Hindawi Publishing Corporation

Fixed Point Theory and Applications
Volume 2010, Article ID 241908, 12 pages
doi:10.1155/2010/241908

Research Article
Trace-Inequalities and Matrix-Convex Functions

Tsuyoshi Ando

Hokkaido University (Emeritus), Shiroishi-ku, Hongo-dori 9, Minami 4-10-805, Sapporo 003-0024, Japan
Correspondence should be addressed to Tsuyoshi Ando, ando@es.hokudai.ac.jp

Received 8 October 2009; Accepted 30 November 2009

Academic Editor: Anthony To Ming Lau

Copyright © 2010 Tsuyoshi Ando. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

A real-valued continuous function f(t) on an interval (a, ) gives rise to a map X — f(X) via
functional calculus from the convex set of n x n Hermitian matrices all of whose eigenvalues
belong to the interval. Since the subpace of Hermitian matrices is provided with the order structure
induced by the cone of positive semidefinite matrices, one can consider convexity of this map.

We will characterize its convexity by the following trace-inequalities: Tr(f(B) — f(A))(C - B) <
Tr(f(C) - f(B))(B - A) for A < B < C. A related topic will be also discussed.

1. Introduction and Theorems

Let f(t) be a (real-valued) continuous function defined on an open interval (a, ) of the real
line. The function f(t) is said to be convex if

fla+(1-0)b) <Af(a)+(1-N)f(b) (0<A<1; a<ab<p). (1.1)

We referee to [1] for convex functions. Under continuity the requirement (1.1) can be
restricted only to the case A = 1/2, that is,

(57) < L wean <), (12

It is well known that when f(t) is a C!-function, its convexity is characterized by the
condition on the derivative

fo)-fb-1) fb+t)-f(b)
t t

< f(b) < (a<b-t<b+t<p), (1.3)
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and, further when f(t) is a C>-function, by the condition on the second derivative
f'(b)>20 (a<b<p). (1.4)

On the other hand, it is easy to see that (1.1) is equivalent to the following requirement
on the divided difference:

f®0) - f@ _ f(©) = f(b)

1.5
. ST T (a<a<b<c<p), (1.5)

or even to the inequality
(f(b) = f(a))(c=b) < (f(c)-f(b))(b—a) (a<a<b<c<p). (1.6)

Let M, be the linear space of n x n complex matrices, and H,, its (real) subspace of nxn
Hermitian matrices. The identity matrix I will be denoted simply by 1, and correspondingly,
a scalar A will represent AI. For Hermitian A, B the order relation A < B means that B — A is
positive-semidefinite, or equivalently

A<B& (Ax,x) < (Bx,x) (xeC"), (1.7)

where (x,y) denotes the inner product of vectors x,y € C". The strict order relation A < B
will mean that B— A is positive definite; thatis, B > A and B - A is invertible (see [2] for basic
facts about matrices.)

Notice that for scalars a, f and Hermitian X the order relation « < X < f is equivalent
to the condition that every eigenvalue of X is in the interval (a, §). Denote by H,(a, ) the
convex set of Hermitian matrices X such that « < X < . A continuous function f(t), defined
on (a,p), induces a (nonlinear) map X +— f(X) from H,(a, f) to H, through the familiar
functional calculus, that is,

f(X) :=Udiag(f(M),..., f(A))U" (1.8)
with a unitary matrix U which diagonalizes X as

UXU = diag(Ay, ..., An). (1.9)

The function f (t) is said to be matrix-convex of order n, or simply n-convex on the interval (a, )
if the map X — f(X) is convex on H, (a, p) or more exactly

FAA+(1-0)B)<Af(A)+(1-0)f(B) (0<A<1; A BEeH,(a,p)) (1.10)

(see [3,4]). This is a formal matrix-version of (1.1). In view of (1.7) this convexity means that
the numerical valued function X — ( f(X)x, x) is convex for all vector x € C".
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Just as in the scalar case for the matrix-convexity the following matrix-version of (1.2)
is sufficient:

2f(B)< f(B+X)+ f(B-X) (B+X €H,(a,p)). (1.11)

This means that f(t) is n-convex if and only if the map ¢t — f(B + tX) is convex on (-1,1)
when B + X € H,(a, §).

