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We introduce an iterative algorithm for finding a common element of the set of solutions of
quasivariational inclusion problems and of the set of fixed points of strict pseudocontractions

in the framework Hilbert spaces. The results presented in this paper improve and extend the
corresponding results announced by many others.

1. Introduction and Preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with the inner
product (-,-) and the norm |[|-|. Let S : H — H be a nonlinear mapping. In this paper,
we use F(S) to denote the fixed point set of S.

Recall the following definitions.

(1) The mapping S is said to be contractive with the coefficient a € (0, 1) if

15 = Syll < af|x -y

, VYx,y€H. (1.1)

(2) The mapping S is said to be nonexpansive if

[|Sx~Sy|| < |lx-y

, VYx,y€H. (1.2)
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(3) The mapping S is said to be strictly pseudocontractive with the coefficient k € [0, 1) if

|Sx = Sy||* < |x-y||* + k|| (I - S)x - (I - S)y|], Vx,y € H. (1.3)
(4) The mapping S is said to be pseudocontractive if
ISx=Sy||> < |lx-y|*+ |- 9x-T-S)y|’>, Vx,yeH. (1.4)

Clearly, the class of strict pseudocontractions falls into the one between classes
of nonexpansive mappings and pseudocontractions. Iterative methods for nonexpansive
mappings have recently been applied to solve convex minimization problems. See, for
example, [1-6] and the references therein.

A typical problem is to minimize a quadratic function over the set of the fixed points
of a nonexpansive mapping S on a real Hilbert space H:

1
xrgr}l(rs})z(Ax,m - h(x), (1.5)

where A is a linear bounded and strongly positive operator and h is a potential function for

yf (e, H(x)=yf(x) for x € H).
Recently, Marino and Xu [2] studied the following iterative scheme:

xo € H, Xne1 = (I =y A)Sxy + ayy f(x,), n>0. (1.6)

They proved that the sequence {x,} generated in the above iterative scheme converges
strongly to the unique solution of the variational inequality:

((A-yf)x*,x-x*)>0, xe€F(S), (1.7)

which is the optimality condition for the minimization problem (1.5).
Next, let B: H — H be a nonlinear mapping. Recall the following definitions.

(1) The mapping B is said to be monotone if for each x, y € H, we have

(Bx-By,x-y) >0. (1.8)

(2) B is said to be p-strongly monotone if
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(Bx-By,x-y) > p||x-vy Vx,y € H. (1.9)

(3) The mapping B is said to be p-inverse-strongly monotone if there exists a constant
u > 0 such that

(Bx - By, x - y) > u||Bx - By 2

Vx,y € H. (1.10)
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(4) The mapping B is said to be relaxed 6-cocoercive if there exists a constant 6 > 0 such
that

(Bx - By,x - y) > (-6)||Bx - By|’, Vx,y€H. (1.11)
(5) The mapping B is said to be relaxed (6, r)-cocoercive if there exist two constants 6,7 >

0 such that

(Bx - By,x—y) > (-6)||Bx - By||* + r[|x - y||*,

Vx,y € H. (1.12)

(6) Recall also that a set-valued mapping M : H — 2H is called monotone if for all
x,y € H, f € Mx and g € My imply (x -y, f — g) > 0. The monotone mapping
M : H — 2" is maximal if the graph of G(M) of T is not properly contained in the
graph of any other monotone mapping.

The so-called quasi-variational inclusion problem is to find a u € H for a given element
f € H such that

f € Bu+ Mu, (1.13)

where B: H — Hand M : H — 2H are two nonlinear mappings. See, for example, [7-12].
A special case of the problem (1.13) is to find an element u € H such that

0 € Bu+ Mu. (1.14)

In this paper, we use VI(H, B, M) to denote the solution of the problem (1.14). A
number of problems arising in structural analysis, mechanics, and economic can be studied
in the framework of this class of variational inclusions.

Next, we consider two special cases of the problem (1.14).

