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We prove the Hyers-Ulam-Rassias stability of homomorphisms in real Banach algebras
and of generalized derivations on real Banach algebras for the following Cauchy-Jensen
functional equations: f(x+ y/2+2)+ f(x —y/2+2) = f(x) +2f(2), 2f(x+ y/2+z) =
f(x)+ f(y)+2f(2z), which were introduced and investigated by Baak (2006). The con-
cept of Hyers-Ulam-Rassias stability originated from Th. M. Rassias’ stability theorem
that appeared in his paper (1978).
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1. Introduction and preliminaries

The stability problem of functional equations originated from a question of Ulam [2]
concerning the stability of group homomorphisms: let (G;,*) be a group and let
(G, ©,d) be ametric group with the metric d(+, -). Given € > 0, does there exista §(€) >0
such that if a mapping h: G; — G satisfies the inequality

d(h(x * y),h(x) o h(y)) <6 (1.1)
for all x, y € Gy, then there is a homomorphism H : G; — G, with
d(h(x),H(x)) <€ (1.2)

for all x € G,? If the answer is affirmative, we would say that the equation of homo-
morphism H(x * y) = H(x) ¢ H(y) is stable. The concept of stability for a functional
equation arises when we replace the functional equation by an inequality which acts as a
perturbation of the equation. Thus, the stability question of functional equations is that



2 Fixed Point Theory and Applications
“how do the solutions of the inequality differ from those of the given functional equa-
tion”?

Hyers [3] gave a first affirmative answer to the question of Ulam for Banach spaces.
Let X and Y be Banach spaces. Assume that f : X — Y satisfies

[f(x+y)=—fx) = fy)l e (1.3)

for all x, y € X and some € > 0. Then, there exists a unique additive mapping T: X — Y
such that

If(x)—Tx)|[<e (1.4)

forall x € X.
Rassias [4] provided a generalization of Hyers’ theorem which allows the
Cauchy difference to be unbounded.

TaeoreM 1.1 (Th. M. Rassias). Let f : E — E’ be a mapping from anormed vector space E
into a Banach space E’ subject to the inequality

[ f(x+y) = fx)= fOl < e(llxI?+ 11 ylIP) (1.5)

forall x,y € E, where € and p are constants with € >0 and p < 1. Then, the limit

L) = lim £ (;x) (1.6)
exists for all x € E and L : E — E' is the unique additive mapping which satisfies
1F 0 -2 < 52555 I (1.7)
T 2-2F '

for all x € E. Also, if for each x € E the function f(tx) is continuous in t € R, then L is
R-linear.

The above inequality (1.5) has provided a lot of influence in the development of what is
now known as a Hyers-Ulam-Rassias stability of functional equations. Beginning around
the year 1980, the topic of approximate homomorphisms, or the stability of the equa-
tion of homomorphism, was studied by a number of mathematicians. Gavruta [5] gen-
eralized Rassias’ result. The stability problems of several functional equations have been
extensively investigated by a number of authors and there are many interesting results
concerning this problem (see [6-17]).

Rassias [18], following the spirit of the innovative approach of Rassias [4] for the un-
bounded Cauchy difference, proved a similar stability theorem in which he replaced the
factor ||x|I? + [l y[I? by llx||? - [ y||1 for p,g € R with p+q # 1 (see also [19] for a number
of other new results).
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THEOREM 1.2 [18-20]. Let X be a real normed linear space and Y a real complete normed
linear space. Assume that f : X — Y is an approximately additive mapping for which there
exist constants 0 = 0 and p € R —{1} such that f satisfies the inequality

Lf e+ y) = f() = FOI < 8- lIxlIP? - Nl ylIP? (1.8)

forall x,y € X. Then, there exists a unique additive mapping L : X — Y satisfying

I1f () = L)|| < 5= lIxII1? (1.9)
forall x € X. If, in addition, f : X — Y is a mapping such that the transformation t — f (tx)
is continuous in t € R for each fixed x € X, then L is an R-linear mapping.

We recall two fundamental results in fixed point theory.

THeOREM 1.3 [21]. Let (X,d) be a complete metric space and let ] : X — X be strictly con-
tractive, that is,

d(Jx,Jy) <Lf(x,y), Vx,yeX (1.10)

for some Lipschitz constant L < 1. Then,
(1) the mapping ] has a unique fixed point x* = Jx*;
(2) the fixed point x* is globally attractive, that is,

lgm]”x:x* (1.11)

for any starting point x € X;
(3) one has the following estimation inequalities:

d(J"x,x*) < L"d(x,x™),
1
d(J'x,x*) < 1fd(]”x,]"“x), (1.12)
1
)<
d(x,x*) < 1_Ld(x,]x)
for all nonnegative integers n and all x € X.

