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1. Introduction

Let E be a Banach space, let C be a closed convex subset of E, and let f be a bifunction from
C x C to R, where R is the set of real numbers. The equilibrium problem is to find

x* € C such that f(x*,y) >0 VyeC. (1.1)

The set of such solutions x* is denoted by EP(f).

In 2006, Martinez-Yanes and Xu [1] obtained strong convergence theorems for finding
a fixed point of a nonexpansive mapping by a new hybrid method in a Hilbert space. In
particular, Takahashi and Zembayashi [2] established a strong convergence theorem for
finding a common element of the set of solutions of an equilibrium problem and the set
of fixed points of a nonexpansive mapping in a uniformly convex and uniformly smooth
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Banach space. Very recently, Su et al. [3] proved the following theorem by a monotone hybrid
method.

Theorem 1.1 (see Su et al. [3]). Let E be a uniformly convex and uniformly smooth real Banach
space, let C be a nonempty closed convex subset of E, and let T : C — C be a closed hemirelatively
nonexpansive mapping such that F(T)#@. Assume that a, is a sequence in [0,1] such that
limsup, _,  a, < 1. Define a sequence x, in C by the following:

xo € C, chosen arbitrarily,
Yn = ]_1 (anJxn + (1 —a,)JTxy),
Ch={z€Cha1nNQni:P(z,yn) <P(z,x4)},

CO = {Z eC: ¢(Z/y0) < ¢(er0)}/ (12)
Qn = {Z € Cpa an—l : (xn —Z,]Xo—]xn> > 0}/
Qo =C,

Xn1 = Ic,no, (X0),

where ] is the duality mapping on E. Then, x, converges strongly to Ilpyxo, where Ilg(ry is the
generalized projection from C onto F(T).

In this paper, motivated by Su et al. [3], we prove a strong convergence theorem
for finding a common element of the set of solutions of an equilibrium problem and the
set of fixed points of a hemirelatively nonexpansive mapping and for finding a common
element of the set of zero points of maximal monotone operators and the set of solutions
of an equilibrium problem in a Banach space by using the monotone hybrid method. Using
this theorem, we obtain three new strong convergence results for finding a solution of an
equilibrium problem, a fixed point of a hemirelatively nonexpnasive mapping, and a zero
point of maximal monotone operators in a Banach space.

2. Preliminaries

Let E be a real Banach space with dual E*. We denote by ] the normalized duality mapping
from E to 2F" defined by

Jx={f €E :(x,f) = lxI* = IfI?}, (2.1)

where (-,-) denotes the generalized duality pairing. It is well known that if E* is uniformly
convex, then | is uniformly continuous on bounded subsets of E. In this case, J is single
valued and also one to one.

Let E be a smooth, strictly convex, and reflexive Banach space and let C be a nonempty
closed convex subset of E. Throughout this paper, we denote by ¢ the function defined by

¢y, x) =yl - 2(y, Jx) + x| (2.2)
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Following Alber [4], the generalized projection I'lc : E — C from E onto C is defined by

Ic(x) = arg mig(])(y,x) Vx € E. (2.3)
S

The generalized projection I'lc from E onto C is well defined and single valued, and it satisfies
(lxll = lyI)* < ¢y, ) < (lxll + llyD*  ¥x,y € E. (2.4)

If E is a Hilbert space, then ¢(y, x) = ||y — x||* and Ic is the metric projection of E onto C.

If E is a reflexive strict convex and smooth Banach space, then for x,y € E, ¢(x,y) =0
if and only if ||x|| = ||lyl|. It is sufficient to show that if ¢(x,y) = 0, then x = y. From (2.4),
we have ||x|| = ||y||. This implies (x, Jy) = ||x||* = ||Jyl|/>. From the definition of J, we have
Jx = Jy, thatis, x = y.

Let C be a closed convex subset of E and let T be a mapping from C into itself.
We denote by F(T) the set of fixed points of T. T is called hemirelatively nonexpansive if
¢(p,Tx) < p(p,x) forall x € Cand p € F(T).

A point pin C is said to be an asymptotic fixed point of T [5] if C contains a sequence x;,
which converges weakly to p such that the strong lim,, -, .. (Tx, —x,) = 0. The set of asymptotic
fixed points of T will be denoted by F(T). A hemirelatively nonexpansive mapping T from C
into itself is called relatively nonexpansive [1, 5, 6] if F(T) = F(T).

We need the following lemmas for the proof of our main results.

