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1. Introduction

Let H be a Hilbert space and let {C;}}" be a family of closed convex subsets of H such
that F = (", C; is nonempty. Then the problem of image recovery is to find an element
of F using the metric projection P; from H onto C; (i = 1,2,...,m), where

Pi(x) =arglyglglly—xll (1.1)

for all x € H. This problem is connected with the convex feasibility problem. In fact,
if {gi}!2, is a family of continuous convex functions from H into R, then the convex
feasibility problem is to find an element of the feasible set

s

{x € H:gi(x) <0}. (1.2)

1

Il
—

We know that each P; is a nonexpansive retraction from H onto C;, that is,

|[Pix = Piy|| < llx =yl (1.3)
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for all x,y € H and P} = P;. Further, it holds that F = N, F(P;), where F(P;) denotes
the set of all fixed points of P; (i = 1,2,...,m). Thus the problem of image recovery in the
setting of Hilbert spaces is a common fixed point problem for a family of nonexpansive
mappings.

A well-known method for finding a solution to the problem of image recovery is the
block-iterative projection algorithm which was proposed by Aharoni and Censor [1] in
finite-dimensional spaces; see also [2-5] and the references therein. This is an iterative
procedure, which generates a sequence {x,} by the rule x; = x € H and

Xn+1 = iwn(i)(aixn +(1-ai)Pix,) (n=1,2,...), (1.4)

i=1

where {w, (i)}, C [0,1] (n € N) with >, w,(i) =1 (n € N) and {a;}", C (=1,1). In
particular, Butnariu and Censor [3] studied the strong convergence of {x,} to an element
of F.

Recently, Kikkawa and Takahashi [6] applied this method to the problem of finding a
common fixed point of a finite family of nonexpansive mappings in Banach spaces. Let C
be a nonempty closed convex subset of a Banach space E and let {T;}}”, be a finite family
of nonexpansive mappings from C into itself. Then the iterative scheme they dealt with is
stated as follows: x; = x € C and

Xn+1 = iwn(i) (‘xn,ixn + (1 - ‘xn,i)Tixn) (n=12,...), (1.5)

i=1

where {w, (i)}, € [0,1] with >, w,(i) = 1 (n € N) and {&;}", C [0,1]. They proved
that the generated sequence {x,} converges weakly to a common fixed point of {T;}",
under some conditions on E, {«a,,;}, and {w,(i)}. Then they applied their result to the
problem of finding a common point of a family of nonexpansive retracts of E; see also
[7-10] for the previous results on this subject.

Our purpose in the present paper is to obtain an analogous result for a finite family
of relatively nonexpansive mappings in Banach spaces. This notion was originally intro-
duced by Butnariu et al. [11]. Recently, Matsushita and Takahashi [12—14] reformulated
the definition of the notion and obtained weak and strong convergence theorems to ap-
proximate a fixed point of a single relatively nonexpansive mapping. It is known that if
C is a nonempty closed convex subset of a smooth, reflexive, and strictly convex Banach
space E, then the generalized projection Il¢ (see, Alber [15] or Kamimura and Takahashi
[16]) from E onto C is relatively nonexpansive, whereas the metric projection P¢ from E
onto C is not generally nonexpansive.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive
Banach space E, let ] be the duality mapping from E into E*, and let {T;}Z, be a finite
family of relatively nonexpansive mappings from C into itself such that the set of all com-
mon fixed points of {T;}, is nonempty. Motivated by the convex combination based
on Bregman distances [17] due to Censor and Reich [18], the iterative methods intro-
duced by Matsushita and Takahashi [12—14], and the proximal-type algorithm due to the
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authors [19], we define an operator U, (n € N) by

Upx =TIcJ ! (an(i)(fxn,i]x +(1- fxn,i)]TiX)> (1.6)

i=1

for all x € C, where {w,(i)} C [0,1] and {a,;} C [0,1] with >/, w,(i) = 1 (n € N). Such
a mapping U, is called a block mapping defined by T1,T5,..., Ty, {an} and {w,(i)}. In
Section 4, we show that the set of all fixed points of U, is identical to the set of all common
fixed points of {T;}72; (Theorem 4.2). In Section 5, under some additional assumptions,
we show that the sequence {x,} generated by x; = x € C and

Xp1 = Upx, (n=1,2,...) (1.7)

converges weakly to a common fixed point of {7;}; (Theorem 5.3). This result gener-
alizes the result of Matsushita and Takahashi [12]. If E is a Hilbert space and each T; is a
nonexpansive mapping from C into itself, then J is the identity operator on E, and hence
(1.5) and (1.7) are coincident with each other. In Section 6, we deduce some results from
Theorems 4.2 and 5.3.