The 1-convexity is nothing but the usual convexity of the function f(t). It is easy to see
that n-convexity implies m-convexity for all 1 < m < n.

It is known (see [3]) that if f(t) is 2-convex then it is already a C*>-function, and (see
[5, 6]) that for each n there is an n-convex function which is not (n + 1)-convex.

It should be mentioned here that in his original definition of n-convexity Kraus [3]
restricted the requirement (1.11) only for X > 0 with rank(X) = 1. We will return to this point
later.

The corresponding matrix-versions of (1.5) and (1.6) have no definite meaning
because (f(B) — f(A))(C—-B) or (f(B) - f(A))(B - A)isno longer Hermitian.

On the space M, the most useful linear functional is the Trace, in symbol, Tr(X), which
is defined as the sum of diagonal entries of X with respect to any orhonormal basis. The
useful properties of the trace are commutativity, Tr(XY') = Tr(YX), and positivity, that is, X <
Y = Tr(X) <Tr(Y).

We will use a characterization of positive semidefiniteness X > 0 in terms of trace:

X>0&& Tr(XY) >0 (0<Y of rank-one). (1.12)

Notice in this connection that if both X, Y are Hermitian, then Tr(XY) is a real number.
Our main aim is to establish trace-versions of (1.5) and (1.6). The trace-version for
(1.6) is quite natural.

Theorem 1.1. A continuous function f(t) on an interval (a, B) is n-convex if and only if

Tr(f(B) - f(A))(C-B) <Tr(f(C) - f(B))(B-A) (A<B<CinH,(a,p)). (t)

On the other hand, the trace-version for (1.5) turns out quite restrictive.

Theorem 1.2. Let n > 2. A continuous function f(t) on an interval (a, B) satisfies the condition

Tr(f(B) - f(A))(B- A" <Tr(f(C) - f(B))(C-B)" (A<B<CinHy(a,p)) (+a)

if and only if it is of the form f(t) = at* + bt + c with a >0, and b,c € R.
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2. Preliminary

In order to prove theorems, we use a well-established regularization technique (see [7] I-4).
Take a nonnegative symmetric C*-function ¢(f) on (oo, o) such that

pH) =0 (t>1), j (Bt =1, 2.1)

and for € > 0 let @) := ¢(te™')e~!. Then ¢(¢) (t) is a nonnegative, symmetric C*-function such
that

po®=0 (26, [ pomdi=1. @2)

Given a continuous function f(t) on an interval (a, f§), setting f(t) = 0 outside of the
interval (a, B), define f.(t) as the convolution of this extended function f with ¢, that is,

Fol®) = (f % 90) () = f °° f(t- )9 (s)ds. (2.3)

The following is well known.

Lemma 2.1. The function f. is a C*-function, in fact,

dr dk
ﬁfe =fx* P (k=1,2,...), (2.4)

and f(t) converges to f(t) uniformly on each compact subset of the interval (a, p) as e — 0.

Lemma 2.2. Let f(t) be a continuous function on an interval (a, ).

(i) f(¢t) satisfies (1) on (a, P) if and only if for small € > O the function f.(t) satisfies (t,) on
(a+e,p-e).

(i) f(t) is n-convex on (a, B) if and only if for small € > the function f(t) is n-convex on
(a+ep-e).

