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The convex feasibility problem (CFP) of finding a point in the nonempty intersection
NN, C; is considered, where N > 1 is an integer and each C; is assumed to be the fixed
point set of a nonexpansive mapping T; : E — E, where E is a reflexive Banach space
with a weakly sequentially continuous duality mapping. By using viscosity approxima-
tion methods for a finite family of nonexpansive mappings, it is shown that for any given
contractive mapping f : C — C, where C is a nonempty closed convex subset of E and for
any given xy € C the iterative scheme x,,11 = Platys1 f (%) + (1 — ps1) Tis1X,] is strongly
convergent to a solution of (CFP), if and only if {a,,} and {x,} satisfy certain conditions,
where «;, € (0,1), T, = Ty(mod n) and P is a sunny nonexpansive retraction of E onto C.
The results presented in the paper extend and improve some recent results in Xu (2004),
O’Hara et al. (2003), Song and Chen (2006), Bauschke (1996), Browder (1967), Halpern
(1967), Jung (2005), Lions (1977), Moudafi (2000), Reich (1980), Wittmann (1992), Re-
ich (1994).
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1. Introduction

We are concerned with the following convex feasibility problem (CFP):

N
ﬁndinganxeﬂci, (1.1)

i=1

where N > 1 is an integer and each C; is assumed to be the fixed point set of a nonex-
pansive mapping T;: E — E, i = 1,2,...,N. There is a considerable investigation on CFP
in the setting of Hilbert spaces which captures applications in various disciplines such as
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image restoration [13-15], computer tomography [16], and radiation therapy treatment
planning [17].

The aim of this paper is to study the CFP in the setting of Banach space. For that
purpose, we first briefly state our iterative scheme and its history.

Let E be a Banach space, let C be a nonempty closed convex subset of E, and let
T1,T,...,Ty be N nonexpansive mappings on E such that C; = F(T;), the fixed point
set of T;. The iterative scheme that we are going to discuss is

Xn+1 :P(‘xnﬂf(xn)+(1_“n+1)Tn+1xn)> Vn=0, (1.2)

where x, € E is any given initial data, f(x): C — C is a given contractive mapping, T), =
Tu(modN)> {an} is a sequence in [0,1] and P is a sunny nonexpansive retraction of E onto C.
Next we consider some special cases of iterative scheme (1.2).
(1) If E is a Hilbert space, f(x) = u (a given pointin C), N = 1 and T is a nonexpansive
mapping on C, then the iterative scheme (1.2) is equivalent to the following iterative
scheme:

X1 = Opprti+ (1 — 1) Ty V20, (1.3)

which was first introduced and studied by Halpern [6] in 1967. He proved that the itera-
tive sequence (1.3) converges strongly to a fixed point of T, provided {w,} satisfies certain
conditions two of which are

(C1) im0ty = 05

(C2) Z:lo:o Qp = 0.

In 1992, Wittmann [11] proved that if {a,} satisfies the conditions (C1), (C2), and the
following condition:

(C4) Z:;l laty — api1| < 00,
then the iterative sequence (1.3) converges strongly to a fixed point of T which improves
and extends the corresponding results of Halpern [6], Lions [8].

In 1980 Reich [10] extended Halpern’s result to all uniformly smooth Banach space
and in 1994 he extended Wittmann’s result to those uniformly smooth spaces with a
weakly sequentially continuous duality mapping (see Reich [12, Theorem and Remark 1]).
In 1997, Shioji and Takahashi [18] extended Wittmann’s result to a wider class of Banach
space.

(2) If E is a Hilbert space, C is a nonempty closed convex subset of E, T;: C — C is
a nonexpansive mapping, i = 1,2,...,N, and f(x) = u (a given point in C), then (1.2) is
equivalent to the following iterative sequence:

Xni1 = Qi+ (1= api1) Ty, V0 =0, (1.4)

(where T), = Ty(modn)) Which was introduced and studied in Bauschke [4] in 1996. He
proved that the iterative sequence (1.4) converges strongly to a common fixed point of
T1,T,..., TN, provided {«, } satisfies conditions (C1), (C2), and the following condition:
(C5) Z;;o Ay = Anin]| < 0.
(3) If E either is a uniformly smooth Banach space or a reflexive Banach space with a
weakly sequentially continuous duality mapping and C a nonempty closed convex subset
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of E. Assume that T': C — C is a nonexpansive mapping and f : C — C is a contractive
mapping, then (1.2) is equivalent to the following sequence:

Xni1 = Oni1 f (X0) + (1= ap11) Txyy V>0, (1.5)

which was first introduced and studied by Moudafi [9] in the setting of Hilbert space. In
2004, Xu [1] extended and improved the corresponding results of Moudafi [9] to uni-
formly smooth Banach space and proved the following result.