2. Preliminaries

Let E be a (real) Banach space with norm || - || and let E* denote the topological dual of E.
We denote the strong convergence and the weak convergence of a sequence {x,} to x in E
by x, — x and x,, — x, respectively. We also denote the weak* convergence of a sequence

{x)} to x™ in E* by x;f X x*.Forall x € Eand x* € E*, we denote the value of x* at x
by (x,x*). We also denote by R and N the set of all real numbers and the set of all positive
integers, respectively. The duality mapping J from E into 25" is defined by

J(x) = {x* € E*: (x,x*) = [|x]? = ||x*||*} 2.1)

forall x € E.

A Banach space E is said to be strictly convex if ||x|| = ||yl = 1 and x # y imply
[I(x + y)/2]l < 1. It is also said to be uniformly convex if for each ¢ € (0,2], there exists
& > 0 such that

llxll = liyll =1, lx—yll=e (2.2)
imply [|(x+ y)/2|| <1 — 6. The space E is also said to be smooth if the limit

. X+t —||X
i X1 = il

t—0 t (2.3)

exists for all x,y € S(E) = {z € E: [|z]| = 1}. It is also said to be uniformly smooth if the
limit (2.3) exists uniformly in x, y € S(E). It is well known that £# and L? (1 < p < o) are
uniformly convex and uniformly smooth; see Cioranescu [20] or Diestel [21]. We know
that if E is smooth, strictly convex, and reflexive, then the duality mapping J is single-
valued, one-to-one, and onto. The duality mapping from a smooth Banach space E into
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E* is said to be weakly sequentially continuous if Jx, ~~ Jx whenever {x,} is a sequence
in E converging weakly to x in E; see, for instance, [20, 22].

Let E be a smooth, strictly convex, and reflexive Banach space, let J be the duality
mapping from E into E*, and let C be a nonempty closed convex subset of E. Throughout
the present paper, we denote by ¢ the mapping defined by

¢(y,x) = IylI* = 2(y,Jx) + l|x|I? (2.4)

for all y,x € E. Following Alber [15], the generalized projection from E onto C is defined
by

[I¢(x) = argmin¢(y,x) (2.5)
yeC

for all x € E; see also Kamimura and Takahashi [16]. If E is a Hilbert space, then ¢(y,x) =
ly — x||? for all y,x € E, and hence Il is reduced to the metric projection Pc. It should
be noted that the mapping ¢ is known to be the Bregman distance [17] corresponding
to the Bregman function || - [|?, and hence the projection Il¢ is the Bregman projection
corresponding to ¢. We know the following lemmas concerning generalized projections.

LEmMMA 2.1 (see [15]; see also [16]). Let C be a nonempty closed convex subset of a smooth,
strictly convex, and reflexive Banach space E. Then

¢(x,Icy) +¢(Ilcy,y) < ¢(x,y) (2.6)

forallx € Cand y € E.

LEMMA 2.2 (see [15]; see also [16]). Let C be a nonempty closed convex subset of a smooth,
strictly convex, and reflexive Banach space E, let x € E, and let z € C. Then z = Ilcx is
equivalent to

(y—z Jx—Jz) <0 (2.7)

forall y € C.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive
Banach space E, let T be a mapping from C into itself, and let F(T') be the set of all fixed
points of T. Then a point z € C is said to be an asymptotic fixed point of T (see Reich
[23]) if there exists a sequence {z,} in C converging weakly to z and lim,, ||z, — Tz,|| = 0.
We denote the set of all asymptotic fixed points of T by F(T). Following Matsushita and
Takahashi [12-14], we say that T is a relatively nonexpansive mapping if the following
conditions are satisfied:

(R1) F(T) is nonemptys;

(R2) ¢(u, Tx) < ¢p(u,x) forallu € F(T) and x € C;

(R3) F(T) = F(T).
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Some examples of relatively nonexpansive mappings are listed below; see Reich [23] and
Matsushita and Takahashi [12] for more details.

(a) If C is a nonempty closed convex subset of a Hilbert space E and T is a non-
expansive mapping from C into itself such that F(T) is nonempty, then T is a
relatively nonexpansive mapping from C into itself.

