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For a countable family {T,},-; of strictly pseudo-contractions, a strong convergence of viscosity
iteration is shown in order to find a common fixed point of {T, };2; in either a p-uniformly convex
Banach space which admits a weakly continuous duality mapping or a p-uniformly convex Banach
space with uniformly Gateaux differentiable norm. As applications, at the end of the paper we
apply our results to the problem of finding a zero of accretive operators. The main result extends
various results existing in the current literature.

1. Introduction

Let E be a real Banach space and C a nonempty closed convex subset of E. A mapping f : C —
C is called k-contraction if there exists a constant 0 < k < 1 such that || f(x) — f(y)|| < k|lx—y]|
for all x, y € C. We use [ ] to denote the collection of all contractions on C. Thatis, [T~ = {f :
f is a contraction on C}. A mapping T : C — C is said to be A-strictly pseudo-contractive
mapping (see, e.g., [1]) if there exists a constant 0 < A < 1, such that

ITx =Ty ||* < [lx =y |I* + M| (T = T)x =~ T -T)y][", (L.1)

for all x, y € C. Note that the class of A-strict pseudo-contractions strictly includes the class of
nonexpansive mappings which are mapping T on C such that ||[Tx - Ty|| < ||x — y||, for all x,
y € C. That is, T is nonexpansive if and only if T is a O-strict pseudo-contraction. A mapping
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T : C — Cis said to be A-strictly pseudo-contractive mapping with respect to p if, for all x,
y € C, there exists a constant 0 < A < 1 such that

ITx-Ty|” < |lx-y||” + A -T)x - (I - Ty’ (1.2)

[ee]

A countable family of mapping {T,, : C — C};Z; is called a family of uniformly A-strict
pseudo-contractions with respect to p, if there exists a constant A € [0, 1) such that

| Tox - Tuy||” < lx = y||” + M| - T)x - I -Tn)y|", VYx,yeC Vn>1. (1.3)

We denote by F(T) the set of fixed points of T, thatis, F(T) = {x € C: Tx = x}.

In order to find a fixed point of nonexpansive mapping T, Halpern [2] was the first
to introduce the following iteration scheme which was referred to as Halpern iteration in a
Hilbert space: u, x; € C, {a,} € [0,1],

Xp1 =apx+ (1 -a,)Tx,, n>1. (1.4)

He pointed out that the control conditions (C1) lim,_ . a, = 0 and (C2) X77, = oo are
necessary for the convergence of the iteration scheme (1.4) to a fixed point of T. Furthermore,
the modified version of Halpern iteration was investigated widely by many mathematicians.
Recently, for the sequence of nonexpansive mappings {T, },.; with some special conditions,
Aoyama et al. [3] introduced a Halpern type iterative sequence for finding a common fixed
point of a countable family of nonexpansive mappings {T,, : C — C} satisfying some
conditions. Let x; = x € C and

Xp1 = apX + (1 — ay)Tyxy, (1.5)

for all n € N, where C is a nonempty closed convex subset of a uniformly convex Banach
space E whose norm is uniformly Géteaux differentiable, and {a,} is a sequence in [0,1].
They proved that {x,} defined by (1.5) converges strongly to a common fixed point of {T,}.
Very recently, Song and Zheng [4] also studied the strong convergence theorem of Halpern
iteration (1.5) for a countable family of nonexpansive mappings {T,, : C — C} satisfying
some conditions in either a reflexive and strictly convex Banach space with a uniformly
Gateaux differentiable norm or a reflexive Banach space E with a weakly continuous duality
mapping. Other investigations of approximating common fixed points for a countable family
of nonexpansive mappings can be found in [3, 5-10] and many results not cited here.

On the other hand, in the last twenty years or so, there are many papers in the
literature dealing with the iteration approximating fixed points of Lipschitz strongly pseudo-
contractive mappings by using the Mann and Ishikawa iteration process. Results which had
been known only for Hilbert spaces and Lipschitz mappings have been extended to more
general Banach spaces and a more general class of mappings (see, e.g., [1, 11-13] and the
references therein).
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In 2007, Marino and Xu [12] proved that the Mann iterative sequence converges
weakly to a fixed point of A-strict pseudo-contractions in Hilbert spaces, which extend Reich’s
theorem [14, Theorem 2] from nonexpansive mappings to A-strict pseudo-contractions in
Hilbert spaces.

Recently, Zhou [13] obtained some weak and strong convergence theorems for \-
strict pseudo-contractions in Hilbert spaces by using Mann iteration and modified Ishikawa
iteration which extend Marino and Xu’s convergence theorems [12].

More recently, Hu and Wang [11] obtained that the Mann iterative sequence converges
weakly to a fixed point of A-strict pseudo-contractions with respect to p in p-uniformly convex
Banach spaces. To be more precise, they obtained the following theorem.

Theorem HW

Let E be a real p-uniformly convex Banach space which satisfies one of the following;:
(i) E has a Fréchet differentiable norm;
(ii) E satisfies Opial’s property.

