) holds. O

From Theorem (3.10) and Lemma 4.1 we obtain the following corollary.

CoROLLARY 4.2. If, in the conditions of Lemma 4.1, w = § = 0 = 0, thatis, Ty = T», fi = fo,
and G| = Gy, then
>s<|| | xp—a |

l|z1 — z2|| < 2]||x (4.21)

5. Iterative regularization methods
5.1. We begin by considering iterative regularization with exact given data.

THEOREM 5.1. Let E be a real uniformly smooth Banach space with the modulus of smooth-
ness pe(t), let A: E — E be a bounded accretive operator with D(A) < E, and let G C
intD(A) be a closed convex set. Suppose that (3.1) has a generalized solution x* on G. Let
(€4} and {ay} be real sequences such that €, < 1, a, < 1. Starting from arbitrary xo € G
define the sequence {x,} as follows:

Xpr1 = Qg (xn — €4 (Axy +anxn, — f)), n=0,1,2,..., (5.1)
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where Qg is a nonexpansive retraction of E onto G. Then there exists 1 > d >0 such that
whenever

€, <d, p(€n) < d? (5.2)
€nlly

forall n = 0, the sequence {x,} is bounded.

Proof. Denote by B,(x*) the closed ball of radius r with the center in x*. Choose r >0
sufficiently large such that r > 2||x*|| and xy € B,(x™). Construct the set S = B.(x*) N G
and let

3
M:= 5r+||f||+sup{||Ax|| :x € S} (5.3)

We claim that {x,} is bounded in our circumstances. Show by induction that x,, € S for
all positive integers. Actually, xy € S by the assumption. Hence, for given #n > 0, we may
presume the inclusion x, € S and prove that x,4; € S. Suppose that x,4+; does not belong
to S. Since x,,11 € G, this means that ||x,+; —x*|| > r. By (5.1) and due to the nonexpan-
siveness of Qg, we have

%11 —x*[[ = ||QG(xW7€n(Axn+“nxn*f)) - Qox™||
< |Jxn = x* — €4 (Axy + anxn — f)|]
< | = x* || + €al|Axy + auxn — |

(5.4)
= [lan = x* [+ [ Al + llen = x* [ + [l + 1 £

1 _
<r+supllAxl|+r+-r+|fll=r+M =M.
xeS 2

In the next calculations, we apply Lemma 2.2 with x = x,,4; —x™ and y = x, —x*. It is
easy to see that

lxll = [lxner —x*[[ <M, iyl = |lx. —x*|| <7, (5.5)
llx = yll = ||xns1 — xn|| < €al|Axy + anxn — fl| < €aM. ’
Thus, max{||x|l, [l y[} <M, and we have
(1 = Xns] (X1 — X%) = J (00 — %)) < 2LM pp(4MM '€,), (5.6)

because the function pg(7) is nondecreasing [18, 21]. Besides, the function pg(7) is con-
vex, therefore, pg(ct) < cpg(7), for all ¢ < 1. Since MM ' < 1, (5.6) yields

(Xns1 — XnoJ (Xne1 — x*) = J (x, — x*)) < 2LMMpg (4e,). (5.7)

Then using the facts that pg(7) is continuous, 0 < ¢, < 1, and by [16],

. pe(47)
2< 1111% pe(27) <4, (5.8)
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we conclude that there is a constant C > 1 such that
(xne1 — XnsJ (xne1 — x*) = J (%, —x*)) < 8LCMMpg(&y,). (5.9)
Moreover, by (2.3), (5.1), (5.6) and by the inclusion x, € S, one gets

[xns1 — %7 < |2 — x* — €4 (A% + atnx — )]’
< [ocn = x*|* = 26, (Axp — £,] (x4 — x*)) (5.10)
—2€50t, (X0, ] (x4 — x*)) + I6LCMMpE (&y).

