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1 Introduction

Today, one of the most famous research tools for fixed point (f.p.) results extends and in-
terests mathematics in various fields, and integral equations have powerful applications
in this context. Banach [1] initiated the concept of the famous Banach contraction prin-
ciple in 1922, which is used on complete metric spaces. There are many researchers who
have developed the Banach contraction principle in generalized metric f.p. theory. It is
suggested that relavent results improved the extensions and established results by refer-
ring the reader to to see [2, 3, 32, 37-39]. In addition, during the past few years, f.p. results
have played an important role in solving many issues and optimizations [4, 5].

In 1993, Czerwik [6] and Bakhtin [7] introduced the notion of metric spaces, labeled
b-metric space (bMS) by changing the triangular inequality of the metric spaces. In this
space, some researchers are interested in improving new contraction maps and solving
the existence of f.p. results [8, 9, 19-29]. A notion of hybrid interpolative Riech Istrastes-
cus (RI)-type contraction maps in b-metric spaces was recently proposed by Aloqaily et
al. [10]. These outcomes extend many existing f.p. theories (see [11, 12, 30, 31]). In 2017,
Eshaghi Gordji et al. [13] established the concept of orthogonality and offered a frame-
work to enlarge the results. In the same year, Eshaghi Gordji and Habibi [14] extended this
work and proved some f.p. theorems in generalized orthogonal metric spaces. Afterwards,
Arul Joseph et al. [15, 16] demonstrated some of the f.p. results with integral equations on
orthogonal metric spaces, which have great applications in this field. Recently, many re-
seachers have improved results related to orthogonal concepts (see [17, 18, 33-36]).
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In this paper, we are interested in initiating the concepts in the surrounding area of
bMS by using an existence and corresponding uniqueness solution on orthogonal bAMS,
and solving an orthogonal hybrid interpolative (RI)-type contractions map. Our newly
obtained results unify, generalize, and extend many well-known results from the existing
literature. An example is provided to demonstrate the utility of our newly proved results.
Finally, we show the applicability of our main result to discuss the existence of a solution
to the integral equation with the algebraic results.

2 Preliminaries

Now, let us remember some more concepts that will be used for our results.

Definition 2.1 [6] Let O* # o and > 1 be any real number. The function d, : Q* x Q* —
R* fulfill the following axioms on Q* is said to be a b-metric on Q*:
(i) (& n) =0 &=n;
(i) 0,(&,m) =0(n,);
(i) 0(&,m) < wl0s(§, 1) + 0k, M);
for all £, 0,k € Q*. The pair (Q*,0,) is called a bMS.

Definition 2.2 [11] A map D : Q* — Q* and a function 7 : @* x Q* — [0,00) in a bMS
is said to be 7 -orbital admissible if for & € Q* it holds

(&, DE) > 1 implies n(Dg,ng) > 1.
Definition 2.3 [11] Let (Q*,0,) bea bMS and 7 : Q% x Q* — [0,00) be a function. A map

D: Q" — O is said to be a hybrid interpolative RI-type contraction if 3¢ € [0,1) such
that (s.t.)

m(&,m0, (D%, D) < pMI(E, ),

here,
[620,(5,m)" + 6,0, (€, DE)" + 630, (1, D) Y 6i+a<],
Ve +0,0,(DE, Dy)" + 050,(DE, D) + 20,(Dy, D)% if i > 0,
n) =
0,(&,1)7.0,(€, DE)".0,(n, D)% S 6i+a=1,
0,(DE, D)% 2, (DE, D*n)% .0,(Dn, D%n)* ifh=0,

with {#;:1=1,2,...,5>0},h€ Rand A > 0.

Proposition 2.1 [11] Let ¢ € [0,1) and {£,} C R* be any sequence s.t.
& 0 <¢max{§, &, 1}, forally eNUO,

then,
&y <9’ Q, Eyn1 <¢7Q, forally >1,Q >0,

where Q' = max{&y,&}.
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Lemma 2.2 [11] Let {v, } be a sequence in bMS and 3¢ € [0,1) s.L.
Db(ty+2r ty+3) = ¢max{ab(tw ty+1); Db(ty+11ty+2)}y VV € N,

then {v,} is a Cauchy sequence in (Q*,0,).

