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1 Introduction
Let X be a real Banach space equipped with its dual space A*. The monotone inclusion
problem (MIP for short) is to find a point #* € A" such that

0e (P +W)u, (1.1)

where ® : X — X* is a monotone operator and ¥ : X — 2% represent a maximal mono-
tone operator. The solution set of the MIP is denoted by (® + W)~1(0*). The MIP allows
an elegant formulation for a wide range of problems, which involves finding an optimal
solution for optimization related problems, such as mathematical programming, optimal
control, variational inequalities, and many more (see [32]). The MIP have applications in
various areas of real-life problems, such as image processing, statistical regression, and
signal recovery (see [13, 14, 16, 22]).

Due to the variety of applications of MIP in fixed-point theory, over the years researchers
working in this direction have proposed different iterative methods for solving (1.1) (see
[2,6, 11, 30]). One of these methods is the forward-backward splitting method introduced
by Lions and Mercier [18] in the settings of real Hilbert space #, this method is known
to be efficient for solving MIP. The forward-backward splitting method is implemented as
follows:
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Given an arbitrary starting point go € H, the sequence {gx} subsequently generates the

next iterates as follows:
Qi1 = R, (G = M ®q), k=1,

where R)‘\I’k := (I + W) ™! denotes the resolvent of maximal operator W,1 is the identity
operator and {)A;} is a positive real sequence. They established a weak convergence result
for solving MIP (1.1) by assuming that & is a-inverse strongly monotone («-ism). It is
well-known that the inverse strong monotonicity of @ is a strict condition, so it is very
important to dispense with the condition in solving MIP (1.1).

To dispense with the inverse strongly monotone assumption, Tseng [25] introduced the
following splitting method, known as Tseng’s splitting method, which is computed using

the following procedure:

qaeH
Yk = RY (qx — M Pqp),
qre1 = Yk — M(Pyr — Pqi), Yk =1,

where ® : H — H is monotone and L-Lipschitz operator, ¥ : 1 — 27 is a multi-valued

operator, and {A;} is a sequence in (0, %), where L is a Lipschitz constant.

Remark 1.1 Though, Tseng [25] could dispense with the inverse strong monotonicity as-
sumption on ®. The limitation of the Tseng’s method proposed above requires the prior
knowledge of the Lipschitz constant of the underlying operator. However, from practical

point of view, the Lipschitz constant in this case is very difficult to compute.

In 2019, Shehu [24] extended the Tseng’s [25] iterative method to the setting of 2-
uniformly convex Banach space which is also uniformly smooth. He established a weak
convergence result with the prior knowledge of the Lipschitz constant.

Very recently, Sunthrayuth et al. [23] extended the result of Shehu [24] to the setting of a
reflexive Banach space. They [23] proposed two different iterative methods that do not re-
quire prior knowledge of the Lipschitz constants for solving MIP and fixed-point problem
for a Bregman relatively nonexpansive mapping. One of their iterative methods uses the
linesearch procedure, which would necessitate numerous additional computations and
further lower the computational cost of their algorithm, while the other one uses a self-
adaptive procedure, which looks more efficient. The method that uses the self-adaptive

step-size is defined below:

Algorithm 1.2 Mann splitting algorithm for solving MIP.
Initialization: Choose M > 0, 1,0 € (0,0), where o is a constant defined in (2.3). Let q* € £

be arbitrary starting points.

Iterative step:
Step 1: Compute

Wk = R Vg (Ve(d) - 10(4))
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Step 2: Compute
2 = Vg (Vg(w') - 2 (@ (w') - @ (q")),
where A1 is updated as follows:

min{ 8Ky i bk 4 ok,

Akl | ogk-whi||’ (1.2)

2K otherwise.
Step 3: Compute

g = Vg ((1 - ") Vg(2") + o* Vg (TZ"))

Stopping criterion If g**! = Z* for some positive k, then stop. Otherwise set k := k + 1 and

return to Iterative step .

A weak convergence result was obtained using their iterative algorithm without any
prior knowledge of the Lipschitz constant of the underlying operator.

Inspired by the heavy-ball methods of a two-order time dynamical system, Polyak [21]
and Nestrov [20] proposed the following inertial method:

uk = qk + Qk(qk _qk 1), 13
g =k = AVEWb), Vk>1,
where 6% € [0, 1) is simply the inertial and A¥ is a positive sequence (see [2—4, 19, 28, 31]).
Very recently, Abass et al. [1] proposed the following modified inertial method for ap-
proximating solution of systems of MIP and fixed-point problem for a finite family of
multi-valued Bregman relatively nonexpansive as follows:

ur = VE*(Vh(gqr) + O(Vh(qr-1) — Vh(qr)))

wi = VI*(RY o RY™ o -+ o Ry ()

Yk = VIFSkoVA(we) + XN 86, Vhzi,)),  zir € S;wi
X1 = VI (Vi) + B Vh(xi) + vi VA(K)),

where {6;} C [0, %], {or}, {Br}s {ér} and {8k .} are sequences in (0,1) such that oy + B + 8 = 1.
They established a strong convergence result of their method for solving the aforemen-
tioned problems.