Since x* is a generalized solution of (3.1) on G and x,, € G for all n = 0, we can write
(Axn — f,] (x4 —x*)) = 0. (5.11)
Then (5.10) implies the inequality
(%041 — x*||2 < ||xn —x*||2 —2€n0, (X, ] (x4 — x*)) + 16LCMpE (&y). (5.12)

Choose K > 0 such that

2

r

where D = 8LCMM. Set d := /K. It is not difficult to verify that 1 >d > 0. By virtue
of our assumption, [|x,+1 —x*|| > [lx,, — x*||. This allows us to deduce from (5.12) the
following estimate:

€n0n (Xn, ] (xn — x*)) < 8LCMMpg(€,). (5.14)
It gives the inequality
(xn,J (xn —x*)) < DK (5.15)
because of the assumption that

PE(EH)

<K=d*> Vn=0. (5.16)
o€

Now adding (—x*,](x, —x*)) to both sides of (5.15), we get

||x,,—x*||2 <KD+ {—-x*J(x,—x*))
. (5.17)
<KD+||x*||||x, — x*|| < KD+ EHxn—x*H.

Solving this quadratic inequality for ||x, — x™* || and using the estimate

2
1/%+KD§ £+\/KD, (5.18)
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we derive that

Il — x*|| < %w@ (5.19)
In any case,
%1 — x*|| <[]0 — x*|| + €n]|Axy + @nxn — fl], (5.20)
so that
||xn+1—x*||s§+\/ﬁ+enM<r, (5.21)

by the original choices of K and €,, and this contradicts the assumption that x,+; is not
in S. Therefore x,, € S for any integers n > 0. Thus {x,} is bounded, say, [|x,|l < C. O

In what follows, we suppose that the normalized duality mapping J is continuous and
sequentially weakly continuous in the ball B, (8) with r = C. We show that x,, — &*, where
X* is a unique solution of (3.9).

THEOREM 5.2. Assume that all the conditions of Theorems 3.8 and 5.1 are fulfilled. In addi-

tion, let o, — 0 as n — o,

- €
€n 0, M 0, P (€n) _.o. (5.22)
oy, €n0;, €Enly

Then the sequence {x,} generated by (5.1) converges strongly to x* asn — .

Proof. So, by Theorem 5.1, {x,} is bounded by a constant C. Let z, and z,4 be general-
ized solutions of the equation

Az+ogz=f (5.23)

on G for k = nand k = n+ 1, respectively. It follows from (4.3) and (5.22) that there exists
a constant d > 0 such that ||z,, — 2,411 < d. Put

Pn = Xn — €4 (Axy + anxy — f). (5.24)
Then by (5.1) and by convexity of the functional ||x||2, we have that

%01 = zws | = |Qopn = Qazun ||
<|lpn—znn1 ||2
<|lpn - Zn”z +2(2ns1 — 2nsJ (Zns1 — Pn)) (5.25)
< 11pn = 2al "+ 2421 = 2] (20 = pa))
+2(zne1 — 2nJ (Zne1 — Pu) = J (20 — Pn))-
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We continue the estimation of (5.25) using Lemma 2.1. It is easy to see that if H is a
Hilbert space and 7 < 7, then [18, 21]

pi(1) = pu(1) = (1+72)* 1= e, (5.26)

where
c=(Vi+e2+ 1)_1. (5.27)

One gets
a1 = zw | < 11w = 2zall* + 20120 = pall - l|zns1 = 2 (5.28)
+16]|zns1 = zal|” + Ca (mpE(|[2ns1 — zal]) '
where
Ci(n) = 8max {2L, ||zs — pul| +|2n1 — pull}

(5.29)

<8max{2L,C+M+2||x*||} = Cy,

where M is defined by (5.3). Therefore, due to Corollary 4.2,

Op — Kyl |

N[ | pn = zall
" (5.30)

2(a, — oy,
T L= )

i1 = zwer||” < || pu — zal|” +4

andin (5.27) T=d = ||zas1 —zull = 7.
Now we evaluate || p, — z,|>. The convexity inequality (2.3) yields

||Pn_zn||2 = ||xn_€n(Axn+“nxn_f) _Zn||2

< ||x,,—zn||2—26,,<Axn+(xnxn—f,](pn—zn))

, (5.31)
=||xn — zu||” = 2€4 (Axp + anxn — f,] (X0 — 20))
+2<Pn—an(Pn—Zn) _](xn_zn)>-
Since
(Azy+anzy — f,] (X0 —2za)) = 0, (5.32)

and by the accretiveness property of A,

(Ax, — Az, ] (% — 20) ) =0, (5.33)
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we deduce

||Pn *Zn||2 = ||xn *Zn”z 726,106,1”36,, *Zn||2

+2<pn _xm](Pn _Zn) _](xn _Zn)>

<l =2l — 2esllza -zl + 166 Axy t e — fIF
+ Ca(n)pg (€al[Axy + otnxn — f]),
where
Cy(n) = 4max {2L, |z, — pal| +||xn — zal[}
(5.35)