(b) If E is a uniformly smooth and strictly convex Banach space and A C E X E* is
a maximal monotone operator such that A='0 is nonempty, then the resolvent
J, = (J+rA)~'J (r >0) is a relatively nonexpansive mapping from E onto D(A)
(the domain of A) and F(J,) = A~10.

(c) If I1¢ is the generalized projection from a smooth, strictly convex, and reflex-
ive Banach space E onto a nonempty closed convex subset C of E, then Il¢ is a
relatively nonexpansive mapping from E onto C and F(Il¢) = C.

(d) If {C;}12, is a finite family of closed convex subset of a uniformly convex and
uniformly smooth Banach space E such that (), C; is nonempty and T =
IT,II, - - - I, is the composition of the generalized projections II; from E onto
Ci (i=1,2,...,m), then T is a relatively nonexpansive mapping from E into itself
and F(T) =N, C:.

The following lemma is due to Matsushita and Takahashi [14].

LEmMMA 2.3 (see [14]). Let C be a nonempty closed convex subset of a smooth, strictly convex,
and reflexive Banach space E and let T be a relatively nonexpansive mapping from C into
itself. Then F(T) is closed and convex.

We also know the following lemmas.

LEMMA 2.4 (see [16]). Let E be a smooth and uniformly convex Banach space and let {x,}
and {y,} be sequences in E such that either {x,} or {y,} is bounded. If lim, ¢(x,, y,) = 0,
then lim,, [|x, — y,ll = 0.

LemMA 2.5 (see [16]). Let E be a smooth and uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, continuous, and convex function g : [0,2r] — R such
that g(0) = 0 and

glllx=yll) < ¢lx, ) (2.8)

forallx,y € B, ={z€E: |zl <r}.

LEMMA 2.6 (see [24]; see also [25, 26]). Let E be a uniformly convex Banach space and let
r > 0. Then there exists a strictly increasing, continuous, and convex function g : [0,2r] — R
such that g(0) = 0 and

lltx+ (1= )y]]” < tlxl?+ (1= D)llyl2 - (1 - g (llx— yl) (2.9)

forallx,y € B, and t € [0,1].
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3. Lemmas
The following lemma is well known. For the sake of completeness, we give the proof.

LemMa 3.1. Let E be a strictly convex Banach space and let {£;}", C (0,1) with >\ t; = 1.
If {x;}%, is a finite sequence in E such that

2

= ztiHX,‘”z, (31)

m
Z tixi
i=1

thenx; =x, = -+ = X,

Proof. 1f x; # x; for some k,l € {1,2,...,m}, then the strict convexity of E implies that

2

tr t
+ 3.2
P A +t el -+ (3:2)
Using this inequality, we have
m 2 " 2
t + + t
g k l) (tk"' f Xkt e +tlxl) I%I iXi
S(tk-f—tl) ; -Ik-txk ltxl +Zt,||x,||
k ! ! i#k,l (33)
< (h+1) (t—"nxnz ||y||2> - S bl
fe 1 ik,
- 2
= > tillxill
i=1
This is a contradiction. |

We also need the following lemmas.

LEmMa 3.2. Let E be a smooth, strictly convex and reflexive Banach space, let z € E and let
{t:} C(0,1) with X" t; = 1. If {x;}[" is a finite sequence in E such that

( (Z tﬂ%)) ¢(z,x:) (3.4)

forallie {1,2,...,m}, thenx; =x3 = - - - = Xpp.

Proof. By assumption, we have

¢<Z,]1<Zitj]xj)> Z ¢ (z,x:). (3.5)
i iz
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This is equivalent to

m
lzll? -2 <zz thi> +
i=1

which is also equivalent to

Zt, (2l = 2(zJx) +|lxl[*),  (3.6)

m
']xz
=1

m 2 m
Jxi|| = Zti”]xin- (3.7)
- i-1

Since E is smooth and reflexive, E* is strictly convex. Thus, Lemma 3.1 implies that Jx; =
Jxy = -+ - = Jx. By the strict convexity of E, ] is one-to-one. Hence we have the desired
result. O

LEmMa 3.3. Let E be a smooth, strictly convex, and reflexive Banach space, let {x;}~, be a
finite sequence in E and let {t;}!", C [0,1] with >./" t; = 1. Then