Motivated by the results in [23—25] and results from related literature in this direction,
we develop a new self-adaptive method equipped with an inertial Halpern method for
solving MIP in real Banach space. We establish a strong convergence result for solving
MIP without the knowledge of the Lipschitz constant of the underlying operator. Lastly,
we illustrate few numerical experiments in comparison with other related ones in the lit-
erature. Our result is a further contribution to related results in the literature.

We highlight some of the contributions in this study:

(i) Results from [24, 25] were extended to a more general Banach spaces.
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(i) Introduction of a self-adaptive procedure, which increase from iteration to iteration
and is independent of the Lipschitz constant of underlying operator, is studied. This
differs from the methods of Shehu [24] and Tseng [25], where the knowledge of
Lipschitz constant is required.

(ili) A strong convergence result desirable to weak convergence result was established
(see [23]).

(iv) The result discussed in [1] is a special of MIP (1.1) if ® =0.

(v) We employ the inertial method as introduced by Polyak [21], which is quite
different from the ones in [1, 29] (i.e. Ok(qx-1 — qx)) was changed to Ox(qx — gx-1)-

2 Preliminaries

In this section, we denote strong and weak convergence by “—” and “—, respectively.
Let K be a nonempty closed and convex subset of a real Banach space X. Let h: X —

(—00, +00] be a proper, lower semicontinuous and convex function, then the Fenchel con-

jugate of 41, denoted by i* : X* — (—00, +00] is defined by

h*(u*) = sup{(u*,u) —h(u):ue X}, u* e X*.

The domain of / be denoted as dom(k) = {u € X : h(u) < +00}, thus for any u € intdom(k)
and v € &, the right-hand derivative of / at x in the direction of v is defined by

h tv)—h
Ho(u,v) = lim M
t—0* t
The function 4 is said to be
(i) Gateaux differentiable at u if lim,_, o+
coincides with Vi(u);

w exists for any v. In this case, h°(u, v)

(i) Gateaux differentiable, if it is Gateaux differentiable for any u € intdom(h);
(ili) Fréchet differentiable at u, if its limit is attained uniformly in ||v|| = 1;
(iv) Uniformly Fréchet differentiable on a subset K of X, if the above limit is attained
uniformly for u € K and ||v| = 1.
Let h: X — (—o00, +00] be a mapping, then / is said to be:
(i) essentially smooth, if the subdifferential of /z denoted as 9/ is both locally bounded
and single-valued on its domain, where
oh(u) ={we X :h(u) - h(v) > (w,v—u),ve X};
(i) essentially strictly convex, if (3/4)~! is locally bounded on its domain and /4 is strictly
convex on every convex subset of dom d/;
(ili) Legendre, if it is both essentially smooth and essentially strictly convex. See [8, 9]
for more details on Legendre functions.
Alternatively, a function 7 is said to be Legendre if it satisfies the following conditions:
(i) The intdom / is nonempty, / is Gateaux differentiable on intdom / and
dom V/ = intdom /;
(i) The intdom/* is nonempty, #* is Gateaux differentiable on intdom /#* and
dom V/* = intdom /.
IfBy:={z€ & :|z|| <s}foralls > 0. Then, a function /: X — R is called uniformly convex
on bounded subsets of X, [see pp. 203 and 221] [33] if ps¢ > O for all s, > 0, where p; :
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[0, +00) — [0, 0] is defined by

(1) = inf ah(x) + (1 - )h(y) - he(x) + (1 - a)y)
Ps %,y€Bs, |x~yll=t,€(0,1) a(l—a)

’

for all £ > 0, with p; denoting the gauge of uniform convexity of 4. The function / is also
said to be uniformly smooth on bounded subsets of X, [33, see p. 221], if lim, o % for all
s> 0, where o5 : [0,+00) — [0, 00] is defined by

os(t) = sup ah(x) + (1 —a)ty) + (1 —a)h(x — aty) — h(x)

xeB,yeSx,ae(0,1) a(l-a)

’

for all £ > 0. The function /4 is said to be uniformly convex if the function 84 : [0, +00) —
[0, +00) defined by

Shiz) = sup{ %h(x) N %h(y) - h(%) Ay =] = t},

satisfies lim; o &t(t) =0.

Definition 2.1 [10] Let 1: X — (—00, +00] be a convex and Géteaux differentiable func-
tion. Then, the function G;, : X x X — [0, +00) defined by

Giu(u,v) := h(u) — h(v) - (hV(v), u— v) (2.1)
is called the Bregman distance with respect to /, where u,v € X.

