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1. Introduction

Let X be a real Banach space and let C be a nonempty closed convex subset of X. A self-
mapping T : C — C is said to be nonexpansive if || Tx - Ty/|| < ||x—yl||, forall x, y € C. A point
x € Cis a fixed point of T provided Tx = x. Denote by Fix(T') the set of fixed points of T; that
is, Fix(T) = {x € C : Tx = x}. It is assumed throughout this paper that T is a nonexpansive
mapping such that Fix(T) # @. Construction of fixed points of nonexpansive mappings is an
important subject in the theory of nonexpansive mappings and its applications in a number
of applied areas, in particular, in image recovery and signal processing (see [1-3]). One way
to overcome this difficulty is to use Mann’s iteration method that produces a sequence {x;}
via the recursive sequence manner:

X1 = pXn + (1= ay)Tx,, n>0. (1.1)

Reich [4] proved that if X is a uniformly convex Banach space with a Frechét differentiable
norm and if {a,} is chosen such that >, a,(1 — ;) = oo, then the sequence {x,} defined
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by (1.1) converges weakly to a fixed point of T. However, this scheme has only weak
convergence even in a Hilbert space (see [5]). Some attempts to modify Mann’s iteration
method (1.1) so that strong convergence is guaranteed have recently been made.

The following modification of Mann’s iteration method (1.1) in a Hilbert space H is
given by Nakajo and Takahashi [6]:

xp=x€C,
Yn = anXn + (1—a,)Txy,

Co={z€C: flyu—z]| < [lxu - 2]

}, (1.2)
Qu={zeC:(xy—zx -x,) >0},
Xns1 = Pcy nQn(xO)/

where Pk denotes the metric projection from H onto a closed convex subset K of H. They
proved that if the sequence {a,} is bounded from one, then {x,} defined by (1.2) converges
strongly to Prix(r) (x0). Their argument does not work outside the Hilbert space setting. Also,
at each iteration step, an additional projection is needed to calculate.

Let C be a closed convex subset of a Banach space and T : C — C is a nonexpansive
mapping such that Fix(T') # @. Define {x,} in the following way:

xo=x€X,
Yn = anXn + (1 - ay)Txy, (1.3)
Xn+1 = ﬂnu + (1 - ﬂn)yn/

where u € C is an arbitrary (but fixed) element in C, and {a,} and {f,} are two sequences
in (0,1). Itis proved, under certain appropriate assumptions on the sequences {a,} and {f,},
that {x, } defined by (1.3) converges to a fixed point of T (see [7]).
The second modification of Mann’s iteration method (1.1) is an adaption to (1.3) for
finding a zero of an m-accretive operator A, for which we assume that the zero set A™(0) # @.
The iteration process {x,} is given by

xg=x€C,
Yn = Jr,Xn, (1.4)
Xn+l = ﬂnu + (1 - ﬂn):‘/n/

where for eachr >0, J, = (I + 1’A)_1 is the resolvent of A. In [7], it is proved, in a uniformly
smooth Banach space and under certain appropriate assumptions on the sequences {a,,} and
{ry}, that {x,} defined by (1.4) converges strongly to a zero of A.
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2. Preliminaries

Let X be a real Banach space. Recall that the (normalized) duality map J from X into X*, the
dual space of X, is given by

J(x) = {x* € X*: {x,x*) = ||x||* = ||x*||2}, xeX. (2.1)

Now, we define Opial’s condition in the sense of doubly sequence.

Definition 2.1. A Banach space X is said to satisfy Opial’s condition if for any sequence {xy, }
in X, xy,, — x implies that

klim sup ||xkn — x|| < klim sup ||xkn —y|| Vy € X with y#x, (2.2)
M= 00 M — 0

where xi, — x denotes that {xy,} converges weakly to x.

We are going to work in uniformly smooth Banach spaces that can be characterized by
duality mappings as follows (see [8] for more details).