¢(z,]1<iti]x,->> g ¢ (z,x:) (3.8)

forall z € E.
Proof. Let V: E X E* — R be the function defined by

V(x,x*) = \le\z—Z(x,Jf“)+||x*||2 (3.9)
for all x € E and x* € E*. In other words,

V(x,x*) = ¢(x,] 'x*) (3.10)

for all x € E and x* € E*. We also have ¢(x,y) = V(x,]y) for all x, y € E. Then we have
from the convexity of V in its second variable that

¢<z,]‘1 (it,]x,)) = V(Z,it,‘]x,) i Z ]x, = itigb(z,x,»). (3.11)
in1 in1 izl

This completes the proof. U

4. Block mappings by relatively nonexpansive mappings

Let E be a smooth, strictly convex, and reflexive Banach space and let J be the duality
mapping from E into E*. Let C be a nonempty closed convex subset of E and let {T;} 1,
be a finite family of relatively nonexpansive mappings from C into itself. In this section,
we study some properties of the mapping U defined by

Ux=Hc]l(iwi(rxi]x+(l—oci)]Tix)> (4.1)

i=1
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for all x € C, where {a;}"; C [0,1] and {w;}!", C [0,1] with >/, w; = 1. Recall that such
a mapping U is called a block mapping defined by T4, T5,..., T, {ani} and {w,(i)}.

LemMma 4.1. Let E be a smooth, strictly convex, and reflexive Banach space and let C be a
nonempty closed convex subset of E. Let {T;}iZ, be a finite family of relatively nonexpansive
mappings from C into itself such that (-, F(T;) is nonempty and let U be the block mapping
defined by (4.1), where {a;} C [0,1] and {w;} C [0,1] with >.[" w; = 1. Then

¢(u, Ux) < ¢(u,x) (4.2)

forallu € N, F(T;) and x € C.
Proof. Letu € (2, F(T;) and x € C. Then it holds from Lemmas 2.1 and 3.3 that

d(u,Ux) = ¢

/N

TR <§:wi(‘xi]x+ (1- “i)]Tix)>>

i=1

IA

VS

e (ﬁwwﬁ (1- txi)JTix)>> (43)

i=1

¢

M=

<

wi(oip(u,x) + (1 — o) ¢ (u, Tix) ) < p(u,x).
1

This completes the proof. O

TaEOREM 4.2. Let E be a smooth, strictly convex and reflexive Banach space and let C be a
nonempty closed convex subset of E. Let {T;}iZ, be a finite family of relatively nonexpansive
mappings from C into itself such that N}~ F(T;) is nonempty and let U be the block mapping
defined by (4.1), where {a;} C [0,1) and {w;} C (0,1] with >/ w; = 1. Then

m

F(U) =(\F(T)). (4.4)

i=1

Proof. Since the inclusion F(U) > (N, F(T;) is obvious, it suffices to show the inverse
inclusion F(U) c N2, F(T;). Let z € F(U) be given and fix u € (2, F(T;). Let V : E X
E* — R be the function defined by (3.9). Then, as in the proof of Lemma 4.1, we have

¢(u,z) = ¢(u,Uz) < (/)(u,]l (iwi(aJZwL (1- a,-)]T,z)))

i=1

" (4.5)
<> wiaip(w,2)+ (1 - ;) p(u, Tiz)) < $(u,2).
i=1
Ifk € {1,2,...,m}, then we have
P(u,2) = > wi(aip(u,2)+ (1 - ;) p(u, Tiz))
= (4.6)

< Zw,-gb(u,z) + wi (akd(u,2) + (1 — ax) o (u, Tkz) ).
i#k
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Using (4.6), we have

wed(u,z) = (1 - Zw,) O(u,z) < w(ad(u,2) + (1 — ak) d(u, Tz)). (4.7)
i+k

Hence we have

we(1—ax)d(u,2) < w (1 — ak) P (u, Txz). (4.8)

Since wy >0, ax < 1, and u € F(Ty), we have

O(u,z) < ¢(u, Trz) < ¢(u,z). (4.9)
Thus
¢<u,]1 (Zwi(“i12+ (1- “i)]Tiz))> = ¢(u,Tjz) = (u,2) (4.10)
i=1
forall j € {1,2,...,m}.
If m = 1, then w; = 1. In this case,

Ux =TI Y Jx+ (1 — ;)] Thx) (4.11)

forall x € C. If ¢y = 0, then U = T}, and hence the conclusion obviously holds. If a; >0,
then we have from (4.10) that

d(u, ] NaJz+ (1 —a1)]Thz)) = ¢(u, T1z) = ¢p(u,2). (4.12)

Then, using Lemma 3.2, we have z = T z.