<4max {2L,2C+M +2||x*||} = C,.
Substituting (5.34) for (5.30) and using the fact that pp(7) < 7, we obtain

st =z = 1|0 = 2ul|” = 2€ntnl |20 — 24| + 166202

- - (5.36)
+ Csz(EnM) + C3|‘X"(x#ﬂ|’cl)p}3 ((‘xnawM> ,
where
Cs = MCy +4[Jx*[[(C+- M+ 2][x*|]) + 32Mc ™", (5.37)

Therefore, by Lemma 2.3 and by hypothesis (5.22), we conclude that [|x, — z,|| — 0. In
addition, by Theorem 3.8,

| — %*|| < ||xn — zul| + |20 —%*|]| — 0 asn— oo, (5.38)
which implies that {x,} converges strongly to x*. O

5.2. In this subsection, we study an iterative regularization method for (3.1) with a per-
turbed operator and perturbed right-hand side. Assume that, instead of f and A, we have
the sequences { f,}, f, € E, and {A,}, A, : D(A,) € E — E, such that

1 /o= I < On,

5.39
[[Anx — Ax|| < 0, (lIxIl) +pn, Vx€G, (5.39)

where {(t) is a positive and bounded function defined on R*, G € D(A,) and G C D(A).
Thus, in reality, the following equations are given:

Any = fu> (5.40)

which may not have a solution. Consider the regularizing iterative algorithm

Yn+1 :QG(yn_en(Anyn+“nyn_fn))) 1120,1,2,..., (541)

where Qg is a nonexpansive retraction of E onto G.
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THEOREM 5.3. Assume that all the conditions of Theorems 3.8 and 5.1 are fulfilled. Suppose
that there exist sequences of positive numbers wy, pn, and &, converging to zero as n — o,
such that (5.39) holds. Suppose that

wn+//ln+é\n_>0 PE(en) 0 \‘xn_‘xn+l|

— 0 (5.42)
o, €0, €,002

(xn_’oa

as n — co. Starting from arbitrary yo € G define the sequence {y,} by (5.41). Then there
exists 1 > d > 0 such that whenever

= < g? (5.43)
for all n = 0, the sequence {y,} is bounded and converges in norm to the solution x*, where

X* is the unique solution of inequality (3.9).

Proof. Firstofall, as in the proof of Theorem 5.1, we aim at showing that {y, } is bounded.
To this end, introduce again a closed ball B, (x*) with sufficiently large radius r > 0 such
that r = 2||x*|| and yy € B,(x™). And construct again the set S = B,(x*) N G. Without
loss of generality, according to (5.42), put w, < @, py < I, Oy < 8, and

M := %r+||f||+sup{||Ay||:yeS}+dJM(+[2+(§, (5.44)

where

M =sup {{(llyll) : y € S}. (5.45)

We claim that {y,} is bounded.
Assume that y, € S and show that y,;, € S. We denote

Pn=Yn—€En (Anyn t&nYn — fn) (5-46)
The operator Qg is nonexpansive, therefore, by (5.41) we have

lyne1 = x*(| < [[Qepn — Qax*||
<|lyn =" = €a(Anyn+ tnyn — fu)l
< lyn = x*[[ + €allAnyn + etayn = full (5.47)
<||yn =¥ +|Ayall + ||Anyn — Ayal|
+lyn = x* |+ [ [+ 1+ [ fo = S

Then

1
[lyne1 —x*|| < r+sup lAyll + wasup {1y 1) + pu + 1+ EH— £+,
yES yES (5.48)

<r+M=M,
||yn+l - yn” = en”Anyn +(xnyn - fn” =< snM- (549)
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Moreover, by (2.3), (2.6), and (5.41) one gets similarly to (5.10) that

ner = x| < |90 = 5% = €0 (Anyn+ aayn — f) I
<|lyn _x*”z = 2€u{Anyn = furJ (yn — x*))
—2€,00 (Y] (¥ — x*)) + 16LCMMpg (e,
<lyn—x*|I" = 264 (Ayn — f,] (yn —x*))
= 2€0{Anyn = Ayns] (yu — %)) = 26, fu = [T (yn — x*))
—2€40u (Y] (yn —x*)) + I6LCMMpE (&y).