However, the Bregman distance satisfies the following three point identity: for any u €
dom(%) and v, z € intdom(/),

Gu(u,v) + Gp(v,2) — Gp(u,z) = (Vh(z) - Vh(v),u- v). (2.2)
Also the relationship between Gy, and ||.|| with strong convexity constant o > 0, i.e.,
Gi(x,9) = %Hx ~yI%,  Vx e dom(h),y € int(dom(h)). (2.3)

Let U : K — int(dom /1) be a nonlinear operator. An element p € K is said to be a fixed
point of U if Up = p. We denote by F(U{) fixed point sets of the operator /. In addition, a
point p € K is said to be an asymptotic fixed point of I/ if K contains a sequence {x*} such
that {x*} — p and lim_, o, |Ux* — ¥ = 0. We denote by FU) the asymptotic fixed-point
sets of U.
An operator M : K — X is said to be monotone if
(i) (x—yMx—-My)=>0,Vx,y€K.
(ii) L-Lipschitz continuous if there exists a constant L > 0 such that
|Mx — Myl < Lilx—yll, Vx5 € K.

(ili) Bregman quasi-nonexpansive, if F(M) # ¥, and

Gu(p, Mx) < Gu(p,x), VpeF(M),xeK.
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For a set-valued operator M: X' — &', the domain, range and graph are defined as fol-
lows: dom(M) : {u € X : Mx # 0}, Ran M := | J{Mu : u € dom(M)} and Gra(M) := {(u, u*) €
X x X*:u* € Mu}, respectively. An operator M is said to be monotone if for each
(v, u*), (v, v*) € Gra(M), we get (u — v,u* — v*) > 0. A monotone operator M is said to be
maximal, if its graph is not contained in the graph of any other monotone operator on X.
It is known that if /1: X — R is Gateaux differentiable, strictly convex and co-finite, then
M is maximal monotone if and only if Ran(V/4 + AM) = X™*.

Let 1: X — (—00,00] be Fréchet differentiable function, which is bounded on bounded
subsets of X', and M be a maximal monotone operator, then the resolvent of M for A > 0
defined by

R (u):= (Vh+ VM) ' Vh(u), VueX

is a single-valued Bregman quasi-nonexpansive mapping from X onto dom(M) with
F() = M7(0).

Definition 2.2 A function /1: X — R is called strongly coercive if

h(g")
1m X =
lgkl—oo llg“ll

Lemma 2.3 [12] Let h: X — R be a strongly coercive Bregman function and V be a func-
tion defined by

V(u, u*) =h(u) — (u, u*) +h* (u*), xeX,u* e X*.
Then the following holds:

Gu(u, VI* (u*)) = V(w,u*), forallu € X and u* € X*.

V(u, u*) + <Vh*(u*) —u, v*) < V(u, ut + v*) forallu e X and u*,v* € X*.

Lemma 2.4 [12] Let h: X — R a Gdteaux differentiable function which is uniformly con-
vex on bounded subsets of X. Suppose (WX} ken and {VF} ke are bounded sequences in X.
Then,

klgrolo Gh(wk, Vk) =0= klin;o||vk - wk” =0.

Lemma 2.5 [17] Suppose h: X — R is a Gdteaux differentiable function which is uni-
formly convex on bounded subsets of E. If ug € £ and the sequence {Gy,(u*, uo)} is bounded,
then the sequence {(u*} is also bounded.

Definition 2.6 Let K be a nonempty closed and convex subset of X'. A Bregman projec-
tion of x € int(dom /1) onto K C int(dom /) is the unique vector Projﬁ(x) € K satisfying

Gy, (Projﬁ(u), u) = inf{Gh(v, u):ve I(}.
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The Bregman projection is characterized by the following identities given in the follow-

ing Lemma:

Lemma 2.7 [26] Let K be a nonempty closed and convex subset of a reflexive Banach space
Xandx e X.Leth: X — R be a Gateaux differentiable and totally convex function. Then,
(i) q = Proj(u) if and only if (Vg(u) — Vg(q),v—q) <0,¥v e K.
(ii) Gy (v, Proj(w)) + Gy (Projlt-(u), u) < Gp(v,u),Vv e K.

Lemma 2.8 [7] Let X be a real Banach space and ® : X — X* be a monotone, hemicon-
tinuous and bounded operator. Suppose V : X — X* is a maximal monotone operator.

Then ® + WV is maximal monotone.

Lemma 2.9 [5] Let {u,},{B,}, and {«,} be sequences in [0, 00) such that
Uppl < Uy + O[,,(M,, - un—l) + ﬁn

foralln>1, Zi‘il Bu < 00 and there exists a real number o with 0 < o, <« < 1, for all
n € N. Then, the following hold:
(i) X1 lttn — un1]s where £, = max{0, t};

(ii) there exists u* € [0, 00) such that lim,_, o u, = u*.