We next consider the case where m > 2. In this case, it holds that 0 < w; < 1 for all
ie{1,2,....om}.LetI = {i € {1,2,...,m} : a; # 0}. If I is empty, then we have from (4.10)
that

¢<u,]1 <zw,~]T,~z>) = ¢(u, Tiz) (4.13)
i=1
forallie {1,2,...,m}. Using Lemma 3.2, we have Ty z = Trz = - - - = T},z. Hence we have
z=Uz= Hcf_l (ZwJT,z) = Hcf_l (ZwJTﬂ) = HchZ = TjZ (4.14)
i=1 i=1

forall j € {1,2,...,m}. Thus z € N, F(T;).
On the other hand, if I is nonempty, then we have from (4.10) that

¢<u,]1 <zw,-oc,-]z+iwi(l - ai)]Tiz>> =¢(u,Tiz) = ¢p(u,2) (4.15)
icl i1

foralli € {1,2,...,m}. Then, from Lemma 3.2, we have z = T1z = Tz = - - - = T,,z. Thus
z € i1, F(T;). This completes the proof. O
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5. Weak and strong convergence theorems

Let E be a smooth, strictly convex, and reflexive Banach space and let C be a nonempty
closed convex subset of E. Let {T;}", be a finite family of relatively nonexpansive map-
pings from C into itself such that (", F(T;) is nonempty and let U, be a block mapping
from C into itself defined by

Upx =TIcJ ! (an(i)(fxn,i]x +(1- fxn,i)]TiX)> (5.1)

i=1

for all x € C, where {w,(i)} C [0,1] and {a,,;} C [0,1] with > w,(i) =1 forall n € N.
In this section, we study the asymptotic behavior of {x,} generated by x; = x € C and

Xps1 = Unxn (n=1,2,...). (5.2)

LemMMA 5.1. Let E be a smooth and uniformly convex Banach space and let C be a nonempty
closed convex subset of E. Let {T;}}", be a finite family of relatively nonexpansive mappings
from C into itself such that F = (-, F(T;) is nonempty and let {a,; : n,i € N,1 <i < m}
and {w,(i) : n,i € N,1 < i < m} be sequences in [0,1] such that >.;" | w,(i) = 1 for all n €
N. Let {U,} be a sequence of block mappings defined by (5.1) and let {x,} be a sequence
generated by (5.2). Then {I1px,} converges strongly to the unique element z of F such that

lim ¢ (z,x,) = min{%iqnolo(/)(y,xn) 1y e F} (5.3)

n—oo

Proof. If u € F, then we have from Lemma 4.1 that
¢(u>xn+l) = ¢(“>xn) (5-4)

for all n € N. Thus the limit of ¢(u, x,) exists. Since ¢(u,x,) > ([lull — [|x,1|)? forallu € F
and n € N, the sequence {x,} is bounded. By Lemma 2.1, we have ¢(u, [Tpx,) < ¢(u,x,).
So, the sequence {ITrx,} is also bounded. By the definition of I1r and (5.4), we have

¢(HFxn+1;xn+l) =< ¢(HFxn)xn+l) = ¢(HF-xn)xn)- (55)

Thus lim, ¢(ITpx,, x,) exists. We next show that {ITgx,} is a Cauchy sequence. Take r >0
such that {IIgx,} C B,. Then, by Lemma 2.5 , we have a strictly increasing, continuous
and convex function g : [0,2r] — R such that g(0) = 0 and

g(”HFxm - HFxﬂH) = (p(HFxm)HFxn) (56)



F. Kohsaka and W. Takahashi 11

for all m,n € N. If m > n, then it follows from Lemma 2.1 that
S (Mg, Hpxm) < ¢ (pxn, xm) — O (Mpxm xm) < ¢ (Upxn,xn) — ¢ (Upxm, xm).  (5.7)
Thus, for all € > 0, there exists N € N such that m > n > N implies that
(M — T ) < @ (Mg, %) — $ (T, Xn) < €. (5.8)

Therefore, {IIgx,} is a Cauchy sequence in F, and hence it converges strongly to an ele-
ment z of F.
We next show that z is the unique element of F such that