Let C a nonempty closed convex subset of E. Let T : C — C be a A-strict pseudo-contractions
with respect to p, A € [0, min{1,2" %2 cp}) and F(T) #0. Assume that a real sequence {a,} in
(0,1) satisfy the following conditions:

2P2)
O<e<a,<l-e<1- - Vn>1. (1.6)
4
Then Mann iterative sequence {x,} defined by
x1=x€C,

(1.7)
Xp1 = AuXy + (1 —ay)Tx,, n>1,

converges weakly to a fixed point of T.

Very recently, Hu [15] obtained strong convergence theorems on a mixed iteration
scheme by the viscosity approximation methods for A-strict pseudo-contractions in p-
uniformly convex Banach spaces with uniformly Gateaux differentiable norm. To be more
precise, Hu [15] obtained the following theorem.

Theorem H. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C a nonempty closed convex subset of E which has the fixed point property for
nonexpansive mappings. Let T : C — C be a A-strict pseudo-contractions with respect to p,
A € [0, min{1,2-%?"2)¢,}) and F(T) #0. Let f : C — C be a k-contraction with k € (0,1). Assume
that real sequences {a,}, (P} and {y,} in (0,1) satisfy the following conditions:

(i) an+Pn+yn=1forallneN,

(ii) lim, oo a0y = 0 and 357 ay = +o0,

(iii) 0 < lim inf, o0 yu < lim sup, _ yn <& whereg=1- 2”‘21\051.
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Let {x,} be the sequence generated by the following:

x1=x€C,
(1.8)
Xne1 = O f (X)) + PnXn + YnTxn, n2>1.

Then the sequence {x,} converges strongly to a fixed point of T.

In this paper, motivated by Hu and Wang [11], Hu [15], Aoyama et al. [3] and
Song and Zheng [4], we introduce a viscosity iterative approximation method for finding
a common fixed point of a countable family of strictly pseudo-contractions which is a
unique solution of some variational inequality. We prove the strong convergence theorems
of such iterative scheme in either p-uniformly convex Banach space which admits a weakly
continuous duality mapping or p-uniformly convex Banach space with uniformly Géateaux
differentiable norm. As applications, at the end of the paper, we apply our results to the
problem of finding a zero of an accretive operator. The results presented in this paper improve
and extend the corresponding results announced by Hu and Wang [11], Hu [15], Aoyama et
al. [3] Song and Zheng [4], and many others.

2. Preliminaries

Throughout this paper, let E be a real Banach space and E* its dual space. We write x,, — x
(resp., x,—*x ) to indicate that the sequence {x,} weakly (resp., weak®) converges to x; as
usual x, — x will symbolize strong convergence. Let S(E) = {x € E : ||x|| = 1} denote the
unit sphere of a Banach space E. A Banach space E is said to have

(i) a Gateaux differentiable norm (we also say that E is smooth), if the limit

+ty|| -

hmw (2.1)
t—0 t

exists for each x, y € S(E),

(ii) a uniformly Gateaux differentiable norm, if for each y in S(E), the limit (2.1) is
uniformly attained for x € S(E),

(iii) a Fréchet differentiable norm, if for each x € S(E), the limit (2.1) is attained uniformly
fory € S(E),

(iv) a uniformly Fréchet differentiable norm (we also say that E is uniformly smooth), if the
limit (2.1) is attained uniformly for (x,y) € S(E) x S(E).

The modulus of convexity of E is the function 6¢ : [0,2] — [0, 1] defined by

xX+y
2

Or(e) = inf{l -

H; Kl =1, [yl =1 [x-yll 26}, 0<e<2  (22)

E is uniformly convex if and only if, for all 0 < € < 2 such that 6g(¢) > 0. E is said to be
p-uniformly conveyx, if there exists a constant a > 0 such that 6g(e) > ae”.
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The following facts are well known which can be found in [16, 17]:

(i) the normalized duality mapping ] in a Banach space E with a uniformly Gateaux
differentiable norm is single-valued and strong-weak® uniformly continuous on
any bounded subset of E;

(ii) each uniformly convex Banach space E is reflexive and strictly convex and has fixed
point property for nonexpansive self-mappings;

(iii) every uniformly smooth Banach space E is a reflexive Banach space with
a uniformly Gateaux differentiable norm and has fixed point property for
nonexpansive self-mappings.

Now we collect some useful lemmas for proving the convergence result of this paper.

Lemma 2.1 (see [11]). Let E be a real p-uniformly convex Banach space and C a nonempty closed
convex subset of E. let T : C — C be a \-strict pseudo-contraction with respect to p, and {¢,} a real
sequence in [0,1]. If T, : C — C is defined by T,x := (1 - ¢é,)x + &, Tx, for all x € C, then for all x,
y € C, the inequality holds

1T = Tay[I” < llx = yI” = (wp(Gn)ep = &I = T)x = (T - Dyy||", (23)

where c, is a constant in [18, Theorem 1]. In addition, if 0 < A < min{1,2-"¢,}, § =1 - Zp‘z)tcgl,
and &, € [0,¢], then ||Tyx — T,y|| < ||lx —y||, forall x, y € C.