THeoreM 1.1 (Xu [1, Theorem 4.2]). Let E be a uniformly smooth Banach space, let C
be a nonempty closed convex subset of E, let T : C — C be a nonexpansive mapping with
F(T) # @. Let f : C — C be a contractive mapping, let xo € C be any given point, let {a,}
be a real sequence in (0,1), and let {x,} be the iterative sequence defined by (1.5). If the
following conditions are satisfied:
(1) limy—.o &, = 05

(i) Xm0 @n = 05

(iii) Yoo l@ns1 — an| < 00 or limy—co Ap/Ani1 = 1,
then {x,} converges strongly to a fixed point p € C of T which solves the following variational
inequality:

(I=fHp,J(p—u)) <0, YueF(T). (1.6)

Very recently, Song and Chen [3] extended Xu’s result to the cases that T is a non-
expansive nonself-mapping and E is a reflexive Banach space with a weakly sequentially
continuous duality mapping.

The purpose of this paper is by using viscosity approximation methods for a finite
family of nonexpansive mappings to prove that for any given contractive mapping f :
C — C and for any given xo € C the iterative scheme {x,} defined by (1.2) converges
strongly to a solution of CFP, if and only if {«,} and {x,} satisfy certain conditions,
where a, € (0,1), Ty = Tumodn) and P is a sunny nonexpansive retraction of E onto C.
The results presented in the paper extend and improve some recent results in Xu [1],
O’Hara et al. [2], Song and Chen [3], Bauschke [4], Browder [5], Halpern [6], Jung [7],
Lions [8], Moudafi [9], Reich [10], Wittmann [11], Reich [12].

2. Preliminaries

For the sake of convenience, we first recall some definitions, notations, and conclusions.

Throughout this paper, we assume that E is a real Banach space, E* is the dual space
of E, C is a nonempty closed convex subset of E, F(T) is the set of fixed points of map-
ping T, (-,-) is the generalized duality pairing between E and E*, and ] : E — 2F is the
normalized duality mapping defined by

Jx)={f € E*, {x, f) = lIxlI fIl, I fll = llxll}, x€E. 2.1)

When {x,} is a sequence in E, then x,, — x (resp., x, — X, x,— *x) denotes strong (resp.,
weak and weak*) convergence of the sequence {x,} to x.
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Defintion 2.1. (1) A mapping f : C — C is said to be a Banach contraction on C with a
contractive constant € (0,1) if || f(x) — f(y) | < Bllx — yll forall x,y € C.
(2) Let T: C — C be a mapping. T is said to be nonexpansive, if

ITx-Tyll<llx—yl, VxyeC (2.2)

(3) Let P: E — C be a mapping. P is said to be
(a) sunny, if for each x € Cand t € [0,1], we have

P(tx+ (1 —t)Px) = Px; (2.3)

(b) a retraction of E onto C, if Px = x for all x € C;

(c) a sunny nonexpansive retraction, if P is sunny, nonexpansive retraction of E onto C;

(d) Cis said to be a sunny nonexpansive retract of E, if there exists a sunny nonexpan-
sive retraction of E onto C.

Defintion 2.2. Let U = {x € E: ||x|| = 1}. E is said to be a smooth Banach space, if the limit

. X+t —||X
i X+ ey 1=l

lim ; (2.4)

exists for each x, y € U.

The following results give some characterizations of normalized duality mapping and
sunny nonexpansive retractions on a smooth Banach space.

LemMA 2.3. (1) A Banach space E is smooth if and only if the normalized duality mapping
J : E — 2F" is single-valued. In this case, the normalized duality mapping ] is strong-weak™
continuous (see, e.g., [19]).

(2) Let E be a smooth Banach space and let C be a nonempty closed convex subset of E.
IfP:E — Cis a retraction and ] is the normalized duality mapping on E, then the following
conclusions are equivalent (see, [20-23]):

(a) P is sunny and nonexpansive;
(b) IIPx - Pyll*> < (x— y,](Px— Py)) forall x,y € E;
(¢) (x—Px,J(y —Px)) <0forallx e Eand y € C.

Remark 2.4. Tt should be pointed out that in the recent papers [24, 25] the authors deal
with the construction of sunny nonexpansive retractions onto common fixed point sets
of certain families of nonexpansive mappings in Banach spaces. Current information on
(sunny) nonexpansive retracts in Banach spaces can be found in Kopecka and Reich [23].