Let X be a set. A function d: X X X — [0,00] is called a generalized metric on X if d
satisfies the following:
(1) d(x,y) = 0ifand only if x = y;
(2) d(x,y) =d(y,x) forall x,y € X;
(3) d(x,2) <d(x,y)+ f(y,2) forall x, y,z € X.

THEOREM 1.4 [22]. Let (X,d) be a complete generalized metric space and let ] : X — X be
a strictly contractive mapping with Lipschitz constant L < 1. Then, for each given element
x € X, either

d(J"x,J" ! x) = oo (1.13)
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for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x,]"x) < 00, V11 = ng;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fixed point of ] in theset Y = {y € X | d(J™x, y) < 00};
(4) d(y,y*) < (1/(1 = L))d(y,] y) forally € Y.

This paper is organized as follows. In Section 2, using the fixed point method, we
prove the Hyers-Ulam-Rassias stability of homomorphisms in real Banach algebras for
the Cauchy-Jensen functional equations.

In Section 3, using the fixed point method, we prove the Hyers-Ulam-Rassias stabil-
ity of generalized derivations on real Banach algebras for the Cauchy-Jensen functional
equations.

2. Stability of homomorphisms in real Banach algebras

Throughout this section, assume that A is a real Banach algebra with norm || - ||, and
that B is a real Banach algebra with norm || - || 5.
For a given mapping f : A — B, we define

Cf(x,9,2) ::f(%u)ﬁ(%u)—f(x)—zf(z) 2.1)

forall x, y,z € A.
We prove the Hyers-Ulam-Rassias stability of homomorphisms in real Banach algebras
for the functional equation Cf(x, y,z) = 0.

THEOREM 2.1. Let f : A — B be a mapping for which there exists a function ¢ : A> — [0, 00)
such that

i zl fo,ij)sz) < 00, (2.2)

j=

ICf (x, y,2)||5 < ¢(x, ,2), (2.3)
I1f Gxy) = f) f(D)ll5 < (x,,0) (2.4)

for all x,y,z € A. If there exists an L < 1 such that ¢(x,x,x) < 2Le(x/2,x/2,x/2) for all
x € A and if f(tx) is continuous in t € R for each fixed x € A, then there exists a unique
homomorphism H : A — B such that

£~ H®ly = 557 90550 25)

forall x € A.

Proof. Consider the set

X:={g:A—-Bj} (2.6)
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and introduce the generalized metric on X:
d(g,h) = inf {C € R, :||g(x) — h(x)||5 < Co(x,x,x), Vx € A}. (2.7)

It is easy to show that (X, d) is complete.
Now, we consider the linear mapping J : X — X such that

1
Jg(x) := Eg(Zx) (2.8)
for all x € A.
By [21, Theorem 3.1],
d(Jg,Jh) < Ld(g,h) (2.9)
forall g,h € X.
Letting y = z = x in (2.3), we get
I f(2x) =2f(x)|| < p(x,x,x) (2.10)
forallx € A. So
1 1
Hf(x) — Ef(Zx)H < E(p(x,x,x) (2.11)
B

forallx € A. Hence d(f,] f) < 1/2.
By Theorem 1.4, there exists a mapping H : A — B such that the following hold.
(1) H is a fixed point of ], that is,
H(2x) = 2H(x) (2.12)
for all x € A. The mapping H is a unique fixed point of ] in the set

Y={¢geX:d(f,g) < oo} (2.13)

This implies that H is a unique mapping satisfying (2.12) such that there exists
C € (0, ) satisfying

|H(x) = ()5 < Co(x,x,x) (2.14)

forall x € A.
(2) d(J"f,H) — 0 as n — oo. This implies the equality

= H(x) (2.15)

forall x € A.
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(3)d(f,H) = (1/(1 = L))d(f,] f), which implies the inequality

1
2-2L

d(f,H) < : (2.16)

This implies that the inequality (2.5) holds.
It follows from (2.2), (2.3), and (2.15) that

HH(% +z) +H(x;_y +z) —H(x) —2H(z)

