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1. Introduction

Let H be a real Hilbert space with inner product (-, -) and inducted norm || - ||, and let C be a
nonempty closed and convex subset of H. Then, a mapping T : C — C is said to be

(1) nonexpansive if ||Tx — Tyl < ||x - y||, for all x, y € C;
(2) quasi-nonexpansive if |[Tx — p|| < ||x — p||, forall x € C and p € F(T);

(3) L-Lipschitzian if there exists a constant L > 0 such that ||Tx — Ty|| < L||x — y||, for all
x,y € C. We denoted by F(T') the set of fixed points of T

In 1953, Mann [1] introduced the following iterative procedure to approximate a fixed
point of a nonexpansive mapping T in a Hilbert space H:

Xpy1 = AnXy + (1 —a,)Tx,, VYVne€N, (1.1)

where the initial point xy is taken in C arbitrarily and {a,} is a sequence in [0, 1].
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However, we note that Mann’s iteration process (1.1) has only weak convergence, in
general; for instance, see (2, 3].

Many authors attempt to modify the process (1.1) so that strong convergence is
guaranteed that has recently been made. Nakajo and Takahashi [4] proposed the following
modification which is the so-called CQ method and proved the following strong convergence
theorem for a nonexpansive mapping T in a Hilbert space H.

Theorem 1.1 (see [4]). Let C be a nonempty closed convex subset of a Hilbert space H and let T be a
nonexpansive mapping of C into itself such that F(T) # 0. Suppose that x1 = x € C and {x,,} is given

by

Yn = XXy + (1 - an)Txn/

Co={zeC:|lyn—2z| < lxn -z},
(1.2)
Qn={zeC:{(xp—z,x—-x,) >0},

Xn+1 = Pc,ng,x, VYn €N,

where 0 < a, < a < 1. Then, {x,} converges strongly to zg = Pr)X.

Letyp : H — RU {0} be a function and let F be a bifunction from C x C to R such
that C ndom ¢ # 0, where R is the set of real numbers and dom ¢ = {x € H : ¢(x) < oo}. The
generalized equilibrium problem is to find x € C such that

F(x,y) +9(y) —p(X) 20, VyeC (1.3)

The set of solutions of (1.3) is denoted by GEP(F, ¢); see also [5-7].

If o : H — RU {c0o} is replaced by a real-valued function ¢ : C — R, problem (1.3)
reduces to the following mixed equilibrium problem introduced by Ceng and Yao [8]: find
X € C such that

F(x,y) +¢(y) -¢(x) 20, VyeC. (1.4)

Let p(x) = 6c(x), for all x € H. Here 6¢ denotes the indicator function of the set C; that is,
6c(x) = 0if x € C and 6¢c(x) = oo otherwise. Then problem (1.3) reduces to the following
equilibrium problem: find X € C such that

F(x,y) 20, VyeC (1.5)

The set of solutions (1.5) is denoted by EP(F). Problem (1.5) includes, as special
cases, the optimization problem, the variational inequality problem, the fixed point problem,
the nonlinear complementarity problem, the Nash equilibrium problem in noncooperative
games, and the vector optimization problem; see [9-12] and the reference cited therein.

Recently, Tada and Takahashi [13] proposed a new iteration for finding a common
element of the set of solutions of an equilibrium problem and the set of fixed points of a
nonexpansive mapping T in a Hilbert space H and then obtain the following theorem.
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Theorem 1.2 (see [13]). Let H be a real Hilbert space, let C be a closed convex subset of H, let
F : CxC — R bea bifunction, and let T : C — C be a nonexpansive mapping such that F(T) N
EP(F) #@. For an initial point x1 = x € C, let a sequence {x,} be generated by

F(un,y) + rl(y—un,un—xn> >0 VyeC,

Yn = XXy + (1 - an)Tun/

1.6
Co={z€C:|lyn—z| < llxn—zl}, (1.6)
Qun=1{z€C:{(xy-z,x,—x) <0},

Xn+l = Pcannx, Vn e N,

where 0 < a, < a < 1and liminf, _, 1, > 0. Then, {x,} converges strongly to Pr(r)nep(r)X.