Proof. (i) Let f(t) satisfy (t,) on (a, ). Suppose thata + ¢ < A< B < C < - ¢, then
Tr(fe(C) = fe(B)) (B = A) = Tr(fe(B) - fe(A))(C - B)
- [ misc-9-sm-9)iE-9-a-9) @5)

~Tr{f(B—-5) = f(A= ) }{(C~5) = (B=9)}]9(s)ds >0,
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because

a<A-s<B-s<C-s<p (|s|<e). (2.6)
The converse statement is clear by the second half of Lemma 2.1.
The proof of (ii) is also easy and omitted. O

In a similar way we have the following.

Lemma 2.3. A continuous function f(t) satisfies (1,) on (a,p) if and only if for small € > 0 the
functin f.(t) satisfies (¥,) on (a + €, —¢€).

When f(t) is a C'-function on (a, 8), B € H,(a, ) and X € H,, the map t — f(B +tX)
is defined for small |f| and differentiable at t = 0. The derivative of this map at f = 0 will be
denoted by ®f(B; X), that is,

Df(B; X) := %

f(B+tX) (X €H,). (2.7)

t=0

When B is daigonal as B = diag(\4, ..., \,), it is known (see [2] V-3 and [8] 6-6) that

Df(B; X) = [fm ()‘i')‘f)]:jzl © [xij]:j=1 for X = [xi]']z]ey (2.8)

where o denotes the Schur product (= entrywise product) and flll(s,t) is the first divided
difference of f, defined as

fe)-f#) .
JLEIO T e 29)
f'(s), if s=¢.

Notice that [ f[1(4;, )‘f)]?jzl is a real symmetric matrix.

In a similar way when f(#) is a C>-function, the second derivative of the map t — f(B +
tX) at t = 0 is written as (see [2] V-3 and [8] 6-6)

d2
ar

i,j=1

f(B+tX) = Z[Zf[z] (X, Ak, )t;')xikxkj] for X = [xij]zjzlz (2.10)
k=1

t=0
where f[l(s,t,u) is the second divided difference of f, defined as

f[l](sl t) - f[ll(t/ u)

if s#u,
s—u
1] _ £l /
f[Z](S,t,u) _ f (S,t;_i (t;u) =4 f(S);{[:](t,S), ifS:u;ﬁt, (211)
fz(S), if s=t=u.
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Since the functional calculus is invariant for unitary similarity, that is, f(V*XV) =
V* f(X)V, the formulas (2.8) and (2.10) well determine the forms of derivatives.

Lemma 2.4. If f(t) is a C'-function on an interval (a, ), then
Tr(Df(B;X)-Y)=Tr(Df(B;Y)-X) (BeH,(a,p); X,Y € H,). (2.12)

Proof. We may assume that B = diag(y,...,\,), then by (2.8) for X = [x,-;]?].zl and Y =
[yii]ijl

Tr(%f(B; X) . Y) = Zf[l] ()Li, Aj)xijyji
i,j=1
! (2.13)

= Zf[l] (A, L) yjixij = Te(Df(B; Y) - X).
ij=1

3. Proofs of Theorems

By Lemmas 2.3 and 2.4 we may assume that f(¢) in theorems is a C*-function.

Proof of Theorem 1.1. Suppose that the function f(¢) satisfies (t,,) on (a, f). Take B € H,(a, )
and 0 < X,Y of rank-one such that C := B+ X and A := B —tY for small t > 0 belong to
H, (a, B). Since A < B < C, by assumption (t,) we have

<Tr(f(B+X) - f(B))Y, (3.1)

B —F(B-M)X

hence by (2.7)

Te(Df(B;Y) - X) <Tr(f(B+X) - f(B))Y. (32)
Then it follows from Lemma 2.4 that

Tr(Df(B;X) - Y) < Tr(f(B+X) - f(B))Y. (3.3)

Since 0 < X, Y of rank-one are arbitrary, it follows from (3.3) and (1.12) that for any 0 < X of
rank one such that a < B+ X < f8

2f(B;X) < f(B+X) - f(B), (3.4)
and similarly

f(B) - f(B~X) < Df (B; X). (35)
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Therefore

2f(B)< f(B+X)+ f(B-X) (B+X e€H,(a, p) and 0 <X of rank-one). (3.6)

This means that the matrix-valued function ¢ — f(B + tX) is convex under the condition that
0 < X is of rank-one.