Lemma 2.2 (see [8]). A Banach space X is uniformly smooth if and only if the duality map ] is
single-valued and norm-to-norm uniformly continuous on bounded sets of X.

Lemma 2.3 (see [8]). In a Banach space X, there holds the inequality
I+ ylP* < llxll? + 2y, j(x + ), xy€X, (2.3)

where j(x +y) € J(x +y).

If C and D are nonempty subsets of a Banach space X such that C is a nonempty closed
convex subset and D C C, then the map Q : C — D is called a retraction from C onto D
provided Q(x) = x forall x € D. A retraction Q : C — D is sunny [1, 4] provided Q(x +t(x —
Q(x))) = Q(x) for all x € C and t > 0 whenever x + t(x — Q(x)) € C. A sunny nonexpansive
retraction is a sunny retraction, which is also nonexpansive. A sunny nonexpansive retraction
plays an important role in our argument.

If X is a smooth Banach space, then Q : C — D is a sunny nonexpansive retraction if
and only if there holds the inequality

(x-Qx,J(y—-Qx))<0 VxeC, yeD. (2.4)

Lemma 2.4 (see [9]). Let X be a uniformly smooth Banach space and let T : C — C be a
nonexpansive mapping with a fixed point. For each fixed u € C and every t € (0,1), the unique
fixed point x; € C of the contraction C 3 x + tu + (1 — t)Tx converges strongly ast — 0 to a fixed
point of T. Define Q : C — Fix(T) by Qu = s—lim;_,0x;. Then, Q is the unique sunny nonexpansive
retract from C onto Fix(T); that is, Q satisfies the property

(u—Qu, J(z-=Qu)) <0, YueC, zeFix(T). (2.5)
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Lemma 2.5 (see [10, 11]). Let {ay},-, be a sequence of nonnegative real numbers satisfying the
property

Ane1 < (1= Yn)an + Y0, n2>0, (2.6)

where {yn ), C (0,1) and {0y}, are such that

(1) imy oy =0, and 377 yn = o0,

(ii) either lim, o, sup 0, <0 or X [YnOn| < 0.
Then, {ay },., converges to zero.

Lemma 2.6 (see [8]). Assume that X has a weakly continuous duality map J, with gauge ¢. Then,
A is demiclosed in the sense that A is closed in the product space Xy, x X, where X is equipped with
the norm topology and X, with the weak topology. That is, if (X, Yn) € A, Xpn = X, Yn — Y, then
(x,y) € A.

Lemma 2.7 (see [12]). Let X be a Banach space and y > 2. Then,

(i) X is uniformly convex if and only if, for any positive number r, there is a strictly increasing
continuous function g, : [0,00) — [0,00), g-(0) =0, such that

[t + (1 =)yl < tllx]]" + (1= Dllyll" - Wy (B) g (llx = ylD), (2.7)

wheret € [0,1], x,y € B, := {u € X : ||ul| <}, the closed ball of X centered at the origin
with radius r,and Wy (t) = V(1 - t) + t(1 - t)".

(ii) X is y-uniformly convex if and only if there holds the inequality
l[tx + (1 =Hyll" < tllx|" + A =Dy " = e, Wy BDllx - yll", te[0,1], x,y € X, (2.8)

where cy > 0 is a constant.

Lemma 2.8 (see [4]). Let C be a closed convex subset of a uniformly convex Banach space with
a Fréchet differentiable norm, and let (T,,) be a sequence of nonexpansive self mapping of C with a
nonempty common fixed point set F. If x; € C and xp11 = Tyxy, for n > 1, then lim,, ., oo (X, J (f1 —

f2)) exists for all fi, f» € F. In particular, (g1 — g2, J(f1 — f2)) = 0, where fi, f» € F and q:, q» are
weak limit points of {x,}.