Corollary 1 Counsider {v,} as a sequence on bMS and that ¢ € [0, 1) exists s.t.
Db(ty+2r ty+3) = ¢[ab(ty; 'C)/+1)'O1 ~ab(ty+1) t1/-*—2)102]) V)’ € N)

then {x,} is a Cauchy sequence in (Q*,9,), where p1, p2 € [0, 1] fulfill p1 + pr = 1.

The following definition of orthogonality was used as the foundation for the rest of our

work.

Definition 2.4 [13] Let Q* be a non-void and LC Q* x Q* be an binary relation. If L

fulfills the following condition:
Jro:(Yn,m Lrg) or (¥n,vo Ln),
then (Q*, 1) is called an orthogonal set (Oget).

Definition 2.5 [13] Let (Q*, L) be an Og. A sequence {,} is called an orthogonal se-

quence (briefly, O-sequence) if
(VG € N: EU L EO‘+1) or (VU € N)E¢7+1 1 5(7)-

Definition 2.6 [13] Let (Q*, 1,0,) bean O-bMS if (Q*, L) is an Oy and (Q*,0,) is a bMS.

Definition 2.7 [13] Let (Q*, 1,0,) be an O-bMS.

(1) Amap D: O* — Q* is called an O-continuous in & € Q* if for every O-sequence
{&;}oen in OF with &, — &, we obtain D(&,) — D(). Also, D is called an
O-continuous on Q* if D is an O-continuous in each & € O,

(2) A set Q*is said to be an orthogonal complete if every Cauchy orthogonal sequence
is convergent.

(3) A function D: Q* — OQ* is called an orthogonal contraction with Lipschitz constant
¢if,0<p<1forallé,ne QO with& L n,

0,(DE,Dn) < ¢D(E,n).

(4) A function D: Q* — O* is said to be an O-preserving if D(§) L D(n) whenever
Eln.

3 Main results
In this segment, we improve some f.p results for orthogonal hybrid interpolative RI-type
contractions in O-complete bMS. Moreover, we provide an illustrative example and ap-

plication to illustrate our newly obtained results.
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Definition 3.1 Let (9% L1,0,) be an O-complete bMS with parameter © > 1 and 7 :
Q* x Q" — [0,00) be a function. A map D : Q* — OQ* is said to be an orthogonal hybrid
interpolative RI-type contraction if 3¢ € [0,1) s.t. forany &,n € Q* with & L ¢

(&, )0, (D€, D*n) < pMI(E, 1), (1)
here,

[610,(&,m)" + 620, (&, DE)" + 630, (n, D)"
S 6i+a<1,
+6,0,(D§, Dn)" +650,(Dg, D*n)"* + 10, (D, D)
if h>0,
M(&,n) = (2)
0,(&,m).0,(&,DE)™.0,(n, D)
S 6i+r=1,
0,(D&, Dn)™.0,(Dg, D*n)%.0,(Dn, D*n)*
ifh=0,

with {#;:1=1,2,...,5>0},h€ Rand A > 0.
Proposition 3.1 Let ¢ € [0,1) and {§,} C R* be any O-sequence s.t.

& 0 <¢pmax{é,,& 1}, forally eNUO, (3)
then

2y <97 Q601 <9"Q, forally =1, (4)
where Q' = max{&,&;}.
Proof Letting y =0 in (3), we have

& < ¢gmax{o, &1} = 9 Q)

for y = 1, we obtain

& < pmax{£y, &)
< ¢ max{&, ¢ max{éo, &1}
< ¢pmax{&,¢Q'}
<¢Q.

Suppose that (4) satisfies for some y € N, then

&2 < pmax{&y,, 8,41}

<¢max{¢’Q,¢” Q'}

Page 4 of 20
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<¢"Q,

similarly, we obtain &,,,3 < ¢?*1 Q.
By using induction method, we complete the proof. N

Lemma 3.2 Let {v, } be an O-sequence on O-complete bMS, and 3¢ € [0,1) s.L.
05(ty 42, tya3) < pmax{0y(t,,t,11), (641, ty02) ), VY EN,
then {v,} is an O-Cauchy sequence in (Q*, 1,0,).
Proof Let {£,} be an O-sequence in Q* defined as
& =0(r,,t4), VyelN
This is an O-sequence that assures the condition (4). We obtain
0 (ty,topa1) =& <97 Q, Vy =N, (5)
also,
0,(tay 41, tay42) = §2p01 <@V Q. (6)
Adding (5) and (6), we get
0 (€25 tay41) + 05 (Tay i1, oy e2) <207 Q.