At this point we proved the n-convexity in the sense of Kraus [3] as mentioned in
Section 1. The remaining part is essentially the same as Kraus’ approach [3].

Since for 0 < X of rank-one and small ¢t > 0 by (3.6)

oo fB1X)+ fB-1X)-2f(B) _ &
= 2 U ae

f(B+tX), (3.7)
t=0

we can conclude from (2.10) that for 0 < X = [xij]?].=1 of rank-one

n

[me ()Li, Ak, )L]-)xikxkj:I > 0. (3~8)
k=1

i,j=1

For each t > 0, consider a positive semidefinite matrix of rank-one

0< X =[xy}, = [ o (3.9)
Then by (3.8)
0< [me (Ai, Ak, )tj)xikxkj]
k=1 ij=1
) (3.10)
= diag<1, ... ,t"‘l) [Z £12 ()Li,)bk,)tj)tﬂk-l)] diag(1,1,.. .,t”‘1>,
k=1 ij=1
which implies
n n

[Z A ()Li/)tk/)lj>t2(k_l)] > 0. (3.11)

k=1 ij=1

Letting t — 0, we have

Cy = [fm (A, )Ll’Aj)]ijzl > 0. (3.12)
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In a similar way we can see that

Cic = [/ (A, A, A,-)]:’jzl >0 (k=12,...,n). (3.13)

Now since for any X = [xij]:’].:l € H, each matrix [xikxkj]?].zl (k =1,2,...,n) is
positive semidefinite and of rank-one, it follows from (3.8) that

n

dZ
dr

f(B+1tX) = 2[zn: Janlers )Lk,.)tj)xl‘kxkj]
k=1

t=0 ij=1

(3.14)

n
= chk o [xikx_jk] :].=1 > 0.

Here we used the well-known fact that the Schur product of two positive semidefinite
matrices is again positive semidefinite (see [2] I-6). Therefore

dZ

ar?
dt =0

FB+tX)>0 (BeH,(ap);XecH,), (3.15)

which implies the convexity of the map t — f(B + tX) whenever B + X € H,(a, ). This
completes the proof of the n-convexity of the function f (t).
Suppose conversely that f () is n-convex on the interval (a, ), then by (1.3)

F(C) - f(B) = f(B+(C~B) - fB) 2 | f(B+i(C-B))

=0 (3.16)
- 9f(B;C-B),

so that by (1.12)

Tr(f(C) - £(B))(B- A) > Te(Df (B;C - B) - (B- A)), (3.17)
and similarly

Tr(f(B) - £(A))(C - B) < Tr(9f(B; B- A) - (C - B)). (3.18)
Now by Lemma 2.4 we can conclude

Tr(f(B) - f(A))(C-B) <Tr(f(C) - f(B))(B-A), (3.19)

which shows that the function f(t) satisfies (f,). This completes the whole proof of
Theorem 1.1. O

In the above proof we really showed the following.
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Theorem 3.1. A continuous function f(t) on an interval (a, ) is n-convex if and only if Tr(f (B) —
f(A)(C -B) <Tr(f(C) - f(B))(B - A),whenever A < B < C in H,(a,p) and rank(B - A) =
rank(C - B) = 1.

Notice that Kraus [3] (cf. [8, Theorem 6.6.52]) really showed, for n > 2, that f(t) is
n-convex on (a, ) if and only if it is a C>-function and

[F2 )] 20 Yy, 4 € (). (3.20)
1,]=

For the proof of Theorem 1.2, let us start with an easy lemma.
Lemma 3.2. If condition (},,) for f(t) is valid on (a, B), so is condition (},,) for 1 < m < n.