Lemma 2.9 (the demiclosedness principle of nonexpansive mappings [13]). Let T be a
nonexpansive selfmapping of a closed convex subset of E of a uniformly convex Banach space. Suppose
that T has a fixed point. Then I — T is demiclosed. This means that

{xp,} CE, x,—x, (U-T)x, —y=U-T)x=y. (2.9)

In 2005, Kim and Xu [7], proved the following theorem.
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Theorem A. Let C be a closed convex subset of a uniformly smooth Banach space X, and let T : C —
C be a nonexpansive mapping such that Fix(T) # @. Given a point u € C and given sequences {cy }
and (B}, in (0,1), the following conditions are satisfied.

(1) al’l i 0/ ﬁn — 0,
(ii) Xotoan =0, 220 Pn = o,
(iii) D20 lani — anl <00, X720 1Bt — Pul < o0

Define a sequence {xn} o in C by

xo € C arbitrarily,
Yn=0nxn+ (1-a,)Tx,, n>0, (2.10)
Xn+l = ﬁnu + (1 - ,Bn)yn/ n2>0.

Then {xy} . is strongly converges to a fixed point of T.

Recently, the study of fixed points by doubly Mann iteration process began by Moore
(see [14]). In [15, 16], we introduced the concept of Mann-type doubly sequence iteration
with errors, then we obtained some fixed point theorems for some different classes of
mappings. In this paper, we will continue our study in the doubly sequence setting. We
propose two modifications of the doubly Mann iteration process with errors in uniformly
smooth Banach spaces: one for nonexpansive mappings and the other for the resolvent of
accretive operators. The two modified doubly Mann iterations are proved to have strong
convergence. Also, we append this paper by obtaining weak convergence theorems for
Mann’s doubly sequence iteration with errors in a uniformly convex Banach space by a
Fréchet differentiable norm. Our results in this paper extend, generalize, and improve a lot of
known results (see, e.g., [4, 7, 8, 17]). Our generalizations and improvements are in the use
of doubly sequence settings as well as by adding the error part in the iteration processes.

3. A Fixed Point of Nonexpansive Mappings

In this section, we propose a modification of doubly Mann'’s iteration method with errors to
have strong convergence. Modified doubly Mann's iteration process is a convex combination
of a fixed point in C, and doubly Mann’s iteration process with errors can be defined as

Xo0 = x € C arbitrarily,
Yin = AnXign + (1= ) TXpp + pwin, k,n>0, (3.1)

Xkn+l = ,ﬁnu + (1 - ﬁn)yk,n + ,ank,n/ k,n>0.

The advantage of this modification is that not only strong convergence is guaranteed, but also
computations of iteration processes are not substantially increased.
Now, we will generalize and extend Theorem A by using scheme (3.1).

Theorem 3.1. Let C be a closed convex subset of a uniformly smooth Banach space X and let T :
C — C be a nonexpansive mapping such that Fix(T) # @. Given a point u € C and given sequences

{an) oo and {Bn)5, in (0,1), the following conditions are satisfied.
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(i) ap — 0, ﬂn — 0,

(11) Z;.LO:O Xy = O, Zzo:() pn = oo.

Define a sequence {xy,n )y ,—o in C by (3.1). Then, {xkn},-q converges strongly to a fixed point of T.

Proof. First, we observe that {xk.}},, is bounded. Indeed, if we take a fixed point p of T

noting that
lyn —pll = llanxicn + (1 = an) Txin + anwin = p|
< an||xicn = pll + (1= ) [ Txicn = pl| + ctu | 0|
= [|xkn = pll + anllweal,
we obtain

| xkn41 =PIl = [|Bnre + (1 = Bu) Yicn + Puvicn = |
< Pulle=pll+ (1 =) [|yn =2l + Bullvall
< Pullu=pll + (1= Bu) (| xkn = P|| + anl|wknl]) + Bulvinl

< max {{|xin = pll 1 = pll} + Bulloxall + (1 = Ba)an [0 -

Now, an induction yields

|xk — pl| < max {||xo0 — ||, lu—pll, |vool|} &k n>0.