Lemma 2.2 (see [19, 20]). Let C be a nonempty closed convex subset of a Banach space E which
has uniformly Gateaux differentiable norm, T : C — C a nonexpansive mapping with F(T) #@ and
f : C — C a k-contraction. Assume that every nonempty closed convex bounded subset of C has
the fixed points property for nonexpansive mappings. Then there exists a continuous path: t — x;,
t € (0,1) satisfying x; = tf (x;) + (1 — t)Tx;, which converges to a fixed point of T as t — 0*.

Lemma 2.3 (see [21]). Let {x,} and {y,} be bounded sequences in Banach space E such that

Xn41 = Xy + (L —an)yn, n>0, (2.4)
where {a,} is a sequence in (0,1) such that 0 < lim inf, o a, <lim sup, ,  a, <1. Assume

lim sup (| Y1 = Y|l = %001 = 24l1) < 0. (2.5)

Then limy, -, o0 || yn — xul| = 0.

Definition 2.4 (see [3]). Let {T,} be a family of mappings from a subset C of a Banach space E
into E with N2, F(T,) #0. We say that {T,,} satisfies the AKTT-condition if for each bounded
subset B of C,

Zsup||Tn+1z —T,z|| < co. (2.6)

n=1 z€B
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Remark 2.5. The example of the sequence of mappings {T,} satisfying AKTT-condition is
supported by Lemma 4.1.

Lemma 2.6 (see [3, Lemma 3.2]). Suppose that {T,} satisfies AKTT-condition. Then, for each y €
C, {T.y} converses strongly to a point in C. Moreover, let the mapping T be defined by

Ty = lim T,y, VYyeC. (2.7)

Then for each bounded subset B of C, lim,, _, o, sup, g||Tz — T,z|| = 0.

Lemma 2.7 (see [22]). Assume that {a,} is a sequence of nonnegative real numbers such that

Aptl < (1 - Yn)lxn + 611/ (28)

where {y,} is a sequence in (0,1) and {6,} is a sequence such that

(@) 35l1 ¥n = 0
(b) lim sup,, _,  6,/Yn <007 371 64| < 0.

Then lim,, _, o, a,, = 0.

By a gauge function ¢ we mean a continuous strictly increasing function ¢ : [0, 0) —
[0, 00) such that ¢(0) = 0 and ¢(t) — oo ast — oo. Let E* be the dual space of E. The duality
mapping J, : E — 25 associated to a gauge function ¢ is defined by

Jo(x) = {f* € E*: (x, f*) = lIxllollx]), |

Iz

=o(|x|)}, VxeE. (2.9)

In particular, the duality mapping with the gauge function ¢(t) = t, denoted by J, is
referred to as the normalized duality mapping. Clearly, there holds the relation J,(x) =
(o=l /llx]l) J (x) for all x #0 (see [23]). Browder [23] initiated the study of certain classes of
nonlinear operators by means of the duality mapping J,. Following Browder [23], we say that
a Banach space E has a weakly continuous duality mapping if there exists a gauge ¢ for
which the duality mapping J,(x) is single-valued and continuous from the weak topology
to the weak* topology, that is, for any {x,} with x, — x, the sequence {J,(x,)} converges
weakly* to J,(x). It is known that IF has a weakly continuous duality mapping with a gauge
function ¢(t) = t*~! forall 1 < p < co. Set

D(t) = ft p(t)dr, Vt>0, (2.10)
0
then
Jo(x) = 00(|Ix[l), Vx€E, (211)

where 0 denotes the subdifferential in the sense of convex analysis (recall that the
subdifferential of the convex function ¢ : E — R at x € E is the set 0¢(x) = {x* € E*; $(y) >
¢(x) + (x*,y —x), for all y € E}).
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The following lemma is an immediate consequence of the subdifferential inequality.
The first part of the next lemma is an immediate consequence of the subdifferential inequality
and the proof of the second part can be found in [24].

Lemma 2.8 (see [24]). Assume that a Banach space E has a weakly continuous duality mapping J,
with gauge .

(i) For all x, y € E, the following inequality holds:
O([lx+yll) < Dxl) + (y, Jo(x +y))- (212)
In particular, in a smooth Banach space E, for all x, y € E,

lx+y| < lIxl?+2(y, T (x +y)). (2.13)

(ii) Assume that a sequence {x,} in E converges weakly to a point x € E.
Then the following identity holds:

lim sup @(||x, — y||) = lim sup @(|jx, - x||) + O(||y - x

n—oo n—oo

), Vx,y€E. (2.14)

3. Main Results

For T : C — Canonexpansive mapping, t € (0,1) and f € []c,tf + (1 -#)T : C — C defines

a contraction mapping. Thus, by the Banach contraction mapping principle, there exists a

unique fixed point x{ satisfying

x] = tf(x) + (1-8)Tx!. (3.1)

For simplicity we will write x; for x{ provided no confusion occurs. Next, we will prove the
following lemma.