Lemma 2.1 (see Alber [4]). Let C be a nonempty closed convex subset of a smooth, strictly convex,
and reflexive Banach space E. Then,

¢(x,Tcy) +¢(Tley, y) < p(x,y) VxeC, y€eE. (2.5)

Lemma 2.2 (see Alber [4]). Let C be a nonempty closed convex subset of a smooth, strictly convex,
and reflexive Banach space, let x € E, and let z € C. Then,

z=Tlex = (y-z, Jx-Jz)<0 VyeC. (2.6)

Lemma 2.3 (see Kamimura and Takahashi [7]). Let E be a smooth and uniformly convex Banach
space and let {x,} and {y,} be sequences in E such that either {x,} or {y,} is bounded. If
limy, —, o (X, Yu) = 0. Then limy, , oo ||, — yul| = 0.

Lemma 2.4 (see Xu [8]). Let E be a uniformly convex Banach space and let r > 0. Then, there exists
a strictly increasing, continuous, and convex function g : [0,2r] — R such that g(0) = 0 and

lltx + (1= Oyl? < tlxl* + A= Dliyl* - tA-Hglx-yl) VYx,y€B, te[01],  (27)

where B, = {z € E : ||z|| < r}.
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Lemma 2.5 (see Kamimura and Takahashi [7]). Let E be a smooth and uniformly convex Banach
space and let r > 0. Then, there exists a strictly increasing, continuous, and convex function g :
[0,2r] — Rsuch that g(0) = 0 and

glllx-yll) <Pp(x,y) Vx,y€B,. (2.8)

For solving the equilibrium problem, let us assume that a bifunction f satisfies the
following conditions:
(Al) f(x,x) =0 forall x € C;
(A2
(A3

(A4) forall x € C, f(x,-)is convex.

f is monotone, thatis, f(x,y) + f(y,x) <0 forall x,y € C;

)
)
) forall x,y,z€C, limsup,_,,f(tz+ (1-t)x,y) < f(x,y);
)

Lemma 2.6 (see Blum and Oettli [9]). Let C be a closed convex subset of a smooth, strictly convex,
and reflexive Banach space E, let f be a bifunction from C x C to R satisfying (A1)-(A4), let r > 0,
and let x € E. Then, there exists z € C such that

Y+ (y-2Jz-Jx) 20 WyeC (2.9)

Lemma 2.7 (see Takahashi and Zembayashi [10]). Let C be a closed convex subset of a uniformly
smooth, strictly convex, and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(A1)~(A4), and let x € E, for r > 0 . Define a mapping T, : E — 2€ as follows:

T, (x) = {zeC:f(z,y)+%(y—z,]z—]x) ZOVyGC} Vx € E. (2.10)

Then, the following holds:
(1) T, is single valued;

(2) T, is a firmly nonexpansive-type mapping [11], thatis, for all x,y € E,

(Tyx =Ty, JTox — JToy) < (Tox = Ty, Jx - Jy); (2.11)

(3) F(T,) = F(T,) = Ep(f);
(4) Ep(f) is closed and convex.
Lemma 2.8 (see Takahashi and Zembayashi [10]). Let C be a closed convex subset of a smooth,

strictly convex, and reflexive Banach space E and let f be a bifunction from C x C to R satisfying
(A1)—(A4). Then, for r > 0and x € E, and q € F(T,),

¢(g,T,x) + p(Tyx,x) < (g, x). (2.12)
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Lemma 2.9 (see Su et al. [3]). Let E be a strictly convex and smooth real Banach space, let C be
a closed convex subset of E, and let T be a hemirelatively nonexpansive mapping from C into itself.
Then, F(T) is closed and convex.

Recall that an operator T in a Banach space is called closed, if x, — x, Tx, — y, then
Tx=y.

3. Strong convergence theorem

Theorem 3.1. Let E be a uniformly convex and uniformly smooth real Banach space, let C be a
nonempty closed convex subset of E, let f be a bifunction from C x C to R satisfying (A1)—(A4), and
let T : C — C be a closed hemirelatively nonexpansive mapping such that F(T) N EP(f) # @. Define
a sequence {x,} in C by the following:

xo € C, chosen arbitrarily,
Yn = ]71(“n]xn + (1 -a,)JTz,),
Zp = ]_1 (ﬁn]xn +(1- ﬁn)]Txn)l

u, € C such that f(u,,y) + rl(y—un,]un - Jyn) 20, VyeC,

Co= (2 € Cot N Qut : B2, 100) < B2, x0) ), 31

Co={z€C:¢P(z,up) < P(z,x0)},
Qn={z€Cr1NQp :{(xy—2z Jxo - Jxn) 20},
Q=G
Xni1 = Ic,no, (X0),
forevery n € N U {0}, where ] is the duality mapping on E, {a,}, {Pn} are sequences in [0,1] such

that liminf, (1 — a,) (1 = ) > 0 and {r,} C [a,oo) for some a > 0. Then, {x,} converges
strongly to T(r)ngp )Xo, where T1p(r)nEp(y) is the generalized projection of E onto F(T) NEP(f).