Defintion 2.5 (Browder [5]). A Banach space is said to admit a weakly sequentially con-
tinuous normalized duality mapping J, if ] : E — E* is single-valued and weak-weak* se-
quentially continuous, that is, if x, — x in E, then J(x,) —* J(x) in E*.
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The following results can be obtained from Definition 2.5.

LemMA 2.6. IfE admits a weakly sequentially continuous normalized duality mapping, then
(1) E satisfies the Opial’s condition, that is, whenever x, — x in E and y # x, then
limsup,,_., llx, — x|l <limsup,_.., lx, — yll (see, Lim and Xu [26]).
(2) If T : E — E is a nonexpansive mapping, then the mapping I — T is demiclosed, that
is, for any sequence {x,} in E, if x, — x and (x, — Tx,) — y, then (I — T)x = y (see, e.g.,
Goebel and Kirk [27]).

Defintion 2.7. (1) Let C be a nonempty closed convex subset of a Banach space E. Then
for each x € C, the set Ic(x) defined by

Ic(x)={y€E:y=x+Mz—x),z€ C, A >0} (2.5)

is called a inward set.
(2) A mapping T : C — E is said to satisty the weakly inward condition, if Tx € Ic(x)
(the closure of Ic(x)) for each x € C.

LEmMA 2.8. Let E be a real smooth Banach space, let C be a nonempty closed convex subset
of E which is also a sunny nonexpansive retract of E, and let P be a sunny nonexpansive
retraction from E onto C. Let T; : E — E, i = 1,2,...,N, be nonexpansive mappings satisfying
the following conditions:

(i) ML (F(T)NC) # @5

(ii)

N N
NF(T;) = E(TiTy - TsTa) = - - = F(InTy-1,.... T1) = F(S), (2.6
i=1 i=1

where

SZTNTNfl,...,Tl; (2.7)

(iii) S: C — E satisfies the weakly inward condition.
Then N, (F(T}) N C) = F(PS).

Proof. Ifx € ﬂfil(F(Ti)ﬂC), thenx=Tix e C,i=1,2,...,N, and so x = Sx € C. Since
P is a sunny nonexpansive retraction from E onto C, we have Px = PSx = x. This implies
that x € F(PS), and so ﬂfil(F(T,-) N C) c F(PS).

Conversely, if x € F(PS), then x = PSx € C. Since P is a sunny nonexpansive retraction
from E onto C, by Lemma 2.3(2)(c), we have

(Sx—x,J(y—x)) <0, VyeC (2.8)
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By condition (iii), Sx € I¢(x). Hence for each n = 1, there exist z, € C and A, = 0 such
that the sequence y, = x +1,(z, —x) — Sx (n — o0). It follows from (2.8) and the posi-
tively homogeneous property of normalized duality mapping J that
0= A, (Sx —x,] (2, — X))
= <SX—X,](A,,(Z,, —X))> (2.9)
= (Sx=x,] (yn —x)).
Since E is smooth, it follows from Lemma 2.3(1) that the normalized duality mapping J
is single-valued and strong-weak™® continuous. Letting #n — oo in (2.9), we have
[1Sx = x|1* = (Sx — x,] (Sx — x))

=;ij§°<3x—x,](yn—9c)>£0> (2.10)

that is, x = Sx. Since x € C, we know that x € F(S) () C. It follows from condition (ii) that
x € Y, (F(x;,) N C). This shows that F(PS) ¢ (N, (F(x;))NC).
The conclusion of Lemma 2.8 is proved. O

LEmMMA 2.9 [28]. Let E be a real Banach space, and let ] : E — 2F" be the normalized duality
mapping, then for any x, y € E the following conclusions hold:

x4 ylI? < x> +2(y, j(x+ ), Vjlx+y) €J(x+y);

2.11
lx+y1% = lxl* +2(y, j(x), Vjlx) € J(). (21

LemMA 2.10 (Liu [29]). Let {an}, {bn}, {cn} be three nonnegative real sequences satisfying
the following conditions:

an1 < (1=Ay)an+b,+cy, Vn=ng, (2.12)

where ny is some nonnegative integer, {1,} C (0,1) with > (A, = o, b, = o(,), and
> sCn< oo, thena, — 0 (asn — ).

3. Main results

Let E be a real Banach space, let C be a nonempty closed convex subset of E which is also a
sunny nonexpansive retract of E. Let T; : E — E, i = 1,2,...,N, be nonexpansive mappings
and f: C — C a Banach contraction mapping with a contractive constant 0 < < 1. For
given t € (0,1), define a mapping S; : C — C by

Si(x) =P(tf(x)+(1-1)S(x)), x€C, (3.1)

where P is the sunny nonexpansive retraction from E onto C and § is the mapping defined
by (2.7). It is easy to see that S; : C — C is a Banach contraction mapping. By Banach’s
contraction, principle yields a unique fixed point z; € C of Sy, that is, z; is the unique
solution of the equation

ZtZP(tf(Zt)+(1_t)S(Zt)), te (0,1) (32)
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For the net {z}, we have the following result.