(A)If M = 0¢ : H — 2H, where ¢ : H — R U {+oo} is a proper convex lower
semicontinuous function and 0¢ is the subdifferential of ¢, then the variational
inclusion problem (1.14) is equivalent to finding u € H such that

(Bu,v—u)+¢(v)—¢p(u) >0, VYveH, (1.15)

which is said to be the mixed quasi-variational inequality. See, for example, [7, 8] for
more details.

(B) If ¢ is the indicator function of C, then the variational inclusion problem (1.14) is
equivalent to the classical variational inequality problem, denoted by VI(C, B), to
find u € C such that

(Bu,v-u) >0, VYveC. (1.16)
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For finding a common element of the set of fixed points of a nonexpansive mapping
and of the set of solutions to the variational inequality (1.16), liduka and Takahashi [13]
proved the following theorem.

Theorem IT. Let C be a closed convex subset of a real Hilbert space H. Let B be an a-inverse-
strongly monotone mapping of C into H and let S be a nonexpansive mapping of C into itself such
that F(S) N VI(C, B) #0. Suppose that x1 = x € C and {x,} is given by

Xp+1 = apX + (1 = ay)SPc(xy — Ay Bxy) (1.17)

foreveryn =1,2,..., where {a,} is a sequence in [0,1) and {1, } is a sequence in [a,b]. If {a, } and
{An} are chosen so that {A,} € [a,b] for some a,b with0 < a <b < 2a,

lima, =0, Zan = oo, Zlan+1 —ay| < oo, Z|)Ln+1 — Ayl < oo, (1.18)
n=1

= n=1 n=1

then {x,} converges strongly to Pr(s)nvi(c,B)X.

Recently, Zhang et al. [11] considered the problem (1.14). To be more precise, they
proved the following theorem.

Theorem ZLC. Let H be a real Hilbert space, B : H — H an a-inverse-strongly monotone
mapping, M : H — 28 a maximal monotone mapping, and S : H — H a nonexpansive mapping.
Suppose that the set F(S)NVI(H, B, M) #@, where VI(H, B, M) is the set of solutions of variational
inclusion (1.14). Suppose that xo = x € H and {x,} is the sequence defined by

Xns1 = AnXo + (1 = an)Syn,
(1.19)
Yn = Jma(xy — ABxy,,) n >0,

where A € (0,2a) and {ay,} is a sequence in [0, 1] satisfying the following conditions:

(a) imy ooty = 0, X0y a4y = 00;
(b) ZZO:O |“n+1 - D‘nl < 0.

Then {x,} converges strongly to Pr(synv1(H,B,m)X0-

In this paper, motivated by the research work going on in this direction, see, for
instance, [2, 3, 7-21], we introduce an iterative method for finding a common element
of the set of fixed points of a strict pseudocontraction and of the set of solutions to the
problem (1.14) with multivalued maximal monotone mapping and relaxed (6, r)-cocoercive
mappings. Strong convergence theorems are established in the framework of Hilbert spaces.

In order to prove our main results, we need the following conceptions and lemmas.

Definition 1.1 (see [11]). Let M : H — 2H be a multivalued maximal monotone mapping.
Then the single-valued mapping Ja, : H — H defined by Jari (1) = (I + AM)™"(u), for all
u € H, is called the resolvent operator associated with M, where A is any positive number
and I is the identity mapping.
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Lemma 1.2 (see [4]). Assume that {a,} is a sequence of nonnegative real numbers such that a1 <
(1 = yn)an + 6,, where {y,} is a sequence in (0,1) and {6,} is a sequence such that

(a) 25l1 Yn = 0;
(b) limsup,, _, _ 6,/yn <007 X2, |64 < 00.

Then lim,, _, ,a, = 0.

Lemma 1.3 (see [22]). Let {x,} and {y,} be bounded sequences in a Banach space X and let {f,} be
a sequence in [0,1] with 0 < liminf, , ,p, <limsup, , f. < 1. Suppose that x,.1 = (1 = Pn)yn +

Puxn forall n >0 and limsup,, . ([Yne1 — Yall = [1Xne1 = x4ll) < 0. Then lim, . oo||yn — x4l = 0.