Lemma 3.1. Let E be a reflexive Banach space which admits a weakly continuous duality mapping J,
with gauge . Let C be a nonempty closed convex subset of E, T : C — C a nonexpansive mapping
with F(T) #@and f € []c. Then the net {x;} defined by (3.1) converges strongly as t — 0 to a fixed
point X of T which solves the variational inequality:

(I- )% J,(R-2)) <0, zeF(T). (3.2)

Proof. We first show that the uniqueness of a solution of the variational inequality (3.2).
Suppose both X € F(T) and x* € F(T) are solutions to (3.2), then

((I- )X, Jo(x-x")) <0,
((I=f)x", Jo(x* - %)) <0.

(3.3)



8 Fixed Point Theory and Applications

Adding (3.3), we obtain
(I-f)x-(I-f)x", Jo(X — x*)) <0. (3.4)
Noticing that for any x, y € E,

(T=)x=T=Hy Jo(x =) =(x =y, Jp(x=y)) = (f(x) = f (), Jp(x = ¥))
> [|x = ylle(llx -yl = [|f ) = fF@) lle(llx - v

> 0 (|} - yl)) - a®(lx - y])
- (- 00(Jlx- ) 20.

(3.5)

From (3.4), we conclude that @(||x — x*||) = 0. This implies that X = x* and the uniqueness is
proved. Below we use X to denote the unique solution of (3.2). Next, we will prove that {x;}
is bounded. Take a p € F(T); then we have

llxe = pll = [[tf (1) + (1 = T2 = |
=|A-Tx;— A -tp+t(f(x) - p)|| (3.6)
< (=B lxe = pll + tallx = pll + | f () - Pl)-

It follows that

1
I pll < 7= 1£ ) Pl 67)

Hence {x;} is bounded, so are { f(x;)} and {T(x;)}. The definition of {x;} implies that

llxe = Toxi|| = t]| f(x;) = Tx;|| — 0, as t— 0. (3.8)

If follows from reflexivity of E and the boundedness of sequence {x;} that there exists {x, }
which is a subsequence of {x;} converging weakly to w € C asn — oo. Since ], is weakly
sequentially continuous, we have by Lemma 2.8 that

lim sup ®(|lx;, - x) = lim sup ®(|lx;, - wl) + D(lx - wll), Vx€E. (39
Let
H(x) = lim sup @(||x;, — x||), Vx€E. (3.10)
It follows that

H(x) = Hw) + ®(|x - wl|), Vxe€E. (3.11)
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Since

llxt, = Toxp, || = ta|| f(2x1,) = Txy, || — 0, as n— oo, (3.12)

we obtain

H(Tw) = lim sup @(||x;, — Tw]||) = lim sup (|| Tx;, — Twl||)

e e (3.13)
< lim sup O(||x;, — w||) = H(w).
On the other hand, however,
H(Tw) = H(w) + ®(|T (w) — w]). (3.14)
It follows from (3.13) and (3.14) that
O(||T(w) - wl||) = H(Tw) - H(w) <O0. (3.15)

This implies that Tw = w. Next we show that x;, — w asn — oo. In fact, since ®(t) =
fé(p(r)d‘r, forallt > 0, and ¢ : [0,00) — [0,00) is a gauge function, then for 1 > k > 0,
p(kx) < p(x) and

kt t t
@O(kt) = | @(r)dr = kf p(kx)dx < kf p(x)dx = kD(t). (3.16)
0 0 0

Following Lemma 2.8, we have

(||, = wll) = @(|| (1 = t)Toxr, = (1 = tw)w + ta (f (xz,) —w) )
= O([|(1 = tn) T, = (1 = tw)wll) + ta(f (x1,) = w, J(x1, - w))
< O((1 - t)llxe, —wll) + ta(f (x,) = f(w), J(x1, = w))
+ta(f (w) —w, J(x1, - w))
< (1= t)®(llxt, —wll) + £l f (x1,) = f (@) [ 1T (xt, = 20)]
+ b (f (w) ~w, J(xi, - w)) (3.17)
< (1= t)@(||xs, = wl) + tuatllxs, = wll|| Jp(xt, = )|
+ta(f (W) —w, J(x, —w))
= (1= tn)D(||xs, — wl]) + taa®((|x1, — wl])
+ta(f (w) —w, J(x1, - w))
= (1= ta(1 - a))D(|lxs, = wll) + tu(f (w) —w, J(x1, - w)).



10 Fixed Point Theory and Applications

This implies that

1
@ - <
(Ilxe, = wll) < 17—

(f(w) —w, J(x;, - w)). (3.18)

Now observing that x;, — w implies J,(x;, — w) — 0, we conclude from the last inequality
that

D(||x;, —wl||) — 0, asn— oo. (3.19)

Hence x;, — w asn — oo. Next we prove that w solves the variational inequality (3.2). For
any z € F(T), we observe that

((I=T)xi = (I =T)z, Jp(xi = 2)) = (xi - 2, Jo(xi = 2)) + (Txi = Tz, J(x: - 2))
= D(||x; - zll) = (Tz - Txy, Jo (% - 2))
> O(|lxt - z[)) = 1Tz = Txi|l|[ Jp (e = 2) | (3.20)
> O(|lx - z) = llz = xell]| T (e = 2) |
= O([|x; = z[)) = D(|[x: = =) = 0.