Lemma 2.10 [27] Let {u,} be a sequence of nonnegative real numbers, {a,} be a sequence
of real numbers in (0,1) such that Y - a, = 00, and {v,} be a sequence of real numbers.
Assume that

Upe1 < (1 —a)uy +ayv, Yn>1.

Iflimsup,_, ., v, <O for every subsequence {u,, } of {u,} satisfying the condition
likrg j}gf(unku —Uy,) =0,

then lim,,_, o u, = 0.

3 Main result
Now, we present a new self-adaptive method for solving resolvent of sum of two monotone

operators. Below are some important assumptions:

Assumption 3.1

(R1) Let X be a real Banach space equipped with its dual space X*. Let ® : X — X* be
a monotone and £-Lipschitz continuous mapping and W : X — 2% be a maximal
monotone mapping.

(R2) h: X — RU {+o0} is a function which is Legendre, uniformly Fréchet
differentiable, strongly coercive, uniformly convex, ¢-strongly convex, and
bounded on bounded subsets of X

(R3) The solution set A := (® + ¥)~1(0) is nonempty.



Abass et al. Fixed Point Theory Algorithms Sci Eng (2023) 2023:17

Algorithm 3.2 MIP and its convergence analysis.
Initialization: Given 1 > 0,0 >0,p >0, and w € (0,1). Let v,q0,q1 € X and Y be a

sequence in (0,1) such that limy_, o Y = 0 and > _r-, Y = 0o for all k € N.
Step 1: Given qi_1,qxk, choose oy such that oy € [0, %], where

Tk

. Tk .
min{o, & G- Vi 0D Graea ¥ 9k 7 U 3.1)

o =
o,otherwise.

and {my} is a sequence of nonnegative numbers such that wy = o(y), that is

limy_, oo j/j—i =0.

Compute

rx = VE*(Vh(qi) + ox(Vh(qi) — Vi(gr-1))

(3.2)
Sk = R,\(I;( Vh*(Vh(l”k) - qu)(}"k))
Step 2: Compute
tx = VI (Vh(si) = k(D) — D(r))), (3.3)
and ky41 is defined as
. (pGr(spori)+ % Glsiotr)) ,
e, - Jmintie (T satamr— b if (sk — i, Dlsi) - D(r0))} #0.
b=
Kx, otherwise.
(3.4)
Step 3: Compute
Gis1 = VI (Vi Vh) + (1= ) Vh(t)) (3.5)

Stopping criterion If qi,1 = ri for k > 1, then stop. Otherwise set k := k + 1 and return to
step 1.

Lemma 3.3 Let {qi} be a sequence generated by Algorithm 3.2. Then the sequence {«i} is
nonincreasing and

. . wy

1 =Kk > y— -
Aim k=« _mln{fq e }
Proof It is obvious from self-adaptive stepsize in step 2 of (3.2) that kg1 < ki forall k > 1.
If (sx — tx, ©(sg) — D(rx)) = O, then {xx} is a constant sequence and thus the conclusion
holds. Otherwise, we have

(PG (s, 7i) + 5 Gnlsk 1)) . S (pllsk = ricll® + 7 llsk = tell®)
(sk =t @(sk) = @(ri))  — sk = el | P(sk) = D)l

o @lisk = riclllisk = &ll
= Llisk = tellllse — rxell
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Clearly

. wp
Kkl = Ming K, — ¢

L

By induction, we deduce that x; > min{x;, %}. Thus limg_, o Kk = K > min{k, “’—L“’}. The

proof completes. d
Lemma 3.4 Given that k >0, if sg = ry = g1 for some k > 0, then ry € A.

Proof Given that « > 0, if s; = ¢, then ry = R,‘(];(Vh*(Vh(rk) — kx®(re)). Thus, i = (Vi +
kW)™ o VE*(Vh — k4 ®@)ry, that is VA(ri) — kx®(ri), which implies that 0 € (® + W)ry.
Hence, r; € (® + ¥)~1(0). Since s; = 7 and V# is injective, we obtain from step 2 of Algo-
rithm (3.2) that ¢ = r;. Therefore, we conclude that 7, € A := (& + ¥)~1(0). O

Lemma 3.5 Let {ri} be a sequence generated iteratively by (3.2). Then

WPK, WK
Gu(u, tr) < Gu(u, 1) — (1 _eP k>Gh(5k; %) — (1 - )Gh(sk; te).