%ijglo¢(z,xn) =min{%£r§°¢(y,xn) Yy EF}. (5.9)
We define a function h: F — R by
h(y) = lim ¢ (y,x,) (5.10)

for all y € F. Then we can show that / is a continuous convex function. In fact, if y;, y, €
Fandt € (0,1), then

G (ty1 + (1= 1) y2,x0) < td(y1,%) + (1 =) (y2,%n) (5.11)

for all n € N. Tending n — o0, we have the convexity of h. We next show the continuity of
h. Let yi, y, € F and take M > 0 such that {x,}, {y1,y2} C By. Then we have

$(yxa) = d(y2nxa) = lInl* = llyall* +2(r2 = y1,Jxa)
< (Il +y20D Uyl = 1y201) +2[lxal [y1 = y2]] (5.12)
< 4Ml||y1 - ya|

for all n € N. Tending n — oo, we have h(y) — h(y,) < 4M|ly1 — y||. Similarly, we have
h(y2) = h(y1) < 4M|ly; — y2ll. Thus h is continuous. We can also show that [|z,]| — co
implies that h(z,) — oo. Since E is reflexive and F is closed and convex by Lemma 2.3,
the set

A:{peF:h(p)zji,rélf;h(y)} (5.13)

is nonempty; see Takahashi [27, 28] for more details.
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On the other hand, if y € F, then we have
h(Ipx,) = n11i£130¢(ﬂpxn,xm) < ¢(Ipxn,xn) < G (¥,%n) (5.14)

for all n € N. Tending n — oo, we have h(z) < h(y), and hence z € A. We finally show that
A is singleton. Suppose that there exist z;,z; € A such that z; # z,. Take s > 0 such that
{z1,22} C Bs. Then, by Lemma 2.6, we have a strictly increasing, continuous, and convex
function g': [0,2s] — R such that g(0) = 0 and

2
zZ1+2
2

1 1 1.
5§||Zl||2+§||zz||2—Zg(”Zl—Zz||)‘ (5.15)

Using this inequality, we have

2
(o52) sl (o5 ]

<1 {(p(zlaxn) +¢(22>xn) _§(||21—Z2||)}

zZ1+2,

el : ! (5.16)
_hlz) M=) g(lz1 —2)
2 2 4
h(z1)  h(z) .
ST, tTy T minh().
This is a contradiction. O

Following an idea due to Matsushita and Takahashi [12], we prove the following
lemma.

LemMA 5.2. Let E be a uniformly smooth and uniformly convex Banach space and let C
be a nonempty closed convex subset of E. Let {Ti}}", be a finite family of relatively non-
expansive mappings from C into itself such that F = (\i_ F(T;) is nonempty and let {a; :
nieN, 1 <i<m} C[0,1] and {w,(i) : n,i € N,1 <i<m} C[0,1] be sequences such that
liminf, a,;(1 — ;) >0 and liminf, w,(i) >0 for all i € {1,2,...,m} and >, w,(i) = 1
for all n € N. Let {U,} be a sequence of block mappings defined by (5.1) and let {z,} be
a bounded sequence in C such that lim, {¢(u,z,) — ¢(u,Uyz,)} = 0 for some u € F and
Zny, — 2. Thenz € F.

Proof. Since {z,} is bounded and ¢(u, Tiz,) < ¢(u,z,) for all n € N, {Tiz,} is also
bounded. It follows from the uniform smoothness of E that E* is uniformly convex; see
Takahashi [27, 28]. Take r > 0 such that {z,},{Tiz,} € B, (i = 1,2,...,m). Then,
Lemma 2.6 ensures the existence of a strictly increasing, continuous and convex function
g:[0,2r] — R such that g(0) = 0 and

[z + (1 = D] Tiza||” < tllzal > + 1 = O||Tizal* = t1 = g ([[Tzn = J Tizal]) ~ (5.17)



F. Kohsaka and W. Takahashi 13

forallt € [0,1],n € N,and i € {1,2,...,m}. Since u is an element of F, we can show from
Lemma 2.1 that

(1, Uyz,

)
<ul (an(l) il zn + (1 ‘xn,i)]TiZn)>>

= V( an(l an,i]Zn + (1 - “n,i)]Tizn)>

IA
M=

Wn(D)V (tyaniJzn + (1 — i) Tizn)
1

I
NIE

wn(’)(Hqu - 2<u>‘xn,i]Zn + (1 - “n,i)]TiZn> + ||“n,i]zn + (1 - ‘xn,i)]TiZn”z)
1

(5.18)