TueoreM 3.1. Let E be a real Banach space, let C be a nonempty closed convex subset of E
which is also a sunny nonexpansive retract of E. Let T; : E — E, i = 1,2,...,N, be nonexpan-
sive mappings, and let f : C — C be a given Banach contraction mapping with a contractive
constant 0 < 3 < 1. Let {z;: t € (0,1)} be the net defined by (3.2), where P is the sunny
nonexpansive retraction of E onto C. If the following conditions are satisfied:

(i) N (F(THNC) # @;

(ii)

N N

(E(T\Ty---T5T2) = - - - = F(TnTn-1,..., T1) = F(S), (3.3)

i=1 i=1

D)

=

=
I

where S = TNTNfl,...,Tl.
Then the following conclusions hold:
(1) (2 — f(z), j(z —w)) <0, for all u € N, (F(T)NC), for all j(z: —u) € ] (z —
u);
(2) {z:} is bounded.

Proof. (1) Foranyu € ﬂf\il (F(T;)(C), we have
(I-tu+tf(z) =P((1-t)u+tf(z)). (3.4)

Hence we have

llze = [(1=Bu+tf ()]l = [[P(tf (z) + (1 = 1)S(z)) = P((1 = Yu+tf (z))]]

3.
<(1-1)||Sz; —ul| = (1 = B)||z — ul|. (3:3)
By Lemma 2.9, we have
llze = [(1 = Oyu+tf(z)]I1° = 11 =) (2 =) + t(z = £ ()
> (1-1)?|z - u|\2+2t(zt —f(z),j (A =t)(ze —u)))
=(1-1)?||z — U||2 +2t(1 =)z — f(z:),j(z —u)).
(3.6)
It follows from (3.5) that
2t(1=t)(z — f(2), j(z —u))
(3.7)

<|lze—[(1=Ou+tf ()]} = (1= 0)?|z —ul|* < 0.

This shows that

N
(@~ fla).j(z—u) <0, Vue() (F(r)NC), Vj(z—u) €](z—u). (3.8)
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(2) Since f: C — C is a Banach contraction mapping with a contractive constant 0 <
B < 1. Hence for any u € ﬂf\il(F(T,-) (N C), we have

(f(z) = fw),j(z—u)) < Bllze—ul[ (3.9)
Again since

(Zt —f(Zt),j(Zt—u)> = (Zt —u+u—f(u)+f(u) —f(Zt))j(Zt—u)>
= [lze =l + (u— f(w), (2~ u))
+ ()~ f(z),j(z—u))

s . (3.10)
> ||ze — ul|"+ (u— f (), j(ze —u))
= 1fw) = f (2|2 = ull
> (1= P)lla = ull*+ (u = fw),j(z—w)).
It follows from the conclusion (1) that
(1= PB)llze — ull* + (u— f (), j(z—u)) <0, (3.11)
that is,
(1= Bllze —ull® < (u— fw),ju—z)) < |lu-f@)| - ||z - ull. (3.12)
Therefore we have
= £l
llze —ull < 5 (3.13)
This shows that {z;} is bounded. O

THEOREM 3.2. Let E be a reflexive Banach space which admits a weakly sequentially con-
tinuous normalized duality mapping J from E to E*. Let C be a nonempty closed convex
subset of E which is also a sunny nonexpansive retract of E. Let f : C — C be a given Banach
contraction mapping with a contractive constant 0 < 5 < 1, and let T; : E — E, i = 1,2,...,N,
be nonexpansive mappings satisfying the following conditions:
(i) N (F(T)NC) # @5
(ii)
N N
(\E(T;) =(\F(T\ Ty -+ T5T2) = - - - = F(TnTyn-1,..., T1) = F(S), (3.14)

i=1 i=1
where S = TnTn-15...,T1;
(iii) The mapping S : C — E satisfies the weakly inward condition.