Let A: H — H be a single-valued nonlinear mapping and let M : H — 2H be a
set-valued mapping. The variational inclusion is to find X € H such that

0 e AR+ M%), (1.7)

where 6 is the zero vector in H. The set of solutions of problem (1.7) is denoted by I(A, M).
Recall that a mapping A : H — H is called a-inverse strongly monotone if there exists a
constant a > 0 such that

(Ax - Ay, x-y) > a||Ax - Ay 2

Vx,y € H. (1.8)

A set-valued mapping M : H — 2™ is called monotone if for all x,y € H, f € M(x),
and g € M(y) imply (x -y, f — g) > 0. A monotone mapping M is maximal if its graph
G(M) = {(f,x) € Hx H : f € M(x)} of M is not properly contained in the graph of any
other monotone mapping. It is known that a monotone mapping M is maximal if and only if
for (x, f)e HxH,(x-y,f-g) >0forall (y,g) € G(M) imply f € M(x). We define the
resolvent operator Jj) associated with M and A as follows:

Tama(x) = (I+AM)(x), xe€H, A>0. (1.9)

It is known that the resolvent operator Jj;, is single-valued, nonexpansive, and 1-
inverse strongly monotone; see [14], and that a solution of problem (1.7) is a fixed point of
the operator Jpry(I — AA) for all A > 0; see also [15]. If 0 < A < 2a, it is easy to see that
Jma(I — LA) is a nonexpansive mapping; consequently, I(A, M) is closed and convex.

The equilibrium problems, generalized equilibrium problems, variational inequality
problems, and variational inclusions have been intensively studied by many authors; for
instance, see [8, 16—43].

Motivated by Tada and Takahashi [13] and Peng et al. [7], we introduce a new
approximation scheme for finding a common element of the set of fixed points of a finite
family of quasi-nonexpansive and Lipschitz mappings, the set of solutions of a generalized
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equilibrium problem, and the set of solutions of a variational inclusion with set-valued
maximal monotone and inverse strongly monotone mappings in the framework of Hilbert
spaces.

2. Preliminaries and Lemmas

Let C be a closed convex subset of a real Hilbert space H with norm || - || and inner product
(+,+). For each x € H, there exists a unique nearest point in C, denoted by Pcx, such that
[l = Pcx|| = minyec||x — yl|. Pc is called the metric projection of H on to C. It is also known that
forx € H and z € C, z = Pcx is equivalent to (x — z,y — z) <0 for all y € C. Furthermore

||y—ch||2+ llx — Pex|* < ||x—y||2 (2.1)
forall x € H, y € C; see also [4, 44]. In a real Hilbert space, we also know that
A + (1= Vy|* = Mxl? + 1= V[y]* - 2a -V |lx -y (2.2)

forall x,y € H and A € [0,1].

Lemma 2.1 (see [45]). Let C be a nonempty closed convex subset of a Hilbert space H. Then for
points w, x,y € H and a real number a € R, the set

D= {z eC:lly-zlI? < llx -zl + (w,z) + a} is closed and convex. (2.3)

For solving the generalized equilibrium problem, let us give the following assump-
tions for F, ¢, and the set C:

(A1) F(x,x) =0forallx € C;

(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forallx,y € C;
(A3
(A4

for each y € C,x — F(x, y) is weakly upper semicontinuous;
for each x € C, y — F(x,y) is convex;

(A5) for each x € C, y — F(x, y) is lower semicontinuous;

)
)
)
)
)
(B1) for each x € H and r > 0, there exists a bounded subset D, C C and y, € CNdom ¢
such that for any z € C \ Dy,

F(z,yx) +¢(yx) + %(yx -z,z-x) < @(z); (2.4)

(B2) Cis a bounded set.

Lemma 2.2 (see [7]). Let C be a nonempty closed convex subset of a real Hilbert H. Let F be a
bifunction from C x C to R satisfying (A1)—(A5) and let ¢ : H — R U {0} be a proper lower
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semicontinuous and convex function such that Cndom ¢ # @. For r > 0 and x € H, define a mapping
Sy H — Cas follows:

Sr(x) = {z €eC:F(zy)+o(y) + %(y—z,z—x) >¢(z), Yy € C}. (2.5)

Assume that either (B1) or (B2) holds. Then, the following conclusions hold:

(1) for each x € H, S, (x) #0;
(2) S, is single-valued;

(3) S, is firmly nonexpansive, that is, for any x,y € H,

IIS,(x) - 5r(3/)||2 < <Sr(x) - Sr(y)rx - y>; (2.6)

(4) F(S;) = GEP(F, p);
(5) GEP(F, y) is closed and convex.