Hence, {xk,} is bounded, so is {yk,}. As a result, we obtain by condition (i)

||xk,n+1 - yk,n” = ”ﬁnu - pn]/k,n + ﬂnvk,n”
< Pullee = Y|l + ullvknl| — 0.

We next show that

||k, = Txin|| — O.
It suffices to show that

|2k, ne1 = Xkn]| — O.
Indeed, if (3.7) holds, in view of (3.5), we obtain

”xk,n - Txk,n” < ”xk,n — Xk,n+l ” + ”xk,n+1 - yk,n” + ”yk,n - Txk,n”

< ”xk,n — Xk,n+l ” + ”xk,n+1 - ]/k,n” + “n”xk,n - Txk,n” + an”wk,n” — 0.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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Hence, (3.6) holds. In order to prove (3.7), we calculate

Xkl — Xkn = (ﬂn - ﬂnfl) (u - Txnfl) + (1 - ﬂn)an (xk,n - xk,nfl)
+ [(an - an—l) (1 - ﬂn) - (ﬁn - ﬁn—l)an—ll (xk,n—l - Txk,n—l)

(3.9)
+(1—an) (1= Bn) (Txrn — Txipn-1) + (1= Bn) anwWi
+ pnvk,n - (1 - ﬂn)anflwk,nfl - ﬁnflvk,n—l-
It follows that
||xk,n+1 - xk,n” < (1 - an) (1 - ﬁn) ”Txk,n - Txk,n—l ” + (1 - ﬂn)an“xk,n — Xkn-1 ”
+ | (an = an1) (1= Pu) = (Bn = Prt) @ ||| X1 = T | 310)
+ | P = o[l = Txicna || + (1= Bu) | wicn | + Bul[vicnll '
= (1= Bn)an-a||[wicn || = Bu-a[|[okn |-
Hence, by assumptions (i)-(ii), we obtain ||xk n+1 — Xkl — 0.
Next, we claim that
klim sup(u—q,J(xkn—4q)) <0, (3.11)
11— 00

where g = Q(u) = s - lim;_,gz; with z; being the fixed point of the contraction z — tu + (1 -
t)Tz. In order to prove (3.11), we need some more information on g, which is obtained from
that of z; (cf. [18]). Indeed, z; solves the fixed point equation

zy =tu+ (1-t)Tz + to. (3.12)

Thus we have

zt =X = (1= 1) (Tz — xpn) + (1 — X ) + to. (3.13)
We apply Lemma 2.3 to get

||z - xk,n”2 <(1-t)?||Tz - xk,n“2 + 28U+ v — Xk, J (2t — Xin))

< (12t + 2)|| 21 = X || + @n () + 26+ 0 = 24, T (26 = Xicn) ) + 28] 26 = X ||,
(3.14)

an(t) = (2||ze = xiul| + || ¥ = Txkn||) | Xkn = TXRn|]| — 0 as n — oo. (3.15)
It follows that

t 1
(ze —u, J (2t — X)) < EHZt - xk,n”2 + Ean(t). (3.16)
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Letting n — oo in (3.16) and noting (3.15) yield

nlgr;o sup (zi —u, J (2t = Xin) ) < %M, (3.17)
where M > 0 is a constant such that M > ||z; — xx ,||* for all t € (0,1) and n > 1. Since the set
{2t — xk» } is bounded, the duality map J is norm-to-norm uniformly continuous on bounded
sets of X (Lemma 2.2), and z; strongly converges to g. By letting t — 0in (3.17), thus (3.11)
is therefore proved. Finally, we show that xx, — g strongly and this concludes the proof.
Indeed, using Lemma 2.3 again, we obtain

[kt = qlI* = 1| (1 = Bu) Yin + Putt + Puviw — 4|
= | (1= Bn) (Yin —q) + Pu(u—q) + ﬂnvk,n||2

, , (3.18)
< (1= Pu) llyin = all” +2Bu(u + ven = 4, ] (xiner = 9))
< (1= )" ((lxen = qll + @nllwinll)*) +2pu(u +0n =4, T (xinis = ).
Now we apply Lemma 2.5, and using (3.11) we obtain that ||xx, — g|| — 0. O

We support our results by giving the following examples.