B

- iijl;%||f(2”’l(x+y)+2”z)+f(2”’1(x—y)+2”z) - f(2"x) = 2f(2"2) ||

< lim —21 ¢(2"x,2"y,2"z) =0
oo QN
(2.17)

forall x,y,z € A. So
+ —
H(% +z)+H<¥ +z> = H(x) +2H(2) (2.18)
forall x,y,z € A. By [1, Lemma 2.1], the mapping H : A — B is Cauchy additive.
By the same reasoning as in the proof of Theorem of [4], the mapping H: A — B is

R-linear.
It follows from (2.4) that

IH(xy) = H@)H(y)||; = lim 4—1,1||f(4“xy) —f@%) f(2"p)lp

| . (2.19)
< lim 4—n¢(2”x,2”y,0) < lim 2—n¢(2"x,2”y,0) =0
forall x,y € A. So
H(xy) = Hx)H(y) (220)
forall x,y € A. Thus, H : A — B is a homomorphism satisfying (2.5), as desired. O

CoROLLARY 2.2. Let r < 1 and 0 be nonnegative real numbers, and let f : A — B be a map-
ping such that

ICfx, y,2)|I5 < Ol + yll% + 12117%),
[f(xp) = fF) f D5 < 0lxll + lylla)

forall x,y,z € A. If f(tx) is continuous in t € R for each fixed x € A, then there exists a
unique homomorphism H : A — B such that

(2.21)

1F )~ By = 3o el (222)

forall x € A.
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Proof. The proof follows from Theorem 2.1 by taking
¢(x,y,2) := O(llxll + 1yl +1zl%) (2.23)

forall x, y,z € A. Then, L = 2! and we get the desired result. O

THEOREM 2.3. Let f : A — B be a mapping for which there exists a function ¢ : A> — [0, 00)
satisfying (2.3) and (2.4) such that

S wol X 5)
;)4 <p<2],,2j,2j <o (2.24)

for all x,y,z € A. If there exists an L < 1 such that ¢(x,x,x) < (1/2)Le(2x,2x,2x) for all
x € A and if f(tx) is continuous in t € R for each fixed x € A, then there exists a unique
homomorphism H : A — B such that

[ f(x)—HX)|| < ﬁgo(x,x,x) (2.25)

forall x € A.

Proof. We consider the linear mapping J : X — X such that

Jg(x):= 2g(’2ﬁ> (2.26)

forall x € A.
It follows from (2.10) that

< (p(E X )—C> < Iéq)(x,x,x) (2.27)
B

o

2°2°2
forallx € A. Hence d(f,] f) < L/2.
By Theorem 1.4, there exists a mapping H : A — B such that the following hold.
(1) H is a fixed point of ], that is,
H(2x) = 2H(x) (2.28)
for all x € A. The mapping H is a unique fixed point of ] in the set

Y={geX:d(f,g) <o} (2.29)

This implies that H is a unique mapping satisfying (2.28) such that there exists
C € (0, c0) satisfying

[[H(x) = f(x)||5 < Co(x,x,x) (2.30)

forall x € A.
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(2) d(J"f,H) — 0 as n — oo. This implies the equality
%{%2"f(%) = H(x) (2.31)
for all x € A.
(3)d(f,H) = (1/(1 = L))d(f,] f), which implies the inequality

L

d(fH) < 557,

(2.32)

which implies that the inequality (2.25) holds.
It follows from (2.3), (2.24), and (2.31) that

HH(% +z) +H(% +z) ~ H(x) - 2H(2)
(523 (2], e

f
< limZ”(p(i o4 i) < lim4”go(;—n,2y—n,2%> =0

n—c0 on’ Qn’ on n-c0

= lim 2"

n—oo

forall x,y,z € A. So
H(% +z) +H(% +z) — H(x)+2H(2) (2.34)

forall x,y,z € A. By [1, Lemma 2.1], the mapping H : A — B is Cauchy additive.

By the same reasoning as in the proof of Theorem of [4], the mapping H: A — B is
R-linear.