Lemma 2.3 (see [14]). Let M : H — 2 be a maximal monotone mapping and let A: H — H be
a Lipshitz continuous mapping. Then the mapping S = M + A : H — 2H is a maximal monotone

mapping.

Lemma 2.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T be a quasi-
nonexpansive and L-Lipschitz mapping of C into itself. Then, F(T) is closed and convex.

Proof. Since T is L-Lipschitz, it is easy to show that F(T) is closed.
Letx,y € F(T) and z = tx + (1 — t)y where t € (0,1). From (2.2), we have

lz=Tz|? = tx = Tz|* + (1 - 1) |y - Tz||* -t - )||x - y||?
<tlx =zl + A=y -zl -1 - )]l x -y (27)

=t1-t)lx-y|*+ Q-2 |x-y[* - tA -t [x-y|* =0,

which implies z € F(T); consequently, F(T) is convex. This completes the proof. O

Lemma 2.5 (see [46]). In a strictly convex Banach space X, if
Il = [yl = l4x + (1 = 1y | (2.8)

forall x,y € Xand A € (0,1), then x = y.
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In 1999, Atsushiba and Takahashi [47] introduced the concept of the W-mapping as
follows:
U =pTi+(1-p)I,
U, = ppLU + (1- o)1,

(2.9)

Un-1 = pnaTn-1Uno + (1 - Pn-1)],
W =Uy =pNINUn- + (1-BN)I,

where {Ti}f\:j1 is a finite mapping of C into itself and f; € [0,1] for alli = 1,2,..., N with
Zgl pi=1.

Such a mapping W is called the W-mapping generated by Ti,T,...,Tn and
B1,Ba, - .., Bn; see also [48-50]. Throughout this paper, we denote F := N, F(T;).

Next, we prove some useful lemmas concerning the W-mapping.

Lemma 2.6. Let C be a nonempty closed convex subset of a strictly convex Banach space X. Let {T;} Y,
be a finite family of quasi-nonexpansive and L;-Lipschitz mappings of C into itself such that F :=
ﬂf\:ﬂF(Ti) #Qandlet 1, Bo, ..., PN be real numbers such that0 < p; < 1foralli=1,2,...,N-1,0<
Bn < 1,and XN, Bi = 1. Let W be the W-mapping generated by Ty, T, ..., T and p1,Ba, ..., Bn-
Then, the followings hold:

(i) W is quasi-nonexpansive and Lipschitz;
(if) F(W) = N4 F(Ty).

Proof. (i) For each x € C and z € F, we observe that
ITix = z|| < ||x - z]|- (2.10)

Letk € {2,3,...,N}, then

[Ukx - z|| = || BTl k1x + (1 = i) x — z||

(2.11)
< BrllUpax =zl + (1= ) llx - z]|.

Hence,

[Wx = z|| = [Unx - 2|
<PNIIUN-1x = 2] + (1= ) lIx - 2|

< PN (Bn-1llUn—2x = 2| + (1= Bn-1) llx = z[|) + (1 = Bn) [|x — 2]
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< PN (Bn-1 (BN-2llUn-sx = z|| + (1 = Bn=2) X — z||) + (1 = Bn-1) lIx — z]I)
+(1-pn)llx -zl

<PAN (BN (B2 (B2 (PillTrx =zl + (1= Bo)llx = z]|) + (1 = o) llx - zI])

+o+ (1= Bn2)llx = zl) + (1= Bn-1)llx = zll) + (1= Bn) llx - =]
<PN(Bna(Pn—2 - (Pa(Prllx =zl + (1= pr)llx = zl)) + (1= B2) lIx - =)

+o 4 (1= Pn2)llx = zll) + (1= pn-1)llx = zl) + (1= Bn) llx = 2|
= BN (B (Pn-2 -+ (B3 (Ballx — 2l + (1 = B2) llx = z[|) + (1= f3) | — zII)

+oot (L= =) llx = z[l) + (1= By llx = 2) + (1 - ) llx - 2|

= [l = z|.