Since
xp=tf(x;) + (1-1)Txy, (3.21)
we can derive that
(I-f)(x) = —%(1 ~T)x; + (I -T)x;. (3.22)
Thus

(I = f)(x2), Jplxr —2)) = —%((I ~Txy—(I-T)z, Jo(xi - z)) + (I - T)xy, Jo(x¢ - 2))

<(T=T)xy, Jo (i — 2)).
(3.23)

Noticing that

xt, —Tx;, —mw—-T(w)=w-w =0. (3.24)

Now replacing t in (3.23) with ¢, and letting n — oo, we have

((I-fw, Jp(w-z)) <0. (3.25)
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So, w € F(T) is a solution of the variational inequality (3.2), and hence w = X by the
uniqueness. In a summary, we have shown that each cluster point of {x;} (att — 0) equals
X. Therefore, x; — X ast — 0. This completes the proof. O

Theorem 3.2. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping J,, and C a nonempty closed convex subset of E. Let {T, : C — C} be a family of uniformly
A-strict pseudo-contractions with respect to p, A € [0, min{1,2-%?2)¢,}) and N2, F(T,) #0. Let
f : C — C bea k-contraction with k € (0,1). Assume that real sequences {ay}, {Bn} and {y,} in
(0, 1) satisfy the following conditions:

(i) an+Pn+yn=1forallneN;
(ii) imy o0 a0y = 0 and 377 ay = +00;
(iii) 0 < lim inf, o ¥, < lim sup,,_,  yn <& where é =1 - ZP‘Z)Lc;,l.

Let {x,} be the sequence generated by the following:

x1=x€C,
(3.26)
Xn+l = “nf(xn) + ﬁnxn + YnTnxn/ n>1

Suppose that {T,} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
lim,, _, o, Tz for all z € C and suppose that F(T) = (\,—y F(T,,). Then the sequence {x,} converges
strongly to X which solves the variational inequality:

(I-f)x, J,(x-2)) <0, zeF(T). (3.27)
Proof. Rewrite the iterative sequence (3.26) as follows:

Xp+1 = O f (Xn) + BXn + YuSuXn, n>1, (3.28)

where B, = Bu — (yu/E) (L1 = &), v = Yu/éand S, = (1 - &)I + ¢T,, I is the identity mapping.
By Lemma 2.1, S, is nonexpansive such that F(S,) = F(T,) for all n € N. Taking any g €
M1 F(Ty), from (3.28), it implies that

|31 = qll < etal| f(xn) = ql| + Brllxn = gl +¥7 || Snxn = 4|
< auk||2cn = g|| + an| £ (q) = ql| + (1 = an)||xn —q]|
1 3.29
= ap(1=F) 7= 15 (9) =4l + (0 = @ (1 = k) [|xn - 4] (3:29)

< max{ |21 =g/, ﬁ”f(q) -4 }
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Therefore, the sequence {x,} is bounded, and so are the sequences {f(x,)}, {Snx,}. Since
Spxp = (1=¢,)x, + &, Tyx, and lim inf ¢, > 0, we know that {T,x,} is bounded. We note that
for any bounded subset B of C,

sup||Sps12z = Snzll = sup[[[((1 = ns1) 2 + En1Tu12) = (1 = 6n)2 + EaTu2) ]

z€B z€B

< |§n+1 - §n|SuP||Z|| + §n+1SUP||Tn+1Z - TnZ” + |§n+1 - §n|5up”TnZ” (3_30)
z€B

z€B z€B

= [&ne1 = ulsup(||z|l + ITz|l) + énrrsup||Thirz - Tuz|.
zeB z€eB
From X072 [&ns1 — én| < co and {T,,} satisfing AKTT-condition, we obtain that

N sup||Spaz = Suzll < oo, (3.31)

n=1 z€B

that is, the sequence {S,} satisfies AKTT-condition. Applying Lemma 2.6, we can take the
mapping S : C — C defined by

Sz=I1lim S,z, VzeC. (3.32)

n—oo
Moreover, we have S is nonexpansive and

Sz = lim S,z = lim ((1- &)z +&Tuz) = (1-§)z+¢Tz. (3.33)

It is easy to see that F(S) = F(T). Hence F(S) = ;21 F(T) = ;21 F(Sy). The iterative
sequence (3.28) can be expressed as follows:

Xn+1 = ﬁ;xn + (1 - ﬁ;)ym (3.34)

where

Yn = ﬁl f(xn) 1— ,Bn nxn~ (335)
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We estimate from (3.35)