Let {z;:t € (0,1)} be the net defined by (3.2), where P is the sunny nonexpansive re-
traction of E onto C. Then as t — 0, {z;} converges strongly to some common fixed point
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pE NN, (F(T) N C) such that p is the unique solution of the following variational inequal-
ity:

(= )p)J(p-w) <0, Yu ( NNcC). (3.15)

HDZ

Proof. Tt follows from Theorem 3.1(2) that the net {z, t € (0,1)} is bounded and so
{S(z¢), t €(0,1)} and { f(2), t € (0,1)} both are bounded. Hence from (3.2), we have

llze = PS(z0)|| = |[P(tf (z:) + (1 = )S(2:)) — PSz|]
<||tf(z) + (1= 1)S(z) — S(z)|| (3.16)
=t|f(z) =S(z)|| — 0 (ast—0),
and so we have

ltin3||zt —PS(z)|| = 0. (3.17)

Next we prove that {z; : t € (0,1)} is relatively compact. Indeed, since E is reflexive and
{z:} is bounded, for any subsequence {z;,} C {2z}, there exists a subsequence of {z;, } (for
simplicity we still denote it by {z;,}) (where t, is a sequence in (0,1)) such that z;,, — p
(as t, — 0). Since PS: C — C is nonexpansive, by virtue of (3.17) we have

|

It follows from Lemma 2.6(2) that I — PS has the demiclosed property, and so p € F(PS).
Therefore it follows from Lemma 2.8 that

zi, — PS(z,)|| — 0 (ast, — 0). (3.18)

:)z

p € F(PS) =

(F(T) ). (3.19)

i

Taking u = p in (3.12), we have

(p=F(P)I(p=2))

- < 3.20
| Zt, P” (1 _/))) ( )
Since J is weakly sequentially continuous, we get that
. e Sp=f(p)J(p—z,))
lim ||z, = pl” < lim 1-p) =0, (3.21)

thatis, z,, — p (asn — o).
This shows that {z;} is relatively compact.
Finally, we prove that the entire net {z;, t € (0,1)} converges strongly to p.
Suppose the contrary that there exists another subsequence {z } of {z} such that z;, —
(as tj — 0). By the same method as given above, we can also prove that g € F(S)(C =

q
NYL(E(THNC).
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Next we prove that p = g and p is the unique solution of the following variational
inequality:

N
(L= Ppsjp-w) <0, Vue((F(T)C). (3.22)
i=1

Indeed, for each u € ﬂf-\il(F(T,-)ﬂC), the sets {z; — u} and {z; — f(z;)} both are
bounded and the normalized duality mapping J : E — E* is single-valued and weakly
sequentially continuous. Hence it follows from z;; — g (as ¢; — 0) that

(T = f)(z,),] (21, —u)) = (T = £)(q),](q —u)) |
= (U= )z,) =T = f)q)](z, —u))
+{((I = f)q),) (2, —u) —J(q—u)) | (3.23)
[T = =) == @I - ||z, — ul]
+|((I—f)(q),](zt,—u)—I(q—u)H—»0 (ast; —0).

By Theorem 3.1(1) we have

(I-f)g)J(q—u) = }i{no (I = f)(z)),](z; —u)) <0, (3.24)
that is,
(I = f)g),J(q—uw) <0. (3.25)

Similarly we can also prove that

(U= £)(p)J(p—u)) <0. (3.26)

Taking u = p in (3.25) and u = q in (3.26) and then adding up these two inequalities, we
have

(= f)p) == f)g)](p—q) <0, (3.27)

and so we have
lp—qll> < {f(p) = f(@.,](p—q) <Bllp—qlI*. (3.28)
This implies that p = g. The proof of Theorem 3.2 is completed. O

We are now in a position to prove the following result.

THEOREM 3.3. Let E be a reflexive Banach space which admits a weakly sequentially contin-
uous normalized duality mapping | from E to E*. Let C be a nonempty closed convex subset
of E which is also a sunny nonexpansive retract of E and P a sunny nonexpansive retraction
from E onto C. Let f : C — C be a given Banach contraction mapping with a contractive
constant 0 < < 1, and let T; : E — E, i = 1,2,...,N, be nonexpansive mappings satisfying
the following conditions:
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(i) MY (F(T)NC) # @

N N
(\E(T;) =(\F(T\ Ty -+ T5T2) = - - - = F(TnTyn-1,..., T1) = F(S), (3.29)

i=1 i=1

where S = TnTn-15...,T1;
(iii) The mapping S : C — E satisfies the weakly inward condition.
For any given xy € C, let {x,} be the iterative sequence defined by

Xn+1 = P(‘xn+1f(xn) + (1 - ‘xn+1)Tn+1xn): (3.30)

where T, = Tymodn). Then the following hold.

(1) {x,} converges strongly to some p € (\~,(F(T;) \C) if and only if the following con-
ditions are satisfied:

(a) lim,—. e a0y = 0;

(b) Z:LO:O Ay = 005

(¢) llxn = PSxull — .