Proof. Given A < B < C in H,,(a, ), take A € (a, f) and small € > 0 and consider the n x n
matrices

~ A 0 - B 0 ~ C 0
A = , B:= , C:= , (3.21)
[O A= (-:)Inm] [0 .)LInm] [O L+ e)Inm]

where I,,_,, is the (n — m) x (n — m) identity matrix. Then since A<B<Cin H, (a, p) and

w(1(5) ()5 )"
= Te(f(B) - f(A) (B~ A"+ (n~ m)w,

(3.22)
r(£(€)-£(B))(C-B)”
- T(f(C) - fB)B- A"+ (n-m I TTELSD,
by letting e — 0 it follows from (t,,) that
Tr(f(B) - f(A)) (B~ A)™" <Tr(f(C) - f(B))(C-B)™. (3.23)
This completes the proof. O

In view of Lemma 3.2 the essential part of the proof of Theorem 1.2 is in the next
lemma.

Lemma 3.3. Ifa C!- function f(t) satisfies (t,) on (a, ), then

fls)+ f'(t) =2fW(s,t) (a<s,t<p). (3.24)
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Proof. Take B = diag(t, t>) with t1,t, € (a, ). Then for any 2 x 2 positive definite X,Y > 0 and

small € > 0 we have by assumption

YL

BB X) o (g [ B+ D~ fE)

Letting e — 0 by (2.8) this leads to the inequality
2 2
Tr<[f“] (tl-,t,-)]i,j=1 o X> X< Tr<[f[1] (t, t,»)]i,j=1 o y> YL
Replacing X and Y we have also
2 2
- -1
Tr([fm (tl-,t,-)]i,j:1 o Y> Y < Tr([f[” (t, tj)]i/j:1 o X> XL
Those together show that
2
Tr<[f[1](ti, tj)]' ,° X> - X! =constant (0 < X € Hy).
ij=

It is easy to see that a 2 x 2 positive definite matrix X with Tr(X) = 1 is of the form

[ a uy/a(l —a)]
= O<a<1; |u<1).
uv/a(l-a) 1-a

Now it follows (3.28) and (3.29) that

2
Tr([f[l] (ti,tj)]i,jzl o X) . x1
_ [t + f(t) = 20ul’ fM (1, 1)

1-|uf

= constant (Ju| < 1),

which is possible only when (3.24) is valid.

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

O

Proof of Theorem 1.2. Suppose that a C>-function f(t) satisfies (f,) on (a, ). By Lemmas 3.2

and 3.3 f(t) satisfies the identity (3.24). Therefore we have
')+ f(s)}t=s)=2{f(t) - f(s)} (a<s,t<p).
Twice differentiating both sides with respect to t we arrive at

f"M(t-s)=0 (a<s,t<p)

(3.31)

(3.32)
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which is possible only when f () is a quadratic function

f(t)=at* +bt+c. (3.33)

Finally a > 0 follows from the usual convexity of f(t).
Suppose conversely that f(t) is of the form (3.33) with a > 0. Take A < B < C in H,,.
Then

Tr(f(B) - f(A))(B-A)~ = aTr<82 - A2> (B-A)' +nb, (3.34)

and correspondingly

Tr(f(C) - f(B))(C - B)™' = aTr (c2 - B2> (C-B)™ +nb. (3.35)
Since
B*-A2=B(B-A)+ (B-A)A, (3.36)
we have
Tr<32 - A2> (B—A)"! = Tr(B) + Tr(A) (3.37)

and correspondingly
Tr(C2 - 32) (C-B)™" = Tr(C) + Te(B). (3.38)

Therefore we arrive at the inequality
Te(f(C) - f(B))(C~B) " ~Te(f(B) - f(A) (B~ A) " = a[Te(C) ~Tr(A)} 20.  (339)

This shows that f(t) satisfies (1,,) for any n and on any interval (a, ). O
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