Ayt Y;Hl
1— = (xp+1) + Sni1Xne1 — (xn) + Sux
||yn+ yn” 1= ﬁn+1f n+ 1 _ﬂ:Hl n+1Xn+ ﬁ, —— f(xn 1- ﬂn n
1 Y,
n+ 1
< mk”xnﬂ - X + ﬁ”smlxnﬂ = Suxal|
Aptl Opn
- -S
. 1—%"“ G = S
An+1 Y,
=7 n+, k||xn+1 - xn” + 1—n+,1 [”Sn+1xn+1 - Sn+1xn” + ||Sn+1xn - Snxn”]
- ﬁn+1 - ﬁn+1
An+l n
_— S
TPy 1P el
,YJ
< 1 et kllxns1 = xnll + ln—+;1 [”xml = Xp|| + sup [|Sps1z - Snzu]
_ﬁn+1 _ﬂm—l z€{xy}
Anvl
| f () = Snxa]|-
1-f,, 1- ﬁn )= S
(3.36)
Hence
Y’
s = nll = Wwes =5l € 251Kl = 2l + 25— sup [1Sya2 = Sz
n+l n+1 z€{x,} (3 37)
Apl
S .
A ]

Since lim,, _, o, &, = 0, and lim,, _, , SUP ¢y, ||Sui12 — Spz|| = 0, we have from (3.37) that

lim sup (|| yne1 = Y| = lxne1 = xall) < 0. (3.38)

Hence, by Lemma 2.3, we obtain
nlgl;lo”y" - xn|| =0. (3.39)

From (3.35), we get

Jim |y - Snxa|| =0, (3.40)
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and so it follows from (3.39) and (3.40) that

Tim ||, = S| = 0. (3.41)

It follows from Lemma 2.6 and (3.41), we have

130 = Sxnl| < |2t = Snxull + [[Snxn — Sxal
(3.42)
< lxy = Spxul| + sup{||Spz — Sz|| : z € {x,4}} — 0, asn— oo.

Since S is a nonexpansive mapping, we have from Lemma 3.1 that the net {x;} generated by
xp=tf(x;) + (1-t)Sx (3.43)
converges strongly to X € F(S), ast — 0*. Next, we prove that

lim sup(f(¥) - X, J,(x, — X)) <0. (3.44)

Let {x,, } be a subsequence of {x,} such that

Jim (£ () = %, Jy (5, = ) = lim sup(f (&) = %, Jy (s = ). (3.45)

n— oo

If follows from reflexivity of E and the boundedness of sequence {x;, } that there exists {x,, }
which is a subsequence of {x,, } converging weakly to w € C asi — oo. Since ], is weakly
continuous, we have by Lemma 2.8 that

lim sup (D<|

i— o0

Xny, = x”) = lim sup<I)<

i— oo

xn, —w|) +@(Ux-wl), VxeE  (346)

Let

H(x) = lim sup CD(

i— oo

Xy, — x“), Vx € E. (3.47)

It follows that
H(x) = H(w) + ®(]|]x —w]]), Vx€eE. (3.48)
From (3.42), we obtain

H(Sw) = lim sup(D<|

i— oo

s ) i sup([ 5, -5
i—e (3.49)
< lim sup (I)<|

i— oo

Xy, — w||> = H(w).
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On the other hand, however,
H(Sw) = H(w) + ®(||S(w) — w|)). (3.50)
It follows from (3.49) and (3.50) that
D(||S(w) —w||) = H(Sw) - H(w) <0. (3.51)

This implies that Sw = w, thatis, w € F(S) = F(T). Since the duality map J, is single-valued
and weakly continuous, we get that

lim sup(f (%) - %, J,(xn — %)) = lim (£(%) = %, Jy (o, - 9)

n—oo

- ilinolo <f(§) —X,Jy <x1’lki - i) > (3.52)
=((I- )X Jp(F-w)) <0

as required. Finally, we show that x, — Xasn — oo.

D([l251 = ZlI) = D([Jan (f () = £ (X)) + By (xn = %) + 12(Suxn = ) + an (f(X) = ) )
< O(||an(f (xn) = f(X)) + P (xn = X) + 12 (Suxn = D))
+ an(f(®) = X, Jp(xni1 — X))
< D(ayk||x, = X + Byllxn = Xl + yyllxn - X)) (353)
+ an(f (%) = X, Jp(xni1 — X))
= D((1 = an(1 = k))l|xn = ZlI) + @ (f (F) = X, T (201 = %))
< (1= (1= k) D(||x = X||) + an(f (%) = X, Jp(xn1 - X))-

It follows that from condition (i) and (3.44) that

n—oo

lim a, =0, DYay=oo, limsup(f(X)-%, J,(xn1 %)) <0. (3.54)
n—oo =1

Apply Lemma 2.7 to (3.53) to conclude @(||x,41 — X||) — Oasn — oo; thatis, x, — X as
n — co. This completes the proof. O

If {T, : C — C} is a family of nonexpansive mappings, then we obtain the following
results.

Corollary 3.3. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping J,, and C a nonempty closed convex subset of E. Let {T,, : C — C} be a family of
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nonexpansive mappings such that ;-1 F(T,) #0. Let f : C — C be a k-contraction with k € (0,1).
Assume that real sequences {a,}, {Bn} and {y,} in (0,1) satisfy the following conditions:

() an+pPn+yn=1forallneN;
(ii) limy, o @ty = 0 and X% a, = +00;

(iii) 0 < lim inf, oy, <lim sup, |y <1.