(2.12)

This shows that W is a quasi-nonexpansive mapping.
Next, we claim that W is a Lipschitz mapping. Note that T; is L;-Lipschitz for all i =
1,2,...,N.For each x,y € C, we observe

|Urx - Uy = |fiTix + (1= pr)x = piTay - (1= Bo)y||
<ATix - Ty|| + (1 - o) [l x - || (2.13)
< (BiLi+ (1=p0)[|x - y]|-

Letk € {2,3,...,N}, then

ix = Uy | = |BeTillicax + (1 = ) x = feTilliay = (1= )y |

(2.14)
< eLel| U1 - Uiy + (1- ) - vl

Hence,

[Wx - Wyl <BNLn||[Unax =Unay| + (1-pn) || x -y
< PNLNPN- LN ||[UNn-2x = Uno2y||
+ (BNLn (1 = Bn-1) + (1= PN)) |l x - v
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< PNLNPN-1LN-1 -+ foLa||Urx - Uy ||
+ (PNLNPN-1LN-1+ - f3L3(1 = f2)
+ PNLNPN-aLN-1 -+ PaLa(1 - B3)
++o+ BNLN (1= pn-1) + (1= ) [lx - v
< PNINPN-LN-1 - BoLa(BiLly + (1= o) [[x = y|)
+ (BNLNBN-1LN-1-+- B3L3(1 - B2)
+ PNLNPN-LN-1 -+ PaLa(1 - B3)
0+ NI (1= Pner) + (1= Bn)) [|x - v
= (ﬂNLNﬂN-lLN-l By
+BNLNPN-1LN-1- - faLa(1 - fr)
+PNLNPN-aLN-1 -+ P3la(1 - B2)
+PNLNPN-aLN-1 -+ PaLla(1 - B3)
+o0+ NIN (1= Pnen) + (1= Bn) [l - v
< (LnLn-1-+-Ly+LnLnoi-+ Ly + LyLnt -+ Ls

+LNLn-1+-Ly+---+ LyLno1 + Ly + 1) || x = y||-
(2.15)

Since L; >0 foralli=1,2,...,N, we get that W is a Lipschitz mapping.
(ii) Since F C F(W) is trivial, it suffices to show that F(W) C F. To end this, let p €
F(W) and x* € F. Then, we have

lp—x"|| = [Wp - x*|| = [|Bn (TnUn-1p - x7) + (1= pn) (p = x7) |
<P f[Un-ap = x| + (1= ) [lp = 7|
= BN |BN-1 (TnaUN-2p = x7) + (1= pn-1) (p = x7) || + (1 - Bn) [[p - x7||
< PPN l|Un—2p = X7 || + (1= Bnpr-r) [P — 27|
= PP [|Pn-2(Tn2Un-sp = x7) + (1= Pn2) (p = x7) || + (1= Pnpn-a) [lp - *°
< PnPN-aPn-2[[Un-sp = x"[| + (1= pnpn-1Bn-2) [lp — x|

= PNBN-1 - Bsl| B2 (Tollap = x*) + (1= o) (p — x*) || + (1 = BnPn-1 -+ B3) |lp — 7|
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< PNPN-1- Bl Tollnp = x7|| + (1= Pnpn-a - Bo) [l — 7|

< BNPN-1 o |Unp = x| + (1= PP B2) [lp = x7||

=pnPn-a- Bo||pr(Tip = x7) + (1= pr) (p = x7) [ + (1= BnPn-a - Bo) lp = 7|
<PnpN-1- Bopr[|Tap = 7| + (1= BnPa - o) [lp — x|

< BNPN-1 - Pofrlp = X7 + (1= PnPr-a Bapr) lp = 7| = [lp — 7|

(2.16)

This shows that

lp = x|l = Pnprn-1- Bollfr(Tap = x*) + (1= Pr) (p = x) | + (1 = Pnpn-r - o) [P — x|,

(2.17)
and hence
lp = x| = |1 (Tap = x*) + (1= 1) (p — x") |- (2.18)
Again by (2.16), we see that ||p — x*|| = || Tip — x*||. Hence
lp = x*|| = [|Tip = x*[| = [|1(Tip = x) + (1= p1) (p - x") |- (2.19)

Applying Lemma 2.5 to (2.19), we get that T1p = p and hence Up = p.
Again by (2.16), we have

lp = x| = PnPr-s - Bl B2 (Tellip = x7) + (1= B2) (p = x7) || + (1= Pnpn-1B3) lp = X7

(2.20)
and hence
[lp = x*[| = [|f2(Tollip = x*) + (1= f2) (p — x7) || (2.21)
From (2.16), we know that |Uyp — x*|| = [ ToUsp — x*|. Since Uyp = p, we have
llp = x| = [|Tap = x"[| = || B2(Top = x*) + (1 - f2) (p — ") ||- (2:22)