Proof. First, we can easily show that C,, and Q,, are closed and convex for each n > 0.

Next, we show that F(T) N EP(f) ¢ C, forall n > 0. Let u € F(T) N EP(f). Putting
uy = Ty, y, for all n € N, from Lemma 2.8, we have T,, relatively nonexpansive. Since T, are
relatively nonexpansive and T is hemirelatively nonexpansive, we have

¢(ur Zy) = ()b(u/ ]_1 (,Bn]xn +(1- ﬁn)]Txn))
= ”uHZ -2(u, ﬁn]xn +(1- ﬁn)]Txn) + ”ﬂn]xn +(1- ﬂn)]Txnllz
<l = 28w, Joxn) = 2(1 = B) (1, JTxn) + Pull2call® + (1= Bu) I Tl
= Pnp(u, x,) + (1 = Pr)Pp(u, Txy)
< P(u, xn),

P(u,un) = ¢, Tr,yn) < P(u, yn) < anp(u, Xn) + (1 - ) P(u, zn) < P(u, ).

(3.2)
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Hence, we have

F(T) NEP(f) cC, V¥n>0. (3.3)

Next, we show that F(T) N EP(f) C Q, for all n > 0. We prove this by induction. For n = 0,
we have

F(T)NEP(f) cQo=C. (3.4)
Suppose that F(T) NEP(f) € Q,, by Lemma 2.2, we have
(Xn41 =2, Jx0 = JXp1) 20 VzeCpnNQy. (3.5)

As F(T) n EP(f) ¢ C, N Q,, by the induction assumptions, the last inequality holds, in
particular, for all z € F(T) N EP(f). This, together with the definition of Q,.1, implies that
F(T) NEP(f) C Qu+1- So, {x,} is well defined.

Since x41 = Ilc,ng,x0 and C, N Q, C C,m1 N Q,— for all n > 1, we have

(i)(xn/ .X'o) < ¢(xn+lr xO) Vn > 0. (36)

Therefore, {$(x,, o)} is nondecreasing. In addition, from the definition of Q,, and Lemma 2.2,
xn = Ilg,x0. Therefore, for each u € F(T) N EP(f), we have

¢ (xn, x0) = $p(T1g,x0, x0) < P(u, x0) — P(u, x,) < p(u, x0). (3.7)

Therefore, ¢(x,, x9) and {x,} are bounded. This, together with (3.6), implies that the limit of
{¢p(xn, x0)} exists. From Lemma 2.1, we have, for any positive integer m,

P (Xnem, Xn)=¢ (xn+m/ Ilp, xO) < ¢(xn+m/ X0) -¢ (HQn X0, xO) =P (Xpim, X0) _()b(xn/ x9) VYn>0.
(3.8)

Therefore,

lim ¢ (Xpsm, x5) = 0. (3.9)

n— oo
From (3.9), we can prove that {x,} is a Cauchy sequence. Therefore, there exists a point x € C

such that {x, } converges strongly to X.
Since x,41 € C,,, we have

¢(xn+1r un) S ¢(xn+1/ xn)- (310)
Therefore, we have

¢(xns1, un) — 0. (3.11)
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From Lemma 2.3, we have

Hm [l — ]l = Hm flnen = x0]| = 0. (3.12)

So, we have

lim ||x, — uy,|| = 0. (3.13)

Since J is uniformly norm-to-norm continuous on bounded sets, we have

lim ||Jx, = Juy,|| = 0. (3.14)

Let r = sup,, . {llxall, [[Tx,||}. Since E is a uniformly smooth Banach space, we know that E*
is a uniformly convex Banach space. Therefore, from Lemma 2.4, there exists a continuous,
strictly increasing, and convex function g with g(0) = 0, such that

lax® + (1 - a)y*IP < allx | + (1 - @)y | - a1 - ) gl ~ ) (3.15)
for x*,y* € B,, and a € [0,1]. So, we have that for u € F(T) N EP(f),

P, zn) = P, T (BuJ X0 + (1= Ba) JTxn))

= llull® = 2(u, Buf 0 + (1= Pu) JTXn) + 1|BaJ %0 + (1= ) J T

S P, x0) = Pu(1 = Pr) g 1T X0 = JTxall), (3.16)
P(u, un) < anP(u, xn) + (1 - an)Pp(u, zy)