Ok+1 POk+1

Proof Let u € A, thus by applying the definition of Bregman distance, we deduce that

G, te) = Gp(u, VI* (Vh(si) — i (P(si) — D(r0))))
= h(w) — h(t) — (u — ti, Vh(se) — ki (D(sk) — D(r0)))
= h(u) = h(ty) — (u — te, Vi(si)) + (e — ty, D(sx) — (1)
= h(u) = h(sk) = (u = sk, Vh(si)) + (e = tx, Vh(si)) + h(si) = h(tx)
— (= tr, Vh(si)) + kit = ti, @(sx) — D (rx))
= h(u) — h(sk) = (u = sx, Vh(se)) = h(te) + h(si) + {tx = 1, Vhlsi))
+ ikl — b, D(si) — D ()

= Gy (i, 5) — Gt si) + kit — t, D(s) — D(r)). (3.6)
From (2.2), we get
Gi(u,s) = Gu(u, 7ic) = Gk, i) + (4 = s, Vhi(rie) = Vh(sg)). 3.7)
By combining (3.6) and (3.7), we obtain

Gi(u, 1) = Gu(u, 1)) — Gk %) — Gt si) + (6 = 51, Vhi(rie) = Vh(si))
— kit — tr, D(s) = D(r))
= Gt %) — G %) — Gt si) + (= s, VA(re) = Vh(sy))

+ Kk(se — ke, D(s) = D(re)) — (s — 1, D) — D)
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= Gu(u, 1ic) — Gk, i) — Gt Sic) + Kl — tir P(si) — (i)

- <sk —u, Vh(ry) = Vh(si) — Kk(d>(rk) - CI>(sk))). (3.8)

From the definition of si, we obtain Vi(ri) — kx(D(rx)) € Vh(sk) + ki W (sk). Since W is max-
imal monotone, there exists dj € W(sx) such that Vi(ry) — ki @ (rx) = Vh(sk) + kidy, thus it

follows that
1
dk = K_k (Vh(}”k) - Vh(Sk) - qu)(sk)). (3.9)

Using the fact that 0 € (® + W)u and ®(si) + di € (P + ¥)sy, it follows from Lemma 2.8
that

(s — u, D(si) + di) = 0. (3.10)
By substituting (3.9) and (3.10), we get

%(sk —u, Vh(ry) — Vh(sg) — k@ (re) + Kk(D(Sk)) > 0.
k

That is
(s = u, VA(ri) = Vh(si) = i (D (re) — D(sx))) = 0. (3.11)
By combining (3.8) and (3.11), we get

G, tr) < Gu(u, ri) — Gu(si, 1) — Gu(t, sk)
+ Ki(sk — t, D(si) — P (re))

< Gpulu, ) — Gu(si, rx) — Gu(ti, i)

() 1
L (PGh(Sk:rk) + —Gplse tk))
Kk+1 14
= Gy(u,ri) - (1 - wpKk>Gh(Sk,Fk) - (1 - Kk )Gh(sb 798 (3.12)
Kk+1 PKk+1

It is obvious from Lemma 3.3 that

nm<1—aW”>:1—aw>a
k=00 Kk+1

and

. WK w
hm(l— ):1——>O.
k—o00 PKk+1 P

Hence, there exists a positive integer Ny > 0 such that

WPK| WK
>0,1- —
Ki+1 PKk+1

1-

>0, Vk>N,.
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Therefore, we conclude from (3.12) that

Gn(u, tr) < Gu(u, ry). (3.13)
O

Lemma 3.6 Suppose {qi} is as defined in (3.2), then the sequences {qi},{ri}, {s«} and {t«}
are all bounded.

Proof Let u € A and gx = Vh(qk) + ok(Vh(qk) — Vh(gk-1)). Then, we can write ry as rx =
Vh*(gk). Thus

Gu(u, i) = G (u, VI (gr))

= h(u) — (1 &) + h*(g)

= h(u) - (u, Vh(qy) + crk(Vh(qk) - Vh(qk_l)))
+h*(Vh(gi) + ok (Vh(qr) — Vh(gi-1)))

= h(u) - (u, Vi(qr)) + (1 + o)k (Vh(qi)) — oih™ (VA(qr-1))
+ k(1 + o), (|| VAlg) - Vh(gi-1) )
- (u, ak(Vh(qk) - Vh(qk_l)))

= h(u) = (u, Vh(qi)) + H* (Vh(gr)) + ox (" (Vh(q)) - B (V(qr-1)))
—(u, ok (Vh(gqi) — V(gi-1)))
+0r(1+ 00, (|| Vh(gr) - Vi)

= Gp(u, qx) + ox (h*(Vh(qk)) -h* (V(qk,l))) - (u, ak(Vh(qk) - Vh(qk,l)))
+0x(1 + o), (| VA(gr) = V(g1 |)

< Gu(u, qi) + orlq, Vhlqr) = V(gr-1)) = (u, 0k (Vh(qr) - Vh(gr-1)))
+0r(1+ 00, (|| Vh(gr) - Vilgi-1)])