2)Ifx,—pe ﬂf\il(F(Ti) (N C), then this p is the unique solution of the following vari-
ational inequality:

(I~ )PLI(p—u) =0, Vu ( )NC). (331)

WDZ

Proof of conclusion (1) of Theorem 3.3 (sufficiency). (I) For the mapping S : E — E defined
above, it is easy to see that S is a nonexpansive mapping. For given f : C — C, t € (0,1),
we define a contraction mapping S; : C — C by

Six=P(tf(x)+(1-1)8x), x€C, (3.32)

where P is the sunny nonexpansive retraction from E onto C. Let z; € C be the unique
fixed point Sy, that is, it is the unique solution of the equation

=P(tf(z) +(1-1)Sz). (3.33)

By Theorem 3.2, {z;, t € (0,1)} is bounded and as t — 0, {z;} converges strongly to some
pE ﬂfil(F (T;)(C) such that p is the unique solution of the following variational in-
equality:

(I-F)p)J(p—u) <0, Vu

HDZ

( )C). (3.34)
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(II) Now we prove that the sequence {x,} defined by (3.30) is bounded. In fact, for any
ue ﬂfil(F(Ti) (N C) and for any n > 0 we have

[lotw = ul| = |[P((1 = &tn) TuXn—1 + tn f (xn-1)) — Pul|

< (1= o) | w1 — ul| + ]| f (1) — ]

< (1= an)|lxny = wll + @ {11 f Cen) = fQ[+]f () = ull}

< (1= o) |1 = ull + on{Bllxn-1 = ual [+ [| £ () = ul[} (3.35)
(

1= (1= B)[xn—1 = ul[ + o] | f () |

Smax{nxn =), L ﬁull}'

By induction, we can prove that

||xn—u||§max{||xo— R ﬂ”“} V=0, (3.36)
This shows that {x,} is bounded. Let
M=Sugsug{llxn—P||2+||xn—P||+||Zz—xn||+||zt—xn||2}<°°, (3.37)
t=0 n=

where p is the strong limit of the sequence {z;} defined by (3.33).
(IIT) Now we prove that

limsup ((I— f)(p),J(p—x4)) <0. (3.38)

n—oo

Indeed, since E is reflexive and {x,} is bounded, we can take a subsequence {x,, } C {x,}
such that x,,, — x* and

limsup ((I - /)(p),J(p — xn)>_hm (= NPT (p—xn))- (3.39)

n—oo

By condition (c), we have
|[%n, — PSx || — 0 (as ng — o). (3.40)

It follows from Lemmas 2.6(2) and 2.8 that

x* EFPS=

||DZ

( T;)(C). (3.41)

Since the normalized duality ] is weakly sequentially continuous, from (3.15) we have

limsup (I - £)(p),J (p — xn))

n— oo

. (3.42)
= lim {(I=£)(p).J (p = xw)) = (I = ))(p),] (p ~x+)) < 0.
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The conclusion (3.38) is proved.

(IV) Letting y, = max{{(I — f)(p),J(p —x4)),0} = 0, we prove that y, — 0 (asn — ).

Indeed, it follows from (3.38) that for any given € > 0, there exists a positive integer 7,
such that

(I-F)P)J(p—x4)) <€ Vn=n, (3.43)

and so we have 0 < y, <€, for all n = n;. In view of the arbitrariness of € > 0, we know
that y, — 0.

(V) Finally, we prove that x, — p where p is the limit of {z;} (as t — 0) and p €
ﬂf-il (F(T;) C). In fact, it follows from (3.30) and Lemma 2.9 that

[[xs1 = pII* = IP((1 = tst) Tosrn + et f (x0)) = P(p)I°
<101 = @) (Tor = p) + i (f () = )|
< (1= atne) (N Torn = pIP + 200001 (f () = pJ (i1 — )
< (1= ) lls = pII°
+ 2041 (f (x0) = f(p) + f(p) = p,J (%ns1 — P)) (3.44)
< (1= 1) [ = pI + 201 Bl = pl| - [ne1 = pl]
+ 2051 (f (p) — pJ (Xn1 — p))
< (1= 1) [ = pIP + s Bl — pII + ner — pI[*}
+ 2041 (f (p) = poJ (%n11 = P))-

Since the normalized duality mapping J defined by (2.1) is odd, that is, J(—x) = —J(x),
x € E, therefore we have

() =T (tnsr = ) = (P = F(P)T (P = Xn+1)) < Ynr. (3.45)
Substituting it into (3.44) and simplifying, we have
(1= Bayer) - [[xne1 _P”2 <[(1- tni1)’ + a1 B[ _PHZ
+ 2011 (f (p) = psJ (xne1 = p))
< (1= awa 2= P))lxs - pl? (3.46)
a2y |0 = pII* + 20001 e

< (1—ap(2 _ﬁ))Hxn _P”z +“;21+1M+20¢n+1)/n+1-

Since a,, — 0, therefore there exists a positive integer #, such that

1
1 —/3(xn+1 > 5, Vn=n,. (347)
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It follows from (3.46) that

1-— 2—
1 —z||2 < 1-a(2-p)

2
1— Bty e (3.48)

+2“n+1{“n+1M+2yn+1} Vl’l = nyp.