(5.50)

Since x* is a solution of the equation Ax = f on G and y, € G for all n > 0, we can write

(Ayn=fT(yn—x%)) = 0. (5.51)

Then (5.50) implies the inequality

s = x*11° = {130 = [ = 26000 (yns] (7 = *))

o (5.52)
+2€, (WnM¢ + pn + 80) || yn — x*|| + 16LMCMpg (&,).
Denoting D = 8LCMM + rMZ, where MZ = max{1, M}, we obtain
_ » M+ pn+ 6
] (ym — %)) < sremprPeten) | oMt *d) e (5.53)
n&n Ap
because of the given inequalities
n n + n + n
Pen) g Ot oy (5.54)
o€y Ay

The rest of the boundedness proof of {y,} follows as in the proof of Theorem 5.1. Thus,
there exists C such that ||y, | < C.

We present next the convergence analysis of (5.41). By convexity of ||x||2, we obtain as
in (5.25) the following:

||yn+1 - Zn+1||2 < ||yn+1 - Zn||2 +2<Zn+1 - Zﬂ)](zn+1 - yn+l)>
< ||yn+1 - Zn||2 + 2<Zn+l - Zm](zn - yn+1)>
+ 2<Zn+l - Zn’](zn-H - yn+l) _](Zn - yn+1)> (555)

<|[ynn _Zn||2+2||zn — Y1l - [|2ne1 = 2|

+ (16571 +C1)pE(||Zn+1 _ZHH)’
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where C; is defined by (5.29). Moreover,

17001 = 2zall” = [|Qapn = Qazal* < ||pn — zull’

<|lyn _ZnHZ +2(pn = yusJ (pn —20))

= {1y =2zl +2(pn = YT (yn = 20))
+2(pn = YuJ (Pn = 2n) =] (yn = 2a))

= |lyn = 2ll” = 260 {Anyn+ tuyn = fus (yn = 20)) (5.56)
+2(pu = YusJ (P = 20) =T (Yn — 20))

<yu—zull" = 260 (Azy + @uz0 — f,] (yn — 2n))
+26n (|1 Anyn = Ayal [+ |1 fu = FID|lyn = 2all = 260ty — zal*
+2(pu = YnsJ (P = 20) =T (Yn — 2n) ).

Now (5.39), (5.46), and (5.56) yield

|[yn+1 _Zn||2 <|[yn _Zn”z —2€,0|yn —zn||2+2€n||yn = zu|[(@nl ([|ynl]) + ptn + 61)
+2<Pn _)’n)](Pn _Zn) _](yn _Zn)>
<|lyn _Zn”Z — 2€,0tn]| yn _zn”z +2€u[yn — zal[ (Wnl (|| ynl]) + ppn +0n)

16| [pu = yall” + Ca(mp (| pu = yall),
(5.57)

where
Cy(n) = 8max {2L, ||z, — yul| + |20 — pull}- (5.58)

Since {y,} and {z,} are bounded and A is a bounded operator, there exists a constant
d; > 0 such that

|[pn _)’nH = en”An}’n‘*'“n)’n _fn” < €,dy,
Cy(n) < 8max{2L,5+M+2||x*||} = Cy.

(5.59)
Then
166,21d% + C4(n)pE(€nd1) < C5p5(6nd1), (560)

where

Cs=(16d1+Cy), d= (1/1+d%+1)71. (5.61)
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Substituting (5.57) for (5.55), we deduce that

||)’n+1 _Zn+l||2 <(1 _Zen“n)”}’n _Zn||2+2€n|{)’n —Zn||(wn((||yn||) +5n+ﬂn)
+ Cspe(€ndy) + Copr(||2zns1 — zal|) (5.62)
+2||Zn _yn+1|| . ||Zn+1 _Zn”’

where Cg = 16¢7! + C;. Finally, there exists C > 0 such that [lyn — z4ll < C and then

||)’n+1 - Zn+l||2 = ||)’n - Zn||2 - zen‘xn”yn - Zn||2 +2€nc(wn((6) + 6, +["n)

- (5.63)
+ Copa(endr) +20Jx7| (G + ) 1= St

>
n

because pg(7) < 7. Now, the conclusion [y, — z,ll — 0 follows from Lemma 2.3. By
Theorem 3.8,

lyn—x*|| < |[yn —zal| + |20 —x*|]] — 0 asn — oo. (5.64)

Thus, {y,} converges strongly to x*. The proof is accomplished. O

5.3. Next we study the iterative regularization method for (3.1) defined by
Wat1 = QG (Wn — €x(AWn +aywy — f)), n=0,1,2,..., (5.65)

on approximately given sets G,, where, for each n, Qg, is a sunny nonexpansive retraction
of E onto G,,.