Using (5.17) and ¢(u, Tiz,) < ¢(u,2,), we have

M§

¢(u U, Zﬂ) < (1)(||u||2 - 2<“>“n,ijzn + (1 - ‘xn,i)]Tizn> + ||(xn,i]2n + (1 - ‘xn,i)]Tizn”Z)

I
—_

'Mi

Il
—

@n(8) (1124112 = 21ty i 20 + (1= 6t 1) T Tizn) + il |2l |* + (1 = ) || Tizal |

- ‘Xn,i(l - ‘xn,i)g(”]Zn —JTiz, ”))

I
M=

wn(i)(“n,i¢(u>zn) +(1- “n,i)¢(”> Tizu) — "‘n,i(1 - “n,i)g(H]Zn _]TiZnH))
1

< ) - iwnman,iu )@ (en =TTl
(5.19)
Thus we have
iwnum,iu — gz —ITll) < $(z) - $(wUpz)  (520)
for all n € N. Then it follows from lim, {$(1,2,) — (1, Unz,)} = 0 that
lim > a1 - ang)g (20 ~ Tl ]) = 0. (5.21)

i=1
Since liminf, w,(i) >0 and liminf, a,;(1 — ;) >0 foralli € {1,2,...,m}, we have

lim g(|/zn = J Tizall) = 0 (5.22)
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forallie {1,2,...,m}. Then, the properties of g yield

%ijlolonjzn_]Tian:O (5.23)

forallie {1,2,...,m}. Since E is uniformly convex, the duality mapping J ! from E* into
E is uniformly norm-to-norm continuous on every bounded subset of E*; see Takahashi
[27, 28]. Hence, we have

lim ||z, — Tizy|| = lim [/} (Jz) =]~ U Tiza)[| = 0 (5.24)

forallie {1,2,...,m}. Thus z € 13(T,~) for all i € {1,2,...,m}. Since each T; is relatively
nonexpansive, we have ﬁ(Ti) = F(T;) foralli e {1,2,...,m}, and hence z € F. This com-
pletes the proof. O

Using Lemmas 5.1 and 5.2, we study the asymptotic behavior of {x,} generated by
(5.2).

THEOREM 5.3. Let E be a uniformly smooth and uniformly convex Banach space and let
C be a nonempty closed convex subset of E. Let {T;}Z, be a finite family of relatively non-
expansive mappings from C into itself such that F = (\{*, F(T;) is nonempty and let {a,; :
nieN,1 <i<m} C[0,1] and {w,(i) :n,i e N,1 <i<m} C[0,1] be sequences such that
liminf, &,;(1 — ;) >0 and liminf, w,(i) >0 for all i € {1,2,...,m} and >, w,(i) = 1
for all n € N. Let {U,} be a sequence of block mappings defined by (5.1) and let {x,} be a
sequence generated by (5.2). Then the following hold:
(a) the sequence {x,} is bounded and each weak subsequential limit of {x,} belongs to
N F(T);
(b) if the duality mapping ] from E into E* is weakly sequentially continuous, then {x,}
converges weakly to the strong limit of {I1px,}.

Proof. We first prove part (a). Let u € F. As in the proof of Lemma 5.1, we can show that
{¢(u,x,)} is nonincreasing and {x,}, {Tix,} are bounded. It also holds that

¢ (u,xn) — ¢ (1, Upxy) = ¢ (,xn) — ¢ (t4,%011) — 0 (5.25)

as n — 0. Using Lemma 5.2, we know that every weak subsequential limit of {x,} belongs
toF.

We next prove part (b). Suppose that J is weakly sequentially continuous. If x,,, — z,
then z € F by part (a). It follows from Lemma 2.2 that

(z —pxp, Jxn — JTpx,) <0 (5.26)
for all n € N. By Lemma 5.1, I1px,, — w € F. Tending ny — o0, we have
(z—w,Jz—]Jw) <0. (5.27)

Since ] is a monotone operator, we have (z — w,Jz — Jw) = 0. Then the strict convexity of
E implies that z = w; see Takahashi [27, 28]. This completes the proof. O
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6. Deduced results
As direct consequences of Theorem 4.2, we have the following two corollaries.