Note that ¢ = 0 or Q' = 0. Hence, an O-sequence is an O-Cauchy sequence. Consider

<l>>0,Q/>0,ande>0,thus2 *>0andn >0 >1s.t.

Q/

Z¢V Q/ q*’

Y=Y

in particular

Y +00
20/ Z ¢ <20'u" Z ¢Y <€, VneN,

Y=Y Y=Y0

st.n=y.
Let n*,y,£ e Ns.t. n* > € >y > 2y, n > y + 1, and 25 > ¢; thus, we obtain
05(ty, ) < wf0p(ry, tyi1) + 0p(ty 41, e, ]
= Mab(tyrty+l) + Mab(twl; tZ)
=< Mab(ty)t}/+l) + Mz[ab(ty+1rty+2) + Db(ty+2¢t(3)]

2 3
=< /’Lab(ty)ty-d) +u DD(t}/+17 ty+2) +u ab(ty+21 ry+3) +-
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+ 10 (v, 1)

~

-1
= M%7y+1ab(t%1 t;«f+1)
14

X
I

-1
%
MU Db(t%’ t%+1)

IA

X

<

2n-1

Z Mn*aa(tzr t%+1)

#=2Yp

IA

2n-1

5
Z ' {Db(tZ;/; t2y+1) + 0b(t2y+1» t2y+2)}
Y=Y0

IA

y-1 14
Y2 Q <y w27 Qf

Y=Y0 Y=Y

>ou2erQ

Y=Y0

IA

IA

<E,

shows that {t, } is an O-Cauchy sequence in an orthogonal bMS. O

Corollary 2 Let {v,} be an O-sequence in orthogonal bMS, and ¢ € [0, 1) exists s.t.
Db(ty+2’ ty+3) = ¢[ab(tw 'Cerl)p1 'ob(tyﬂr ty+2)p2]r Vy €N,

then {v,} is an O-Cauchy sequence in (Q*, 1,0,), where p1, p> € [0,1] fulfill py + p = 1.

Proof Consider &, = 0,(t,,t,,1) and a Proposition 3.1, hence, we get

ab(ty+21ty+3) < ¢[Db(ty; ty+1)ﬂl 'ob(ty+1’tV+2)p2]
< o[(E)" (&)™),
< ¢[max{ab(ty:ty+l)!Db(ty+1’t7+2)}pl
.maX{Db(ty,fyﬂ)rDb(twl’ty+2)}p2]
1+02

= ¢[max{ab(tw ty+1), Db(ty+lr ty+2)}]p

= ¢[max{ab(ty: ty41), (T 41, ty+2)}])
then, by using Lemma 3.2, we conclude the results. O

Theorem 3.3 Let (Q*, L,0,) be an O-complete bMS with an orthogonal element vy and
constant i > 1, and let D : Q* — Q* be an orthogonal hybrid interpolative RI-type con-
traction map satisfying:

(i) D is an O-preserving;

(i) D is an O-7 orbital-admissible mapping;
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(ili) vy € Q* exists s.t. m(tg, Do) > 1;
(iv) D is an O-continuous;
Then D has a unique f.p.

Proof By the definition of orthogonality, we see that (Q*, L) is an O, then there exists
e :Vee Q5t Lty (or) Vee Qv Lt

It follows that tg L Dtg or Drg L . Let
t; = Dry, ty = Dr; = D?ep - - ‘ty=Dr,.1=D"r, VyeN

For any v € 9%, set v, = Dr,_;. Now, we consider the following cases:
(i) If there exists y € NU{0} s.t. v, =v,,1, then we get Dr,, =t,. It is easy to see that ¢,
is a f.p. of D. Hence, the proof is finished.
(ii) Ift, #t,41, for every y € NU {0}, then we obtain 9,(t,,1,t,) >0, for any y € N.
Since D is an O-preserving, we have

v, L, (or) v, lv,.

Therefore, {t, } is an O-sequence. Since D is an O-7 orbital-admissible, we get
7(Dro, D*v) > 1.