= G(u, qx) + 0w — g, Vilqr-1) — Vh(qi))
+0x(1 + o), (| VA(gr) = V(g |)

= Gn(u, q) + ok (Gt qi) — G, qi-1)) + 0k G (s Gr-1)
+ox(1 +01)¢, (| VA(gr) = Vh(gr) ). (3.14)

We deduce from step 3 of (3.2), (3.13), and (3.14) that

Gt grs1) = Gu(, VI* (Y VA(©) + (1 = Yi) V(%))
< YkGu(u,v) + (1 = Y) Gu(us, %)
< YuGu(u,v) + (1 = ¥) Gu(u, i)
< ¥ Gu(u,v) + (1 = Y1) (Gl q)

+ 01 (Gn(w, qi) — Gt gi-1)) + 0% Gr(qir Gr1)
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+ox(1+01), (| Vilqr) — Vh(gi1) )
< max{Gy(u, ), Gu(1, qi) + 0% (Gi(1t, qx) — Gu(t, qi-1)) + 0% Gn(qic» Gi-1)

+ k(1 + 0o (|| Vilgr) = Vi(g-1) ) }-

Suppose Gy, (u,v) is the maximum, then the conclusion follows trivially. Otherwise, there
exists kg € N such that for all k > ky, we have

G, qicr1) < Gi(u, qi) + 0% (G, gi) — G, qx-1)) + %Gl qic» Gie—1)

+ ok (1+ 01)p, (| Vilqi) — Vh(gr-1) )

Then by Lemma 2.9 we have that {G (&, gx)} convergent. Hence, {Gj(u, gx)} is bounded. It
follows from Lemma 2.5 that {gx} is bounded. Consequently, the sequences {rx}, {sx} and
{tx} are bounded. O

Theorem 3.7 Assume that {y} is a sequence in (0,1), Vh is weakly sequentially continu-
ous on X, and Assumptions (3.2) holds. Then the sequence {qi} generated by (3.2) converges

strongly to an element in A.

Proof Let u € A, then we have from Lemma 2.3, (3.14), and (3.12) that

Gt 1) = Vi(u, Y Vh(v) + (1 = ¥) V(i)
< Vi(u, v VR(Y) + (1 = i) VA(t) — Y (V) — Vh(w)))
+ Y VA(V) = V), qir — u)
= Viu(u Wi V() + (1 = Y) Vh(tr)) + Y VAWY) = VAW), qri — 1)
< Y Gu(u, ) + (1 = ) Gl ) + Vi Vh(v) = V), Grsr — u)
= (1 = Y1) Gu(u, ) + Vi V() = VA(w), g1 — 1)

WPKk

Kk+1

<1 - Y)Guu,re) — (1 - Iﬁk)(l )Gh(sb rx)

- wk)(l _ )Gh(sk, £0) + i (Vh(v) = V() qis 1)
PKi+1
< (1= ) Guluqe) - (1 - m><1 - ‘2‘: ”lk)Gh(sk, )
—(1- wk)(l - 2k )Gh<sk, t)
Kk+1

+ m%[(Gh(u, ax) = Gt G-1)) + GG Gu-1)

+ (1 +01)¢, (IIVAqr) = Vigi-))]
+ Y VA() = V), qi1 — u) (3.15)
< (1= ¥0)Gr(w, qx) + Vi VA(Y) = VW), qr1 — u)

# i (610,40 = Gl i) + Gl i)
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+ (1 +00)¢, (I VA(qr) — Vhgi-1)) ], (3.16)
with Z; = (VA(v) - Vh(u),gr1 — u) + ;_I;[(Gh(u’Qk) - Gu(, qr-1)) + Gulgrqi-1) + (1 +

o1)¢:(IIVh(qi) = Vh(gr-1))]).
Thus

Gu(tt, 1) < (1= Yi) G, qic) + YicZi. (3.17)
Let ax = Gj,(u, qx+1), then (3.16) becomes
Gis1 < (1= Yu)ax + YiZy. (3.18)

To establish a strong convergence result, we claim that lim sup,_, ., Zx, < 0 whenever exists
a subsequence {ay,} of {4} satisfying

hlm inf(ay,,, —ax,) >0,
— 00

Indeed, assume there exists such subsequence, in view of (3.15), we obtain

lim sup|:(1 - 1//k)<1 _ L% )Gh(skl,rkl) + (1 _ P )Gh(Skl,tkl)i|

l—o00 Kk ’OKkl+l

< limsup[(1 - ¥,) G (1, qx,)

l—00
- Gh(u’ qk]+1) + M31[/kl]