Lemma 1.4 (see [11]). u € H is a solution of variational inclusion (1.14) if and only if u = Jar (-
ABu,) forall X > 0O, that is,

VI(H,B,M) = F(Jy.(I - AB)), VA>0. (1.20)

Lemma 1.5 (see [11]). The resolvent operator Jaiy associated with M is single-valued and
nonexpansive for all A > 0.

Lemma 1.6 (see [23]). Let C be a closed convex subset of a strictly convex Banach space E. Let S and
T be two nonexpansive mappings on C. Suppose that F(T) N F(S) is nonempty. Then a mapping R
on C defined by Rx = aSx + (1 — a)Tx, where a € (0,1), for x € C is well defined and nonexpansive
and F(R) = F(T) N F(S) holds.

Lemma 1.7 (see [24]). Let H be a real Hilbert space, let C be a nonempty closed convex subset of H,
and let S : C — C be a nonexpansive mapping. Then I — S is demiclosed at zero.

Lemma 1.8 (see [25]). Let C be a nonempty closed convex subset of a real Hilbert space H and
T :C — Ca k-strict pseudocontraction. Define S : C — H by Sx = ax+ (1—a)Tx for each x € C.
Then, as a € [k, 1), S is nonexpansive such that F(S) = F(T).

2. Main Results

Theorem 2.1. Let H be a real Hilbert space and M : H — 2H a maximal monotone mapping. Let
B : H — H be a relaxed (6,r)-cocoercive and v-Lipschitz continuous mapping, and S a k-strict
pseudocontraction with a fixed point. Define a mapping S : H — H by Skx = kx + (1 - k)Sx.
Let f be a contraction of H into itself with the contractive coefficient a(0 < a < 1), and A a strongly
positive linear bounded self-joint operator with the coefficient y > 0. Assume that 0 < y <y /a and
Q=F(S)NVI(H,B,M)#0. Let x; € H and {x,} be a sequence generated by

Yn = ]M,)L(xn - )Lan)/

@2.1)
Xn+l = aan(xn) + ,gnxn + [(1 - ﬂn)I - CXnA] [[JSkxn + (1 - /l)yn], Vn>1,

where {a,} and {B,} are sequences in (0,1). Assume that A € (0,2(r — 6v?)/v?), r > 6v2. If the
control consequences {a,} and {p,} satisfy the following restrictions:
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(C1)0<a<pP,<b<1, foralln>1,

(C2) limy—, oty = 0and >,77 1 ay = oo,

then {x,} converges strongly to z € Q, which solves uniquely the following variational inequality:
((A-yf)z,z-x") <0, Vx*eQ. (2.2)

Equivalently, one has Po(I - A+yf)z = z.

Proof. The uniqueness of the solution of the variational inequality (2.2) is a consequence of
the strong monotonicity of A—y f. Suppose that z; € Q and z, € Q both are solutions to (2.2);
then ((A-vyf)z1,z1 — z2) < 0and ((A - yf)z2, z2 — z1) < 0. Adding up the two inequalities,
we see that

<<A_Yf)zl— (A—Yf)22121—22> <0. (2.3)

The strong monotonicity of A — yf (see [2, Lemma 2.3]) implies that z; = z, and the
uniqueness is proved. Below we use z to denote the unique solution of (2.2).

Next, we show that the mapping I — AB is nonexpansive. Indeed, for all x, y € H, one
see from the condition A € (0,2(r — yp?)/p?) that

| (T - AB)x - (I - AB)y||®

= || (x - y) - \(Bx - By)|)*
eyl 20 (B~ By, x )+ 2 Bx— By

(2.4)
<lx-yl*- 2l[(—6)||Bx ~By||* +r|lx - yllz] + 2%l x -y |®

= <1 + A% =207 + 2161}2) lx -y

2
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<|x-y

which implies that the mapping I —AB is nonexpansive. Taking x* € Q, we have x* = [\ (x* -
ABx*). It follows from Lemma 1.5 that

|y = x"{| = Tama (e = ABxn) = T (x™ = ABx")|| < [loen = x7]. (2.5)