THEOREM 5.4. Assume that all the conditions of Theorems 3.8 and 5.1 are fulfilled and G, <
intD(A), n =1,2,..., are closed convex sets such that the Hausdorff distance #g(G,,G) <
0y < G, Oys1 < 0p. Denote G = G| G, where G = U G, Assume that an operator A: G — E
is accretive and bounded. Assume that conditions (5.22) hold and that

]’lE(O'n)

— 0 asn— oo, (5.66)
€0y

If the iterative sequence {wy} generated by (5.65) is bounded, then it converges strongly to
X*, where X* is the unique solution of inequality (3.9).

Proof. Denote
Zx =x—€,(Ax+ayx — f). (5.67)

Since {w,} is bounded and, hence, {Aw,} is also bounded, then there exists a constant
d > 0 such that

[|[Zwn|| = [|wn — € (AW + ayw, — f)|| < d. (5.68)
By analogy,

1 Zxn]| = [J2n — € (A% + ctnx, — f)” <d, (5.69)
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where {x,} is the bounded sequence generated by (5.1) (see Theorem 5.2). From (5.65)
and (5.1), we have

lwnir = xu1 || = 11Q6,0 ZWn — Qe Zxa|

(5.70)
= ||QGZWn - Qszn” + ||QGV,+1ZWn - QGZWn”-

Estimate the first term of the right-hand side of the previous inequality:

1Q6Zwn — QaZxall” = || ZWn — Za |
<||lwn —xn||2 —2€,{Awy, — Axy + ot (W — %), ] (Zw,, — Zx,))

< ||wn —x,1||2 — 2€,0n| W —x,1||2 —2€,{Awy, — Axp, ] (W — X))

(5.71)
—2€,(Awy, — Axy + o (W — %), ] (Zwy, — Zx) — J(Wy — X))

<||wy, —x,,||2 —2€,0,||wy —x,,||2+ 16€2||[Aw, — Axy + ay (wy, —x,,)||2

+ Cr(n)pe(€nl|Aw, — Axy + oy (Wi — x0)|]),
where
C7(n) = 8max {2L,||Zw, — Zx,|| + ||wn — x4]|}. (5.72)

Thus, there exists a constant C; > 0 such that C;(n) < C;.
Using Lemma 2.7, we come to the following inequality:

11QG,., ZWn — QcZwy|| < 16(R+6)(2d + q)hp(8q ' 0ns1), (5.73)
where R = 2(2d + q), q = max{q1,q2}, q1 = dist(8,G), q» = max{dist(0,G,)}, n = 0,1,
2,...,and 0 is the origin of the Banach space E. Hence, from (5.70), (5.71), and (5.73) we

get

Wit = Xt |7 < || wn — xall” = 2€nctnl|wn — x||* + 16€2C + C7p (€,C)

~ (5.74)
+ (ChB(Sq*10n+1))l/2,

for C = 16(R+&)(2d + q) and some C > 0.
Since (5.66) holds, we conclude that ||w,, — x,,|| — 0 as n — oo. Thus, for all n > 0, one
has
Wsr = %5 < [Wrss = st ]|+ wss = %] (5.75)
and, therefore,

[lwy —x*|| — 0 asn— oo, (5.76)

The proof is complete. 0
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Remark 5.5. Obviously, if G, are bounded, then all w,, are bounded too.

Now we are able to combine Theorems 5.2, 5.3, and 5.4 in order to investigate the
iterative regularization method for (3.1) with perturbed data A, f, and G defined by the
following algorithm:

Uni1:= Qq,,, (n — €n(Antiy + antiy — f4)), n=0,1,2,.... (5.77)

THEOREM 5.6. Suppose that the conditions of Theorems 5.2, 5.3, and 5.4 are fulfilled. If
the iterative sequence {wy} generated by (5.77) is bounded, then it converges strongly to X*,
where X* is the unique solution of inequality (3.9).
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