COROLLARY 6.1. Let E be a smooth, strictly convex, and reflexive Banach space and let C be
a nonempty closed convex subset of E. Let T be a relatively nonexpansive mapping from C
into itself and let U be the mapping defined by

Ux =TIcJ YaJx+ (1 — )] Tx) (6.1)
forall x € C, where a € [0,1). Then
F(U)=F(T). (6.2)

CoROLLARY 6.2. Let H be a Hilbert space and let C be a nonempty closed convex subset
of H. Let {T;}i%, be a finite family of nonexpansive mappings from C into itself such that
N, E(T;) is nonempty and let U be the mapping defined by

m

Ux = Zwi((xix+ (1—a;) Tix) (6.3)

i=1
for all x € C, where {a;} C [0,1), {w;} C (0,1] and >.;", w; = 1. Then

m

F(U) = (F(T;). (6.4)
i=1
As a direct consequence of Theorem 5.3, we obtain the weak convergence theorem
according to Matsushita and Takahashi [12].

CoROLLARY 6.3 (see [12]). Let E be a uniformly smooth and uniformly convex Banach
space and let C be a nonempty closed convex subset of E. Let T be a relatively nonexpansive
mapping from C into itself and let {x,} be a sequence generated by x, = x € C and

X1 = e NaJxn+ (1 —a,)]Tx,) (n=1,2,...), (6.5)

where {a,} C [0,1] satisfies liminf, a, (1 — a,) > 0. Then the following hold:
(a) the sequence {x,} is bounded and each weak subsequential limit of {x,} belongs to
F(T);
(b) if the duality mapping ] from E into E* is weakly sequentially continuous, then {x,}
converges weakly to the strong limit of {I1px,}.

If E is a Hilbert space and each T; is a nonexpansive mapping from C into itself, then
Theorem 5.3 is reduced to the following.

CoOROLLARY 6.4. Let H be a Hilbert space and let C be a nonempty closed convex subset
of H. Let {T;}, be a finite family of nonexpansive mappings from C into itself such that
F =N, F(T;) is nonempty and let {x,} be a sequence generated by x; = x € C and

m
Xne1 = 0w (D) (nixn + (1= o) Tixn)  (n=1,2,...), (6.6)
i=1
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where {an;:n,i € N,1 <i<m} C[0,1] and {w,(i) : n,i € N,1 <i <m} C[0,1] satisfy
liminf, a,;(1 — ;) >0 and liminf, w,(i) >0 for all i € {1,2,...,m} and >, w,(i) = 1
for all n € N. Then {x,} converges weakly to the strong limit of {Ppx,}, where Pg is the
metric projection from H onto F.

Using Theorems 4.2 and 5.3, we can deal with the image recovery problem in Banach
spaces as follows.

COROLLARY 6.5. Let E be a smooth, strictly convex, and reflexive Banach space, let {C;}12,
be a finite family of closed convex subsets of E such that (1| C; is nonempty, and let I1; be the
generalized projection from E onto C; for all i € {1,2,...,m}. Let U be the mapping defined

by

Ux=]l<iwi(o¢,~]x+(l—oc,v)]rlix)>, (6.7)

i=1

where {a;} C [0,1) and {w;} C (0,1] with >, w; = 1. Then
F(U)=()C. (6.8)
i-1

CoOROLLARY 6.6. Let E be a uniformly smooth and uniformly convex Banach space, let
{Ci}"| be a finite family of closed convex subsets of E such that (-, C; is nonempty, and
let T1; be the generalized projection from E onto C; for all i € {1,2,...,m}. Let {x,} be a
sequence generated by x| = x € E and

Xn+1 = ]71 (an(i)(‘xn,i]xn + (1 - ‘Xn,i)]nixn)> (n=12,...), (6.9)

i=1

where {an;:n,i € N,1 <i<m} C[0,1] and {w,(i) : n,i e N,1 <i <m} C[0,1] satisfy
liminf, a,;(1 — ;) >0 and liminf, w,(i) >0 for all i € {1,2,...,m} and >, w,(i) = 1
for all n € N. Then the following hold:
(a) the sequence {x,} is bounded and each weak subsequential limit of {x,} belongs to
ﬂ;i1 Ci;
(b) if the duality mapping ] from E into E* is weakly sequentially continuous, then {x,}
converges weakly to the strong limit of {I1n» ¢, Xxu}.
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