Now consider,
05 (ty 125ty a3) < T(tya2, Tya3) 0 (ty 42, Ty i3)

= 7T(t)/+2: ty+3)ob (thy: DZty+1) (7)

=< d)M(ty’ ty+1)'

We will next discuss the two possibilities for the way & could be chosen.
Case I If h > 0,

M(r,,t).1) = [elab(ty;ty+1)h + 6204 (ty, Dr,)" + 050, (v, 41, Drys1)
h Ryt
+040,(Dr,, D,y 41)" + 050, (Dry,, Dty )" + 20, (Drya1, Dyir) ' |
= [elab(tyrtyﬂ)h + 920b(tyrty+l)h + 03ab(ty+1,ty+2)h
A A AE
+ 0405 (ty 41,y 42)" + 0505 (8 11, Tya2) ™ + A0, (v 42, y43) "] ®
=[(6: + 02)05(t,, 1, 1) + (03 + 04 + 05)0, (v, 41, T, 42)"

1
+ )\'Db(ty+2: ty+3)h] h

< [(01 + 6 + 05 + 04 + 05) max {0y (xy, ty1)", 05 (v, Ty 02)" }

1
+ )Lob(ty+2; ty+3)h] R,
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letting power of / on Equation (7), we get

05(ty42,t43)" < @"(01 + 62 + 03 + 04 + 65) maX{Db(fy,ty+1)h,0b(ty+1»Yy+2)h}
+ ¢hkab(ty+2yty+3)ho
Therefore,
(1 - ¢h)\)ab(ty+2: ty+3)ﬁ
< @01 + 62 + 05 + Oy + 05) max{Vu(ry, t,01)", 0ty 41, 1y 12)" )

h
= ¢h(1 - )") max{ab(ty: ty+1); Ot)(t)H-l’ty+2)} ’

P"(1-1) h
ab(ty+2rty+3)h = (m maX{Dp(ty,ty+1),Db(ty+1, ty+2)} , Yy el
or equally
¢ L=\ "
05(ty 42, Ty 43) = m max{ab(ty;ty+1):ab(ty+lrty+2)}

= ¢ max{ab(ty; ty+1): Db(t)/+lr t)/-*—2)};

where
(1 -2)\ "
¢ = (m) , ¢€(0,1).
Hence, Lemma 3.2 satisfies that {t, } is an O-Cauchy sequence.
Casell: If h =0,
M(t,, v, 1) = 0(t,, t)41)".05(ty, Dr, ) 2.0, () 41, Dr,) )™
2,(Dx,, Dr,1)*.0,(Dr,, Dt ) .0, (Dt 11, D2y )
= (v, Ty 1) 00 (1, 1y 41) 205 (141, Ty 40) ™
D5ty 1, Ty 42) 00 (v, 11,1 42) 5.0 ()02, Ty 13)
= 05(t), 1, 41) 2.0, (1) 1, Ty ) B

.05 (ty+2’ ty+3))\)
from (7), it implies that

61 +6 03+604+0;
Db(ty+2x ty+3) = ¢Db(ty; ty+l) r 2'Db(ty+1; ty+2) BT

®)

A
'Db(ty +2) t)/+3) .

Our assumption

5
Zeiﬂ\: 1,
i=1
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taking A = 1, then the Equation (8) is contradiction. Let A < 1, so

5
Zei=1—x>o.
i=1

Now consider,

_91+92 _93+94+95

P1 l—k, P2 = 1-x )

by adding p; and p,, we get

91+92+93+94+95
1-X

PrL+ P2 =

—_

-
- ——C-1
12

Therefore, satisfying p; + p, = 1. Now, setting these in (8), we obtain

1-4 01+ 0340440
05 (ty 125ty 43) " < D0 (ty, Ty 1) 205 (T 1, Tyun) BT,

1
= W(tys2,tyu3) SOTEO(t,, 1y 1) 0 (v 41, Ty 42)?,  as¢ €(0,1).
Therefore,
1
0<1-A<1 = 1<—F = ¢TZ<¢p<1l

Hence, Corollary 2 concludes that {t, } is an O-Cauchy sequence. As Q* is an O-complete,
It € OQF sit.

0,(v%, Dr*) = yli_)nolo 0,(t, 41, Dr*) = yh—>n<>1<> 0,(Dr,, Dr*) = 0.

So Dr* =¥, that is t* is the f.p. of D.

Now, we show that T € Q* is unique.