Applying Lemma 2.5 to (2.22), we get that Top = p and hence U,p = p.
By proving in the same manner, we can conclude that Tip = p and U;p = p for all
i=1,2,...,N —1. Finally, we also have

lp - Twpll < llp=Wpll + |Wp=Tnp|| = lp - Wp|| + (1 - Bn) |lp - Twell, (2.23)

which yields that p = Txp since p € F(W). Hence p € F := N\, F(T;). O
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Lemma 2.7. Let C be a nonempty closed convex subset of a Banach space X. Let {T;}~, be a finite
family of quasi-nonexpansive and L;-Lipschitz mappings of C into itself and {Bn;}~, sequences in
[0, 1] such that B,; — Pias n — oo. Moreover, for every n € N, let W and W, be the W-mappings
generated by Ty, T, ..., Tnand B, Bo, ..., pnand 11, Ty, ..., T and By, Pup, - - -, Pu,N, respectively.
Then

lim [W,x - Wx|| =0, VxeC. (2.24)

Proof. Let x € C and Ui and U,k be generated by T1,Ty,...,Tx and pi, s, ..., P and
T, Ty, ..., Tk and Bu1, Pu2, - - -, Puk, respectively. Then

[Unax = Urxll = || (Bug = Br) (Trx = x)|| < |Bua = Br|ITrx — x]|. (2.25)
Letk € {2,3,...,N}and M = max{||TxUk-_1x|| + ||x]| : k =2,3,..., N}. Then

U ex = Ukx|| = || Brsc Tl g-1x + (1 = Bui)x = BiTiclie—1 — (1 = Bie) x||
= || Bui Tl -1 = Puix — BTl -1 + Prx||
< Pl Tl k-1 = TelTga x| + | Bk = Brc| ITielTi-1 x| + | Bk = Bre]llx]|
< LUy je-1x = Ui x| + | B — Pic| M.

(2.26)

It follows that

[Wax = Wx|| = [[Unnx — Unx]||
< LUy N-1x = Unax]| + |fun = BN |M
< Ly (LN U N-2x = Uno2xX|| + |Bon-1 = Pn-1| M) + |Bun — BN |M
= LNLn-1 U, N—2x = Uno2x|| + Ln|Br,N-1 — Pn-1|M + | Bun — PN | M

< LNLn-1-+- Ly(Lo|[Uppx = Unx|| + |Bu2 = fo| M)
+ LNLn-1---La|Bus = Bs|M + - + Ln|Bun-1 — Bn-1|M + |Bun — Bn|M
< LNLn-1-+-La|Bni = Bu|IITax = x|| + LNLn-1 -+ La| Bn2 — B2 | M

+ LNLn-1-+-La|Bus = B3| M + -+ + Ln | fun-1 — Bn-1| M + |Bun — B | M.
(2.27)

Since f,; — Piasn — oo (i=1,2,...,N), we obtain the result. O



Fixed Point Theory and Applications 11

3. Strong Convergence Theorems

In this section, we prove a strong convergence theorem which solves the problem of finding
a common element of the set of solutions of a generalized equilibrium problem and the set
of solutions of a variational inclusion and the set of common fixed points of a finite family of
quasi-nonexpansive and Lipschitz mappings.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, let F : CxC — R
be a bifunction satisfying (A1)—(A5), let ¢ : C — R U {oo} be a proper lower semicontinuous and
convex function, let A : H — H be an a-inverse strongly monotone mapping, let M : H — 2H bea
maximal monotone mapping, and let {T;}~, be a finite family of quasi-nonexpansive and Li-Lipschitz
mappings of C into itself. Assume that Q := ﬂf\zle(Ti) N GEP(F, ) N I(A, M) #0 and either (B1)
or (B2) holds. Let W, be the W-mapping generated by T1,T,,...,Tn and Py, Pno, ..., PuN. For
an initial point xo € H with C; = C and x1 = Pc,xo, let {x,}, {ya}, {zn}, and {u,} be sequences
generated by

1
Funy) + () = ¢p(un) + —(y =ttty =) 20, Yy €C,
n

Yn = XXy + (1 - lxn)Wnun/

Zn = ]M,)L,, (]/n - )LnAyn)/ (31)

Chi1 = {Z €Cu:|lzn—z[ < ”yn _Z” <|lxn _Z”}/

Xpi1 = Pc,,x0, VYn €N,

n+l

where {a,} C [0, a] for some a € [0,1), {r,} C [b,o0) for some b € (0,00) and {A,} C [c,d] for
some c,d € (0,2a).
Then, {x,}, {yn}, {zn}, and {u,} converge strongly to zy = Pax.