Again since

1—0£n+1(2—ﬁ) -1 2“n+1(1_[3)

<1-2a,01(1-p), 3.49
e e wi(1-B) (3.49)

from (3.48) we have

s = 2lI” < {1 =202 (1 = B)} |l — pI”

+20£n+1{06n+1M+2)/n+1} Vn=n,.

(3.50)

Take ay, = llx, — pll%, Aw = 20011 (1 = B), by = 2ap41 {@ps1M + 2p541}, and ¢, = 0 for all
n > n, in Lemma 2.10. By the assumptions, it is easy to see that >, oA, = o, b, = 0(A,)
and X" ¢, = 0, hence the conditions in Lemma 2.10 are satisfied, and so we have

N
%ij{)lo||xn—P||=0, thatis,m—»peﬂ(F(T,-)ﬂC). (3.51)

i=

The sufficiency of conclusion (1) of Theorem 3.3 is proved.
(Necessity). Suppose that the sequence {x,} defined by (3.30) converges strongly to a
fixed point p € ﬂf\il (F(T;)NC) = F(S)N C. Therefore we have that

[|PSxy, — x4| = ||PSxn — Pxu|| < |[Sxn — x|

=< |ISxn = [+ [xn = p| (3.52)
<2xy—pll —0 (n— o).

The necessity of condition (c) is proved.

Now we prove the necessity of condition (a). Take f = u, u € C with u # p and T; is
nonexpansive mapping from C to C forall i = 1,2,...,N. Then the sequence {x,} defined
by (3.30) is equivalent to the following iterative sequence:

xo € C,

(3.53)
Xn+l = Opr1U+ (1 - (xn+1)Tn+lxn>
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where T, = Thmodn)- Since each T;: C — C, i = 1,2,..., N, is nonexpansive, we get
|| Tus10 — pl| < ||%u — p|| — 0, thatis, Tys1x, — p (as n — o). (3.54)
Again from (3.53) we have that

“n-%—l“u - Tn+1xn|| = ||xn+1 - Tn+lxrl||
< |l = pll+ [ T = pl| (3.55)
< |lxner = pll+[lxn = pll — 0 (asn — o).

Therefore we have

limsup a1 || — Tpr1x0|| = limsup o, llu — pll = 0. (3.56)

n— oo n— oo

By the assumption that u # p, and so we have

limsupa,41 =0, (3.57)
n— oo
that is,
lijn a, =0. (3.58)

The necessity of condition (a) is proved.

Take f =0, C={x € E: |[x|l <1} (closed unit ball in E), and T; = (-I): C — C, for
alli=1,2,...,N, in (3.30), where I is the identity mapping. Since each T}, i = 1,2,...,N,
is nonexpansive and 0 is the unique common fixed point of T}, T5,..., Ty in C, hence we
have

n+l

X1 = (D) (1= an)xn = (=12 (1 = @er) (1= ata) 1 = -+ - = (=)™ [ [ (1 - avi) xo.
i=1

(3.59)

Ifx,—0¢€ ﬂf\ilF,-x(T,-), we have

n+l
0 = lim ||x,11 = 0| =££r£101_[(1—ai)||x0—0||. (3.60)
i=1
This implies that
(1-a;) =0, thatis, Z“i = co. (3.61)

1

i=1

The necessity of condition (b) is proved.

Summing up the about argument, the conclusion (1) of Theorem 3.3 is proved.

The conclusion (2) of Theorem 3.3 can be obtained from Theorem 3.2 immediately.
The proof of Theorem 3.3 is completed. O
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4. Applications to some recent theorems
As applications of Theorem 3.3 we can obtain the following results.

TuEOREM 4.1. Let E be a reflexive Banach space which admits a weakly sequentially contin-
uous normalized duality mapping ] from E to E*. Let C be a nonempty closed convex subset
of E which is also a sunny nonexpansive retract of E and P a sunny nonexpansive retraction
from E onto C. Let f : C — C be a given Banach contraction mapping with a contractive con-
stant 0< < 1, and let T;: E — E, i = 1,2,...,N, be nonexpansive mappings satisfying the
conditions (i), (ii) and (iii) in Theorem 3.1. For any given xo € C, let {x,} be the sequence
defined by (3.30). If the following conditions are satisfied:
(1) limy, .0 @y = 0;
(ii) 2:;0 Ay = 095
(iii) 2;0:0 [pi1 — ap| < 00 or limy, o Ap/0pi1 = 1,
then the sequence {x,} converges strongly to a point p € (\N., (F(T;) (\C) which is the unique
solution of the following variational inequality:
N
(= £)p)J(p—w) <0, Vue([(F(T:)(C). (4.1)

i=1

Proof. It suffices to prove that under the conditions of Theorem 4.1 the condition [/x, —
PSx,|| — 0 (as n — o) in Theorem 3.3 is satisfied.