Example 3.2. Let T : [0,1] x [0,1] — [0,1] x [0,1] be given by Tx = x. Then, the modified
doubly Mann’s iteration process with errors converges to the fixed point x* = (0,0), and both
Picard and Mann iteration processes converge to the same point too.

Proof. (I) Doubly Picards iteration converges.
For every point in (0, 1] x (0,1] is a fixed point of T. Let by be a point in (0, 1] x (0,1],

then
bis1ke1 = Thx = T"boo = boy- (3.19)
Hence,
klijr;o bix = bop. (3.20)

Let (x,y) - (a,b) = (Ix - al, |y - bl), for all (x,y), (a,b) € (0,1] x (0,1]. Take poo = (0,0) and
prk = (1/k,1/k). Thus

1 1
k(k+1) k(k+1)

Okk = Prs1ks1 — TpPrk = < ) — (0,0). (3.21)

(II) Doubly Mann’s iteration converges.
Let ep be a pointin (0,1] x (0,1], then

eks1j+1 = (1 — ak)erk + Ak r = exic = -+ = eqp. (3.22)
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Since doubly Mann’s iteration is defined by
eks1in = (1 —ar)ei + axTepk. (3.23)
Take ugo = epp, urr =(1/(k+1),1/(k +1)) to obtain

ek = Ukstjer1 — (1 — ar)upp + axTuig i
(3.24)

1 1
- ((k+1)(k+2)’ (k+1)(k+2)> — (0,0).

(III) Modified doubly Mann’s iteration process with errors converges because the
sequence ek k+1 — (0,0) as we can see and by using (3.1), we obtain

Yik = akeri + (1 — ag)epr + axwick
(3.25)

= €k k t AWk k-
In (3.1), we suppose that u = ey,

ekt = Pt + (1= ) (exk + axwick) + Prvick
= ek + (1 - ) axwick + PVick, (3.26)

i1 — ik = (1= Pr) axwic i + Prvik-

Let k — oo and using Theorem 3.1 (T is nonexpansive), we obtain ey x+1 — exx = (0,0). O

Example 3.3. Let T : [0, 00) x [0,00) — [0, 00) x [0, 00) be given by Tx = x/4. Then the doubly
Mann’s iteration converges to the fixed point of x* = (0,0) but modified doubly Mann's
iteration process with errors does not converge.

Proof. (I) Doubly Mann’s iteration converges because the sequence exx — (0,0) as we can
see,

€lkk

ek = (1 — ak)ew + ax 1

3
(-2

= H(l - 3%”)%,0
m=1

<exp <— - zxk> — (0,0).
k=1

The last inequality is true because 1 — x < exp(—x), for all x > 0 and >};_; ax = oo.

(3.27)

1 W
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(II) The origin is the unique fixed point of T.

(III) Note that, modified doubly Mann’s iteration process with errors does not converge
to the fixed point of T, because the sequence ey .1 - (0,0) as we can see and by
using (3.1), we obtain

Yik = axeri + (1 - zxk)eil—’k + AW g = (1 +fak >ek,k + Wi k- (3.28)

Putting u = ey,
ki1 = Prek + (1 - Pr) ((1 +43ak )ek,k + akwk,k> + Pivick. (3.29)
Letting k — oo, we deduce that ey .1 = (0,0). ]

4. Convergence to a Zero of Accretive Operator

In this section, we prove a convergence theorem for m-accretive operator in Banach spaces.
Let X be a real Banach space. Recall that, the (possibly multivalued) operator A with domain
D(A) and range R(A) in X is accretive if, for each x; € D(A) and y; € Ax; (i = 1,2), there
exists a j € J(x — x1) such that