Proof. Since 0 < ¢ < A, < d <2aforalln € N, we get that Jar, (I -1,A) is nonexpansive for all
n € N. Hence, ;21 F(Jma, (I — ApA)) = I(A, M) is closed and convex. By Lemma 2.2(5), we
know that GEP(F, ¢) is closed and convex. By Lemma 2.4, we also know that F := O\, F(T;) is
closed and convex. Hence, & := ﬂf;’lF (Ti)NGEP(F, p)NI(A, M) is a nonempty closed convex
set; consequently, Poxg is well defined for every xp € H.

Next, we divide the proof into seven steps.

Step 1. Show that Q c C,, for all n € N.

By Lemma 2.1, we see that C,, is closed and convex for all n € N. Hence Pc,, xy is well
defined for every xo € H, n € N. Let p € Q. From u,, = S;,x, and p = Jpm, (p — LnAp) for all
n € N, we have

20 =PIl = 176, (Y0 = 1aAyn) = Tmia, (p = 1nAp) |
< lyn -l
< aty||xn — p|| + (1= an) |[Wann - p||

(3.2)
< a2 —pll + (1= aw)||un - p|

= ay||x, —p|| + (1 - an)||Sr, %0 — Sr,p
< [|xn = pl|-

It follows that p € C,41, and hence Q ¢ C,, for all n € N.
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Step 2. Show that lim,, _, ;||x,, — xo|| exists.

Since Q is a nonempty closed convex subset of C, there exists a unique element z, =
Poxp € Q ¢ C,. From x,, = Pc, xp, we obtain

[l = x0ll < [|zo = xol|- (3.3)

Hence {||x, — x¢||} is bounded; so are {y,}, {z,}, and {u,}.
Since x,41 = Pc,,,x0 € Cpy1 C Cy, we also have

ll6n = 0l < [|2¢n41 = xoll- (3.4)

From (3.3) and (3.4), we get that lim,, _, ;|| x,, — x0|| exists.
Step 3. Show that {x,} is a Cauchy sequence.

By the construction of the set C,;, we know that x,, = Pc,, xo € C,, C C,, for m > n. From
(2.1), it follows that

2 2 2
ll%m = 2™ < {126m = Xo0[|” = 1% = X0 — O, (3.5)

asm,n — oo. Hence {x,} is a Cauchy sequence. By the completeness of H and the closeness
of C, we can assume that x, — g€ C.

Step 4. Show thatg € F.

From (3.5), we get

[|%n41 = x4 — O, (3.6)

asn — oo. Since x,,1 € C,1 € C,, we have

1zn = xnll < 1zn = Xneall + 13041 = Xl < 2[|2041 = 20l — O, (3.7)

asn — oo. Hence, z, — gasn — oo. By the nonexpansiveness of Jj;,, and the inverse
strongly monotonicity of A, we obtain that

20 =PI < [[yn = L Aya - (p - L Ap) |
< |lyn = I + An(hn = 20) | Ay - Ap||® (3.8)

< |xn - p||2 +c(d-2a)|| Ay, - Ap||2.
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This implies that

c(a - d)||Aya - Ap||” < |xa = p|* - |12 - pII”

(3.9)
< llacw = zall([|xn = | + [|z0 = pI)-
It follows from (3.7) that
lim [| Ay, — Ap|| =0. (3.10)
Since [, is 1-inverse strongly monotone, we have
1z = PII* = 173, (Y = 4nAY) = Taan, (p = AuAp) |
<((Yn = 1nAyn) = (P~ AnAp), zu — p)
1
= 5 (1w = 1aAya) = (o= XuAP) | + |20 = I’
- n - /\nA n) - )LnA - n - g
= 1uAya) = (0 = 1uAp) = 2= p)|°) G
1 2 2 2
< 5 (llyn =PI + llz0 =PI = @ = z0) = Al Aya - AP)|*)
! 2 2 2.0 Ayn - A
< 5 (Il =PI+ l120 =PI = 1y = 2all” + 20 (s = 20, A - AP))
1 2 2 2 A
< 5 (Il =PI+ l1z0 = I = llya = 2all” + 20l = zall[| Ay - Ap][)-
This implies that
1z = PII* < % = PII* = 1y = 2all” + 20 [l yn = zall| Ay — Ap]. (3.12)
It follows that
2
n— Zn SHxn_Zn” Xn — +||Z2n —
I = = (=l + 122 pI) o)
+2d||yn = zu|[| Ay - Ap||-
From (3.7) and (3.10) we get
lim [|y, -z, || =0. (3.14)
It follows from (3.7) and (3.14) that
1
Wity — x4|| = ———||yn — xa]| — 0, (3.15)