< P(u, xn) = (1= an) (1 = Pr) gl 0 = JT X))

Therefore, we have
(1= an)Pu(1 = Br) g1 Jxn = JTxnll) < P, x0) — P(u, un). (3.17)
Since

P, xn) = P, un) = |0l = s lI* =20, T2t = Jtn) < ll2cn =t | (|25 ]|+ 12t 1) + 20| | T2 = Tt
(3.18)

we have

nlgl’olo(l)(u/ xn) - d)(u/ un) =0. (319)

From liminf, (1 — a,) . (1 - B,) > 0, we have

lim g (|20 = JTxal]) = 0. (3.20)
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Therefore, from the property of g, we have

lim || Jx, — JTxn|| = 0.

Since J~! is uniformly norm-to-norm continuous on bounded sets, we have

lim ||x;, — Tx,|| = 0.
n—oo

Since T is a closed operator and x, — X, then x is a fixed point of T
On the other hand,

(3.21)

(3.22)

¢(”n/ yn) = ¢(Tr,,ynr yn) < ¢(”/ yn) - ()b(ul Trnyn) < (.b(u/ Xn) — 4)(”/ Trnyn) = 4)(”/ Xn) — (;b(u, Up).

So, we have from (3.19) that

lim ¢ (up, y,) = 0.
From Lemma 2.3, we have that

lim ||u, — yull = 0.

From x, — X and ||x, — u,|| — 0, we have y, — X.
From (3.25), we have

nlglc}o”]un - ]yn” =0.

From r,, > a, we have

lim |Jun - ]yn“ _

n—oo rn

0.
By u, = T,,y,, we have
1
flun,y) + =y — i, Jun = Jyn) 20 Vy €C.
From (A2), we have that

1
r_<y_”n/]”n =Jyu) > —f(un,y) 2 f(y,un) Yy eC.

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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From (3.27) and (A4), we have

fy,%) <0 VYyeC. (3.30)

FortwithO<t<landy € C,lety; =ty + (1 — t)x. We have f(y;, X) < 0. So, from (Al), we
have

0=Ffuy) <tf(yry)+ A= f(ye, X) <tf(yry). (3.31)
Dividing by t, we have
fy,y) 20 VyeC. (3.32)
Letting t — 0, from (A3), we have
f(x,y)>0 VyeC (3.33)
Therefore, x € EP(f). Finally, we prove that X = ITrr)ngp(f)X0. From Lemma 2.1, we have
¢ (X, TIrr)nep(s)Xo0) + ¢ (TIF(r)nER(f) X0, X0) < P(X, X0). (3.34)

Since x,41 = Ile,ng,x0 and X € F(T) NEP(f) C C, N Qy, for all n > 0, we get from Lemma 2.1
that

¢ (TTrrynep(£) X0, Xns1) + P(Xna1, X0) < P(TIE(r)nER(f) X0, X0)- (3.35)

By the definition of ¢(x,v), it follows that ¢(x,x0) < ¢(IIr(r)rEP(f)X0, X0) and ¢(X, x0) >
¢ ITr(r)nEp(£) X0, X0), Whence ¢(X,x0) = ¢(ITrr)nEp(s) X0, X0). Therefore, it follows from the
uniqueness of ITrr)nep(f)Xo that X = TTp)nep(£)X0- This completes the proof. O

Corollary 3.2. Let E be a uniformly convex and uniformly smooth real Banach space, let C be a
nonempty closed convex subset of E, and let f be a bifunction from C x C to R satisfying (A1)-(A4).
Define a sequence {x,} in C by the following:

xo € C, chosen arbitrarily,

u, € C such that f(u,,y)+ %(y—un,]un -Jx,) >0, VyeC,

Ch={z€Cu1NQui1:P(z,un) <P(z,x0)},
Co={zeC:¢(z,up) <P(z,x0)},
Q,=1{z€Cp.1NQp1:{xn—2z Jxo— Jx,) >0},
Q=C,

Xns1 = Ic,no, (X0),

(3.36)
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for every n € N U {0}, where ] is the duality mapping on E and {r,} C [a, oo) for some a > 0. Then,
{xn} converges strongly to TTgp(s)xo.