(y2-11,j) 20. (4.1)

An accretive operator A is m-accretive if R(I+rA) = X for each r > 0. Throughout this section,
we always assume that A is m-accretive and has a zero. The set of zeros of A is denoted by F.
Hence,

F={zeD(A):0e€ A(z)} = A(0). (4.2)

For each r > 0, we denote by J, the resolvent of A, thatis, J, = (I + rA)_l. Note that if A
is m-accretive, then J, : X — X is nonexpansive and Fix(J,) = F for all r > 0. We need the
resolvent identity (see [19, 20] for more information).

Lemma 4.1 ([7] (the resolvent identity)). For A >0, u > 0and x € X,

Jix = ],4<§x + (1 - %)]pc). (4.3)

Theorem 4.2. Assume that X is a uniformly smooth Banach space, and A is an m-accretive operator
in X such that A7 (0) # @. Let {xx ) be defined by

Xp0 =X € X,

Ykn = ]r,,xk,n/ (44)

Xins1 = Onth + (1= ) Y + Wi
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Suppose {a,} and {r,} satisfy the conditions,

(i) imy o ay, =0 and >y = oo,
(i) X2 lans1 — an| < oo,

(iii) r, > € for some € > 0 and for all n > 1. Also assume that

1-

>

n=1

Tn-1
Tn

< oo. (4.5)

Then, {xxn} converges strongly to a zero of A.

Proof. First of all we show that {xy ,} is bounded. Take p € F = A71(0). It follows that

lx¢n =Pl = |lante + (1= an) Jr, Xien + ctntorn = p|
(4.6)
< ayllu = pll + (1= an) |20 = p| + @n||wical|
By induction, we get that
[|xkn = p|| < max {||xo00 = pll, llu=pll, |woo||} k,n>0. (4.7)
This implies that {xx ,} is bounded. Then, it follows that
[|xkm1 = Jr, Xign || — O (4.8)
A simple calculation shows that
X1 = Xien = (0 — 1) (U= Yino1) + (1= ) (Yin — Yin-1) + AnWicn — X1 Wi 1. wo)

The resolvent identity (4.3) implies that

Ty— Ty—
Yin = ]r,,,1< : 1xk,n + <1 - : 1>]rnxk,n>/ (410)

n n
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which in turn implies that

”]/k,n — Ykn-1 ” = ]rn 1

Tn-1 Tn-1
— Xk, nt ]r,,xk,n - ]r,,_l Xkn-1||,
Tn Tn

Tn-1 Tn-1
= {[Jr. 1( Xk — Xk,n- 1> + (1 - >]r,,xk,n
Tn Tn

= ]rn 1 rn 1 — Xkn + Xk — xk,n—l) + <1 - rnil)]rnxk,n
n n
= ]rn1|:< )xkn+ (xkn_xkn 1)] <1_ . )]r,,xk,n (411)
n
Tn-1
= (1 - r )(]rn,l - xk,n) + ]r,,,l (xk,n - xk,n—l)
n
< 1- % || ]r,,xk,n - ]r,,,lxk,n” + ”]r,,,lxk,n - ]rn,lxk,n—l ”
n
<(1- % || ]r,,xk,n - ]r,,,lxk,n” + ”xk,n - xk,n—1||'
n
Combining (4.9) and (4.11), we obtain
Ty—
It =l < (1= ) = w00 + M = 2| [1- 22 )
Tn (4.12)

+ oty || Wi

where M is a constant such that M > max{||u — Ykl || JrXkn — Xknl|} foralln > 0 and r > 0.
By assumptions (i)—(iii) in the theorem, we have that lim, ., a, = 0, >, @, = oo, and
(len = apa| + |1 = r4-1/7y|) < oo. Hence, Lemma 2.5 is applicable to (4.12), and we conclude
that [|xkn41 = Xkull — 0.