1-a,
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asn — oo. Since S, is firmly nonexpansive and u, = S,,x,, we have

|2

R

S <Srnxn - Sr,,P/ Xn — P>

(3.16)
= (tn = p,xn = p)
1
= 2 (st = I+ = I = = ),
which implies that
R o o e (317)
It follows from (3.17) that
lya=pII” < aullxn = plI* + (1 — @) [Waen — p|
< aal|x = pl|” + (1 = @) un — p|’
(3.18)
2 2
<l = pl* + (=) ([l = pII” = 1w~ el
= [l =pII” = (1 = @) v =
which yields that
(1= @)xn = wnl® < |20 = |* = |y - p|I*- (3.19)
Hence, from (3.7) and (3.14), we also have
Jim [lxy - ]| = 0. (3.20)
It follows from (3.15) and (3.20) that
Tim iy = Wt | = 0. (3.21)

By Lemma 2.7, we also get that lim,_, .||, — Wu,|| = 0. From Lemma 2.6(i), we know that
W is Lipschitz. Since u, — gasn — oo, it is easy to verify that g € F(W). Moreover, by
Lemma 2.6(ii), we can conclude that g € F := ﬂglP (Ty).
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Step 5. Show that g € GEP(F, ¢).

Since u, = S,,x,, we have
F(un,y) +o9(y) + %(y = U, Un — Xn) = p(Uy), YyeC. (3.22)
From (A2), we have
o(y) + %(y — U, Uy~ X)) > F(y,u) + p(uy), VyeC. (3.23)

It follows from (A5) and the weakly lower semicontinuity of ¢, ||x,—u,||/r,» — 0,andu, — ¢
that

F(y,q) +¢(q) <o(y), VyeC (3.24)

Puty; =ty+(1-t)gforallt € (0,1] and y € CNdom ¢. Since y € CNdom ¢ and g € CNdom ¢,
we obtain y; € C Ndomy, and hence F(y;, q) + ¢(q) < ¢(y:). So by (Al), (A4), and the
convexity of ¢, we have

0=F(yuy:) +o(y:) —o(yr)
<tF(y,y) + (L= OF (y1,9) + to(y) + (1= 1)p(q) - o(y1) (325)
<t[F(yry) +o(y) -9 (y)]-

Hence,
F(yey) +9(y) = 9(yr) 2 0. (3.26)
Letting t — 0, it follows from (A3) and the weakly semicontinuity of ¢ that

F(q,y)+9(y) 2 ¢(q) (3.27)

for all y € CNndom ¢. Observe that if y € C \ dom ¢, then F(q,y) + ¢(y) > ¢(q) holds. Hence
q € GEP(F, ).

Step 6. Show that g € I(A, M).

First observe that A is an (1/a)-Lipschitz monotone mapping and D(A) = H. From
Lemma 2.3, we know that M + A is maximal monotone. Let (v,g) € G(M + A), that is,
g—Av € M(v). Since z, = Jpmp, (Yn — AnAyy), we get v, — M, Ay, € (I + 4, M)(z,), that is,

1

o (Yn = zn — 1nAyn) € M(zy). (3.28)
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By the maximal monotonicity of M + A, we have
1
<v —zn,g— Av - = (Yn — 20 — AnAyn)> >0, (3.29)
and so
1
<‘U - Zn/g> 2 <’U - Zn/AU + ~)t_(]/n —Zn _)‘nA]/n)>
1
= <v —zn, AV — Azy + Az, — Ay, + = (Yn - zn)> (3.30)
n

>0+ (v—zn, Azy — Ayn) + <v—zn,%(yn—zn)>.

n

It follows from ||y, — z4|| — O, |Ay, — Az,|| — Oand z, — g that
lim (v -z, 8) =(v-q,8) 20. (3.31)

By the maximal monotonicity of M + A, we have 6 € (M + A)(q); consequently, g € I(A, M).
Step 7. Show that g = zg = Poxo.