In fact, for given contraction mapping f : C — C with a contractive constant 3 € (0,1)
and for given point u € N, (F(T;)(1C), by the same method as given in the proof of
(3.36), we can prove that

||xn—u||smax{||xo—u|\,||f(luz;u”} V=0, (42)

This implies that {x,} is bounded, and so {Sx,} and { f(x,)} both are bounded. Let

M = sup {1f () = 5.+ 1 5n) = S (43)

It follows from (3.30) that

[ = xnl| = [P f () + (1= ats1) Sxn) = Pt f (x=1) + (1 = ) Sx01) |
< o1 f () + (1 = 1) S — (0t f (xn-1) + (1 = ) Sx—1)
= [|(1 = anr1) (Sxn = Sxu—1) + (1 — @) (f (Xn=1) — Sxu1)
+ o1 (f () = f (xn-1)) | (4.4)
< (1=t [ = x| + [ @ner — @ ||| f (x0-1) = Sx1 |
+ o1 Blxn — 21|

< (1= anr1 (1 =P |[xn = %01 || + M [ i1 — an |
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(I) If the condition Z;‘;O |1 — | < o0 is satisfied, then take a, = ||x, — x,-11l, An =
oni1(1 = B), by =0, and ¢, = M|aps1 — a0yl in Lemma 2.10. It is easy to see that all condi-
tions in Lemma 2.10 are satisfied. Therefore we have

[|%011 — x4 — 0 (asn — o0). (4.5)

(IT) If the condition lim,,_.. o,/ 1 = 1 is satisfied, then take a, = |x, — x,-11l, A, =
®u1(1 =), ¢, =0and

Ap+1 — Ay Ap

=May1|1—

bn = M|fxn+l - (xn| = Moy = O(An) (46)

A+l A+l

It is easy to see that all conditions in Lemma 2.10 are satisfied. Therefore (4.5) still holds.
From (3.30), we have
|20 — PSxp|| = ||P (et f (x4-1) + (1 — &) Sx4—1) — PSx|]
< |Jetn f (x0-1) + (1 — @) Sxn—1 — Sxn||
= ||otn[f (xn=1) = Sxn] + (1 — o) (Sxp—1 — Sxn) || (4.7)
< o[ f (xn1) — Sl [ + (1 = o) [|Sxu—1 — S|

<aM+(1- “n)”xnﬂ —xn“'
By virtue of (4.5) and condition (i), we obtain

lim [|x, = PSx,|| — 0. (4.8)

This shows that the condition (iii) in Theorem 3.3 is satisfied. Hence the conclusion of
Theorem 4.1 can be obtained from Theorem 3.3 immediately. O

THEOREM 4.2. Let E be a reflexive Banach space which admits a weakly sequentially contin-
uous normalized duality mapping ] from E to E*. Let C be a nonempty closed convex subset
of E which is also a sunny nonexpansive retract of E and P a sunny nonexpansive retraction
from E onto C. Let f : C — C be a given Banach contraction mapping with a contractive con-
stant 0 < f < 1, and let T : C — E be a nonexpansive mapping with F(T) + & and satisfy
the weakly inward condition.

For any given xy € C, let {x,} be the iterative sequence defined by

Xne1 = P01 f (xn) + (1 = otns1) Txy). (4.9)
Then the following hold.
(1) {xn} converges strongly to a point p € F(T) if and only if the following conditions are
satisfied:

(a) lim,,—. e a0y = 0;

(b) Z:LO:O Ky = 005

(C) ”xn —PTX,,” - 0.

(2) If x, — p € F(T), then p is the unique solution of the following variational inequality:

(=1 (p)J(p—u)) <0, VueF(T). (4.10)
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Proof. The conclusion of Theorem 4.2 can be obtained from Theorem 3.3 immediately.

O

Remark 4.3. Theorem 4.2 improves and extends the main results in Xu [1], O’Hara et al.
[2], Song and Chen [3], Jung [7], Wittmann [11], Bauschke [4], Moudafi [9], Lions [8],
Halpern [6], Reich [10, 12], and Browder [5].
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