Take a fixed number r such that ¢ > r > 0. Again from the resolvent identity (4.3), we

r r
( Xk t <1 - _>]r,,xk,n> - ]rxk,n
T T
r 4.1
< <1__>||xk,n_]rnxk,n” ( 3)
Tn

< ||%n = Xkt || + | %k me1 = Jru Xk || — O.

find

”]rnxkn ]rxkn” =

It follows that

||xk,n+1 - ]rxk,n+1 ” < ||xk,n+1 - ]rnxk,n” + | ]r,,xk,n - ]rxk,n” + ”]rxk,n - ]r-xk,n+1 ”

(4.14)

< ||xk,n+1 - ]r,,xk,n” + | Jra Xk = ]rxk,n” + ”xk,n = Xk,n+1 ”
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Hence,

”xk,n - ]rxk,n” — 0. (4.15)

Since in a uniformly smooth Banach space the sunny nonexpansive retract Q from X onto the
fixed point set Fix(J,)(= F = A71(0)) of J, is unique, it must be obtained from Reich’s theorem
(Lemma 2.4). Namely, Q(u) = s —lim;_,0 z;, u € X, where t € (0,1) and z; € X solve the fixed
point equation

zt = X = H = X ) + (1= ) (Jrxr — Xk ). (4.16)
Applying Lemma 2.3, we get

2t = Xt ||” = (1= 2| Jrze = xicn||” + 26t = X1, J (26 = X1) )
(4.17)

<(1- t)2||zt - xk,n”2 +an(t) +2t(u—zy, J (21 = Xin) ) + 2t|| 2t — Xk

7

where a,,(t) = 2||z¢ = Xinll - 1 JrXkn — Xicnll + || JrXkn — Xkl — 0by (4.15). It follows that

t 1
(ze —u, J (2t — Xpn) ) < E”Zt - xk,n”2 + Za"(t)' (4.18)
Therefore, letting k,n — oo in (4.18), we get
klim sup (zt —u, J (2t — Xkn)) < %M, (4.19)
N — 00

where M is a constant such that M > ||z; — xx »||* for all t € (0,1) and n > 1. Since z; — Q(u)
strongly and the duality map ] is norm-to-norm uniformly continuous on bounded sets of X,
it follows that (by letting t — 0in (4.19))

k}}goo sup <M - Q(u)/](xk,n - Q(u))> <0, (420)

k1 = Q) |I* = [lan (e = Q) + (1 = n) (Jr, Xk = Q) |I*
<(1- an)2||]rnxk,n -Q(u) ||2 + 20, (u— Qu), J (xk 1 — Qu))) (4.21)
< (1= an)||xkn - Q(u)”2 +2a,(u—Qu), J (xkn — Qu))).

Now we apply Lemma 2.5 and using (4.20), we obtain that ||xx, — Q(u)|| — 0. O
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5. Weakly Convergence Theorems

We next introduce the following iterative scheme. Given an initial xg¢ € C, we define (xy )
by

X1 = WX + (1= ) Jr, Xin + @i n,  k,n > 0. (5.1)

Theorem 5.1. Let X be a uniformly convex Banach space with a Frechét differentiable norm. Assume
that X has a weakly continuous duality map ], with gauge ¢. Assume also that

(1) a, — 0,

(ii) r, — oo.
Then, the scheme (5.1) converges weakly to a point q in F.