It follows from (2.4) that

. —timarl (2 (X (2
ey - HeHO, = im 2| (32) - £ (5:) £(2)] .
< lim 4"¢ zizlo) -0
forallx,y € A. So
H(xy)=H(x)H(y) (2.36)

forallx,y € A. Thus, H : A — B is a homomorphism satisfying (2.25), as desired. O

COROLLARY 2.4. Letr >2 and 0 be nonnegative real numbers, and let f : A — B be a map-
ping satisfying (2.21). If f(tx) is continuous in t € R for each fixed x € A, then there exists
a unique homomorphism H : A — B such that

1)~ HOlly = 50 el (2.37)

forall x € A.
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Proof. The proof follows from Theorem 2.3 by taking
@(x,y,2) := O(llxlll + 1yl + 1zl%) (2.38)
forall x,y,z € A. Then, L = 2'"" and we get the desired result. O

3. Stability of generalized derivations on real Banach algebras

Throughout this section, assume that A is a real Banach algebra with norm || - || 4.
For a given mapping f : A — A, we define

Df (e y2)i=2f (5 +2) - f) - F0) - 2£) (3.1)

forall x, y,z € A.

Definition 3.1 [23]. A generalized derivation § : A — A is R-linear and fulfills the general-
ized Leibniz rule

O(xyz) = 8(xy)z —x8(y)z+x0(yz) (3.2)

forall x, y,z € A.

We prove the Hyers-Ulam-Rassias stability of generalized derivations on real Banach
algebras for the functional equation D f (x, y,z) = 0.

THEOREM 3.2. Let f : A — A be a mapping for which there exists a function ¢ : A3 — [0, 00)
satisfying (2.2) such that

||Df(x’y>z)||A S¢(X:yaz): (33)
If (xyz) = fGey)z+xf(y)z = xf(y2)l| 4 < 9(x.7,2) (3.4)

for all x,y,z € A. If there exists an L < 1 such that ¢(x,x,x) < 2Le(x/2,x/2,x/2) for all
x € A and if f(tx) is continuous in t € R for each fixed x € A, then there exists a unique
generalized derivation § : A — A such that

1FG) = 8601y = 4 57 #w%) (35)

forall x € A.

Proof. Consider the set
X:={g:A- A} (3.6)
and introduce the generalized metric on X:
d(g,h) =inf {C € R, :||g(x) — h(x)||, < Co(x,x,x), Vx € A}. (3.7)

It is easy to show that (X,d) is complete.
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We consider the linear mapping J : X — X such that

1
Jg(x):= Eg(zx) (3.8)
forall x € A.
By [21, Theorem 3.1],
d(Jg,Jh) < Ld(g,h) (3.9)
forallg,h € X.
Letting y = z = x in (3.3), we get
|12f(2x) = 4f (0)|] 4 < 9(x,%,%) (3.10)

forall x € A. So

|f -2

. < igo(x,x,x) (3.11)

forallx € A. Hence d(f,] f) < 1/4.
By Theorem 1.4, there exists a mapping ¢ : A — A such that the following hold.
(1) ¢ is a fixed point of ], that is,

0(2x) = 26(x) (3.12)
for all x € A. The mapping § is a unique fixed point of J in the set
Y={geX:d(f,g) <o} (3.13)

This implies that § is a unique mapping satisfying (3.12) such that there exists
C € (0, c0) satisfying

[[6(x) = f(x)||4 = Co(x,x,x) (3.14)
forall x € A.
(2) d(J"f,8) — 0 as n — oo. This implies the equality
lim @ - 6(x) (3.15)
for all x € A.

(3) d(f,0) = (1/(1 = L))d(f,] f), which implies the inequality

1
4-4L°

d(f,d) < (3.16)

This implies that the inequality (3.5) holds.
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It follows from (2.2), (3.3), and (3.15) that

Hza(% +z) —8(x) - 8(y) - 28(2)

A

= lim L 2f (2" () +272) - f(27) - F2y) - 2f ()|, (B17)
< lim zingo(z"x,Z”y,Z”z) =0

n—o0

forall x,y,z € A. So

zs(x;y +z) — 5(x) +8(y) +26(2) (3.18)

forall x,y,z € A. By [1, Lemma 2.1 |, the mapping § : A — A is Cauchy additive.

By the same reasoning as in the proof of Theorem of [4], the mapping § : A — A is
R-linear.