Note that from the conditions (C1) and (C2), we may assume, without loss of generality, that
a, < (1- ,6,1)||A||’1 for all n > 1. Since A is a strongly positive linear bounded self-adjoint
operator, we have ||A|| = sup{|(Ax,x)| : x € H,|x|| = 1}. Now for x € H with |[x|| = 1, we
see that

((1=Pu)] —anA)x,x) =1 Py —an(Ax,x) > 1 - B, — a,|| Al > 0; (2.6)
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thatis, (1 - ,)I — a, A is positive. It follows that

[[(1=Bu)] - anAl| = sup{(((1 - pn)] - a,A)x,x) : x € C, ||x|| = 1}
=sup{l -, —a,(Ax,x) : x € C,||x|| =1} (2.7)
<1-pn—a,y.

Set t, = uSkx, + (1 — p)y,. From Lemma 1.8, we see that Sy is nonexpansive. It follows from
(2.5) that

lItn = "Il < pllSeaen = x|+ (1 = ) [|ym = x| < lloen = %" (2.8)

From (2.7) and (2.8), we arrive at

l|2ne1 — x|

= [l ny f (tn) + Butn + [(1 = Bu) ] = an Aty — x°||

< ||y f (xn) = Ax|| + Bullacn = x71| + [| (1 = Bu) T = anAl[ It - x°|

< ||y f () = Ax*|| + Balln = x*|| + (1= B — V) It — x*]|

< anlyf () = vf ()| + anllyf (") = Ax|| + Bullxn — x°] (2.9)
+ (1= P — any)ll2n = x7||

< aapyl|xn — x| + an ||y f(x*) = Ax"|| + Pullxn — x*||
+ (1= B — any) ll2cn — x*||

= [1 - an(¥ = ay)]Ixn = 'l + |y f (x") = Ax"]].

By simple inductions, one obtains that ||x, — x*|| < max{||x; — x*||, ||y f (x*) — Ax*||/¥ — ay},

which gives that the sequence {x,} is bounded, so are {y,} and {t,}.
On the other hand, we see from the nonexpansivity of the mappings [, that

”}/n+1 - yn” = ma (Xns1 = ABxpi1) = Jaia (X0 — ABxy) || < |41 — x| (2.10)
It follows that

It = tall = |#Skxner + (1= )Yt — [Skn + (1= ) ya] |
< pllSkxni1 = Skxnll + (1 = ) || Yne1 — y| (2.11)
< ||xn+1 - xn”-

Setting

Xni1 = (1= Pu)en + Puxy, Vn>1, (2.12)
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we see that
€nt1 — €En
_ an+1Yf(xn+1) + [(1 _ﬂn+1)I - an+1A]tn B ‘anf(xn) + [(1 _ﬂn)I - Oan] tn
) 1= P 1- (2.13)
an+1 an
= 1— [Yf(xn+1) At ] + it — q [Yf(xn) - Atn] —t
It follows that
len = enll < 5 “1Iquwn Aball+ 77 I f o) = Aball + b = tall, - (224)
which combines with (2.11) yields that
llenr1 = enll = llxn1 — xull < Tl ”Yf(xnﬂ) Aty ” + ”Yf(xn) Aty ” (2.15)

S1poa

It follows from the conditions (C1) and (C2) that limsup,,_, _ (llen+1 = enll = [|xns1 — x5|l) < 0.
Hence, from Lemma 1.3, one obtains lim,, _, . ||e, — x,|| = 0. From (2.12), one has ||x,41 — x,,|| =
(1= Pu)llen — x4]|. Thanks to the condition (C1), we see that

lim ||x,41 — x4]| = 0. (2.16)

On the other hand, we have

X1 = Xn = 0¥ f (%) + Py + [(1 = Bu) ] — anAlt, — x,

(2.17)
= a (yf (xn) = Aty) + (1= Bp) (b = Xn)-
It follows that
(1= Bu)lltn = xull < 12ns1 = Xul| + ]|y f () = At (2.18)
From the conditions (C1) and (C2) and (2.16), we see that
Tim |t — x| = 0. (2.19)