Proof. First, we observe that for any p € F, the sequence {||xx, — p||} is nonincreasing.
Indeed, we have by nonexpansivity of J;,,

”xk,n - P” = ”anxk,n + (1 - an)]r,,xk,n + dplgn — P”
< tnlxin = pll + (1= an) |, xXicn =Pl + an|uicn | (5:2)

= [l = Il + a2

In particular, {x,} is bounded, so is { ], xk}. Let Wy, (xk ») be the set of weak limit point of
the sequence {xy,}.
Note that we can rewrite the scheme (5.1) in the form

xk,n+1 = Tnxk,n/ k/ n Z 0/ (53)

where T, is the nonexpansive mapping given by
Tux = apx + (1-ay) Jr,x + ayu, x€C. (5.4)
Then, we have F(T,) = F(J,,) = F for n > 1. Hence, by Lemma 2.7, we get
(@-aJ(fi=f))=0, 4,4 €Wu(xn), fi,fr€F (5.5)

Therefore, {x,} will converge weakly to a point in F if we can show that Wy, (xk,) C F. To
show this, we take a point v in Wy, (xx ). Then we have a subsequence {xy,,} of {xi,} such
that xx ,, — v. Noting that

||xk,n+1 - ]r,,xk,n” = ”‘ank,n - an]r,,xk,n + anuk,n”
(5.6)
< an”xk,n - ]r,,xk,n” + lxn”uk,n” —0,
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we obtain
Ar,,i,lxk,n,-—l C A]rni—lxk,n,-—ll
(5.7)
Ay, 1 XK1 — 0, Jr, 1%k -1 — 0.
By Lemma 2.6, we conclude that 0 € Av, thatis, v € F. O

Theorem 5.2. Let X be a uniformly convex Banach space which either has a Frechét differentiable
norm or satisfies Opial’s property. Assume for some € > 0,

()e<ap,<l-€eforn>1,
(ii) r, > eforn > 1.

Then, the scheme (5.1) converges weakly to a point q in F.

Proof. We have shown that limy , — o || Xk » — p|| exists for all p € F. Applying Lemma 2.7(i), we
have a strictly increasing continuous function g : [0,00) — [0, 00), g(0) =0, such that

”xk,ml - P”2 = ”“nka + (1= atn) Jr, Xk + Qi — P”2

= [letn ((tin = p) +14) + (1 = tn) U, Xign = p) ||

(5.8)
2 2 2
= |k = p||” + | i || + (1 = an) || T, x0n = |
= an (1 = ) g ([[xicn = Jr, Xt |-
This implies that
(1= an) (|| = T Xinll) < [l2in = pII* = [l2n = pII™ (5.9)
Since a,, (1 — ar,) > €2, we obtain by (5.9) that
> 8(|xkn = Jrxin]]) <00 = Jim | = Jr, x| = 0. (5.10)
on 1 — 00
For any fixed A € (0,1), by Lemma 4.1, we have
A A
]r,,xk,n = ])L<_xk,n + <1 - _>]r,,xk,n>‘ (511)
n Tn

We deduce that

<£xk,n + <1 - i)]r,,xk,n> — Xkn
Tn Tn

A
= (1= 2 ) i = Tt 512

< ”xk,n - ]rnxk,n” —0 (n — OO)

”]rnxk,n - ]/\xk,n ” <
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Therefore we obtain by (5.9) that

||xk,n — ])ka,n” — 0 (1’1 — oo), Ae (0,1). (5.13)

Apply Lemma 2.9 to find out that Wy, (xx,) C F(Jy) = F. It remains to show that Wy, (xk ) is
a singleton set. Towards this end, we take p, g € Wy, (xk ) and distinguish the two cases.
In case X has a Frechét differentiable norm, we apply Lemma 2.8 to get

(p-9,J(p-9)) =0, (5.14)

hence, p = g. In case X satisfies Opial’s condition, we can find two subsequences {xi,},
{Xkm ; } such that xx ., — p, Xkm; — q- If p # q, Opial’s property creates the contradiction,

M [lxen = pll = lm [lxes, —pll < lim [l - q]]

= m Mo =all < i e, =l (8:15)

= lim x|

In either case, we have shown that Wy, (xx ) consists of exact one point, which is clearly the
weak limit of {xy,}. O

Remark 5.3. The schemes (3.1), (4.4), and (5.1) generalize and extend several iteration
processes from literature (see [7, 8, 17, 21-25] and others).
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