It follows from (3.4) that

[|6(xyz) = 8(xy)z+x8(y)z — x8(y2)||,
. 1
= lim 87||f(8”x)/z) — f(@xy) - 2"z+2"xf (2"y) - 2"z = 2"xf(4"y2)||, (3.19)
< lim 8%(p(2”x,2”y,2“z) < lim 2%(/)(2”96,2”)/,2”2) =0

forall x,y,z € A. So
S(xyz) = 8(xy)z —x8(y)z+x0(yz) (3.20)

forall x,y,z € A. Thus, § : A — A is a generalized derivation satisfying (3.5). O

CoROLLARY 3.3. Let r < 1 and 0 be nonnegative real numbers, and let f : A — A be a map-
ping such that

IDf (%, y, 2l < 6 Il - Iy l7 - Nz,
1f(xy2) = fxp)z+xf(Dz=xf 2l <0 I1x17 - IyIE - 12017

for all x,y,z € A. If f(tx) is continuous in t € R for each fixed x € A, then there exists a
unique generalized derivation § : A — A such that

(3.21)

16 = 800l = 5= el (3.22)

forall x € A.
Proof. The proof follows from Theorem 3.2 by taking

" Pelzlly? (3.23)

o(x,y,2) =0 x5 - Iyl

for all x, y,z € A. Then, L = 2""! and we get the desired result. O
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THEOREM 3.4. Let f : A — A be a mapping for which there exists a function ¢ : A> — [0, 00)
satisfying (3.3) and (3.4) such that

S g 115)
;}8 ¢<21’21’21' < o (3.24)

for all x,y,z € A. If there exists an L < 1 such that ¢(x,x,x) < (1/2)Le(2x,2x,2x) for all
x € A and if f(tx) is continuous in t € R for each fixed x € A, then there exists a unique
generalized derivation § : A — A such that

1f(x) = 8(x)][, = @(x,%,x) (3.25)

L
4-4L
forall x € A.

Proof. We consider the linear mapping J : X — X such that

Jg(x):= 2g(’2f> (3.26)

for all x € A.
It follows from (3.10) that

b, - (38 <t o

forall x € A. Hence d(f,] f) < L/4.
By Theorem 1.4, there exists a mapping § : A — A such that the following hold.
(1) ¢ is a fixed point of ], that is,

0(2x) = 26(x) (3.28)
for all x € A. The mapping § is a unique fixed point of J in the set
Y={geX:d(f,g) <o} (3.29)

This implies that § is a unique mapping satisfying (3.28) such that there exists
C € (0, c0) satisfying

18(x) = f ()[4 = Co(x,x,x) (3.30)

forall x € A.
(2) d(J*f,8) — 0 as n — oo. This implies the equality

lim 2"f(2"—n) — 5(x) (3.31)

n—oo

forall x € A.
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3) d(f,8) <(1/(1 - L))d(f,] f), which implies the inequality

af,e) < L4L (3.32)

which implies that the inequality (3.25) holds.
It follows from (3.3), (3.24), and (3.31) that

Hza(ﬂ n z) 8(x) - 8(y) - za(z)HA

- n Xty Z)_ (X l)_ (i)
= Jim?2 2f(2n+1+2,,) f(zn) f(zn 21l (3:33)
ool E 2 2 < pimgro( £ 2 2
= jim2 (P(zﬂ o 2%) = im?8 "’(2n’2n’2n> 0
forall x,y,z € A. So
za(“Ty +z) = 8(x) +6(y) +28(2) (3.34)

forall x,y,z € A. By [1, Lemma 2.1], the mapping § : A — A is Cauchy additive.

By the same reasoning as in the proof of Theorem of [4], the mapping § : A — A is
R-linear.

It follows from (3.4) that

|6(xyz) — 8(xy)z+x8(y)z — x8(y2)||,

—lims (22 (). 2 (). 2 Xp()2
= lim38 f( 8") f<4ﬂ> 2n+2nf<2n> 2 znf<4n) L (335
caang (X Y 2 _
Siﬂgq’(zn’zn’z") 0
forall x,y,z € A. So
S(xyz) = 8(xy)z—x8(y)z+x0(yz) (3.36)
forall x,y,z € A. Thus, § : A — A is a generalized derivation satisfying (3.28). O

COROLLARY 3.5. Let r >3 and 0 be nonnegative real numbers, and let f : A — A be a map-
ping satisfying (3.21). If f(tx) is continuous in t € R for each fixed x € A, then there exists
a unique generalized derivation & : A — A such that

1FGO = 8601y = 53yl (337)

forall x € A.
Proof. The proof follows from Theorem 3.4 by taking

|r/3

o(x, y,2) =0 - [Ix]I

|r/3 )

Ayl - zlly? (3.38)

for all x, y,z € A. Then, L = 2! and we get the desired result. O
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