Let {x,} be the sequence generated by the following:

x1=x€C,
(3.55)
Xn+1 = lxnf(xn) + ﬁnxn + YnTnxn/ n>1.

Suppose that {T,} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
lim,, _, o, T,z for all z € C and suppose that F(T) = (-, F(Ty,). Then the sequence {x,} converges
strongly X which solves the variational inequality:

(I- )% J,(X-2)) <0, zeF(T). (3.56)

Corollary 3.4. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping J,, and C a nonempty closed convex subset of E. Let T : C — C be a A-strict pseudo-
contraction with respect to p, A € [0, min{1,2"%??)¢,}) and F(T)#@. Let f : C — C be a k-
contraction with k € (0,1). Assume that real sequences {a,}, {Pn} and {y,} in (0,1) satisfy the
following conditions:

(i) an+Pu+yn=1forallneN;
(ii) lim, o a, = 0 and 32 ay, = +oo;

(iii) 0 < lim inf, o y, < lim sup, ¥ < ¢, where § = 1-2P"2Ac,".

Let {x,} be the sequence generated by the following

x1=x€C,
(3.57)
Xn41 = Onf (X)) + Puxn + ynTx,, n2>1.

Then the sequence {x,} converges strongly to X which solves the following variational inequality:
(I-f)X,J,(X-2)) <0, ze€F(T). (3.58)

Theorem 3.5. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C a nonempty closed convex subset of E which has the fixed point property for nonexpansive
mappings. Let {T,, : C — C} be a family of uniformlyA-strict pseudo-contractions with respect to
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p, L € [0, min{1,27%"2c,}) and N2y F(T,) #0. Let f : C — C be a k-contraction with k € (0,1).
Assume that real sequences {a,}, {Bn} and {y,} in (0,1) satisfy the following conditions:
(D) an+Pn+yn=1forallneN;
(if) im, oo a0y = 0 and 357 ay = +00;
(iii) 0 < lim inf,y 0 yu < lim sup, yu <& where g =1- 2”‘2)Lc;1.
Let {x,} be the sequence generated by the following:
x1=x€C,

(3.59)
Xn+l = anf(xn) + ﬂnxn + YnTnxn/ n>1.

Suppose that {T,} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
limy, _, o, Tyz for all z € C and suppose that F(T) = (\;-q F(Ty). Then the sequence {x,} converges
strongly to a common fixed point X of {T,}.

Proof. It follows from the same argumentation as Theorem 3.2 that {x,} is bounded and
lim, . ||x, — Sxu|| = 0, where S is a nonexpansive mapping defined by (3.32). From
Lemma 2.2 that the net {x;} generated by x; = tf(x;) + (1 — t)Sx; converges strongly to
x € F(S) =F(T),ast — 0*. Obviously,

xp = Xp = (1= £)(Sxy — x) + £(f (2x1) — x). (3.60)
In view of Lemma 2.8, we calculate
12t = 2eull* < (1= B)2(1Sxe = xal|® + 26 f (1) = 2, J (21 = %))
< (1204 2) (I =3l + 11570 = )’ (3.:61)
+ 26(f () = X1, J (X6 = %)) + 285 = a2

and therefore

2, (1482, — Sy

(f () =1, T (ou = 20)) < 5l = (@l = %all + 5 = S )

2
(3.62)
Since {x,}, {x¢} and {Sx,} are bounded and lim,, _, o, (||, — Sx,||/2t) = 0, we obtain
1ir;1ﬁs;1p< Fxe) = xt, J (n = x1)) < %M, (3.63)
where M = sup,..; 101 (1% = xu||*}. We also know that
(f(X) =%, J(xn = %)) = (f(xt) =26, T (= x0)) + (f (%) = f (o00) + X = X, ] (200 = x¢)) (3.64)

+ <f(52) _&‘r](xn _f) _](xn —xt)).
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From the fact that x; — X € F(T),ast — 0, {x,} is bounded and the duality mapping ] is
norm-to-weak* uniformly continuous on bounded subset of E, it follows thatast — 0,

(f(X) =%, J(xu—%) = J(xn—x)) — 0, VneN,

B ~ (3.65)
(fX) = flx) +x =X, J(xn—x;)) — 0, VYneN.
Combining (3.63), (3.64) and two results mentioned above, we get
lim sup(f(X) - X, J(x, — X)) < 0. (3.66)

n—oo

From (3.28) and Lemma 2.8, we get

n1 = I < [lan (f(x) = F(Z)) + Bt = F) + 43S = DI
+ 20‘n<f(§) - i/](xn+1 - i)> (367)

<(1-a,(1-k))||x, - X|* + 20, (f(X) = X, J(xpi1 — X)).

Hence applying in Lemma 2.7 to (3.67), we conclude that lim,,_, ,, ||, — X|| = 0. O

Corollary 3.6. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C a nonempty closed convex subset of E which has the fixed point property for nonexpansive
mappings. Let {T,, : C — C} be a family of nonexpansive mappings such that (\,_; F(T,) # 0. Let
f : C — C bea k-contraction with k € (0,1). Assume that real sequences {a,}, {Bn} and {y,} in
(0,1) satisfy the following conditions:

() an+pPn+yn=1forallneN;
(if) 1imy— o0 @y = 0 and 32 aty = +o0;

(iii) 0 < lim inf, oy, <lim sup, | . < 1.