Next, we prove that limsup, , _((yf - A)z,x, —z) <0, where z = Po[I - (A-yf)]z
To see this, we choose a subsequence {x,,} of {x,} such that

limsup((yf - A)z,x, —z) = 11jn<(yf - A)z,xy, — z). (2.20)

n— oo
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Since {x,,} is bounded, there exists a subsequence {xnij} of {x,,} which converges weakly
to w. Without loss of generality, we can assume that x,, — w. Next, we show that w €
F(S)nVI(H, M, B). Define a mapping D by

Dx = puSix+ (1—p)Jma(I - AB), Vxe€ H. (2.21)

In view of Lemma 1.6, we see that D is nonexpansive such that
F(D) =F(Sk) NF(Jma(I = AB)) = F(S)NnVI(H,B,M). (2.22)

From (2.19), we obtain lim,,_, oo||Dx,, — x,,|| = 0. It follows from Lemma 1.7 that w € F(D).
Thatis, w € F(S) N VI(H, M, B). Thanks to (2.20), we arrive at

limsup((yf - A)z,x, —z) = iliﬁ((yf—A)z,xni -z)=((yf-A)zw-2z)<0. (223)

n—oo
Finally, we show that x,, — z,asn — oo. Indeed, we have

[EFk
= (any f(xn) + Pnxn + [(1 = Pu)] — an Aty — 2, Xp1 — 2)
= an(yf(xn) = AZ, Xni1 = 2) + Pu(Xn = 2, Xp11 — 2)
+ ([(1 = Bu)I = anA] (tn = 2), X011 = 2)
S any(f(xn) = f(2), Xni1 = 2) + an(yf(2) = Az, Xp1 - 2)

+ Bullxn = zlll1%n1 = 2l + (1 = Bu = @a¥) %0 = Zllllxns1 - 2|

a 2.24
< By (It = 2IP + otnes = 2I7) + an(yf(2) - Az 20a - 2) (2.24)
+ (1= ) = 2201 2]
ya 2 2
< - (Jl = 2l + a1 = 2I) + @a(y f(2) = Az, X1 - 2)
1-a,y
+ %(nxn = 2l + lnen - 2I1)
1-a,(y—a 1
) R Dt - 2P F(2) — Az - 2),
which implies that
e = 2P < [1- an(F - ap)]ln - 212 + 2a0(yf(2) - AZ, Xn1 - 2).  (225)

From the condition (C2), (2.23), and using Lemma 1.2, we see that lim,,_, ,||x, — z|| = 0. This
completes the proof. O
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Letting y = 1 and A = I, the identity mapping, we can obtain from Theorem 2.1 the
following result immediately.

Corollary 2.2. Let H be a real Hilbert space and M : H — 2H a maximal monotone mapping. Let
B : H — H be a relaxed (6,r)-cocoercive and v-Lipschitz continuous mapping, and S a k-strict
pseudocontraction with a fixed point. Define a mapping S : H — H by Skx = kx + (1 - k)Sx.
Let f be a contraction of H into itself with the contractive coefficient a(0 < a < 1). Assume that
Q=F(S)NnVI(H,B, M) #0. Let x; € H and {x,} be a sequence generated by

Yn = ]M,)L(xn - -)Lan)/

(2.26)
Xn+1 = lxnf(xn) + ﬁnxn + (l - ﬁn - lln) [‘llSkxn + (1 - ﬂ)yn], Vn>1,

where {a,} and {B,} are sequences in (0,1). Assume that A € (0,2(r — 6v?)/v?), r > &6v2. If the
control consequences {a,} and {B,} satisfy the following restrictions:

(C1)0<a<pP,<b<1, foralln>1,
(C2) limy—, oty = 0and >,77 1 ay = oo,

then {x,} converges strongly to z € Q.

Remark 2.3. Corollary 2.2 improves Theorem 2.1 of Zhang et al. [11] in the following sense:

(1) from nonexpansive mappings to strict pseudocontractions;

(2) the analysis technique used in this paper is different from [11]’s: the proof is also
more concise than [11]’s;

(3) the restriction imposed on the parameter {a,} is relaxed.
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