Suppose that t and v are two different f.p. of D. Assume that DYt =7 v = D¥p for all
7,0 € N. By choice of t*, we obtain

(FLr,v*Lo) or (rLefolrh).
Since D is | -preserving, we have
(De* LD"7,D’¢* L D"v) or (D”t L D", Do L D"t¥),
for all 7, € N. Therefore, by Definition 2.1 of triangle inequality, we get

(7, 0) =Dh(D}’r,Dyn)
= u[0(D" 7, D7t*) + 0,(D"t*, D" v) |

< up? 0, (T, ¢) + up” 0, (", ).
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Letting limit as y — oo in the above inequality, we have

%(r,0)=0 = T=v.
Therefore, our assumption has a contradiction. Then, t = v. Hence, D has a unique f.p. in
o*. O

Corollary 3 Let (Q*, L,0,) be an O-complete bMS and 0, be an O-continuous; also, D :
Q* — Q* is an O-continuous map. Assume that 01,0, € (0,1) exists satisfying 6 + 0, < 1
st forany&,ne Q*withé L

Db(Dz‘g) DZT}) = 910};(%—, 77) + 920b(D€:: D’?),
then D has a unique f.p.

Theorem 3.4 Let (Q*, 1,0,) be an O-complete bMS, with an orthogonal element vy and
constant i > 1, and let D : Q* — O be an orthogonal hybrid interpolative RI-type con-
traction map. Suppose that

(a) D? is an O-continuous;

(b) D is an O-7 orbital-admissible map;

(c) & € O exists s.t. w(&y, DEy) > 1;

(d) 7(&,D§) > 1 forall & € Fixp2(Q*);
then D has a unique f.p.

Proof Let (Q*, 1) is an orthogonal set, there exists
eQ :Vee Qft Lty (or) Vee Qv Lt
It follows that ty L. Dty or Dry L tp. Let
t1 = Dry, ty =Dr; =Dy - vy =Dr,.;1=D"r, VyeN
For any v € Q% set v, = Dr,,_;. Now, we consider the following two cases:
(i) If 3y e NU {0} s.t v, =t,,1, then we have Dr, =t,. Obviously, v, is a f.p. of D.
Hence, the proof is finished.
(ii) Ifv, #t,.1, for any y € NU {0}, then we obtain 9,(t,.1,t,) > 0, for every y € N.
Since D is an O-preserving, we have
v, Lr,q (or) vyl
Therefore {t, } is an O-sequence.

Let {r,} be an O-sequence of D based on &, defined by &, = D &,. By orthogonal com-
pleteness of D, it follows that

0, (5%, D%") = lim 2,(811,D%") = lim 2,(D%,,D’") =0,

that is £* = D?&*. Therefore £* is a f.p. of D?.
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Since D is an O-7 orbital-admissible, we get

0 <0,(€", DE¥) < (&%, DE*)0, (€7, DE¥)
£*, DE*)0,(DE*, D*E*) &)

< pM(&%, DE").

(
(

IA

Now, we choose £ to discuss the possible cases.
Case-I: 1f h >0

M (&*, DE*) = [610, (6%, DE*)" + 6,0, (8%, DE*)" + 030, (D&*, D*¢%)"
+040,(DE*, D*€%)" + 650, (DE*, D**)" + mb(iﬁs*,p%*)h]%
= [6:0, (&%, DE*)" + 6,0, (€%, DE)" + 650, (D™, £7)"
+0,0,(DE, )" + 650, (DE", )" + 20, (&7, DE") "]
= [(61+ 62+ 05 + 64+ 65 + ,\)ab(Dg*,g*)h]%
<[, D8)'"]"
=0,(&%, Dg™).
This implies contradiction in (9).
Case-II: 1f h =0
M(£*, DE¥) = 0, (€%, D)™ 0, (6%, DE) ™ 0, (DE*, D?€*) ™
2,(Dg*, D2e%) " 0, (DE*, D*6¥) " 0, (D?6*, D3¢*)"
= 0,(&%, DE*) "0, (87, DEY) ™ 0, (DEX, £%)
2,(De*, &%) 0, (Dg™, £%) " 0, (&%, DE*)"
B
=0,(£%,Dg"),

which is again a contradiction to (9). Hence, Corollary 2 concludes that {t,} is an O-

Cauchy sequence. As Q* is an O-complete, It* € OQ* s.t.