Let {x,} be the sequence generated by the following:

x1=x€C,
(3.68)
Xn+l = unf(xn) + ﬂnxn + YnTnxn/ n>1.

Suppose that {T,} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
limy, _, o, Tz for all z € C and suppose that F(T) = (\,-q F(Ty). Then the sequence {x,} converges
strongly to a common fixed point X of {T,}.

Corollary 3.7. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C a nonempty closed convex subset of E which has the fixed point property for
nonexpansive mappings. Let T : C — C be a A-strict pseudo-contractions with respect to
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p, X € [0,min{1,2"?2c,}) and F(T)#@. Let f : C — C be a k-contraction with k € (0,1).
Assume that real sequences {a,}, {Bn} and {y,} in (0,1) satisfy the following conditions:

(i) an+Pn+yn=1forallneN;
(ii) imy, oo a0y = 0 and 377 ay = +00;
(iii) 0 < lim inf, _ o, ¥, <lim sup, | yn <& whereg =1- 2’7‘2)Lc;1.

Let {x,} be the sequence generated by the following:

x1=x€C,
(3.69)
Xn+l = anf(xn) + ﬂnxn + YnTxn/ n>1.

Then the sequence {x,} converges strongly to a common fixed point X of {T,}.
4. Some Applications for Accretive Operators

We consider the problem of finding a zero of an accretive operator. An operator ¥ C E x E is
said to be accretive if for each (x1,y1) and (x2, y2) € ¥, there exists j € J(x1—x7) such that (-

y2,j) > 0. An accretive operator ¥ is said to satisfy the range condition if D(¥) C R(I + A¥)
for all A > 0, where D(¥) is the domain of ¥, I is the identity mapping on E, R(I + A¥) is the
range of I + \¥, and D(¥) is the closure of D(¥). If ¥ is an accretive operator which satisfies
the range condition, then we can define, for each A > 0, a mapping J, : R(I + \¥) — D(¥)
by Jy = (I+ A‘P)_l, which is called the resolvent of ¥. We know that J, is nonexpansive
and F(J,) = ¥1(0) for all A > 0. We also know the following [25]: For each A, 4 > 0 and
x € R(I + \¥) N R(I + u¥), it holds that

|A —

Bl = Juxll (1)

a2 = Jux[| <

By the proof of Theorem 4.3 in [3], we have the following lemma.

Lemma 4.1. Let E be a Banach space and C a nonempty closed convex subset of E. Let ¥ C E x E be

an accretive operator such that ¥10#@ and D(¥) C C C (59 R(I + A¥). Suppose that {\,} is a
sequence of (0, oo0) such that inf{\, : n € N} > 0and 3,77, |Ays1 — An| < c0. Then

(i) The sequence {],,} satisfies the AKTT-condition.
(ii) imy o Ja,z = nzforall z € C and F(J)) = ey F(Ja,) where Ay, — Xasn — co.
By Corollary 3.3, we obtain the following result.

Theorem 4.2. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping J,, and C a nonempty closed convex subset of E. Let ¥ is an m-accretive operator in E such
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that ¥~10#0. Let f : C — C be a k-contraction with k € (0,1). Assume that real sequences {a,},
{Bn} and {y,} in (0,1) satisfy the following conditions:
(D) an+Pn+yn=1forallneN;
(ii) im, o a0y = 0 and 357 ay = +o0;
(iii) 0 <lim inf, oy, <limsup, |y <1

(iv) {An} is a sequence of (0,00) such that inf{A, : n € N} > 0and 3,77, |Aps1 — Ay| < 00.

Let {x,} be the sequence generated by the following:

x1=x€C,
(4.2)
Xn+l = “nf(xn) + ﬁnxn + Yn]/\nxn; n>1
Then the sequence {x,} converges strongly X which solves the following variational inequality:
((I-f)X,Jp(X-2)) <0, zeF(Jn). (4.3)

By Corollary 3.6, we obtain the following result.

Theorem 4.3. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C a nonempty closed convex subset of E. Let W is an m-accretive operator in E such that
W10#@. Let f : C — C be a k-contraction with k € (0,1). Assume that real sequences {ay}, {Bn}
and {y,} in (0,1) satisfy the following conditions:

(i) an+Pp+yn=1foralln eN;

(if) imy o0 ay = 0 and 377 ay = +00;

(iii) 0 < lim inf, , oy, <lim sup, | yn <1,

)
)
)
(iv) {Ay} is a sequence of (0, 00) such that inf{\A, : n € N} > 0and 3501 |Ans1 — Ay < co.

Let {x,} be the sequence generated by the following:

x1=x€C,
(4.4)
Xne1 = Onf (Xn) + PnXn + Yn 1, X0, n2>1.

Then the sequence {x,} converges strongly X in ¥~10.
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