Since x,, = Pc,xp and Q C C,,, we obtain

(x0 = xp,x, —p) >0 VpeQ. (3.32)

By taking the limit in (3.32), we obtain
(xo—q,9-p)>0 VpeQ. (3.33)

This shows that g = Poxg = zo.
From Steps 1-7, we can conclude that {x,}, {y.}, {z.}, and {u,} converge strongly to
zo = Poxp. This completes the proof.

4. Applications

As a direct consequence of Theorem 3.1, we obtain some new and interesting results in a
Hilbert space as the following theorems. Recall that VI(A, C) is the solution set of the classical
variational inequality

(Ax,y-x)>0, VyeC (4.1)
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Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H, let F : CxC — R
be a bifunction satisfying (A1)—(A5), let ¢ : C — R U {oo} be a proper lower semicontinuous and
convex function, let A : C — H be an a-inverse strongly monotone mapping, and let {T;}Y, be
a finite family of quasi-nonexpansive and L;-Lipschitz mappings of C into itself. Assume that Q :=
NN, F(T:) N GEP(F, ) N VI(A,C) #0 and either (B1) or (B2) holds. Let W, be the W-mapping
generated by Ty, To, ..., Tn and PBna, Pno, - - -, Pu,N. For an initial point xo € H with C; = C and
x1 = Pe,xo, let {xn}, {yn}, {24}, and {u,} be sequences generated by

1
F(ttn,y) + @(y) = @) + —(y = thn, tn = 2) 20, Yy €C,

Yn = XXy + (1 - an)Wnun/

zy = Pc (yn - )‘nAyn)/ (4.2)

Ch1 = {Z €Cy:|lzn—zl £ ”]/n _Z” < Jn _Z”}/

Xn41 = Pc,, 1 x0, Vn €N,

n+l

where {a,} C [0, a] for some a € [0,1), {r,} C [b,o0) for some b € (0,00), and {A,} C [c,d] for
some c,d € (0,2a).
Then, {xn}, {yn}, {2}, and {u,} converge strongly to zg = Poxy.

Proof. In Theorem 3.1, take M = 06¢c : H — 2H where 6c : H — [0, 0] is the indicator
function of C. It is well known that the subdifferential 06¢ is a maximal monotone operator.
Then, problem (1.7) is equivalent to problem (4.1) and the resolvent operator Ja;,, = Pc for
all n € N. This completes the proof. O

Next, we give a strong convergence theorem for finding a common element of the set
of solutions of an equilibrium problem, the set of solutions of a variational inclusion and the
set of common fixed points of a finite family of quasi-nonexpansive and Lipschitz mappings.
In order to do this, let us assume that

(B3) for each x € H and r > 0, there exists a bounded subset D, C C and y, € C such
that for any z € C \ Dy,

F(Z,yx) +%<yx—z,z—x> <0. (4.3)

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H, let F : CxC — R
be a bifunction satisfying (A1)—(A5), let A : H — H be an a-inverse strongly monotone mapping,
let M : H — 2" be a maximal monotone mapping, and let {T;}, be a finite family of quasi-
nonexpansive and L;-Lipschitz mappings of C into itself. Assume that Q = (N, F(T;) N EP(F) N
I(A, M) # 0 and either (B1) or (B3) holds. Let W,, be the W-mapping generated by T1,T,, ..., Tn and
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Bni, Bnas -, PnN. For an initial point xo € H with Cy = C and x1 = Pc,xo, let {x,}, {yn}, {2zn},
and {u, )} be sequences generated by

F(un,y) + %(y—un,un—xn> >0, VyeC,

Yn = ApXy + (1 - “n)wnunr

zn = M, (Yn — AnAyn), (4.4)

Cpi1 = {Z €Cy: ”Zn - Z” < ”yn - Z” < ”xn _Z”}/

Xns1 = Pc,,,x0, VYn €N,

n+l1

where {a,} C [0, a] for some a € [0,1), {r,} C [b,o0) for some b € (0,00), and {A,} C [c,d] for
some c,d € (0,2a).
Then, {xn}, {yn}, {zn}, and {u,} converge strongly to zo = Poxy.

Proof. In Theorem 3.1, take ¢(x) = 6c(x), for all x € H. Then problem (1.3) reduces to the
equilibrium problem (1.5). O

Remark 4.3. Theorem 3.1 improves and extends the main results in [4, 13] and the
corresponding results.
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