Db(‘f*,DL’*) = lim [N (ty+1,Dt*) = lim 0 (Dty,D‘C*) =0,
y—>00 y—>00
thus Dt* = v* and Dt* = t*. Hence, the point t* is a f.p. of D.
Next, we show that t is a unique f.p. of D.
Suppose that 7 and v are two different f.p. of D. Consider D¥t = 7 # D¥v = v for all
7,0 € N. By choosing t*, we obtain

(FLr,v"Lo) or (rLvcfolrh).
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Since D is an L -preserving, we have
(Dre* LD"7, D't L D) or (D't LD't*,D’v L D’t"),
for all 7, € N. Therefore, by using the triangle inequality, we obtain

Db(T,U) ] Ub(Dy‘E,’DVU)
= ,u[ab(Dyr,DVt*) + D,,(D”t*,Dyn)] (10)
< upybb(t,t*) + /prbb(t*, b).
Setting limit as ¥ — oo in (10), we have

O(r,0)=0 — rT=0.

Therefore, our assumption has a contradiction. Then, T = v. Hence, D has a unique f.p. in
o*. O

Example 3.5 Consider the space Q* = [-1, 1] provided with an orthogonal b-metric 9, on

R*. Let the binary relation L on Q* by & 1 nif &, >0, for every &,n € O*.
Let 0, : @* x @* — (0,00) be defined as

0,(&,m) = 1€ —n|*.

Clearly, (Q*, 1,0;) be an O-complete bMS.
Let D: O* — O* be defined as

1-8%2 if -1<£<0,
Dt = o
= ifo<& <1,
then

L2 if-1<£<0,

D =
£ jfo<i<l

Next, define 7 : Q* x Q* — [0, 00), by

S ifo<é&<i,
mEn=11 ifn=1,&6=-1,
0 if otherwise.

Clearly, Q* is an O-preserving.
Now, we verify that orthogonal hybrid interpolative RI-type contractions, for 0 < & < 1.

3

2 2
n(srn)bb(p g’ID 77) = (2)(8)

6" —n'|

Page 12 of 20
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3
= (2)(8) (52 - nZ) (EZ + 772)|
3 2 2
= §|‘§ -n |

3

- sVl -rlle -

3 2 2 _ 12
JE= ey 2

2

0,(£,7)10,(Dg, D).

@ |

=

1w

For & = —1,n = 1, we obtain
2 2 3
7 (&,m)0, (D%, D) = 1

<
0,(£,7)10,(Dg, D).

Bl w |-

It is easy to see that D is an O-continuous with § = 0. Therefore, all the hypothesis of
Theorem 3.3 are fulfilled. Hence, D has a unique f.p.

Example 3.6 Consider the space Q* = [-1, 1] provided with an orthogonal b-metric 9, on
R*. Let the binary relation L on Q* by & L nif §,n >0, for every &,n € O*.
Let 0, : Q* x Q* — (0,00) be defined as

0,(&,m) = 1€ —n|*.

Clearly, (Q*, 1,0;) be an O-complete bMS.
Let D: O* — OQ* be defined as

3 if-1<¢&<0,
2 if0<é&<l,

D =

1 if-1<&<0,
4 ifo0<é<l.

D =

Next, define 7 : Q* x Q* — [0,00), by

15 ifo<éc<l,
mEn)=31 ifn=1¢&=-1,

0 if otherwise.

Clearly, Q* is an O-preserving.
Now, we verify that orthogonal hybrid interpolative RI-type contractions, for 0 <& <1,
we obtain

0= 1.50,(1,1) = (£, )0, (D€, D*n) < ¢MI(£, n).
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For & = —1,n = 1, we obtain
9= (1)9,(1,4) = 7 (&,7)0,(D*€, D*n) < pM(E, n). (11)

Now, we chose 7 to discuss the possible cases.
Case I: if h > 0, we get

M€, 1) = [610:(5, )" + 620,(€, DE)" + 650, (n, D))"

1
+640,(DE, D))" + 050, (D, D*n)" + 10,(Dn, D*n)"]*
Taking 61 =60, =0.5,05 =0, =05 =0.4,A =0.1,¢ =0.8 and i = 2 in (11), we obtain