= —liminf(ay,, — ax,)
l—o0

<o, (3.19)

where M3 = sup, . Zy, and thus

lim Gy(si,» 7i,) = 0 = lim Gi(s t,). (3.20)
l—o0 l—o0

By Lemma 2.4, we get
lim [|s¢, — ri, | = 0 = lim [lsg, — t, |- (3.21)
l—o00 [—00

Observe from step 1 of (3.2) that

”Vh(rkl) - Vh(qx) ” =0k ”Vh(qkz) = Vh(q,_,) ”

oy
< wklw—kkl | Viiqy,) - Vh(gy, )| — 0, asl— oco. (322)
1

Since V/4* is continuous on bounded subsets of X*, we obtain

lim ||y, — g, || = 0. (3.23)
l—o00
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It is obvious from (3.21) that

ll_lglo £k, = rig Il = 0. (3.24)
Using (3.21), (3.23), and (3.24), we obtain that

zlg?o sk, — qx Il =0 = ;13?0 It — g |I- (3.25)
We deduce from step 3 of (3.2) that

IVh(qr1) = V) | < i || VAW) = Vht)| — 0 asl— oco. (3.26)
Using the fact that V/* is continuous on bounded subsets of X*, we get

11_1)1110 gk 1 = i |l = 0, (3:27)
which implies from (3.25) that

ll_lglo gx+1 — g, Il = O. (3:28)
We next show that limsup,_, ., Z;, < 0. Clearly, it suffices to show that

lim sup(Vh(v) - Vh(u), g1 — u) <o0.

l—00

Let {gs, } be a s subsequence of {g;,} such that

lim (Vh(v) — Vh(u), Qi1 = u) =lim sup(Vh(V) - Vh(u), g1 — u)

J=0 |—o00

From the boundedness of the sequence {g,} is the existence of {qkz,} such that T, =
x* € X. In view of (3.25), there exist subsequences {Skl,-} and {tkl]_} which converge weakly
to x*, respectively. Now, to establish that x* € (® + ¥)~1(0), let (i1, u2) € Gra(® + W), we
have 15 — &1 € Wiy, From the definition of s, we observe that

Vh(rkl) - Kklj q)rkli S Vh(skkl.) + Kkli lI/Sklj,
j
which implies

1
- (Vh(rkl,) - vh(Skl.) - Kkl, q)(rkl, )) € lIl(slq. )
Kkz, / j l j j

Applying the maximal monotonicity of ¥, we obtain

1
<M1 = Sky» 2 — Py + — (Vh(rg,) — Vh(sy,) - Kk,,q>(rk,,))> > 0.
j Kklj / / / /
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In addition, by the monotonicity of ®, we obtain

1
(11 = Sk s 2) = <M1 =S, s + — (Vh(ry, ) — Vh(s,) — ki, <I>(rk,,))>
/ j Kklj / / /

1
= (1 = sk, Pra — P(rg)) + —(w1 = s Vhlrg,) — Vh(sy,))
/ / Kklj / / j

= (1 _Skli) CD(/JLI) - d)(sk[j) + (Ml - Sk—l/', CD(Skll) - q)(rklj))

1
+ k_(ul - S/qj’ Vh(rkl/) - Vh(sklj)>

k[/.

1
k_<:ul = Sky.» Vh(r/q) - Vh(sk[,»' (329)
kl/ 7 7

> (Ml - Sk[/.’ CD(S/(ZI,) - CD(Vk,].)) +
From the fact that @ is Lipschitz continuous and Sk, = x*, it follows from (3.21) that

(Ml - x*;lh) > 0.

From the monotonicity of ® + W, we obtain that 0 € (® + W)x*, thus x* € A. It follows
from Lemma 2.7 and (3.28), that

lim sup(Vh(v) — Vh(u), qi,,, - u)

[—o00

<Ilim sup(Vh(v) - Vh(u), qx,, - qkl) + lim sup(Vh(v) - Vh(u), qx, - u)
l—o00

l—o00

= 1im (VA(v) - Vh(u), qi, — u)
j—o00 U

= <Vh(v) — Vh(u),x* - u)
<o. (3.30)

By applying (3.30) and Lemma 2.10, we obtain that lim;_, o, G4(#, qx,) — 0 and [ — oo, thus
lim;_, o |Igx, — u|| = 0. Therefore, we conclude that {gx} converges strongly to u € 2, where

u = Projg v. g

If X is a 2-uniformly convex and uniformly smooth Banach space, and h(u) = %Ilullz,
then Algorithm 3.2 becomes

Algorithm 3.8 MIP and its convergence analysis.

Initialization: Given k, > 0,0 >0,0 >0, and w € (0,1). Let v,q0,q1 € X and Y be a se-
quence in (0,1) such that limy_, o Yx = 0 and Y ro| Y = oo for all k € N.

Step 1: Given qr_1,qx, choose oy such that oy € [0, 0r], where

mlH{O', I qk) qk D ||} lf”(‘lk) (qk l)” 7'/0

o otherwise.

o = (3.31)

and {my} is a sequence of nonnegative numbers such that wy = o(Yy), that is

limkﬁoo g—/;( =0.