Proof. Putting T = I in Theorem 3.1, we obtain Corollary 3.2. O

Corollary 3.3. Let E be a uniformly convex and uniformly smooth real Banach space, let C be a
nonempty closed convex subset of E, and let T : C — C be a closed hemirelatively nonexpansive
mapping. Define a sequence {x,} in C by the following:

xo € C, chosen arbitrarily,
Yo = T N @n] 20+ (1 - @) JTz),
zn = ] (BuJ Xn + (1= ) I Txn),
Uy = Ilcyn,
Crn={z€Ch1NQpu1:D(z,un) <P(z,x4)}, (3.37)
Co=1{z€C:d(z,u) < P(z,x0)},
Qn=1{z€CraNQu: (xn -z Jxo - Jxn) 20},
Q=C,

Xps1 = Ic,nQ, (x0),

for every n € N U {0}, where ] is the duality mapping on E, {a,}, {p.} are sequences in [0, 1] such
that liminf, _, (1 — a,)Bn (1 = pr) > 0. Then, {x,} converges strongly to I ).

Proof. Putting f(x,y) = 0 for all x,y € C and r, = 1 for all n in Theorem 3.1, we obtain
Corollary 3.3. O

Corollary 3.4. Let E be a uniformly convex and uniformly smooth real Banach space, let C be a
nonempty closed convex subset of E, let f be a bifunction from C x C to R satisfying (A1)-(A4), and
let T : C — C be a closed relatively nonexpansive mapping such that F(T) N EP(f) # @. Define a
sequence {x,} in C by the following:

xo € C, chosen arbitrarily,
Yn = ]_1(“71]3511 + (1 -a,)JTzy,),
Zp = ]71 (ﬂn]xn +(1- ﬂn)]Txn)/

u, € C such that f(u,,y) + rl(y — Uy, Ju,—Jyn) 20, VyeC,
C,= {Z €eCpin Qn—l : ¢(Z/un) < d)(zrxn)}/
Co={z€C:d(z,u0) <P(z,x0)},

Qn = {Z € Cp r]Qn—l : <xn —Z,].X'o _]xn> > 0}/

Qo =C,

Xn+1 = Ic,no, (X0),

(3.38)
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for every n € N U {0}, where ] is the duality mapping on E, {a,}, {Pn} are sequences in [0,1] such
that liminf, (1 — a,)pn(1 — B,) > 0 and {r,} C [a, o) for some a > 0. Then, {x,} converges
strongly to I rynEp(f) X0

Proof. Since every relatively nonexpansive mapping is a hemirelatively one, Corollary 3.4 is
implied by Theorem 3.1. O

Remark 3.5 (see Rockafellar [12]). Let E be a reflexive, strictly convex, and smooth Banach
space and let A be a monotone operator from E to E*. Then, A is maximal if and only if
R(J+rA) =E*forallr >0.

Let E be a reflexive, strictly convex, and smooth Banach space and let A be a maximal
monotone operator from E to E*. Using Remark 3.5 and strict convexity of E, we obtain that
for every r > 0 and x € E, there exists a unique x, € D(A) such that Jx € Jx, + rAx,. If
Jrx = x,, then we can define a single-valued mapping J, : E — D(A) by J, = (J + rA)T,
and such a J, is called the resolvent of A. We know that A™'0 = F(J,) for all > 0 and J,
is relatively nonexpansive mapping (see [2] for more details). Using Theorem 3.1, we can
consider the problem of strong convergence concerning maximal monotone operators in a
Banach space.

Theorem 3.6. Let E be a uniformly convex and uniformly smooth real Banach space, let C be a
nonempty closed convex subset of E, let f be a bifunction from C x C to R satisfying (A1)—(A4), and
let J, be a resolvent of A and a closed mapping such that A=0 N EP(f) # @, where r > 0. Define a
sequence {x,} in C by the following:

xo € C, chosen arbitrarily,
Yn = ]_1(an]xn + (1= an) ] Jrxn),
Zp = ]_1(ﬂn]xn + (1 - ﬁn)]]rxn)/

u, € C such that f(u,,y) + rl(y—un,]un -Jya) 20, VyeC,

Ch={z€Cha1NQu1: Pz, un) <P(z,xn)}, (3.39)

Co=1{z€C:9(z,up) < P(z,x0)},
Qn={z€Cr1NQu1:{(xn—2z Jxo - Jxn) 20},
Q=C,

Xn1 = Ic,n0, (X0),

for every n € N U {0}, where ] is the duality mapping on E, {a,} is a sequences in [0, 1] such that
liminf, (1 —a,)p.(1—p,) >0and {r,} C [a, o) for some a > 0, Then, {x,} converges strongly
to ITa-10nEP(£) X0-

Proof. Since J, is a closed relatively nonexpansive mapping and A™'0 = F(J,), from
Corollary 3.4, we obtain Theorem 3.6. O
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