9 <0.8[0.50,(~1,1)* + 0.50,(~1,3)* + 0.40;(1,2)* + 0.40,(3,2)

[T

+0.40,(3,4)* + 0.10,(2,4)°]
<0.8[(0.5)| =1 -1/*+(0.5)| - 1 - 3|* + (0.4)|1 - 2|* + (0.4)[3 — 2|*
+(04)13-4/*+(0.1)|2 - 4|4]%
< 0.8[0.5(16) +0.5(256) + 0.4(1) + 0.4(1) + 0.4(1) + 0.1(16)]*°
<0.8[8 +128 + 0.4 + 0.4 + 0.4 + 1.6]*> = 0.8(138.8)%°

9<942.
Case II: if h = 0, we get

M(§,n) = 0,(5, )" .04(&, DE)™.0,(n, D) 0, (DE, Dip)™

)
2,(Dg, D*n) " 2, (D, D*n)".
Taking 6; =60, = 0.6,03 = 0, =65 = 0.3,¢p = 0.8 and A = 0.1 in (11), we obtain

0.8[0,(~1,1)*%.0,(~1,3)%%.0,(1,2)*2.0,(3,2)°2.0,(3,4)°%.0,(2,4)* ]

= 0.8[(4°).(16°9).(1°).(1°%).(1°%).(4")]
0.8[(2.2974).(5.2780).(1).(1).(1).(1.1487)] = 0.8(13.9287)
9<11.14.

Otherwise, we obtain 7 (£,7) = 0.
Clearly, D is an O-continuous. Therefore, all the hypothesis of Theorem 3.3 are fulfilled.

Hence, D has a unique f.p.
4 Application

In this segment, we find an existence and unique solution for a Fredhlom integral equation.

Consider a Fredholm integral equation

1
Q(N)zf(xn/o Yo (R, v, 0(t*)) de*, R € [0,1]. (12)

Page 14 of 20
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4.1 The theorem that follows supports orthogonality
Theorem 4.1 Let B = [0,1] and Q* = C(B>,R?) be the family of all O-continuous func-
tions defined from B> to R?, and the given axioms hold:

(1) Let y,: B® x B® x R?* > R? and f: B> — R? be an O-continuous;

(2) 0o € QF exists s.t. 0, = Doy_1;

(3) A O-continuous function §: B> x B> — B> exists s.t.

A

’

[vo(.6%0(7) - u(6,6%0E))™ < [i(0le") (") loE") - ()

foreach £, € B> and |f(0(§*), w(§¥))| < %, where v > 0.
Then, (12) has a unique solution.

Proof Define the orthogonal relation L on Q* by

elo <= o®o®) =o®) or o®w®) =w®), WReI[0,1]
Define a function 9, : @* x Q* — [0,00) by

%(0,0) = llo — @lloo = s:%go{\g(s) —o@)["), A1,

for all o, w € Q* with ¢ L w. Clearly, (9%, L,0;) is an O-complete bMS.
Define amap D: Q* — Q*, as

1
D) =109+ [ (3 0(+") v

Now, we prove that D is an O-preserving. For every o,w € p with o | w and § € Q*, we
get

1
Do) = ) + fo yo(R, e, 0(t)) = 1.

It follows that [(De)(&)][(Dw)(£)] = (Dw)(€) and so (D)(€) L (Dw)(€). Then, D isan 1-
preserving.

Since (Q*, L,0,) be an O-complete bMS and 7 (0, w) = 1. Consider i* > 1 s.t. nl* + A% =1,

then there exists o* € D(p) and we obtain

0(De’(€). De'(©) = sup [De’() Do (6)]”

)\.*
= sup dg”
teB>®

[ (650l - nleole)

1" d *)
< s | ([ e
! ¥ 1 2
< [ (nele0e) - mleeoE) ) | e

1 *
= s [ eles o) - el de

geB>* Jo
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Similarly, one can easily obtain

i

0,(D%0*(5), D*w*(§)) = SSLZ;I;JDZQ*(E),D%*(S)

< (1) stetenote)

v
1\2
- (5) Mle(e) e
Each and every hypothesis of the Theorem 3.3 are fulfiled by choosing that qb(%)2 €(0,1)
and
6=1, 0y =03=04=05=8=0.
Therefore the Fredholm integral Equation (12) has a unique solution. d

4.2 The theorem that follows does not support orthogonality
Theorem 4.2 Let B> = [0,1] and Q* = C(B>°,R?) are the family of all continuous func-
tions defined from B> to R?, and the given axioms are hold:

(1) Lety,: B> x B® x R? - R? and f: B — R? be a continuous;

(2) 0o € QF exists s.t. 0, = Doy_1;

(3) A continuous function f: B x B> — B> exists s.t.