Page 15 0f 19
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Compute

re =T U (qr) + ok U(qr) = J(qi-1)))

(3.32)
sk = RE T (r) — ik ()
Step 2: Compute
te =] U (st) — i (P si) — D(re)), (3.33)
and ki1 is defined as
min{ice, (L2 SO0 i s~ T Blsi) — D))} £0
Kiksl = T Usk Tt ®lsk)- ’ ’ ’
Kr, otherwise.
(3.34)
Step 3: Compute
G =T (W) + (1 = )] (%)) (3.35)

Stopping criterion If qi.1 = ry for k > 1 then stop. Otherwise set k := k + 1 and return to
step 1.

4 Numerical example
In this section, we provide the numerical experiments to illustrate the convergence of the
proposed algorithms and compare with other algorithms.

Example 4.1 This example is taken from [23]. Let X = R"(m = 2k), and K := {x =
(%1, %2, .., %) € R™ 2 2t; > 0,31, x; = 1}. Let 1 : K — R be defined by h(x) = ", x;Inx;,
then 4 satisfies the condition of Theorem 3.7 and strongly convex with ¢ = 1 with re-
spect to ¢;-norm on K. It follows that Vi(x) = (1 + Inxy,1 + Inxy,...,1 + Inx,,) and
Vh*(y) = (171, e27L,...,e"1). Now, define the mapping ® : X — X* by ®(x) = (2x; +
1,0,2x3+1,0---,0,2x9_1+1,0)and ¥ : X — X™* by W(x) = N (x), where N is the normal
cone defined by Nk (x) = {p € R": (p,y — x) > 0,Vy € K}. Then, the mapping ® is mono-
tone and Lipschitz continuous with a constant 2. The mapping ¥ is maximal monotone.
Thus, R,?,’;K (x) = ProjJ; x. From [15, Remark 4] the Bregman projection onto K is defined as

x1eM Xpe™? X etm

M yoti” N o’ TN sa;
Doimy Xt YL xiet D sy Xiet

Pr0j1h<(x) = < )a eR” and xint(K).

For this example, we choose 7y = kl%’ Yy = ﬁ, un=0.5,0=04,0=0.7and k; = 1.7. The
starting points x and x; are chosen randomly in R™. We compare our Algorithm 3.2 with
Algorithm 2 in Sunthrayuth et al. [23]. The result of this experiment is given in Fig. 1 with
the m = 10, 20, 40, 50.

The next example is given in ¢, spaces (1 < p < 00) with p # 2. It is known that £} is
isomorphic to /; if }7 + % = 1. It is known that £, is a reflexive Banach space. In this case,
we set h(x) = % lx]|2. Thus, we obtain that VA(x) = x = Vi*(x).
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Figure 1 Top left: m = 10; Top right: m = 20; Bottom left: m = 40; Bottom right: m = 50

Example 4.2 Let X = {3(R) be a Banach space defined by £3(R) = {x = (x1,%2,%3,...),%; €
R: (35 %;/3)3}, with norm || - lle : €5 — N defined by £3(x) = (3" lx;[3)3 for all x =
(%01,%2,%3,...) € £3. Let @ : £3 — €3 be given by ®(x) =3x + (1,1,1,0,0,0,...). It is easy to

see that @ is monotone. Also, define the mapping W : ¢35 — {3 by W(x) = 7x. By direct
calculation, we obtain for «; > 0, that

sk = (Vh(r) = W) " Vo VI (Vh(ry) - k5 D (i)
_ 1 — 3kg Kk

= Tk —
1+ 7k 1+ 7Kg

(1,1,1,0,0,0,...).

We choose the parameters as in the previous example with comparison to Algorithm 2
of Sunthrayuth et al. [23]. The report of this example is given in Fig. 2, which shows the
competitive advantage of our method in terms of number of iterations to convergence.
The stopping criterion in both examples is given as [|x,,1 — %, || < €, where € = 107,
(Casel) x9=11,1,1,0,0,0,...] and %7 = [2,2,2,1,1,1,...],
(Case 2) xo9=11,1,0,0,...] and x; = [3,3,0,0,0,0,...].
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Figure 2 Left: Case 1; Right: Case 2

— % — Algorithm 3.3
* —&— Sunthrayuth et al.

2 4 6 8 10 12 14 16 18
Number of iterations

5 Conclusions

In our article, we propose a new self-adaptive step-size and an inertial Tseng method for
solving monotone inclusion problem using the Bregman distance approach in reflexive
Banach space. Using an inertial Halpern method, we proved that our proposed method
converges strongly to an element in the solution set. Lastly, we show through our exper-
iment that our new step size for the proposed algorithm is more efficient than the result

of [23].
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