A

)

v (6,6 0(6) - v (6,6 0E)™ < [f(0(E)0E)[o(¢) - o (")

foreach £, € B> and |f(0(§*), w(§¥))| < %, where v > 0.
Then, (12) has a unique solution.

Proof Define a function 9, : Q* x Q* — [0,00) by

0,(0,0) = llo - wlloo = sup {|o€) —w@)[ },2*>1, Vo,we Q"

£eB>®
Consider the sequence {t,} in Q* that converges at a point t if
VILH;O(Db(t,,,t)) =0.
And a sequence {t, }, {t;} in Q* is a Cauchy sequence if

y,liiinoc (0s(xy, ) < 00.

Clearly, (Q*,0,) be a complete bMS.

Page 16 of 20
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Define a map D: Q* — Q*, as

1
D(o) = () + /0 o (5, 0(+%))

Since (Q* 0,) is a complete bMS and 7 (o, w) = 1. Consider /* > 1 s.t.

% = = 1, then there exists o* € D(p) and we obtain

0 (Pe’(€).Du’(§)) = sup [De"(6). Do (@)

1 P
=;‘;I;f0 Yo(£:6%0(8%)) - vu(6,6%, 0(8%))| d&*
([

EeB>®
A 1 a
X/ (Ive(8:6%0(6%)) ~vu(€: 6% (7)) )x*] de*

s / o6, £ 0(%) = vo 6, ("))

geB>* Jo
< iug@*)—w@*)um
SoleE)0fe))

Similarly, one can easily obtain

Db('DZQ*(g),’DZw*@:)) = gslé[;o |'D2Q*(§),'D2w*($)|;\*

= (1) stelehote)

v

_ (l)zMab@(s*),w(s*))-

Vv

Each and every hypothesis of the Theorem 3.3 are fulfilled by choose that qb(%)2

and
6=1, Oy =03=04=05=6=0.
Therefore the Fredholm integral Equation (12) has a unique solution.

Example 4.3 Consider the Fredholm integral equation as follows:

n
V(%) = f(8) + /0 K% p,0() dp, YO<n<1,

€(0,1)

(13)

Page 17 of 20
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Table 1 A comparison between approximate and exact numeric solutions

[teration Approximate solution Exact solution Absolute error
0.1 12214 -2.1804 34018
0.2 14918 -13111 2.8029
0.3 1.8221 -0.6573 24794
04 22255 -0.0261 2.2516
0.5 2.7183 0.6660 2.0523
0.6 3.3201 14812 1.8389
0.7 4.0552 24820 1.5732
0.8 4.9530 3.7393 12137
0.9 6.0496 5.3393 0.7103
1.0 7.3891 7.3891 0.0000

Solution of Equation (14)

L L L L

4 . . . .
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X axis =Iteration

Figure 1 Shows that the f.p. of R is 1 and which is unique

where,

n
V(R) = InX + / e Pu(p)dp, YO<n<l. (14)
0

Let us assume (R, &, v(£)) = e®® to be the exact solution of the Equation (14).
Hence, the absolute solution of given equation is In® + Re?® for X > 0. In Table 1 numer-

ical results are given.

In the Figure 1, it is clear that (R, £, v(£)) = €2 is continuous. Therefore, Equation (14)
has a unique solution. From Table 1, we see that the f.p. of X is 1 and it is a unique.
Comparison between approximate solution (A.S) and exact solution (E.S) shown in Fig-

ure 1.

5 Conclusions
In this paper, we extend the f.p results for orthogonal hybrid interpolative RI-type con-
tractions in the surrounding area of an O-complete bMS. The non-trivial examples we

derived were supported by our results. Finally, we demonstrated an application to prove
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analytical results for the integral equation with the algebraic result also proposed. It is an
open problem to extend the solution to orthogonal metric spaces (Branciari metric spaces,
G-metric spaces) by using hybrid interpolative RI-type contractions.
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